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ABSTRACT. We study skew-product dynamics for a large class of finitely-generated semi—
hyperbolic semigroups of rational maps acting on the Riemann sphere, which general-
izes both the theory of iteration of a single rational map of a single complex variable
(complex/holomorphic dynamics) and the theory of countable alphabet conformal iterated
function systems (CIFSs). We construct the thermodynamic formalism for such dynamical
systems and geometric potentials by developing the notion of nice families that extend to
the case of our highly disconnected skew product phase space the powerful notion of nice
sets due to Rivera—Letelier and Przytycki, and the allied earlier notion of K (V') sets due
to Denker and the last named author. We leverage out techniques to prove the existence
and uniqueness of equilibrium states for a wide class of Holder potentials, and concomitant
statistical laws: central limit theorem, law of iterated logarithm, and exponential decay of
correlations. We devote lots of space and effort to control (non-recurrent) critical points
which is a notoriously challenging task even for a single rational function; more generators
add qualitatively new challenges. Beyond dynamics, but still with dynamical methods, we
advance the study of finer fractal geometrical properties of the intricate Julia sets associ-
ated to such systems and, in particular, via equilibrium states, we perform a multifractal
analysis of Lyapunov exponents. We use the Nice Open Set Condition (NOSC) introduced
by the last two authors, and apply our new techniques to settle a long-standing problem in
the theory of rational semigroups by proving that for our class of semigroups the Hausdorft
dimension of each fiber Julia set is strictly smaller than the Hausdorff dimension of the
global Julia set of the semigroup. In Appendix A we provide corrected proofs of some
two lemmas (not used in the current paper) from the article ”Measures and Dimensions
of Julia Sets of Semi—hyperbolic Rational Semigroups”, Discrete & Continuous Dynamical
Systems, 30 (2011), 313-363, by H. Sumi and M. Urbanski.
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1. INTRODUCTION

A rational semigroup G is a semigroup generated by a family of non—constant rational
maps g : C — C, where C denotes the Riemann sphere, with the semigroup operation
being functional composition. For a rational semigroup G, we set

F(GQ) = {z e C: G is normal in a neighborhood of z}

and
J(G) :=C\ F(G).

F(Q) is called the Fatou set of G and J(G) is called the Julia set of G. If G is generated

by a family {f;};, then we write G = (fi, fo,..). We say that G is finitely generated if
there exists a finite collection f1,. .., fx such that G = (f1, fa, ... fx)-

The work on the dynamics of rational semigroups was initiated by Hinkkanen and Martin
([13], [14]), who were interested in the role of the dynamics of polynomial semigroups while
studying various one—complex—dimensional moduli spaces for discrete groups, and by F.
Ren’s group ([60]), who studied such semigroups from the perspective of random complex
dynamics. The theory of the dynamics of rational semigroups on C has developed in many
directions since the 1990s ([13, 60, 14, 32, 33, 34, 35, 36, 37, 38, 39, 47, 40, 41, 42, 43, 44]).

Since the Julia set J(G) of a rational semigroup G generated by finitely many elements
f1,- .+ fu has backward self-similarity, i.e.,

(1.1) J(G) = (J(G) U UL (I(G))

(see [34]), it can be viewed as a significant generalization and extension of both, the theory
of iteration of rational maps (see [24]), and conformal iterated function systems (see [21]).
For example, the Sierpinski gasket can be regarded as the Julia set of a rational semigroup.
The theory of the dynamics of rational semigroups borrows and develops tools from both
of these theories. It has also developed its own unique methods, notably the skew product
approach (see [34, 35, 36, 37, 40, 41, 42, 43, 47], and [48]). We remark that by (1.1), the
analysis of the Julia sets of rational semigroups somewhat resembles “backward iterated
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functions systems”, however since each map f; is not in general injective (critical points),
some qualitatively different extra effort is needed in the case of semigroups.

The theory of the dynamics of rational semigroups is somehow related to that of the
random dynamics of rational maps. Especially, if one looks at separated fiber Julia sets
J,. Similarities and differences of these two theories become particularly transparent in
Section 16 where we compare the Hausdorff dimension of those fiber Julia sets J, and the
Hausdorff dimension of the global Julia set J(G).

In this paper, we investigate dynamics, ergodic theory, and geometry of t—conformal
measures m; and equilibrium states p;, equivalent to m;, of the skew product map

f D2y X C — 2w X C
and geometric potentials on the Julia set J(f), i.e. ones of the form

J(f) 3 &— —tlog|f(Y)] e R

where t > 0 is a fixed parameter. Our starting point is the paper [49] and we go far
beyond. We introduce in the current manuscript the class of totally non-recurrent (TNR)
C-F balanced rational semigroups of finite type which we abbreviate as the class of finely
non-recurrent rational semigroups (FNR). This suffices for dynamics and ergodic theory.
When we deal with geometry of fiber and global Julia sets we impose in addition the Nice
Open Set Condition of [49]. In the current manuscript this condition is studied at length
in Section 13 of our current manuscript. We would like to emphasize that the Nice Open
Set Condition and Nice Sets (Families), discussed later, are totally independent concepts.
In particular, the adjective “Nice” was independently introduced for both concepts many
years ago. Although it may be a little bit confusing for some readers, we stick to the
historical terminology to respect history and in order not confuse readers even more by
inventing yet new names. We think that in our current manuscript this is the first time in
the literature that both “nice” concepts are used simultaneously.

We develop the ergodic theory, stochastic properties, and geometry of measures m,; and
Mt

Throughout the course of our exposition we introduce and define various subclasses
of rational semigroups. These look like quite technical concepts but this is an actual,
essentially indispensable, feature of (intricate) ergodic theory, dynamics, and geometry of
rational semigroups. For the convenience of the reader we collect all these definitions and
summarize relations between them in Appendix C.

One of our most important key tools and concepts is that of nice sets. It was originally
introduced in [31] and extensively used, among others in [28]. It permits us to build
sufficiently rich symbolic dynamics of the skew product map f : X, x C - %, xC to
utilize extensively the results and methods of the countable alphabet theory of subshifts of
finite type, also known as topological Markov chains. Most notably those developed in [21],
[19], and [57] and [58]. As in [49] our main technical tool is that of “holomorphic” inverse
branches; in quotations because they live on the Cartesian product ¥, x C. We however
define them more carefully and more precisely than in [49], and we make a more refined
use of them than in [49]. In particular, they are instrumental in forming nice families of f
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and are members of the graph directed Markov system (in the sense of [21]) generated by
these families.

We deal with t—conformal measures m; and equilibrium states p; by bringing up and
elaborating on the refined tool of Vitali relations due to Federer (see [8]). This tool is needed
basically because, unlike for true conformal maps, the “holomorphic” inverse branches of
iterates of f enormously distort the balls in the product space ¥, x C. In fact, they are
more like affine maps with two different contracting factors. We rely heavily here on deep
results from [8]. Another tool, already employed in [54] and subsequent papers of the third
named author, is the Martens method of producing o—finite invariant measures absolutely
continuous with respect to a given quasi-invariant measure. It was considerably refined
and generalized in [49]. We apply and develop this method to construct the f-invariant
measures f;. These are first constructed as merely o—finite measures and proven to be finite
only much later after preparing the machinery of nice families and symbolic representation.

Using the, already several times mentioned, symbolic dynamics we prove that the f-
invariant measures j, are the unique equilibrium states of the potentials —tlog|f’(£)| in a
very classical sense. These are the only measures that maximize the free energy functions
associated to these potentials (see below in this introduction for a more precise statement)
and the supremum is equal to the topological pressure P(t).

The methods we develop in this paper are sufficiently strong and refined to allow us to
solve a long standing open problem in the theory of iteration of rational semigroups asking
about the relation of the Hausdorff dimension of the fiberwise Julia sets J, and the global
Julia set J(G). We show that for C-F balanced TNR rational semigroups of finite type the
Hausdorff dimension of every fiberwise Julia set J, is smaller than the Hausdorff dimension
of the global Julia set J(G). We prove a little bit more in this respect.

Now we shall describe the main results of [49] and the current paper. The notation and
concepts we use in this description are fairly standard for the theory of rational semigroups
and thermodynamic formalism. These are carefully defined and introduced in Preliminaries,
throughout the manuscript and in Appendix C. We start our description with [49]. Its main
results are comprised in the following.

Theorem 1.1. Let f = (f1,..., fu) € Rat" be a u—tuple of rational maps for a positive
integer w. Let G = (f1,..., fu). Suppose that

(1) There exists an element g of G such that deg(g) > 2,

(2) Each element of Aut(C) NG (if this is not empty) is lozodromic,
(3) G is semi-hyperbolic, and
(4) G satisfies the Nice Open Set Condition.

Then, we have the following.
(a) J(G) NPCV(G) is nowhere dense in J(G) and, for each t > 0, the function

z—P,(t) R

is constant throughout a neighborhood of J(G)\PCV(G) in C. Denote this constant
by P(t).
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(b) The function
[0,+00) >t P(t) € R

has a unique zero. This zero is denoted by h = hy.
(c) There exists a unique | f'|"~conformal measure iy, for the map f = J(f) — J(f).

(d) Let my, := 1y, o py ' Then there exists a constant C' > 1 such that

mp(Bs(z,7))

-1
cl < g

<C
for all z € J(G) and all v € (0, 1].

(e)
hy = HD(J(G)) = PD(J(G)) = BD(J(G)),
where HD, PD,BD denote the Hausdorff dimension, packing dimension, and box
dimension, respectively, with respect to the spherical distance in C.
We denote this common value by hg; it depends only on the semigroup G and
is independent of the set of generators (satisfying conditions (1)—(4) above) used to
for the skew product map f. Moreover, for each z € J(G)\ PCV(Q), we have

he = T1(2) = to(f) = Sa(2) = s0(G).

(f) For everyt > 0 there exists a | /|t -conformal measure my for the map f : J(f) —

J(f)-
(g) Let H" and P" be the h—dimensional Hausdorff measure and h-dimensional packing
measure respectively. Then, all the measures

b ph
H", P", and, m,,

are mutually equivalent with Radon—Nikodym derivatives uniformly separated away
from zero and infinity.

(h)
0 < H"(J(@)),P"(J(G)) < 0.

(i) There exists a unique Borel probability f-invariant measure ji, on J(f) which is
absolutely continuous with respect to my. The measure [y, s metrically exact, hence
ergodic, and equivalent with my,.

Definition 1.2. Any rational semigroup G with non-empty Fatou set F(G) that satisfies
conditions (1)—(3) from Theorem 1.1 (i.e. it is semi-hyperbolic and satisfies the Funda-
mental Assumption formulated below) is called *semi-hyperbolic.

We want to emphasize now, and will repeat it within the main body of our manuscript, that
being semi-hyperbolic and *semi-hyperbolic does not depend on the choice of generators
but on the semigroup alone.
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We will now describe the main results of the current paper. As we have already men-
tioned, we introduce in it the class of non-recurrent (TNR) C-F balanced rational semi-
groups of finite type, called in short the class of finely non-recurrent (FNR) rational semi-
groups. Loosely speaking these adjectives respectively mean that the closure of the post-
critical set is disjoint from the critical set and the part of the postcritical set lying in the
Fatou set is at a positive distance from the Julia set. In Section 17 we give some examples
of totally non-recurrent (TNR) C—F balanced rational semigroups of finite type. Many of
our main results need only some parts of these assumptions but we do not discern them
here for the sake of ease of exposition. We refer the reader to actual theorems in the body
of the paper for most adequate assumptions.

We prove that there exists an open interval A}, D [0, h] for which, among others, the
following theorems hold.

Proposition 1.3. If G is a *semi-hyperbolic rational semigroup generated by a u—tuple
of rational maps f = (f1,..., fu) € Rat", then the function t — P(t), t > 0, has the
following properties.

(a) For everyt > 0 we have that P(t) € (—oo,+00) and P(0) > log2 > 0.

(b) The function [0, +00) — P(t) is strictly decreasing and Lipschitz continuous. More
precisely:

(¢) If0 < s <t < 400, then
—log || /']l (t — 5) < P(t) = P(s) < —a(t — s),

where the constant o > 0 comes from the Exponential Shrinking Property (Theo-
rem 3.5).

(d) lim¢ 100 P(t) = —00.

Making a substantial use of Marco Martens’s method, which originated in [17] and was
explored for example in [49], we prove the following.

Theorem 1.4. Let G be a *semi-hyperbolic rational semigroup. Ift € Ag then there exists
a unique, up to a multiplicative constant, Borel o—finite f —nvariant measure [y on J(f)
which is absolutely continuous with respect to my. In addition, the measure p; is weakly
metrically exact and equivalent to my, in particular it is ergodic.

In Section 6, entitled Nice Sets (Families), we explore in detail one of the most important
tools for us in the current paper. It is commonly referred to as nice sets or nice families.
It has been introduced in [31], and extensively used, among others in [28]. We adopt this
concept to the setting of rational semigroups.

We would like to emphasize again, repeating what was written shortly before, that the
Nice Open Set Condition and Nice Sets (Families) are totally independent concepts. In
particular, the adjective “Nice” was independently introduced for both concepts many years
ago. Although it may be a little bit confusing for some readers, we stick to the historical
terminology to respect history and in order not confuse readers even more by inventing yet
new names. We think that in our current manuscript this is the first time in the literature
that both “nice” concepts are used simultaneously.



8 JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

The absolutely first fact needed about nice sets and families is their existence. It is by
no means obvious and we devote the whole Section 6 for this task. In the existing proofs
for ordinary conformal systems, i.e. cyclic semigroups, the concept of connectivity of the
phase space, usually C or @, plays a substantial role. In our present setting of the skew
product map

f:Zux@—>Zu><C,
the phase space is “highly” not connected. In order to overcome this difficulty we define the
concept of connected families of arbitrary sets. These have sufficiently many properties of
ordinary connected sets, for example one can speak of connected components of any family
of sets, to allow for a proof of the existence of nice families. As a matter of fact, we do not
even use the topological concept of connected subsets of the Riemann sphere C. Our main
theorem of this section is the following.

Theorem 1.5. Let G = (f1,..., fu) be a TNR semigroup. Fiz R € (0, R.(G)). Fix also
k€ (1,2). Let
Crit(f) € S C J(G) \ B2(PCV(G),8R)
be a finite aperiodic set. Then for every r € (0, R] small enough there exists
uS'(K:; T) = {Us("ia r)}sESv

a nice family of sets for f, associated to the set S, such that
(A)
Yu X Ba(s,r) C Ug(k,1) C Xy X Ba(s, kr)

for each s € S. )
(B) Ifa,b € S, p € HIB(Uy(k, 1)), and £, (s, 7)) Ud(k,r), then

) @) <5
for all z € By(b,2R) D pa(Uy(k,)).

The first consequence of this theorem, which is the gate to all of its other consequences,
is that it gives rise to the existence of sufficiently rich “conformal-holomorphic” maximal
graph directed Markov system in the sense of [21]. More precisely, it gives the following.

Theorem 1.6 (for the notation and details see Section 6 and Theorem 6.11). If G is a
TNR rational semigroup generated by a u—tuple of rational maps (f1,--., fu) € Rat® and
U = {Us}ses is a nice family of sets for f, then the family

Su = {71 Xy — Xign}

T€DY

forms a graph directed system in the sense of [21]. Furthermore,

(a) The corresponding incidence matriz A(U) is then determined by the condition that
ALU)=1
if and only if t(1) = i(w).
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(b) The limit set Juy of the system Sy is contained in ~J(f) and contains U N Trans(f),
where Trans(f) is the set of transitive points of f : J(f) — J(f), i.e. the set of
points z € J(f) such that the set {f"(z) : n > 0} is dense in J(f) .

(¢) The graph directed system Sy is finitely primitive.

We denote by Dyf the symbol space (DU)?:(L{)

Y., its elements (infinite sequences) start with coordinates labeled by the integer 1. Likewise

D;, and Dy, n € N, abbreviate respectively (Du) and (Du) auy M E N.

generated by the matriz A(U); as in the case of

In addition, we denote by ¢., € € Dy, all the elements of Sy.

The next section, Section 7, entitled The Behavior of Absolutely Continuous Invariant
Measures p; Near Critical Points, is very technical and devoted to study the behavior
of conformal measures m; and their invariant versions p; near critical points of the skew
product map

f:EuxC—>Zux©
Its main outcome is Proposition 7.4 which gives a quantitative strengthening of quasi-
invariance of conformal measures m;. This is the first and only place where the hypothesis
of finite type of the semigroup G is explicitly needed; it demands that the set of critical
points of f lying in the Julia set J(f) of f is finite.

Section 8, Small Pressure P (#), is still technical. We prove that the (ordinary) topolog-
ical pressure of the potentials —¢log | f! |, t € A, with respect to the dynamical system f
restricted to the compact f invariant set of alleomts whose forward iterates avoid an open
neighborhood of the set of critical points of f, is smaller than P(¢). This inconspicuous
looking fact is instrumental, one could even say, indispensable, in many further proofs. It
intervenes for example in the proof of Lemma 8.3 which in plain words asserts that the
measure m; of the “tails” of the maximal graph directed Markov system generated by a
(sufficiently good) nice family, decays exponentially fast. This fact is in turn instrumental
in Sections 12.1 and 12.2, making application of Young towers possible. This fact also
makes the proof of Variational Principle in Section 11, so simple. It is also used in Sec-
tion 16 to show that the Hausdorff dimension of fiber Julia sets J, is smaller than the
Hausdorff dimension of the global Julia set J(G).

Section 9, Symbol Space Thermodynamic Formalism associated to Nice Families; Real
Analyticity of the Original Pressure P(t), brings up full fledged fruits of the existence of
nice families. It forms a symbolic representation (subshift of finite type with a countable
infinite alphabet) of the map generated by a nice family and develops the thermodynamic
formalism of the potentials (;; resulting from those of the form —tlog | f | and the “first
return time” ||7y||. The first most transparent of its consequences, already possible to be
stated and proved in this section, is the following.

Theorem 1.7 (Theorem 9.9). If G is a FNR rational semigroup, generated by a u—tuple
of rational maps (f1,..., fu) € Rat", then the topological pressure function

P:A;, —R
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1s real-analytic.

In Section 10, Invariant Measures: p; versus ji; o 7TL_{1; Finiteness of p;, we link the
measures 7y and fi; of the previous section living on the symbol space with the conformal
and invariant measures m; and p, living on the Julia set J(f). This link is given by
Lemma 10.7. We translate here many results of the previous sections, expressed in the
symbolic language, to the language of the actual map f. We eventually prove here, see
Theorem 10.13, that all the measures ji;, t € Ay, are finite, thus probability measures after
normalization.

In Section 11, Variational Principle; The Invariant Measures p; are the Unique Equi-
librium States, we prove a full version of the classical Variational Principle for potentials
—tlog|f'], t € A% with respect to the dynamical system f : ¥, x C — £, X C and we
identify measures pu; as the only equilibrium states. More precisely, we prove the following.

Theorem 1.8. If G is a FNR rational semigroup, and t € Ay, then
sup {b(7) =t [t Pl o € 2107 -
J(f

= sup {hu(f) —t/ log|fdu e Me(f)} = P(t),
J(f)
and
b (7)<t [ log|Fldu = P()
J(f)
while

(P~ [ 1og|Fldn < Pt
J(f)
for every measure p € M(f) different from .

In Section 12.1, Stochastic Laws on the Symbol Space for the Shift Map Generated by
Nice Families, making use of the link with symbol thermodynamic formalism of Section 9,
we embed the symbol space D;P, along with the shift map acting on it, into an abstract
Young tower (see [57] and [58]) as its first return map. We then prove the fundamental
stochastic laws such as the Law of Iterated Logarithm, the Central Limit Theorem, and
exponential decay of correlations, in such abstract setting.

In Section 12.2, Stochastic Laws for the Dynamical System (f : J(f) — J(f), ju), making
use of the previous section, via the natural projection from the abstract Young tower to the
Julia set J(f), we prove in Theorem 12.6 the fundamental stochastic laws for dynamical
systems (f, ), t € A%, such as the Law of Iterated Logarithm, the Central Limit Theorem,
and exponential decay of correlations.

Part 3 of our manuscript is devoted to study finer fractal and geometrical properties
of the fiber Julia sets J, and the global Julia set J(G). Throughout this whole part we
assume that GG is a FNR rational semigroup satisfying the Nice Open Set Condition; we
refer to such rational semigroups as NOSC-FNR. We would like to mention that we prove



11

at the end of Section 13 that each TNR rational semigroup satisfying the Nice Open Set
Condition is of finite type.

In Section 13, entitled Nice Open Set Condition, we formulate this condition and thor-
oughly study it at length preparing all the tools based on this condition that we need in
further sections. We would like to note that our treatment somewhat differs from that
of [49]. We would like to emphasize that the Nice Open Set Condition and Nice Sets
(Families) are totally independent concepts. In particular, the adjective “Nice” was inde-
pendently introduced for both of them many years ago. Although it may be a little bit
confusing for some readers, we stick to the historical terminology to respect history and in
order not confuse readers even more by inventing yet new names. We think that in our
current manuscript this is the first time in the literature that both “nice” concepts are used
simultaneously.

In Section 14, entitled Hausdorff Dimension of Invariant Measures p; and Multifractal
Analysis of Lyapunov Exponents we provide a full account of Hausdorff dimensions of level

sets of Lyapunov exponents. More precisely, for every point (w, z) € J(f), we denote

1 ~ 1 -

X(w, z) :=limsup —log |(f")(w,2)] and x(w,z):=liminf —log|(f") (w, 2)|
n—oo N - n—oo 1

and call them respectively the upper and lower Lyapunov exponents at the point (w, z).

If x(w,2) = X(w, 2), we denote the common value by x(w,z) and call it the Lyapunov

exponent at (w, z). Given x > 0, we define

K() = { (@ 2) € () x(w,2) = Xw,2) = x} ,

which is actually the level set of the function J(f) 3 (w, z) — x(w, z) corresponding to
its value x. For every t € Af, let

Dt(f) = {Xut,q 1q e [07 1]} )

where the measures i , are introduced in the formula (14.22) by means of the temperature
function T;(q), and x,,, are the corresponding Lyapunov exponents. The main result of
Section 14 is the following.

Theorem 1.9 (Theorem 14.9). If G is a NOSC-FNR non—exceptional rational semigroup,

then for every t € AE\{hy}, the set Di(f) is a non-degenerate interval with endpoints Xpun,
and X, and the function

Dy(f) > x — HD(p2(K(x))) € [0,2]
1$ real—analytic.

Being a non—exceptional semigroup is a mild requirement meaning that either one of the
conditions (a)—(g) from Proposition 14.8 holds. It is for example satisfied if J(f) contains
some non—exceptional critical points, see Proposition 14.15, in fact if and only if each
element of G is a critically finite map with parabolic orbifold; see Theorem 14.14. As a
preparatory result to the above theorem, which is however also interesting on its own, we

prove in this section the following result.
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Theorem 1.10 (Theorem 14.2). If G is a NOSC-FNR rational semigroup and t € Af,,
then

h,, (f P(t

HD(,Ut Opgl) — Nt(f) :t—i- Q

X,ut X,th

Throughout the whole manuscript, given an integer ¢ > 1 and u > 0 large enough, we
mean by log?(u) the gth iteration of the natural logarithm applied to u; for example:

log' (u) = log(u), log®(u) = log(log(u)), log’(u) = log(log(log(u))).

In Section 15, which is entitled Measures m; o p, ' and u; o p; ' versus Hausdorff Measures

Hy and H , exp(ey/logC1 T log (/) following the general scheme of [30] and [55] (see also

[21]), we establish singularity and absolute continuity relations between measures p; and

my; with respect to generalized measures Huﬂ o (c e o /u)), where the subscript is a

gauge function. More precisely, denoting

Grc(u) == P (eop; ") exp (C\/Iog(l/u) 10g3(1/u)> ,

as the ultimate theorem of this section, we prove the following.

Corollary 1.11 (Corollary 15.6). Let G be a NOSC-FNR rational semigroup. Assume
that t € AL and o, > 0. Then

(a) If 0 < ¢ < 26,5)(;3/2, then yiy o py " and Hy, . on J(G) are mutually singular. In
particular, the measures ji, o py* and HtHD(MOpgl) are mutually singular.

(b) If ¢ > 25,5)(;3/2, then ju o py* is absolutely continuous with respect to Hy, . on
J(G). Moreover, H, (E) = 400 whenever E C J(G) is a Borel set such that

peopy (E) > 0.

This result is a corollary for Theorem 15.5 involving the upper and lower class functions
commonly used in probability theory.

In Section 16, HD(J(G)) versus Hausdorff Dimension of Fiber Julia Sets J,, w € 3, we
provide the solution to the long standing open problem in the theory of rational semigroups
concerning the size of fiberwise Julia sets J,, versus the global Julia set J(G). We show
that for all NOSC-FNR rational semigroups of finite type the Hausdorftf dimension of every
fiberwise Julia set J, is smaller than the Hausdorff dimension of the global Julia set J(G).
We also show that if G is expanding then the supremum of Hausdorff dimensions of all
fiberwise Julia set J,,, w € ¥, is smaller than the Hausdorff dimension of the global Julia
set J(G). In formal terms, we have the following.

Theorem 1.12. If G is a NOSC-FNR rational semigroup, then
HD(J,) < h = HD(J(G))
for every w € ¥,,. If in addition, G is expanding, then
sup {HD(J,,) : w € ¥, } < h =HD(J(G)).
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In the final section of our paper, i.e. Section 17, Examples, we provide a large class
of examples of semi-hyperbolic rational semigroups with the Nice Open Set Condition.
Figure 1 shows three Julia sets of semi—hyperbolic rational semigroups for which our results

apply.

FIGURE 1. Julia sets J(G) for G = (fy, fa) for (a) fi = ¢?, fo = ¢ where
61(2) = 2 — Land 6o(z) = 22/4: (b) fi(2) = 2 — 1 and fo(2) = 20/2: (¢)
fi(z) = 22 — 1 and fo(z) =iz

2. GENERAL PRELIMINARIES ON RATIONAL SEMIGROUPS

Let u € N={1,2,3,...}. Let Rat be the set of all rational maps on the Riemann sphere
C. In this paper, an element of Rat" is called a u—tuple map . Let f = (fi,..., f.) € Rat"
be a u—tuple map and let

G = <f17~'7fu>

be the rational semigroup generated by { f1, ..., fu}. We then also say that G is generated
by the u—tuple map f = (fi,..., fu). To be sure, this means that

G = {J‘-‘wnofwTHo..-oj-"wzofw1 :n>1 and (wy,wa,...,wy) € {1,...,u}”}.

Let
Y= {1,.. ., u}

be the space of all one-sided sequences of u—symbols endowed with the product (Tichonov)

topology. ¥, then becomes a compact metrizable space. There are plenty of metrics on
Y. compatible with this topology. For our purposes in this paper we choose only one of
them, one which is quite natural. Indeed, fix ¢ € (0,1) and denote by |-, -]y the metric on
Y. defined by the following formula.

(21) |w’7_|19 — ﬁmin{nZl:wn;é‘rn}fl’
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with the usual convention that ¥>° = 0. We then define the metric ||-, ||y on X, x C as
equal to max{|-, |y, |- — - |}; more precisely:

l(w, 2), (T,w)]| := max{]w, Tlo, |2 — w|}
We will frequently omit the subscript ¢ writing just ||(w, 2), (7, w)|| for simplicity. We
denote the ball with radius r > 0 centered at some point w € X, and generated by the
metric |-, -]y as By(w, ). Likewise, we denote the ball with radius » > 0 centered at some

point z € C and generated by the metric |- — - | as Ba(z,r). Then B((w, 2),7) denotes the
ball centered at (w, z) with radius r defined with respect to the metric |-, -||y. Obviously

B((w, z),7) = By(w,r) X Bay(z,71).
Occasionally, but very rarely, we will use the spherical metric on C. If z and w are points
in C then the spherical distance between them is denoted by |z — wl|s. Spherical balls are
denoted by B,(z,r), z € C, r > 0.
We will also need annuli. We recall their standard definition. Given w € C and two radii
0 <r <R, we set

A(w;r, R) := Ba(w, R) \ Bo(w,7) ={2 € C:r <|z—w| < R}.

In general, denote by diam(A) the diameter of a set A with respect to the metric on the
space the set A is contained in. This is just the supremum of distances between points in
A. Usually in this paper such metric space will be either C, ¥, or ¥, x C; most often this
will be C and will the write diam¢(A), diamy, (A), and diamy,«c(A) respectively. Also,
for A, B, any two subsets of a metric space (M, d) put

distas (A, B) :=inf {d(a,b) : a € A,b € B}.
Let G be a rational semigroup and let F' be a subset of C. We set
G(F) = Jg(F)
geG

and
GF) =g '(F)
geG
Moreover, we set

G* = GU{ld},
where Id denotes here the identity map on C. We then define analogously the sets G*(F)
and (G*)"1(F). In fact
G*(F)=FUG(F) and (G*)'F)=FUG'(F).

Let f: 2, xC — £, xC be the skew product map associated with f = (frs o fu)-
It is given by the formula

flw,2) = (0(w), fur (2));
where (w,z2) € ¥, x C, w = (wy,ws,...), and o : 3, — ¥, denotes the one-sided shift
map, i.e.

U((“n)?:l)) = (Wnt1)mer-
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We denote by py : ¥, X C — %, the projection onto X, and psy : X, X C — C the projection
onto C. That is,

p(w,2) =w and po(w,z) = z.
Under the canonical identification p;*{w} = C, each fiber p;*{w} is a Riemann surface

which is isomorphic to C .
For n > 0 let

u

¥e=A{1,.. . u}” and = U >
n=0

respectively be the family of all words over the alphabet {1,2,...,u} of length n and the

family of all finite words with the convention that {1,...,u}° is the singleton consisting of
the empty word denoted in the sequel by (). For every 7 € ¥*, we denote by |7| the only
integer n > 0 such that 7 € X'. For every 7 € ¥, we set |7| = co. In addition, for every
T=(m,T2,...) €EXFUY, and n € N with n < |7|, we set

Tlp = (11, T2, .., T0) € X0
Furthermore, for every set I' C 3% U %, we define
[, :=A{wl, :wel}.
For every 7 € ¥}, we denote
T="Tlr=1, Tx =Ty,
and
(2.2) 7] i ={w € Xyt w|j; =T}

We call [7] the cylinder generated by 7. Furthermore, for every w € ¥* U X, and all
a,b € N with a < b < |w|, we set

Wl = (wg,...,wp) € L.

For any two words w, T € X7, we say that w and 7 are comparable if either
(1) |7] £ |w| and w|;| = T; equivalently w € [7],
or
(2) |w| < |7] and 7| = w; equivalently 7 € [w].

We say that w, 7 are incomparable if they are not comparable. By 7w € ¥ we denote
the concatenation of the words 7 and w. We may now rewrite formula (2.1) in the form.

(2.3) |w, 7|y = 9,
where wAT is the longest initial common block of both w and 7. For each w = (wy, ..., wy,) €
2y, let

fw::fwno---ofm:@—>@.
For each n € N and (w, 2) € ¥, X C, we set

(") (W, 2) = fi(2)-
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For each w € ¥, we define
J, = {z eC: {fo}wes: is not normal in any neighborhood of z},

and we then set
J(f) = | {w} x L,
’LUGE'U,

where the closure is taken in the product space X, X C. By its very definition, the set
J(f) is compact. Naturally, F/(f) denotes the complement of J(f) in X, x C. Furthermore,
setting

E(G) := {z eC:# U g {2} < oo} :
geG
by Proposition 3.2 in [34], we have the following.

Proposition 2.1. If f = (f1,..., fu) € Rat" is a u—tuple map and G = (f1,..., fu) is the
rational semigroup generated by { fi,..., fu}, then

(a) J(f) is completely invariant under f, meaning that f~Y(J(f)) = J(f) = F(J(f)).
(b) The map f : J(f) — J(f) is open, meaning that it maps open sets onto open sets.
(c) If
#J(G)>3 and E(G)C F(G),
then the skew product map f : J(f) — J(f) is topologically exact meaning that
for every non—empty open set U in J(f) there exists an integer n > 0 such that

) = Jf).
In particular, the map f : J(f) — J(f) is topologically transitive.

(d) J(f) is equal to the closure of the set of repelling periodic points of f provided that
tJ(G) = 3, where a periodic point (w, 2) of f with period n is said to be repelling if
the absolute value of the multiplier |(f) (w, 2)| of f. at z is strictly larger than 1.

(e) Furthermore,

We now introduce further notation. A pair (¢,j) € C x {1,2,...,u} is called critical
for the w-tuple map f if the map f; is not 1-to-1 on any open neighborhood of ¢ in C.
If both ¢ and f;(c) belong to C, and this will be almost always the case considered in our
manuscript, this means that

f;(c) = 0.
Therefore, abusing slightly notation, we will always indicate a critical point by writing that

the derivative at this point is equal to 0. The set of all critical pairs of f will be denoted
by CP(f). Let Crit(f) be the union

Crit(f) := U Crit(f;),
j=1
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where Crit(f;) denotes the set of critical points of the map f;. For every ¢ € Crit(f) put
er = {£(0) : (c.5) € CP()}.
The set ¢, is called the set of critical values of c¢. For any subset A of Crit(f) put
AL ={cy 1 ce A}

For each (c,j) € CP(f) let ¢(c,j) be the local order of f; at ¢. We define the direct
postcritical set of G to be

G (Crit(f) ).
We further consider the set

G*(Crit(f)+).
Note that this set does not depend on the choice of generators, and it is in fact equal to
the closure of the set

{9(c) g€ G, g(c)=0}.
We denote it by PCV(G) and call it the postcrltlcal set of G !,

PCV(G) := G*(Crit(f)+) = {g(c) : g € G, ¢'(c) = 0}.
We also set .
Crit,(f) := U {c e Crit(f) : file) € J(G)}.
Of course .

Crit.(f) € J(G) N Crit(G),
but equality need not to hold. Let

Crit(f —{562 x C: f'( §) =0}
Of course 3 R
Crit(f) = {(w,c) € B, x C: [, (c) = 0}.
Put 3 3 )
Crit,(f) := J(f) N Crit(f).
Note that
(2.4) Crit,(f) = pa(Crit, (f)).
We call

| F(rit()

the direct postcritical set of f , and its closure, i.e. the set

PCV(f U fr(Crit(f)),

1Some authors call the direct posteritical set just postcritical and give no short name for PCV(G)
just calling it the closure of the postcritical set. Our choice of notation and terminology follows a well
established tradition and makes exposition simpler.
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the postcritical set of f . We also define

PCV.(f) := J(f) NPCV(f U fr(Crit, (f)).

Set
Smg U f (Crit(f

n>0
and

Sing(f) = [ J g7 (Crit(f))
geG*
Now we define and deal with holomorphic inverse branches of iterates of the skew product
map f: 3, x C— ¥, x C. We start with the following.

Lemma 2.2. For every integer n > 1, we have that

f(Crit(f™)) = =, x ( U fT(Crit(fT))) .

TEXN

Proof. Assume that (w,z) € f*(Crit(f")). This means that there exists (7, ) € Crit(f")
such that

(w,2) = f"(7,).
Then,
z ::fﬂn(x>7

and

i1, @) = (f") (v, 2) = 0.
So, z € Crit(f,,) and

2 € fy.(Crit(fy,)) € | f-(Crit(f,)).
TEXY

Thus,

(w,2) € 3y, X ( U fT(Crit(fT))) ;

TEXN

and the inclusion

Fr(Crit(f7) € £, x ( U fT(Crit(fT)))

TEXN

is proven.
So, assume now that

(w,2) € Ty x (U fT(Crit(fT))) :

TEXD
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So, there exists 7 € X7 such that z € f,(Crit(f;)). Hence, there exists x € Crit(f,) such
that z = f,(x). So, f.(x) = 0. Then,
]En<7—w’ r) = (w, fr(z)) = (W, 2),
and )
(f*) (rw,z) = f(z) = 0.

So, (Tw,z) € Crit(f"), and, in consequence, (w,z) € f*(Crit(f")). We have thus proved
the inclusion

Sux | f(Crit(f) | € f(Crit(f)).

TEXN
Lemma 2.2 is thus proven. 0
Denote by
DPCV(f) := | fH(Crit(f)) = Zu x | | f+(Crit(f,))
n=1 TEXN

the direct postcritical set of f and by
DPCV(G) == G*(Crit(f)+) = | f-(Crit(f,))

TEXY

the direct postcritical set of G. Then, as an immediate consequence of Lemma 2.2, we get
the following.

Lemma 2.3. DPCV(f) = ¥, x DPCV(G).
By applying the closures, we thus obtain:
Lemma 2.4. PCV(f) = %, x PCV(G).

X € @, and n € N. Suppose that x is not a critical point of f.. If both x
and f,(x) belong to C, this means that

fr(x) # 0,

Fix 7 € ¥

or equivalently:

(f™Y (w,2) #0
for every w € [r]. Then if V C C is a sufficiently small (in the sense of diameter),
non-empty, open, connected, simply connected set containing f,(z), more precisely if the

connected component of f~1(V') does not contain critical points of f,, then there exists a
unique holomorphic inverse branch

j:V—)@

mapping f.(z) to x. Furthermore, we denote by

~

(2.5) S, x v —[r]xC
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the map defined by the formula

(2.6) Frilw,y) = (rw, f2 (1),

and we call it the holomorphic inverse branch of f 7l defined on ¥, x V which maps
Yu X {f-(z)} onto [7] x {z}.

Now keep 7 € X7, and suppose that V C Cis a non—empty, open, connected, simply
connected set such that

(2.7) VN f(Crit(f7)) = 0.
Equivalently
(2.8) (S x V)0 f7([7] x Crit(f7)) = 0

Then, by the above, all holomorphic inverse branches of f, are well defined on V. More
precisely, for every x € f=1(V) there exists a unique holomorphic inverse branch

T_; 'V —C
mapping f-(z) to z. The map f{iﬂ : 2, X V — [7] x C has then the same meaning as in
(2.5) and (2.6).

Now fix an integer n > 0 and suppose that V' C Cisa non—empty, open, connected,
simply connected set such that

vl f(Crit(f) = 0.
resn
By Lemma 2.2, this means that
(S x V)0 fr(Crit(f) = 0.
Then, by the above, for every 7 € X7, all holomorphic inverse branches of f, are well

defined on V. More precisely, for every x € f-!(V) there exists a unique holomorphic
inverse branch

. LV — C

mapping f-(z) to x. As in the above, the map

::;LZEUXV—)[T]XC
has then the same meaning as in (2.5) and (2.6). We denote by HIB,, (V') the family of all
such inverse branches f;. s x VvV — [7] x C. Fixing any point £ € V, this family is
equal to

{[7 S, xV —[f]xC|rexr ze f-1(&)}.

For every p € HIB,, (V) for the sake of naturality we write p as
(2.9) By xV—[p] x C,
being given by the formula

(2.10) M (w,2) = (pw, £, (2)) € [7] x C,
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with a unique p € 37 and a unique f, L.v ¢ being a holomorphic inverse branch of f;

defined on V. We set
(2.11) loll == 151 = n.
Lastly, let V C C be a non—empty, open, connected, simply connected set such that
VNPCV(G) = 0.
By Lemma 2.3, this means that
(S, x V)N PCV(f) = 0.
Then, by the above, all the families HIB,, (V') are well defined and we denote

HIB(V) := O HIB,,(V).

Note that if W is any non—empty, open, connected, simply connected subset of V', then
HIB(W) = {p|w : p € HIB(V)}.

We end these preliminaries by mentioning the classical and celebrated distortion theorems
due to Koebe. We do so for the sake of completeness and since these will be an indispensable
and truly powerful tool for us throughout the sequel.

Theorem 2.5 (Koebe’s +-Theorem). Ifz € C, 7 > 0 and H : By(z,r) — C is an arbitrary
univalent analytic function, then

H(By(z,7)) D Bo(H(2), 47 |H'(2)|r).
Theorem 2.6 (Koebe’s Distortion Theorem, I). There exists a function k : [0,1) — [1, 00)

such that for any z € C, r > 0, t € [0,1) and any univalent analytic function H : By(z,1) —
C we have that

sup {|H'(w)| : w € By(z,tr)} < k(t)inf {|H'(w)| : w € Ba(z,tr)}.
We put K = k(1/2).
The following is a straightforward consequence of these two distortion theorems.

Lemma 2.7. Suppose that D C C is an open set, z € D and H : D — C is an analytic
map which has an analytic inverse H; ' defined on By(H(z),2R) for some R > 0. Then
for every 0 <r < R,

Bo(z, K~ 'r|H'(2)|™") € H;Y(By(H(2),7)) C Ba(z, Kr|H'(2)|71).

We also use the following more geometric version of Koebe’s Distortion Theorem involv-
ing moduli of annuli.

Theorem 2.8 (Koebe’s Distortion Theorem, II). There exists a function w : (0, +00) —
[1,00) such that for any two open topological disks Q1 C Qo C C with Mod(Qy \ Q1) >t
and any univalent analytic function H : Qo — C we have

sup{|H'(§)[ : ¢ € @i} < w(t)inf{|H'(§)] : € € Q).



22 JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

Finally, by
A=<DB
we mean that there exists a constant C' € (0,400) independent of appropriate, always
clearly indicated in the context, variables A and/or B such that

A< CB.
Analogously, A = B. Also,
AxB
if A< Band B < A.

Part 1. Ergodic Theory and Dynamics of Finitely Generated
*Semi—Hyperbolic Rational Semigroups

3. BAsic PROPERTIES OF
SEMI-HYPERBOLIC AND *SEMI-HYPERBOLIC
RATIONAL SEMIGROUPS

In this section we define semi—hyperbolic and *semi-hyperbolic rational semigroups, and
we collect their dynamical properties, which will be needed in the sequel.

Definition 3.1. A rational semigroup G is called semi—hyperbolic if and only if there
exist an N € N and a 6 > 0 such that for each x € J(G) and each g € G,

deg(g: V — By(z,8)) <N
for each connected component V' of g~ (Bs(z,0)).

For the record we recall that a rational semigroup G is called hyperbolic if and only if
PCV(G) C F(G).

It is straightforward to see that each hyperbolic rational semigroup is semi—hyperbolic.

The notion hyperbolicity is closely related to the concept of expanding rational semi-
groups and under mild technical assumptions expanding and hyperbolic semi—hyperbolic
rational semigroups coincide. This class will be explicitly studied only in Section 16,
HD(J(G)) versus Hausdorff Dimension of Fiber Julia Sets J,, w € ¥,.

From now on throughout the rest of the paper, we always assume the following.

Fundamental Assumption: If GG is a rational semigroup, then the following three con-
ditions are assumed to hold.

e There exists an element g of G such that deg(g) > 2.

e Each element of g € Aut(C) N G is loxodromic, meaning that the M&bius trans-
formation ¢ has two fixed points for which the modulus of the multiplier of the
transformation (characteristic constant) is not equal to one.

e '(G) # . By a Mobius change of coordinates we therefore may and we do assume
that
o € F(G).
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Then,

J(G)c C and J(f) Cc %, xC.

The Fundamental Assumption is a mild standard hypothesis commonly assumed in the
theory of rational semigroups. It is actually indispensable to get started with this theory.
The interested reader is advised to consult the papers of the second name author of this
manuscript cited in our references to learn more about the nature and status of this as-
sumption. The fact that we may and we do assume that co € F(G) allows us to work
almost exclusively on the complex plane C rather than on C and to avoid spherical metric
and balls entirely. This is particularly convenient when we apply, which we do frequently,
the various versions of Koebe’s distortion theorems. If dealing with spherical distances and
derivatives, these theorems take on somewhat cumbersome form with the need of checking
“annoying” hypotheses.

Definition 3.2. Any semi-hyperbolic rational semigroup satisfying the Fundamental As-
sumption is called *semi—hyperbolic.

It is immediate from these definitions that both concepts of semi-hyperbolicity and
*semi-hyperbolicity are independent of any set generators of the rational semigroup con-
sidered.

The crucial tool indispensable in developing the theory of *semi-hyperbolic rational semi-
groups is given by the the following semigroup version of Mané’s Theorem proved in [35].

Theorem 3.3. If G = (f1,..., fu) is a finitely generated rational semigroup satisfying the
Fundamental Assumption, then G is *semi-hyperbolic if and only if all of the following
conditions are satisfied.
(a) Foreach z € J(Q) there exists a neighborhood U of z in C such that for any sequence
{gn}22, in G, any domain V in C, and any point ¢ € U, the sequence {gn}2, does
not converge to ¢ locally uniformly on V.
(b) If c € Crit.(f), then

diste (¢, G*(cy)) > 0.

Now the following characterization of *semi-hyperbolic semigroups, more in terms of the
skew product map f: ¥, x C — ¥, x C, is immediate.

Theorem 3.4. If G = (f1,..., fu) is a finitely generated rational semigroup satisfying the
Fundamental Assumption, then G is *semi—hyperbolic if and only if all of the following
conditions are satisfied.

(a) Foreach z € J(G) there exists a neighborhood U of z in C such that for any sequence
{gn}22, in G, any domain V in C, and any point ( € U, the sequence {g,}5°, does
not converge to ¢ locally uniformly on V.

(b) For each & € Crit,(f) we have that
diste (€, {/™(€) :n > 1}) > 0.
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The second named author proved in [35], as Corollary 2.16, the following theorem which is
very important for us in the current paper.

Theorem 3.5 (Exponential Shrinking Property). Let G = (f1,. .., fu) be a *semi~hyperbolic
finitely generated rational semigroup. Then there exist R > 0, C' > 0, and o > 0 such that
ifv € J(G), we Xk, and V is any connected component of f1(Bs(x, R)), then

u’

(a) V is simply connected

and

(b)
diam¢ < Ceoll,
Remark 3.6. Note that this property, i.e. Exponential Shrinking, does not in fact depend

on the choice of finitely many generators. It is a property of finitely generated rational
semigroups themselves. Only a (and C too) may depend on the generators.

We have proved in [49] the following lemma. We provide here its simple independent proof
for the sake of completeness and convenience of the reader.

Lemma 3.7. If G = (f1,..., fu) is a finitely generated *semi-hyperbolic rational semi-
group, then

(a) G*(Crity(f)) N J(G) is a nowhere dense subset of J(G),

and

(b) PCV.(f) is a nowhere dense subset of J(f).

Proof. Proving item (a), suppose for a contradiction the set G*(Crit.(f)) N J(G) is not
nowhere dense in J(G). Since

G (Crin()nJ@) = |J J@)nG(ey),
c€Crity (f)

since the set Crit.(f) is finite, and since each constituent of the above union is closed, it
follows that there exists ¢ € Crit,(f) such that

IIltJ(G) (J(G) N G*(C+)) 7é @

It then follows from item (c) of Proposition 2.1 and forward G-invariance of the set G*(c..)

that G*(c;) D J(G). In particular

cc G*(C-l—)v

contrary to item (b) of Theorem 3.3. Item (a) of our lemma is thus proved.

In order to prove its item (b) suppose for a contradiction that PCV,(f) is not nowhere

dense in J(f).
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This means that PCV,(f) has non-empty interior in .J( f), and therefore, because of its
forward invariance and topological exactness of the map f : J(f) — J(f), we conclude
that

PCV.(f) = J(f).
Hence,
J(G) =p2(J(f)) = p2(PCV.(f)) C G*(Crit.(f)) N J(G),
contrary to, the already proved, item (a). Item (b) is thus proved and, simultaneously, the
whole Lemma 3.7. O

Following the common tradition, given a point (7, z) € £, x C we denote by w(T, z) the
w—limit set of (7, z) with respect to the skew product map f:2,xC—3%,xC, ie. the
set of all accumulation points of the sequence ( f(r, z)) . For every (7,2) € J(f) put

Crit(7, z) := Crit(f) Nw(, 2).

In [49] we proved the following whose proof we reproduce here for the sake of completeness
and its importance for the further development of the present manuscript. It is convenient
for the sake of this proof to introduce the following concept. If ¢ € Crit(G), then by

we(cy)
we denote the set of all accumulation points of the set G*(c.). Of course
G*(cy) = G"(cy) Uwa(cy).
Lemma 3.8. Let G = (fi,..., fu) be a finitely generated *semi-hyperbolic rational semi-
group. If (1,z) € J(f), then
pa(w(T, 2)) & G* (pg(Crit(T, z))+)
Proof. Suppose on the contrary that

(3.1) pa(w(T,2)) C G*(p2(Crit(r, 2))+).

Consequently, Crit(r,2) # 0. Let (7!, ¢;) € Crit(r, z). This means that (71, ¢;) € w(, 2),
and it follows from (3.1) that there exists (72, c2) € Crit(7, ) such that

either ¢; € wg(cay) or ¢ = gi(c2)

for some g € G of the form f, with f/, (c2) = 0. Iterating this procedure we obtain an
infinite sequence ((77,¢;))52, of points in Crit(7, z) such that for every j > 1

either ¢; € CUG(Cj+1+) or ¢; = gj(cj1)

for some g; € G of the form f, with f; (cj11) = 0. Consider an arbitrary block

CkyCkt1y---,C
such that
cj = gj(cjt1)
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for every k < j <1 —1, and suppose that
Il —(k—1) > #(Crit(f) N J(Q)).
Then there are two indices k < a < b <[ such that
Cq = Cp.
Hence,
9a©Gar10-..00g1(cp) =ca=cp and (ga0Ggar10...0g1) (c) =0.

This however contradicts our assumption that the Julia set, J(G), of G contains no su-
perstable fixed points. In consequence, the length of the block cg, i1, ..., ¢ is bounded
above by #(Crit(f) N J(G)). Therefore, there exists an infinite sequence (j,)22 ; such that

Cj, € Wa(Cjut1,)
for all n > 1. In conclusion, there would exist at least one point ¢ € Crit,(f) such that
c € wglcy),
contrary to Theorem 3.3 (b). This finishes the proof. O
The following proposition, also proved in [49], will be used many times in the current

paper. We therefore provide its proof here too.

Proposition 3.9. If G = (f1,..., fu) is a finitely generated *semi—hyperbolic rational
semigroup, then for each point (1,z) € J(f)\ Sing(f), there exist a number n(t,z) >0, an
INCTeasing sequence (nj);?‘;l of positive integers, and a point

(7,2) € w(r, 2) \ 3" (G*(p2(Crit(7, 2)) +))
with the following two properties.

(a) lim; o f"j(T, z)=(1,2).

(b) The connected component of the set fT_|71L (Bg (fﬂnj (1,2),n(T, z))) containing z con-

tains no critical points of the map fT‘nj . C —C.

Proof. In view of Lemma 3.8 there exists a point (7, 2) € w(r, z) such that

2 ¢ G*(p2(Crit(7, 2)) ).

Let

1., . .
n = §d1StC (2, G*(p2(Crit(7, 2))1)).
Then there exists an infinite increasing sequence (n;)52, of positive integers such that
(3.2) lim (7, 2) = (7, 4)
Jj—o0
and

(3.3) fr,(2) € By (G*(p2(Crit(7, 2))4),m)
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for all j > 1. We claim that there exists n(7, z) > 0 such that for all 7 > 1 large enough
Comp (2, fr|, . n(7, 2)) N Crit(fr, ) = 0.

Indeed, otherwise we can find an increasing subsequence (j;)?2; and a decreasing to zero
sequence of positive numbers 7; < 1 such that

Comp(z, fTInji>77i) N Crit(fr, ) # 0.
Let ¢ € Comp(z, fT|nj_,m) N Crit(f7,, ). Then there exist 0 < p; < ny, — 1 and
(3.4) ¢ € Crit(f5, ,,)

such that ¢; = fr,. (¢;). Since lim; o, n; = 0, it follows from Theorem 3.5 that lim; ., ¢; = 2.
Since (7, 2) ¢ U,>0 f‘”(Crit(f)), this implies that lim;_,, p; = +00. But then, making use
of Theorem 3.5 again and of the formula (¢ (1), ¢;) = fPi(7,¢;), we conclude that the set
of accumulation points of the sequence

((0™(7),¢))iZy

is contained in w(7, z). Fix (7°°,¢) to be one of these accumulation points. Since Crit(f)
is closed, we conclude that

(3.5) (7%, ¢) € Crit(r, 2).

Since that set Crit(f) is finite, passing to a subsequence, we may assume without loss of
generality that (c;)72, is a constant sequence, so equal to c. Since ¢ = f;|, (&), we get

fT‘"ji (Z)_ Tleil(C)

But, looking at (3.4) and (3.5), we conclude that fT|"jl- (c) € G*(Crit(T, 2)+). We have thus
pit1

arrived at a contradiction with (3.3), and the proof is finished. U

frin,, (2) = Jrin, (@) < <7,

4. THE CONFORMAL AND INVARIANT MEASURES m; AND p; FOR f : J(f) — J(f)

4.1. Conformal and Invariant Measures (and Topological Pressure) for f : J(f) —
J(f): Preliminaries.

In this section we rigorously recall, generalize, and extend, the thermodynamic concepts
introduced in [49]. Some of them have already been introduced and explored in [36], [37],

and [48].
Definition 4.1. Let G = (f1,..., f.) and let t > 0. For all € € J(f) \ PCV,(f) define

Pe(t) := hinj;ip % log Z }(fn)/(.lf”
zef(¢)

—t
€ [—o0, +00],

where, if v = (w,a), then, we recall, !(];”)/(33)‘ denotes the norm of the deriative of
fu, 00 fu at the point a.
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The following proposition was proved in [49] as Lemma 7.3 and will be of crucial impor-
tance in the sequel. We provide its short and simple proof here for the sake of completeness
and for the convenience of the reader. Furthermore, we expose the proof in terms of the
skew product map f : J(f) — J(f) rather than in terms of the semigroup G itself, as it
was done in [49].

Proposition 4.2. If G is a *semi-hyperbolic rational semigroup generated by a u—tuple
map f = (f1,..., fu) € Rat", then for each t > 0, the function

J(F)\PCV.(f) 3 & — Pe(t) € [~00, +o0]
is constant. Denote this constant by P(t) and call it the topological pressure of t .
Proof. Because of Lemma 2.4 for every € € J(f) \ PCV.,(f) there exists r¢ > 0 such that
Bs(p2(€),2re) NPCV(G) = 0.
It then directly follows from Koebe’s Distortion Theorem that the function
v Py (1)

is constant on J(f) N (Bu X Ba(p2(€),7¢)). Now, fix &,& € J(f) \ PCV.(f). By Proposi-
tion 2.1 (c¢) there exists an integer ¢ > 1 such that

FUI) N (Bu X Ba(pa(&1),7,))) 0 (J(F) N (B % Balpa(&a),7e,))) # 0.
Fix then a point p € J(f) N (24 X Ba(p2(£1),7¢,)) such that

FUp) € J(f) N (Su x Ba(pa(&e),re,))-

Then
S\ [t ; _ o\ | —t
Yoo Y@ =@ Y 1Y W)
eef~(nFa)(fa(p)) yef~(p)
Therefore, Pz, (1) > P,(t). Hence, Pg,(t) > P, (¢). Exchanging the roles of & and &, we
get P¢ (1) > Pg, (), and we are done. O

We want to emphasize that topological pressure does depend on the choice of generators
and not on the semigroup alone. Now, we shall prove the following basic properties of the
function

[0,4+00) 3t — P(t) € [—00, +00].

Proposition 4.3. If G is a finitely generated *semi—hyperbolic rational semigroup generated
by a u—tuple map f = (f1,..., fu) € Rat", then the function t — P(t), t > 0, has the
following properties.

(a) For everyt > 0 we have that P(t) € (—oo,+00) and P(0) > log2 > 0.

(b) The function [0, +00) — P(t) is strictly decreasing and Lipschitz continuous. More
precisely:
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(c¢) If 0 < s <t < +o0, then

—log || f'lo(t = 8) < P(t) = P(s) < —a(t - s),

where the constant « > 0 comes from the Exponential Shrinking Property (Theo-
rem 3.5).

(d) limy_, 1o P(t) = —00.
Proof. The inequality
(4.1) log2 < P(0) < +o00

follows immediately from degree considerations. Assuming that P(s) € R, the left—hand
side of item (c) follows immediately, while its right—hand side follows from the Exponential
Shrinking Property (Theorem 3.5) in conjunction with Koebe’s Distortion Theorem. Hav-
ing this and (4.1) we deduce that items (a) and (c) hold. Item (b) is a direct consequence
of (¢) while item (d) is now an immediate consequence of the right-hand side of (¢). O

It follows from items (a), (b), and (d) of this proposition that there exists a unique t €
[0, +00), we denote it by hy, such that

(4.2) P(hf) = 0.

We now recall the concept of ¢-conformal measures for the skew product map f
J(f) — J(f).
Definition 4.4. A Borel probability measure m on J(f) is called t—conformal for f :
J(f) = J(f) if and only if

m(F) = [ 7 dm
A
whenever A C J(f) is a Borel set such that the restricted map f|a is 1-to-1.

In order to discern it from “truly” conformal measures, i.e. hs—conformal measures (for
which the factor e?®) disappears in the above displayed formula), any e"®|f’['conformal
measure will also be frequently called a generalized t—conformal measure. We have
proved in [49] the following fact of crucial importance for us in the current paper. We
provide its proof here for the sake of completeness, convenience of the reader, its crucial
importance, and because the construction of conformal measures given in this proof (coming

from [49]) will be needed later in the paper.

Proposition 4.5. If G is a finitely generated *semi-hyperbolic rational semigroup generated
by a u—tuple map f = (f1,..., f.) € Rat“, then for every t > 0 there exists an e*®|f'[t~
conformal measure my for the skew product map f: J(f) — J(f).

Proof. The construction of generalized t—conformal measures starts as follows. Fix €
J(f) \ PCV(f). Observe that the critical parameter for the series

SP(¢ Z o Z 520,

zef-n
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is equal to the topological pressure P(t), i.e. SF(E,s) = +oc if s <P(f) and SP(¢, s) <
+o00 if s > P(t). In the latter case define a Borel probability measure v; 5 on J(f) by the
following formula:

(4.3) ves(A) == SPt Z —sn Z }~/($)|—t.

z€ANF—(¢)

Now we want to take weak* limits as s \, P(¢). For this we need the concept of the Perron—

Frobenius operator. Given a function g : J(f) — C let L;g : J(f) — C be defined by
the following formula:

(4.4) Lgly) = Y (@) "g(@).

z€f~1(y)
L:g(y) is finite if and only if y ¢ Crit(f). Otherwise L;g(y) is declared to be co. Although
L, is not actually an operator since it does not preserves the class of finite valued functions,

it is still referred to as the Perron—Frobenius operator associated to the parameter ¢t > 0.
Iterating formula (4.4), we get for all integers n > 1 that

Ligly) = Y 1(/") (@) "g(x).
zef~"(y)
For every o—finite Borel measure m on J( f ) let the o—finite Borel measure L;"m be given
by the formula
Li"m(A) = m(L{1a),
where A C J(f) is a Borel set and m(g) := [ gdm. Notice that if (1,€) € J(f)\DPCV(f),
then for all Borel sets A C J(f) we have

Ly"0(re)(A) = 6riey (Ly1a) = Li1a(r, &) = > Y |fi(2)]™ < LP1(€) < oo.

lwl=n zeAnf51(€)

In particular,
Li"3(rg)(J(f)) < L1(§) < +oo.
Observing that the formula (4.3) can be now expressed in the form
(45) Vs = S-Pt(€7 S>_1 Z e—SnL:TL(S(T7§),
n=1
a direct straightforward calculation shows that
(4.6) e *Liv, = SP(&s)! Z 6_5(n+1)L:(n+1)(5(7—7§) =1, — SP(&8)7! (e_SL;‘5(T,§)).
n=1
If SP,(&,P(t)) = 400), then limg p) Ss(§) = 400 and it follows from the formula (4.6)
that any weak limit m; of 1,5 when s N\, P(¢) is the required generalized ¢-conformal
measure. If SP, (f , P(t)) < +o0 then we apply the usual modifications involving slowly
varying functions whose details can be found for example in [6]. O
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We have proved in [49] the following. We will need it in the sequel and we provide its
short computational proof taken from [49].

Lemma 4.6. Let G be a finitely generated *semi-hyperbolic rational semigroup generated
by a u—tuple map f = (f1,..., fu) € Rat". Fixt > 0. If s > P(t), then

‘ F-1(¢) _
vs(A) = e /f'( ){(f|A )| dvy o ( )+{O_SSP O )| Zcf jg;—lgg ; ?y}
whenever A C J(f) is a Borel set such that the map f|4 is 1-to-1.
Proof. We calculate:
Vis(A) =" Livy(1a) + 571 (€)e™ " Lid(re) (1)
:es/Lt(ﬂ\A)th,ere °S, f)/Lt 1]4)dd(rg)
= [ X P L) da(e) + oS O L)

yef—1(x)

s - 0 if AnfY(r,¢)
—=e )| dog(x ~ —t ~
/f(A> 12 ) () + {e‘SS;l(f)lf’(y)l it AN i(r,6)

0
{y}.
O

4.2. Ergodic Theory of Conformal and Invariant Measures for f : J(f) — J(f).

We begin this section with some abstract auxiliary facts about measures. Frequently,
in order to denote that a Borel measure pu is absolutely continuous with respect to v, we
write 4 < v. However, we do not use any special symbol to record the equivalence of
measures. We use some notations from [1]. Let (X, F, u) be a o—finite measure space and
let T': X — X be a measurable almost everywhere defined transformation. 7' is said to be
nonsingular if and only if for any A € F,

WTH(A) =0 & u(A)=0.

The map 7' is said to be ergodic with respect to u, or u is said to be ergodic with
respect to T, if and only if either

H(A) =0 or u(X\A)=0

whenever the measurable set A is T—invariant, meaning that 7-'(A) = A. For a nonsingular
transformation 7" : X — X, the measure y is said to be conservative with respect to
T or T is said to be conservative with respect to p if and only if for every measurable set

A with p(A) > 0,
o ({z €A: ZJLAOT"(Z) < —i—oo}) = 0.
n=0
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Note that by [1, Proposition 1.2.2], for a nonsingular transformation 7' : X — X, p is
ergodic and conservative with respect to 7" if and only if for any A € F with u(A) > 0,

,u ({zEX:iO:]leT"(z) <—|—oo}> = 0.

n=0
Finally, the measure p is said to be T—invariant, or 7' is said to preserve the measure
p if and only if g o T™! = u. Denote by M(T) the collection of all T-invariant Borel
probability measures on X. It follows from Birkhoft’s Ergodic Theorem that every finite
ergodic T—invariant measure p is conservative; for infinite measures this is no longer true.
Finally, two ergodic invariant measures defined on the same o—algebra are either singular
or they coincide up to a multiplicative constant.

Definition 4.7. Suppose that (X, F,v) is a probability space and T : X — X is a measur-
able map such that T(A) € F whenever A € F. The map T : X — X is said to be weakly
metrically exact provided that

limsup u(7T"(A)) =1

n—oo

whenever A € F and u(A) > 0.

We need the following two facts about weak metrical exactness, the first being straightfor-
ward (see the argument in [1, page 15]), the latter more involved (see[25] and [16]).

Fact 4.8. If a nonsingular measurable transformation T' : X — X of a probability space
(X, F,v) is weakly metrically exact, then it is ergodic and conservative.

Fact 4.9. A measure—preserving transformationT : X — X of a probability space (X, F, u)
s weakly metrically exact if and only if it is exact, which means that

(a)
lim p(T"(A)) =1
n— oo
whenever A € F and u(A) > 0, or equivalently,
(b) The o-algebra (5, T~"(F) consists of sets of measure 0 and 1 only.

Note that if T : X — X is exact, then the Rokhlin’s natural extension (T, X, ji) of (T, X, j1)
15 K—maxing.

We now pass to our *semi-hyperbolic semigroup G and investigate in detail generalized
conformal measures.

Definition 4.10. Let G be a finitely generated *semi—hyperbolic rational semigroup gener-
ated by a u—tuple map f = (f1,..., fu) € Rat“. Then,

e A real numbert > 0 is called a parameter of continuity for the *semi-hyperbolic
semigroup G if and only if

my(Crit(f)) = 0.

e The conformal measure my is then called continuous.
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o The set of all parameters of continuity for G will be denoted by Ag.

As an immediate consequence of this definition and generalized conformality of measures
my, we get the following.

Observation 4.11. If G is a finitely generated *semi-hyperbolic semigroup generated by a
u—tuple map f = (f1,..., fu) € Rat" and t € Ag, then

my(Sing(f)) = 0.
Given a point (7,z) € J(f) \ Sing(f) let

(4.7)

By(r,2) = [, (zu x By (fr, (=), (. z))) = [rla) % £7) . (32 (F21, ()07 z)))
and

(4.8) B}(7.2) = By(,2)) \ Sing(/),

where 7(7, 2) > 0 and n; := n,;(7, z) > 1 are the integers produced in Proposition 3.9. We
now shall recall the concept of Vitali relations defined on the page 151 of Federer’s book
[8]. Let X be an arbitrary set. By a covering relation on X one means a subset of

{(z,S9):x €S C X}
If C is a covering relation on X and Z C X, one puts
CZ)={SCX:(x,9) €C forsome ze€Z}.
One then says that C' is fine at x if
inf{diam(S) : (z,5) € C} = 0.

If in addition X is a metric space and a Borel measure p is given on X, then a covering
relation V' on X is called a Vitali relation if

(a) All elements of V(X) are Borel sets,

(b) V is fine at each point of X,

(c) f C CV,Z C X and C is fine at each point of Z, then there exists a countable
disjoint subfamily F of C(Z) such that pu(Z \ UF) = 0.

Now, given (7, z) € J(f) \ Sing(f), let

B(T,Z) - {((7—7 2)7 B;(Tu Z)) }jil I
where the sets B;(7, z) are defined by formula (4.7). Let

B= U Bir.)

(r.2)eJ (F)\Sing(f)

and, following notation from Federer’s book [8], let

By = B(J(f)\ Sing(f)) = {B;(r,2) : (r,2) € J(f) \ Sing(f), j = 1}.
We shall prove the following.



34 JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

Lemma 4.12. If G is a finitely generated *semi-hyperbolic semigroup generated by a u—
tuple map f = (f1,..., fu) € Rat“N, then for every t € Ag the family B is a Vitali relation
for the measure my on the set J(f)\ Sing(f).

Proof. Fix 1 <k <e (a~ different notation for 1 < 7 < 400 appearing in Theorem 2.8.17
from [8]). Fix (7,2) € J(f) \ Sing(f). Since

(4.9) lim n; = +o0,

Jj—00
we have that

lim diamy, «c(Bj (7, 2)) = 0.
j—o0

This means that the relation B is fine at the point (7, z). Aiming to apply Theorem 2.8.17
from [8], we set

0(Bj(w,x)) = exp(—n;)

for every Bj(w,x) € By. With the notation from page 144 in [8] (F = B;) we have

Bi(r,z) = UB;(T, z),
where
Bi(7,2):={B: B € By, BN B;(r,2) # 0, 6(B) < rd(B;(7,2))}.

Fix a B from the above family. Then there exists (w,z) € J( f \ Sing( f) and an integer
7 > 1 such that

B = B} (w, ).

Since 0(B;(w, x)) < k6(B;(T, 2)), we have that e™™ < ke™™. Equivalently: n; < n; +log k.
Since both n; and n; are integers and since log k < 1, this yields

(4.10) n; > n;.
Since
(4.11) B (w, )N B (1,2) # 0,

we have that [w],,] N [7],,] # 0. In conjunction with (4.10) this yields

w|nj = T\nj.
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Then
(4.12)
B (w,z) N Bj(1,2) =

= (ol % £ - (Ba(F, (2, 00 21) ) )\ Sing) )

f
1 (oo™ o) % 551 b (B 00, o)) )) i)
c ([Tm g (32 (Fr ). 220

N s iy, @) (B2(fo ), %177(“”’ @)))) \ Sing(/).

Now, since gj(r, z) is a separable metrizable topological space and Bj(r, 2) is its cover
consisting of open sets, it follows from Lindelof’s Theorem that there are countably many
points (w®, z,) € J(f) \ Sing(f)7 s=1,2,..., along with positive integers is, s = 1,2,...,
such that B;, (w',z,) € Bj(r,2) for every s > 1 and

U B} (w B*(T ).
Define then the sets I, s = 1,2, ..., inductively as follows:

Fri= (Ba(f, ) i"(T’ )0 @)y o friy 1) (B2t (1), i"(“(l)’ 21))) ) \Sins( )
and

1
Fori= ((Bofr,, (=), gn(r2)) 0
_ L .
N fonlj ("J(S+1))|nis+1*"j ’fT\nj (zo41) (BQ (fw(8+1)|ni5+1 (l‘8+1)’ ZU(W( +1)a Is+1>>>> \ Slng(f)))\

\(FLUFRU...UFE).

By virtue of (4.12) we have that

[e.9]

B;<T7Z> C U[ |nJ] X T‘,L z Uf7—|n z E XFS):

s=1



36 JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

and, by the very definition of the sets Fj, the sets forming this union are mutually disjoint.
Using Koebe’s Distortion Theorem, we therefore get

57

m(Bi(r.2) <Y m ( For (S FS)> < Kt PO (7S mu(S, x F)
s=1 s=1

=K' f (2)]'my <2u < F) < K'e PO f (2)]

mo(rh,) % 70 (Bo(fo, (), 20(7. ) ))

< K*

m(Bj(T,2))
my (Zu X By (f'r\nj (Z>7 %77(7-7 Z)))
S KQtM(Tv Z)_lmt(B;(Tv Z))a

2t

where
M(7,2) = inf{m, o py *(Ba(€,m(1,2)/4) : € € J(G)} > 0
since J(G) is a compact set and m, o p, ' is positive on non-empty open subsets of J(G).

Therefore,
my (B; (Ta 2))
my (B; (Ta 2))

Thus, all the hypothesis of Theorem 2.8.17 in [8], p. 151, are verified and the proof of our
lemma is complete. ]

< lim(e™™ + K*M(1,2)™") = K*M(7,2)™" < +o0.

Jj—o0

lim (5(3;‘(7', z)) +

Jj—00

As an immediate consequence of this lemma and Theorem 2.9.11, p. 158 in [8] we get the
following.

Proposition 4.13. Let G be a finitely generated *semi—hyperbolic rational semigroup gen-
erated by a u—tuple map f = (fi,-.-, fu) € Rat“. Ift € Ag, then for every Borel set
A C J(f)\ Sing(f) with

Y  tim mt(AﬂBj(T,z)) _
A "{(’ S A By (r.2) 1}’

then my(Ay) = my(A).
Now we are in position to prove the following.

Lemma 4.14. Let G be a finitely generated *semi—hyperbolic rational semigroup generated
by a u—tuple map f = (f1,...,fu) € Rat®. Ift € Ag, then every generalized t—conformal
measure v for the skew product map f: J(f) — J(f) is equivalent to my.

Proof. Fix an integer v > 1 and let
I, :={(r,2) € J(f)\ Sing(f) : n(r,2) > 1/v},

where 7(7,2z) > 0 is the number produced in Proposition 3.9. We may assume without
loss of generality that n(7,z) < 1. Let also (7, 2) and (n;)52, be the objects produced in
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this proposition. Fix (7,z) € I,. Disregarding finitely many values of j, we may assume
without loss of generality that
L1
oy (2) = 21 < Z0(r, 2).

Keep B;(7,z) and Bj(, z) respectively given by formulas (4.7) and (4.8). By Koebe’s
Distortion Theorem and Proposition 3.9 we get that,

v(B,(1,2)) = v (ﬂ:jz (Eu X By (f7-|nj(z)v }ln(r, z))))
- efP(t)nj‘f;‘nj (2)| v (Eu X By (fﬂnj(z), }177(7'7 Z)))

i, L 1
=iy @von® (B (£, gain ) ).
Hence,
W(By(r,2) = PO ()]
J

and
By () = O, G vons? (B (1, () ))
= e—P(t)m’|f;|nj ()| inf {u o py t(Bay(w, 1/(40))) | w € J(G)} > 0.

In conclusion

(413) MO p ()] < u(By(r,2).my(By(r,2)) < Me PO ()],

with some constant M, € (0, +00) depending only on v. Now suppose that I C J(f) is an
arbitrary Borel set contained with m(F) > 0. Since t € Ag and since J(f) \ Sing(f) =
U;’il 1, there thus exists v > 1 such that

By regularity of m, there then exists a compact set £ C F'N I, such that

Fix also ¢ € (0, m:(E)/2). By outer regularity of v and compactness of E there now exists
0 > 0 such that

(4.14) v(B(E,$)) <v(F)+e.
Of course the family
{((1,2),B;(r,2)) : (1,2) € E and Bj(r,z) C B(E,§/2)}

J

is fine at each point of E. Therefore, because of Lemma 4.12, property (c) of the definition
of Vitali relations yields the existence of some countable set Y C E and some function
j Y — N such that the countable family {B;(y)},ey consists of mutually disjoint sets,

Bi,)(y) C B(E,6/2)
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for every y € Y, and also

(E\UB* )—0.

yey

my <E\ U Bj(w(y)) =

Bj(y)(y) - B(Ea(;)
for every y € Y, and, as the set J(f) \ Sing(f) is dense in .J(f) and all the sets B3 (7, z)

are open relative to J(f), the countable family {B i) (¥) }yey consists of mutually disjoint
sets too. Therefore,

v(F) > v(E) > v(B(E,0)) (U i) (Y )

But then also

and

yey
>M Z t)nJTZ ;‘n (7’2)< >|_t_€
(1,2)€Y
> M2 Z mt(B](m)(T z)) —c
(1,2)€Y
= MJth <U Bj(y)(y)> —€
yey

Letting € \ 0, we thus get
v(F) > M, *my(E) > 0.
This shows that
el g pnsine() = V]pnsine()
Since in addition m,(Sing(f)) = 0 (as t € Ag), we thus get that
(415) my < V.

By symmetry we also have that

M5 7)\sing(7) = V1 (7)\sine -
Thus, in order to complete the proof it suffices to show that

v(Sing(f)) = 0.

To do this, suppose on the contrary that v(Sing(f)) > 0. Since f” vanishes on Crit(f), the
measure

vo = (V(SIng(f))) ™ Vlsing(f):
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is generalized t-conformal for f : J(f) — J(f). But then (4.15) would be true with v
replaced by 1. We would thus have my(J(f) \ Sing(f)) = 0. Since m,(Sing(f)) = 0, we
would get m,(J(f)) = 0. This contradiction finishes the proof. O
Now, we shall prove the following.

Proposition 4.15. Let G be a finitely generated *semi—hyperbolic rational semigroup gen-
erated by a u—tuple map f = (f1,..., fu) € Rat". Ift € Ag, then the measure m; is weakly
metrically ezact for the skew product map f J(f) — J(f) In particular, it is ergodic
and conservative.

Proof. Fix a Borel set F' C J(f)\ Sing(f) with m,(F) > 0. Proposition 4.13 there exists
at least one point (7, z) € F,. Our first goal is to show that

(P F) s (Balh, () 1/2)
416) e Bl ()2

where, we recall 7 = (7, z) > 0 is the number produced in Proposition 3.9 and (n;)32, is
the corresponding sequence produced there. Indeed, suppose for the contrary that

n e (B, (V)
2 jooo mt(p2_1<B2(fT\nj (2)777/2)))
Then, disregarding finitely many j’s, we may assume that
my (3" (Ba(fry,, (2),0/2)) \ [ (F)) -
me (v Bolf ()0/2)

for all j > 1 and some x > 0. But

>0

fﬁ:j,z <p2—1(32(fﬂnj (2),m/2)\ fH(F)) C ( Tln;] % Bz( ;Kn o1, (2) _1)> \ F
= Bj(1,2)\ F
and
ma(f (03 (Ba(fry, (2),m/2) \ ™ (F))) =

> Kt "0 |1 @) e (Balfa, () 1/2) \ P (F)
> kK PO | @) (o (Bal i, (2, 1/2)
= wE PO ()] o pyt (Bali, (2),0/2)
> kK~ Quae ™ |1, ()]

where

Quy2 = inf {my, o py ' (Ba(w,1/n/2)) | w € J(G)} >0
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as supp(m; o p; ') = J(G). Hence, making use of Koebe’s Distortion Theorem and the
generalized conformality of m;, we obtain, we obtain
—t

my(Bj(1,2) \ F) > kK~ ‘Q n/2€ Pty f;|nj (2)
> kK2 Qn/gmt<B (1,2)).

Thus,
my(Bj(1,2) \ F)
my(B;(T, 2))
Letting j — oo this contradicts the fact that (7, z) € F}; and finishes the proof of (4.16). Now
since f : J(f) — J(f) is topologically exact, there exists ¢ > 0 such that f9(p;*(Bs(w,n/2))) D
J(f) for all w € J(G). It then easily follows from (4.16) and conformality of m, that
lim sup m (f*(F)) > limsup m, (f7 (F)) = 1.

k—oo j—o0

> IﬁKﬁQth/g > 0.

Since m,(Sing(f)) = 0 (as t € Ag), we are therefore done. O
As an immediate consequence of this proposition we get the following.

Corollary 4.16. Assume that G is a finitely generated *semi-hyperbolic rational semigroup
generated by a u—tuple map f = (f1,...,f.) € Rat*. Ift € Ag, then my(Trans(f)) = 1,
where, we recall, Trans(f) is the set of transitive points of f = J(f) — J(f), i.e. the set
of points z € J(f) such that the set {f"(z) : n > 0} is dense in J(f).

Corollary 4.17. Let G be a finitely generated *semi—hyperbolic rational semigroup gener-
ated by a u—tuple map f = (fl, ..., fu) € Rat". If t € Ag, then my 1s the only generalized

t—conformal measure on J(f) for the map f: J(f) — J(f).

_ Proof. Let v be an arbitrary generalized ¢-conformal measure on J( f) for the map
f:J(f) — J(f). Since, by Lemma 4.14 the measure v is absolutely continuous with
respect my, it follows from Theorem 2.9.7 in [8], p. 155 and Lemma 4.12 that for m;—a.e.

(,2) € J(f) \ Sing(f),

dv - v(B;(f(7,2)))
—(f(7,2)) = lim =
dmt(f( )=l my(B(f(7,2)))
and
lim d NEB;(TVZ))) = lim fB (72) |f/’t v = lim V(B;(T7Z)) = dv (1,2)
J=eo mt(f(B;(T’Z))) oo fB*(TZ |f’|tdmt oo mt(B;(T>Z)) dmg

But, a straightforward calculation shows that f( Bj(7,z)) is equal to the set Bj( f(1,2))

obtained with the redefined functions n(§) := n(f(£)) and the corresponding sequence
nj_1(§). Therefore by the same token as above

: (
= lim ~
dmt (f( )= j=eo my(f(Bi(T,2)))
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for my-a.e. (1,2) € J(f)\ Sing(f). In consequence

W (Fr,2)) = = (r.2)

dmt

for my—a.e. (1,2) € J(f) \ Sing(f). Since, by Proposition 4.15, the measure m, is ergodic,
it follows that the Radon—Nikodym derivative d% is my—almost everywhere constant. Thus
v = my, and we are done. ([l

Now we pass to consider invariant measures absolutely continuous (and equivalent) to
generalized conformal measures m;. We first show their existence. Indeed, in order to prove
the existence of a Borel probability f-invariant measure on .J (f ) equivalent to my, t € Ag,
we will use Marco Martens’s method which originated in [17]. This means that we shall
first produce a o finite f-invariant measure equivalent to m, (this is the Martens method)
and then we will prove this measure to be finite. The heart of the Martens method is the
following theorem which is a generalization of Proposition 2.6 from [17] proved by us in
[49] as Theorem 8.13. It is a generalization of Martens’s original result in the sense that
we neither assume our probability space (X, B, m) below to be a c—compact metric space,

nor we assume that our map is conservative. Instead, we merely assume that item (6) in
Definition 4.18 holds.

Definition 4.18. Suppose (X,B,m) is a probability space. Suppose T : X — X is a
measurable mapping, such that T(A) € B whenever A € BB, and such that the measure m is
quasi—invariant with respect to T, meaning that m o T~ < m. Suppose further that there
exists a countable family { X}, of subsets of X with the following properties.

(1) For alln >0, X, € B.
(2) m(X \U,Zy Xn) = 0.

(3) For all integers m,n > 0, there exists an integer j > 0 such that m(X,,NT7(X,,)) >
0.

(4) For all j > 0 there exists a K; > 1 such that for all A, B € B with A, B C X; and
for allm > 0,

m(T7"(A))m(B) < K;m(A)m(T"(B)).
(5) 2 nmom(T"(X0)) = +o0.

(6)
AR

Then the map T : X — X is called a Martens map and {X;}52 is called a Martens
cover.

where Y = X; \ U,

z<]

Remark 4.19. Let us record the following observations.
(a) Of course, condition (2) follows from the stronger hypothesis that | J,—, X, = X.
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(b) condition (3) imposes that m(X,,) > 0 for all n > 0.
(c) If T is conservative with respect to u, then condition (5) is fulfilled.
(d) If the map T : X — X s finite—to—one, then condition (6) is satisfied. For, if T is
finiteto-one, then (2, T(U7Z,Y;) = 0.

Theorem 4.20. If (X,B,m) is a probability space and T : X — X is a Martens map
with a Martens cover {X;}52,, then

o There exists a o—finite T —invariant measure p on X equivalent to m.

o In addition, 0 < u(X;) < 400 for each j > 0.
The measure v is constructed in the following way: Let lg : [ — R be a Banach limit.
For each A € B, set
. T-%A
M (A) 1= Zﬂk:o m( - (A)) '
> ko m(T7*(Xo))
If Ae B and A CY; with some j > 0, then we obtain (m,(A))r>, € . We set
p(A) == lg((mn(A))nZ1)-

For a general measurable subset A C X, set

plA) = Y p(ANY)).

In addition, if for a measurable subset A C X, the sequence (m,(A))2, is bounded, then
we have the following formula:

(4.17) u(A) = 15 ((ma(A))72,) = lim Ip <mn (4l YJ))

=00
J=l n=0
In particular, if A € B is contained in a finite union of sets X;, j > 0, then

p(A) = Lp((ma(A))52y)-

Furthermore, if the measure—preserving transformation T : X — X s ergodic (equiva-
lently with respect to the measure m or p), then the T—invariant measure p is unique up to
a multiplicative constant.

Now we are ready to prove the following.

Theorem 4.21. Let G' be a finitely generated *semi-hyperbolic rational semigroup. If
t € Ag, then there exists a unique, up to a multiplicative constant, Borel o-finite f-

invariant measure g on J(f) which is absolutely continuous with respect to my. In addition,
the measure p; 15 weakly metrically exact and equivalent to my, in particular it is ergodic.
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Proof. Since the topological support of m, is equal to the Julia set J(f) and since, by

Lemma 3.7, PCV(f) is a nowhere dense subset of J(f), we have that

(4.18) my(PCV(f)) < 1.

Since the set PCV/( f) is forward invariant under f, it thus follows from ergodicity and
conservativity of m; (see Proposition 4.15) that

(4.19) my(PCV(f)) = 0.

Now, because of Lemma 2.4, for every point (w,z) € J(f)\ PCV(f)) there exists a radius
T(w,z) > 0 such that

Zu X BZ (Zvr(w,z)) C Eu X B2 (Z>2r(w,z)) C ‘](f) \ PCV(f))

Since J(f) \ PCV(f)) is a separable metrizable space, Lindelof’s Theorem yields the exis-
tence of a countable set {(w@, zj)}ooo C J(f) \ PCV(f)) such that

j=

(4.20) U Y X By (2;, T(w(j),zj)) D) J(]E) \ PCV(]E))

j=0
For every 7 > 0 set

Xj = Eu X B2<Z’T(w<j)’zj)).

Verifying the conditions of Definition 4.18 (with X := J(f),T := f,m := m,), we note
that f is nonsingular because of generalized t—conformality of m; and since t € Ag. We
immediately see that condition (1) is satisfied, that (2) holds because of (4.18) and (4.20),
and that (3) holds because of generalized ¢—conformality of m,; and topological exactness of
the map f : J(f) = J(f). Condition (5) follows directly from ergodicity and conservativity
of the measure m,. Condition (6) follows since f : J(f) — J(f) is finite-to-one (see
Remark 4.19).

Let us prove condition (4). For every j > 0 put

Bj := By (Z,T(w(j)’zj)) and 2B; := By (Z,2T(w(j)’zj)).
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Because of Koebe’s Distortion Theorem and generalized t—conformality of the measure m,,
we have

mo frA) =m [ U L@ = D> m(fA)

p€HIB, (2B;) peHIB, (2B;)
<Y KT 0,5 maA)
peHIB,,(2B;)
A .
K2 mt(B) Z Kv—te—P(t)n|(fp—n)/(w(J)7 zj)|tmt(B)
my(B) pEHIB,, (2B;)
A -
< K2t my (B) Z my (fp—n(B))
my(B) pEHIB,, (2B;)

_ 2tmt(A)m Fn
=k m(B) t peHnLa-)(QBj)fp W
my(A)

my(B)’

_ KZtmt o fh;n(B)

Hence, 5
my o Jiin(A) < K™ mt(A),
my o f~(B) my(B)
and consequently, condition (4) of Definition 4.18 is satisfied. Therefore, Theorem 4.20

produces a Borel o—finite f—invariant measure p; on J(f), equivalent to m;. The proof is
complete. 0

Part 2. Ergodic Theory and Dynamics of Totally and Finely Non—Recurrent
Rational Semigroups

5. ToTALLY NON—RECURRENT AND FINELY NON—RECURRENT RATIONAL
SEMIGROUPS

In this short section we introduce various classes of rational semigroups with which we
will deal in subsequent sections, and we establish their most basic properties.

Definition 5.1. We say that a finitely generated rational semigroup G generated by a u—
tuple map f := (f1,..., fu) € Rat" and satisfying the Fundamental Assumption is totally
non—recurrent (TNR) if and only if

(a) For each z € J(G) there exists a neighborhood U of z in C (in fact in C) such
that for any sequence {g,}>2, in G, any domain V in C and any point ( € U, the
sequence {gn}o2, does not converge to ¢ locally uniformly on V

and
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(b)
Crit,(f) N PCV(G) = 0.

Remark 5.2. Note that if two u—tuple maps f and h generate the same rational semigroup
G, then

Crit,(f) € G~ (Crit,(h)) and Crit,(h) C G~'(Crit.(f)).
Since also the set PCV(QG) is forward invariant under G, i.e. G(PCV(G)) C PCV(G), it
follows that item (b) of Definition 5.1 holds for f if and only if it holds for h. In conclusion,
the concept of being totally non—recurrent is independent of the choice of generators and
depends on the semigroup alone.

The following observations are immediate consequences of Theorem 3.3 and Theorem 3.4.

Observation 5.3. FEvery TNR rational semigroup is a finitely generated *semi—hyperbolic
SeEMIGroup.

Observation 5.4. Let f = (f1,..., fu) € Rat" be a u—tuple map and let G = (f1,..., fu)-
If G is *semi-hyperbolic and Crit,(f) has at most one element, then G is a TNR rational
SEMIGroup.

Now we shall provide a characterization of TNR semigroups more in terms of the skew
product map f: ¥, x C — ¥, x C.

Proposition 5.5. A finitely generated rational semigroup G generated by a u—tuple map
f:=1(f1,--., fu) € Rat" and satisfying the Fundamental Assumption is TNR if and only if
the following conditions are satisfied.

(a) For each z € J(G) there exists a neighborhood U of z in C such that for any sequence
{gn}22, in G, any domain V in C and any point { € U, the sequence {g,}2, does
not converge to ¢ locally uniformly on V.

(b)

Crit. (f) N PCV(f) = 0.

Proof. We are to show that conditions (b) of Definition 5.1 and (b) of Proposition 5.5 are
equivalent, and this follows immediately from Lemma 2.4. The proof is complete. 0

Definition 5.6. A rational semigroup G is called C—F balanced if and only if
D(G) := distc(J(G),PCV(G) N F(G)) > 0.

Remark 5.7. Of course the number D(G) depends only on the semigroup G and not on
any set of generators. The same is therefore true of the concept of being C—F balanced.

Assume that G is finitely generated and let f := (fi,..., f.) € Rat® be a u—tuple map
generating G. Given a point ¢ € Crit,(f) we define

=(c) = {w eXy: fo,(c)=0, fulc) € F(G) and f,,(c) € J(G) for every0 < k < |w|—1}.

The following observation follows from Theorem 1.36 in [35].
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Observation 5.8. If G is a finitely generated *semi-hyperbolic rational semigroup gen-
erated by a u—tuple map f := (f1,..., f.) € Rat", then G is C-F balanced if and only

if

diste | J(G),F(@G)n | J {ful0):weE(Q)} | >0.

c€Crity« (f)

Definition 5.9. A finitely generated rational semigroup G generated by a u—tuple map
f:=1(f1,..., fu) € Rat" is called J-F balanced if and only if

distc (J(G), U £JG)N F(G)) > 0.

Remark 5.10. It is easy to see that the concept of being J-F balanced depends only on the
semigroup G alone and not on any set of its generators.

Using again Theorem 1.36 in [35], we immediately have the following.

Observation 5.11. If G is a J-F balanced *semi-hyperbolic rational semigroup, then G is
C-F balanced.

Definition 5.12. A rational semigroup G generated by a u—tuple map f := (f1,..., fu) €

Rat" is said to be of finite type if the set Crit,(f), i.e. the set of all critical points of f
lying in the Julia set J(f), is finite.

Remark 5.13. [t is easy to see that the concept of being of finite type depends only on the
semigroup G alone and not on any set of its generators.

Remark 5.14. We would like to mention that the Nice Open Set Condition, the one as-
sumed in [49], treated at length in Section 13, and indispensable for the whole Part 3,
entails, see Lemma 15.11, the semigroup G to be of finite type.

Our ultimate definition for this part of our manuscript and being a standing assumption
in the next part as well is the following.

Definition 5.15. Any C-F balanced TNR rational semigroup of finite type is called finely
non—recurrent and is abbreviated as FNR.

6. NICE SETS (FAMILIES)

In this Section 6, we explore in detail one of the most important tools for us in the current
manuscript. It is commonly referred to as nice sets or nice families. It has been introduced
in [31] in the context of rational functions (cyclic semigroup), and extensively used, among
others in [28]. We adopt this concept to the setting of rational semigroups. We would
like to emphasize that the Nice Open Set Condition and Nice Sets (Families) are totally
independent concepts. In particular, the adjective “Nice” was independently introduced for
both concepts many years ago. Although it may be a little bit confusing for some readers,
we stick to the historical terminology to respect history and in order not confuse readers
even more by inventing yet new names. We think that in our current manuscript this is
the first time in the literature that both “nice” concepts are used simultaneously.



47

The absolute first fact needed about nice sets and nice families is their existence. It is
by no means obvious and we devote the whole current section for this task. In the existing
proofs for ordinary conformal systems, i.e. cyclic semigroups, the concept of connectivity
of the phase space, usually C or @, plays a substantial role. In our present setting of the
skew product map

f:Zux@—>Zu><C,
the phase space is “highly” not connected. In order to overcome this difficulty we define
the concept of connected families of arbitrary sets. These have sufficiently many properties
of ordinary connected sets, e.g. one can speak of connected components of any family of
sets, to allow for a proof of the existence of nice families. As a matter of fact, we do not
even use the topological concept of connected subsets of the Riemann sphere C.

Definition 6.1. We say that a family F of non-empty subsets of 3, X C is a con-
nected family if for any two elements D, H € F there exist finitely many sets, call
them Fy, Fs, ..., F, such that

(a) F1 =D and F,, = H, and
(b) F;NFj0 #0 forallj=1,2,...,n—1.

From now on throughout this section we assume that f := (f1,..., f,) € Rat" and G =
(f1,.-, fu). We record the following immediate observations.

Observation 6.2. If F is a connected family of subsets of X, X C, then so is the family
f(F)={f(F): FeF}.

Observation 6.3. If F and H are two connected families of subsets ofEux@ and FOH # ()
for some sets F' € F and H € ‘H, then the family F UH s also connected.

This latter observation enables us to speak about connected components of any given
family F of subsets of ¥, X C. These are, by definition, maximal connected subfamilies of
F. These components are mutually disjoint but even more, the unions of all their elements
are mutually disjoint. In addition, the union of all connected components of F is equal to
F.

Let V' C C be a non—empty, open, connected, simply connected set such that
VNPCV(G) = 0.

Given an integer n > 0 we set
HIB.,(V U HIB,(V) = {p € HIB(V) : ||p|| < n}.

We also define 3
Pre(V) = {f,IPl(£, x V) : p € HIB(V)},

}
Pre, (V) := {f,"(S. x V) : p € HIB,(V)},
Pre<,(V) i= {f,171(S, x V) : p € HIB,, (V) }.
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From now on throughout this section G is assumed to be a TNR rational semigroup
generated by a u—tuple map (fi,..., fu) € Rat“. We can then take, and from now on fix,
an arbitrary

R.(G) € (0, % min {distC(Crit*(f),PCV(G)),miH {|02—01| 2 ep, 09 € Crit(G), ¢ # Q}})

so small as required in the Exponential Shrinking Property, i.e. in Theorem 3.5. Because
of this theorem 3.5, for every € > 0 there exists 6. € (0,¢/4) such that
(6.1) diamc(W) < e

for every element g € G, every £ € J(G), and W, any connected component of g~ (Bs (&, d.)).
We shall prove the following.

Lemma 6.4. Let G be a TNR rational semigroup generated by a u—tuple map (fi ..., f.) €
Rat®. Fix R > 0. Fiz any r € (0,0r/4). Fiz a finite set S C J(G) \ B2(PCV(G),8R).
Suppose that fa_”aH(Eu X Bs(a,r)) and fﬁ_llﬁH(Eu X By(b, 1)) are two arbitrary elements of

Pre(S,r) := U Pre(Bs(s,r))
sSES
such that

(6.2) Flel(2, x By(a,4r)) 0 f5 1S, x Ba(b,4r)) # 0.

W~

Assume without loss of generality that |3 > |&|, with the operation defined by formulas

(2.9)~(2.11). Then
(6.3) f=ay,

where ~ represents the holomorphic branch of f~WEI=lel) defined on %, x By(b,4R), in
particular belonging to HIB(By(b,4R)), and sending any point (w,z) € ¥, X Ba(b,4R) to
the point (/B||B‘7‘&|w, fa (fﬁ?l(z))) Formula (6.3) more precisely means that

(6.4) F (S, x By(b,4r)) C £, x Ba(a,2R)
and

=Bl _ e i
(6.5) fs |Zu><Bg(b,4r) = fo oo 5 o ‘Eung(bAr)'
Furthermore,

(a) If (6.2) holds (and (6.3) does then too), then we say that B is an extension of a or
that o is a restriction of [3.

(b) Formula (6.3), i.e. (6.4) and (6.5) taken together, yields
(6.6) flel(2, x Ba(a,2R)) > f571(S, x Ba(b, 47)).

Proof. All what we are to prove is that (6.2) entails (6.3). So assume that (6.2) holds.
Then [@]N[] # 0 and (we assume that) |3] > |&|. We thus conclude that f is an extension
of &, which means that

5~ 2(18l-lal
B =ab| 5 -
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Formula (6.2) also gives

(6.7) fH(Ba(a,4r)) 0 f5 1 (Ba(b, 4r)) # 0.
Therefore
(6.8) f5t=fa o ki,

where o* refers to the holomorphic branch of f3* defined on [ 1(Ba(b,4r)) and sending
f71(0) to f5 (b). More precisely, it defines the map

S0 X f7H(Ba(b,47)) 3 (w, 2) — fol N (w, 2) = (aw, 5! <f~|ﬁ|-a(2)) )

|a|+1
By applying f5 to (6.7), we get
By(a,4r) N f,y_l(B2<b, 4r)) £ 0.
Due to our choice of r we have that
diamc (f ' (Ba(b,4r))) < R.

Hence

By(a,r) U f; 1 (Ba(b,4r)) C By(a,2R) C By(a,4R).

Therefore, f,.' extends uniquely to By(a,4R) as a holomorphic branch of fa 1. we can thus
treat o* as an element of HIB(By(a,4R)). In view of (6.8) and (6.7) this yields

fo'(Ba(a,4R)) N . (Ba(a,4R)) D fo ' (Ba(a,4r)) N f (f 1 (Ba(b,4r)))
= fo?l(BQ(CL?ZLT))mfa* Of (BZ(bv 4T))
= £ (Bay(a,4r)) N fs Y(By(b, 4r)) # .

Thus o = a and the proof of our lemma is complete. 0
Definition 6.5. We call a set S C C aperiodic if
SNG(S) = 0.

An immediate but important for us observation is this.

Observation 6.6. If G = (f1,..., fu) is a TNR rational semigroup, then Crit,(f) is

aperiodic.

Definition 6.7. Let G = (f1,..., fu) be a TNR rational semigroup. Fiz R > 0. Let
Crit.(f) € S C J(G) \ B2(PCV(G), 128 K*R)

be a finite aperiodic set. A collection U = {Us}ses of open subsets of ¥, x C is called a
nice famaly for f if the following conditions are satisfied.

(a) The sets U, s € S, are mutually disjoint,
(b) p2(Us) C Ba(s,2R) for each s € S,
(c) For any a,b € S and any p € HIB(p2(U,)) we have either that

U, N fP_H"”(Ub) —0 or fp—HpH(Ub) c U,.

The main result of this section is the following.
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Theorem 6.8. Let G be a finitely generated TNR, semigroup. Let f = (f1..., f.) € Rat"
be a u—tuple map generating G. Fix R € (0, R.(G)). Fiz also k € (1,2). Let

Crit.(f) € S C J(G) \ Bo(PCV(G),8R)
be a finite aperiodic set. Then for every r € (0, R] small enough there exists
Us(k,r) = {Us(k,T)}ses,
a nice family of sets for f, associated to the set S, such that
(A)
Yy X By(s,r) C Ug(k,1) C Xy X Ba(s, kr)

for each s € S. i
(B) Ifa,be S, p € HIB(pa(Up(r, 7)), and f; "\(Uy(k, 1)) C Ul 1), then

—1\/ ]-
() ()] <5
for all z € By(b,2R) D pa(Uy(k, 1)),

Remark 6.9. We would like to note right away that with r € (0, R|, condition (A) of
Theorem 6.8 alone entails conditions (a) and (b) of Definition 6.7.

Proof. Fix R € (0, R.(G)] arbitrary. Then, by Theorem 3.5 and by Koebe’s Distortion
Theorem there exists an integer N > 1 so large that

1 k-1

—1\/ .

(6.9) ‘(fp ) (x)‘ Smm{z, 5 }

for all s € S, all p € HIB(By(s,4R)) with ||p|| > N, and all € Bsy(s,4R.(G)). Now,

because the set S is aperiodic there exists r € (0, R| so small that if a,b € S, Id # p €
HIB(By(b,4R)), and

fp_1<B2(b, 2r)) N By(a,2r) # 0,
then
(6.10) diame (f, '(Ba2(b,7))) < R and ||p|| > N.

For every integer n > 0 set

Pre<,(S,r) : = U Pre<,(Bs(s,r))

SES

— {fp_”p” (Eu X Bg(s,r)) :s €S, p e HIB(By(s,4R)), |lp| < n}

Furthermore, for every s € S denote by N, (s) the (unique) connected component of the
set Pre<,, (S, 7) containing >, X By(s,r). Our first goal is to prove the following.

Lemma 6.10. For every integer n > 0 and every s € S, we have that

UNn(S) C Xy X Ba(s, kr).
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Proof. For n = 0 this is immediate as Ny(s) = {X, X Ba(s,7)}. Proceeding further by
induction suppose that our lemma holds for all s € S and all 0 < 7 < n — 1 with some
n > 1. We are to prove it for the integer n. Towards this aim, given s € S, let M be an
arbitrary connected component of the family

Nn(S) \ {EU X BQ(Slv T)}S’GS-

From now on throughout this proof we let & > 0 to be the minimal length of an element

p € U,es HIB(B2(a,4R)) such that
£ (Bu % Ba(g,1)) € M

for some £ € S. By the very definition of k¥ and M we have that £ > 1. Again by the
definition of k£ we have that

FH(M) C Pre<,_(S, 7).
But o )
Su % Ba(&,r) = fX(f,1(Z0 x Ba(€, 1)) € fH(M),
and, by Observation 6.2, the family f*(M(s)) is connected. Thus
FHM) C N, (6).

Hence, our inductive hypothesis yields

F(UM) =UFM(5)) € B x Ba(6, k).
Therefore,

(6.11) UM c FH (S x Bo(§,m7)) = U FoF(Su x Ba(€, k1))

a€HIBy (B2 (§,4R))

So, if fﬁ_Hﬂ”(Eu X Bs(b,r)) is an arbitrary element in M, then there must exist a €
HIBy(Bs(£,4R)) (remembering that £ < 2) such that

(6.12) T3NS0 x Ba(b,r)) 0 7 10(Sy x By(€,2r)) #0.
Hence, according to Lemma 6.4 (keeping in mind that ||8]| > k = ||«||),

=18l — flledl 5 F=III
(6-13) fﬁ |Eu><BQ(b,4r) = Ja OfV ! ‘Eusz(bAT‘)

with v as specified in this lemma. Likewise if w € HIBy(By(£,4R)) is another, different
from «, element such that

£ 11(S0 x Ba(b, 1)) N £ 141(S, x Ba(€, 2r)) # 0,
then
(6.14) fB_HB”

— Fllwll o Fl0ll
SuXBa(bdr) f“) o f5 |Zu><B2(b=47“)
with & as specified in this Lemma 6.4. It follows from (6.13) and (6.14) that & = (|, = @.
So,
f(;l(B2(£7 4R>) N f;l(B2(£7 4R>) = (Z)



52 JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

as « # w. But this contradicts (6.13) and (6.14), and shows that « is the only element of
HIBk(B2(&,4R)) such that (6.12) holds. Hence,

(6.15) 5N S0 x Ba(b, 1)) € f101(S, x Ba(€, ).

Therefore, since the family {fp_Hp”(Eu X By(&, k1)) + p € HIBL(B3(£,4R))} consists of
mutually disjoint sets and since the family M is connected, we conclude that there exists
a unique 7 € HIBy(By(£,4R)) such that

(6.16) M € F75 (S0 x Ba(&, mr)).

Again, since M is a connected component of NV, (s)\ {X, X Ba(s',7)}ses which is a proper
subset of NV, (s) (as it misses X, X By(s,r)), and since N,,(s) is connected, there must exist

falV(s2, x By(a,r)) € M and ¢’ € S such that

(6.17) Fe(2, x By(a, 7)) N (Zu x By(s',1)) # 0.

Looking at this and (6.16), and remembering that x < 2, we see that

(6.18)  f¥(Zu x Ba(£,2r)) N (Zu X Ba(s',7)) D f5(Su x Ba(&, k1)) N Ba(s', 1) # 0.
Hence, k = ||7]| > N by virtue of (6.10). Also, of course (6.18) yields

(6.19) F7 1 (Ba(p2(€), 7)) N Ba(pa(s'), 1) # 0.
Combining this and (6.9), we get that

—1
(6.20) UM C ¥, X By (s',r + /<;2_(2/W)) =Y, X By(s', kr).
K

Since N, (s) is a union of all such components M along with some elements of {3, x
Ba(a,r)}aes, and since k > 1, we thus conclude that

UNn(s) C U Y. X Bsy(a, kr).

a€esS

But since the sets X, X Ba(a, k1), a € S, are mutually disjoint and since N (s) is a connected
family, there must exist b € S such that

|JNa(s) € S0 x By(b, wr).
Since ¥, X Bsy(s,7) C |JN,(s), we must have b = s, and in conclusion
U/\/}L(S) C By X Bs(s, kr).
The proof of Lemma 6.10 is thus complete. OJ

Now we can complete the proof of Theorem 6.8. We shall show that the family
Us = {U, = Uy(r.7) = Nols) )
5 = UM}

has all the required properties, i.e. being a nice family of sets along with conditions (A)
and (B) required in Theorem 6.8.
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Firstly, Us(k,7), s € S, are all open subsets of ¥, x C since all elements of N, (s) are
open.
Secondly, for every n > 0, 3, X Ba(s,7) € N,(s), so

(6.21) Y. X Ba(s,r) C UNn(s) C Us(k, 1)

for every s € S.
Thirdly, it directly follows from Lemma 6.10 that

(6.22) Us(k,r) C Xy X Ba(s, kr)

for all s € S. Along with (6.21) this means that property (A) of Theorem 6.8 holds.
Therefore, by virtue of Remark 6.9 the properties (a) and (b) of Definition 6.7 (of a nice
family of sets) also hold. In addition, condition (B) of Theorem 6.8 follows immediately
from (6.9), the already proven property (b) of Definition 6.7, and the definition of r. We
thus are only left to show that item (c¢) of Definition 6.7 is satisfied. In order to prove this
item assume that

(6.23) LU NU, #0

for some a,b € S and some a € HIB(py(Uy)), where k = ||a||. Fix an arbitrary integer
n > 0 such that

(6.24) U, N f;k<UNn(b)> £0.

Now consider fﬁ’l(Eu X By(&,1)), £ €S, 1 =B > 1, an arbitrary element of N, (b) such
that

Ua OV 5 (F5 (B0 x Ba(&,7))) # 0.

But since (./\/'n(a))oO is an ascending sequence of sets, there thus exists p > k+1[ such that

n=0

(6.25) UNo(a) 0 F* 0 51 (S0 x Ba(€m)) #0.
Denote by af the only element of HIB(Bs(b,4R)) such that

i (ke Pk F
Fid s xmaten) = Fa¥ o F5llsuxBaten-

But then (6.25) means that f_ﬁ(k”) (24 x Ba(&, 7)) intersects at least one element of N, (a),

[0}

and therefore fgﬂ(ﬂl) (Zu X Ba(€,7)) € Ny(a). Consequently,

fo (F5! (Zu % Ba(€,m))) = fug™ ™ (Su x Ba(&,7) C U
We thus have that

(6.26) i (UNita) c .,

where
Ni(a,b) :== {T € N,,(b) : U, N f5(T) # 0}.

Now, if I'y € N;(a,b) and I'y € N, (b) \ N, (a,b), then on the one hand fHry) c U,
and, on the other hand, f,;*(T's) N U, = 0. Hence, I'; N Ty = 0. Since however N, (b) is
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a connected family, this implies that either N(a,b) = 0 or N, (b) \ N;*(a,b) = (. But by
(6.24), we have that N*(a,b) # 0, yielding N;*(a,b) = N,(b). Along with (6.26) this gives

(6.27) f;k<UNn(b)) cu

Since by (6.23), formula (6.24) holds for all n > 1 sufficiently large, and since (N, (b))
is an ascending sequence of sets, formula (6.27) yields

kU, c U,.

The proof of property (c¢) of Definition 6.7 is complete. This simultaneously finishes the
proof of Theorem 6.8. U

oo
n=0

The most important consequence of having a nice family of sets is that it gives rise to a
graph directed system in the sense of [21] which has a sufficient degree of conformality.

Namely, let
U=|JU.,

ses
and for every s € S and any integer n > 0 let

D:(s) = Di(G, s) == {7 € HIB,.(po(Uy)) : fX(f;™(U))NU =0 for all 0<k<n-—1},
and let

D, (s) = Dn(G, s) := {7 € HIB,(p2(U,)) : I UNNU #60 and fo foI7he D 1(s)}
Finally let

D, = D,(G) := | Du(s) and Dy =Dy(G) := | J Dy
s€S

We will usually skip the indication of these sets on G since we only very rarely deal with
more than one rational semigroup at a time. This will be however the case for example in
Section 14, Multifractal Analysis of Invariant Measures ji;, in the context of non—exceptional
rational semigroups.

We now note that for every element 7 € Dy, there are a unique element ¢(7) € S such that
7 € HIB(p2(B(t(7),4R))) and a unique element i(7) € S such that fr ”T”( 7)) C Ui
For every element s € S let

X, :=Us,.
As an immediate consequence of Definition 6.7, Theorem 6.8 (particularly its part (B))
(

and topological exactness of the dynamical system f : J(f) — J(f) (implying item (c)
below), we get the following.

Theorem 6.11. IfG is a TNR rational semigroup generated by a u—tuple map (fi,.. y fu) €
Rat" and U = {Us}ses is a nice family of sets for f produced in Theorem 0.8, then the
family

Su = Su(G) = {fT_”T” Xy — Xi(T)}TefDM

forms a graph directed system (GDS) in the sense of [21]. Furthermore,
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(a) The corresponding incidence matriv A(U) = A(G,U) is then determined by the
condition that

AU =1
if and only if t(1) = i(w).

(b) The limit set Juy of the system Sy is contained in J(f) and contains U N Trans(f)
where, we recall, Trans(f) is the set of transitive points of f J(f) — J(f), i.e.
the set of points z € J(f) such that the set {f*(z) : n > 0} is dense in J(f).

(c) The graph directed system Sy is finitely primitive.

We denote by Dyf the symbol space (Du)zo generated by the matriz A(U); as in the case of

)
Y., its elements (infinite sequences) start with coordinates labeled by the integer 1. Likewise

D;, and Dy, n € N, abbreviate respectively (Du) and (Du) awy ™€ N.

In addition, we denote by ¢, e € Dy, all the elements of Sy.

7. THE BEHAVIOR OF THE ABSOLUTELY CONTINUOUS INVARIANT MEASURES /i
NEAR CRITICAL POINTS

This section is very technical and devoted to study the behavior of conformal measures
m, and their invariant versions y; near critical points of the skew product map

f:2,xC— 3%, xC.

Its main outcome is Proposition 7.4 which gives a quantitative strengthening of quasi—
invariance of conformal measures m;. This is the first and only place where the hypothesis
of finite type of the semigroup G is explicitly needed; it demands that the set of critical
points of f lying in the Julia set J(f) of f is finite.

Let G be a finitely generated *semi— hyperbohc rational semigroup generated by (f1,..., fu) €
Rat®. Let V # 0 be an open subset of ¥, x C containing Crit, (f). Define

ﬂf —{zeJ(f): f{(z)¢VVn>0}C¥, xC.

Of course K (V) is a closed subset of J(f),

(7.1) fFIE(V)) € K(V),
and
(7.2) K(V) N Crit(f) = 0.

So, we can consider the dynamical system f|K(V) : K(V) — K(V). Because of (7.2) for
every t € R the potential —tlog |f’\ : K(V) — R is continuous, and because of Koebe’s
Distortion Theorem it is Holder continuous. Because of Exponential Shrinking Property,
Theorem 3.5, and Koebe’s Distortion Theorem used again, we have the following.
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Lemma 7.1. Let G be a finitely generated *semifhyperbolig rational semigroup generated
by (f1,..., fu) € Rat“. If V # 0 is an open subset of ¥, x C containing Crit.(f), then
flew) s K(V) — K(V)

s an infinitesimally expanding map. More precisely, there exists an integer n > 1 such that

[(f")'(©)] =2
for every & € K(V). In addition, there exists Ry > 0 such that for every § € K(V) and
every integer k > 0 there exists a unique continuous inverse branch fgk . Bo(f*(€),2Ry) —

Y. X C of f* sending f’“(f) back to &.

Proof. Let R > 0 come from the Exponential Shrinking Property (Theorem 3.5). Fix
Ry € (0, R] so small that

(7.3) By (Crit,(f),2R) C V

and

(7.4) Bo(J(f),2R1) N (PCV(f) \ PCV.(f)) = 0.
Now fix an integer ¢ > 1 so large that

(7.5) 914+ Ce ™ < Ry,

where both C' and « come from the Exponential Shrinking Property (Theorem 3.5). Now
take Ry € (0, Ry/4) so small that

diamguxc([T] X W) < Ry

for every integer 0 < n < ¢, every 7 € X7, every z € J(G) and any connected component W
of f71(By(z,2Ry)). In conjunction with the Exponential Shrinking Property (Theorem 3.5)
and (7.5) this gives that

diamguxc([T] X W) < Ry
for every integer n > 0, every 7 € X7, every z € J(G) and any connected component W of
7Y Ba(z,2Rs)). Making also use of (7.3), (7.4), and the definition of K(V'), it thus follows
that if £ = (w, 2) € K(V), then

([wla] x W(€,n)) N Crit(f") = 0

for every integer n > 0 and W (&, n), the connected component of fw_‘i (Bg(z, 2R2)) contain-
ing z. Hence, the map
fw\n’W(f,n) : W(fa”) — B2(Za 2R2)
is a conformal homeomorphism. Thus Koebe’s Distortion Theorem applies to give
=\ / . Ry Ry
n — . > K 1 — % pan 2)
‘(f ) (£)| ‘(f |n) (Z)‘ - Cefom KC’G -

for all n > Llog(2K/R,). The proof is complete. O

As an immediate consequence of this lemma, we get the following.
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Corollary 7.2. Let G be a finitely generated ”‘semi*hyperbolz;c rational semigroup generated
by (f1,..., fu) € Rat". If V #0 is an open subset of ¥, x C containing Crit.(f), then

flxey : K(V) — K(V)

is a distance expanding map with respect to the metric in the sense of [29]. This precisely
means that there exist n > 0 and an integer n > 1 such that

1" (w), (2o = 2llw, 2l

whenever w, z € K(V) and ||w, z|ly < 7.

Since G is TNR there exists /', an open neighborhood of Crit,( f), such that

VNPCV.(f) =0.

Hence,

PCV.(f) c K(V).

Therefore, as an immediate consequence of Lemma 7.1, we get the following.

Lemma 7.3. Let G be a C-F balanced TNR rational semigroup generated by (fi,..., f.) €
Rat". Then there exist an integer b > 1, and constants C' > 0 and § > 1 such that

(7)) =2
and
(/) ©] = cp
for every £ € PCV*(f) and every integer n > 0. In addition, there exists Ry > 0 such that

Jor every £ € PCV.(f) and every integer n > 0 there exists a unique continuous inverse
branch fe" : Ba(§,2Ry) — Xy x C of f7, sending f"(§) back to &.

For every point ¢ € Crit(f) we put

. 1 . SN, . X(é) ) x
= lim —1 f k " d y7:= AL Ty
€)= fim oz {| (7@} and xg = min {4 e e e
where ¢ is the order of the critical point p,(§) with respect to the holomorphic map f, (¢), -

Now we define

(7.6) AL ={t>0:P(t) > —x;t}.

Although we will not really need for a long time to know that the set Af is nonempty,
we remark already at the moment that this follows immediately from continuity of the
pressure function ¢t — P(¢) and is formally stated in Proposition 7.5 in a much stronger
form which sheds some notable light on the structure of the set Af.
The main result of this section is the following technical proposition.
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Proposition 7.4. Let G = (fi, fo,..., fu) be a FNR rational semigroup. Then for every
b € A} there exist n > 0 and an integer | > 1 such that (b —n,b+n) C Ag, and if
te(b—mn,b+n)NAYL, then
(7.7) mi([7(4)) < Cmy’!(4)
for every Borel sets A C J(f) with some constant C' > 0 independent of t.
Proof. For every ¢ € Crit,(f) let

o)={ie{l,2...,u} :c€ Jy for some weX, and f/(c)=0}.
Fix i € I(c). Let ¢ > 2 be the order of the critical point ¢ with respect to the map f;.
Fix 6 > 0 so small that there exists a constant @ € [1,+00) such that if f; '(Bs(fi(c),0))
denotes the connected component of f;*(By(fi(c),0)) containing ¢, then

(78) Q7'< M <0, 0'< fi(z Z\ L <Q. Q' < | fi(2)]
2=l Z ) — %

‘ —1 S Q

for all z € f; Y(By(fi(c),0)). For every set A C Bs(fi(c),0) we put

fiTCI(A) = fi_l(A) N fi,_cl(B2(fi(C)a 0)).
Furthermore, for every set A C 3, x By(fi(c),0), put
o (A) == {(iw,2) €S, x C: (w, fi(2)) € A and z € f; ! (Ba(fi(c),0))}.

i,c

Now we take § > 0 so small that 8Q2||f||scd < 6. We will in fact need 6 > 0 to be even
smaller as specified later in the course of this proof. Fix & € f~!(Crit(f)) arbitrary. Fix
also v > P(t) arbitrary. We shall first prove that

(7.9) vin (Fr (A)) 2 1l (A)

for every Borel set A € J(f)Np; Y(By(fi(c),d)) and some integer [ > 1 independent of ¢, ~,
and A; the comparability constant of (7.9) does not depend on them either. To that end,
let

Li(e) ={w e X, : filc) € J,}.
crit.(f) = |J | {(w.b):weT;(b)}.

beCrit. (f) jeI(b)

Since Crit,(f) is finite, each set I';(b), b € Crit.(f), j € I(b), is finite. Therefore, there
exists an integer p > 1 so large that the function I';(¢) > w — w|, € X¥ is 1-to-1.

Equivalently, the family
{[wlp] : w € Ti(c)}

consists of mutually disjoint sets. From now on throughout this section we fix one such
p > 1 arbitrary. Note that then

(7.10) (Tilo) Nwl))], = {wln}

for all n > p. Clearly, in order to show that (7.9) holds, it suffices to prove that
2 !
(7.11) v (fi(4)) 212 (4)

Of course
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for every w € I';(c) and for every Borel set A C J(f) N ([wl]p] x Ba(fi(c),d)); in fact for

A C J(f) N ([wlp) x Ba(fi(c),6)) \ {(w, fi(¢))} as v, ({iw, c}) = 0. Fix such respective w
and A arbitrary. For every n > 0 and every w € I';(c) let

An(w) == |(f")/(w,fz(c))‘ and A\, (w) = max {A\p(w) : 0 < k < n}.
Because of Lemma 7.3, we have that

(7.12) An(@) < An(@) 2 An(w).

The structure of the proof consists of the following six steps (a), (b), (¢), (d), (e), and
(f). First, we will prove that

(a)
ey ([0h] % Ba(e, (QON (w))/7) ) = A /1(w)e PO
for all integers n > 1,
and
(b)
7] x [ (Ba(i(0),00,' () ) € F()
for all integers n > p+ 1 and all 7 € £ \ {w|,} such that 7|, = w|,.

(c) Having in mind the task of item (d) ahead, fixing an integer s > p + 1, we will
partition the ball By(fi(c),d) into suitable annuli and define the stopping time

k := sup {n >0: v, (A N ([wlp) x A(f;(c); 55\5_73@)),5))) < X;f(w)e_P(t)S”}.

Of course 0 belongs to the set whose supremum is being taken above to define &
and we will show that k is a finite number. Then combining this along with (a) and
(b), we will be able to prove that

(d)

Vt,’y(fijcl (A)) =2/ (w>6*P(t)sk'

Finally, we will prove the following two facts which will finish the proof of our proposition.
(e)
)\*I:/Q(w)efP(t)sk < ()\—]f(w)efP(t)sk)l/l
for some [ > 0 and every s > 1 sufficiently large.
(f)

N @)e PO < v (AN ([wlp] X AUi(E); 0341y (), 0)) ) (£ vis (A)).
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Proof of (a). Fix an integer n > 1. Assume § > 0 to be so small that 8Q*) < R,, where
Ry > 0 comes from Lemma 7.3. It then follows from this lemma that for every integer
n > 0 there exists a unique continuous inverse branch

filiey : B(F"(w, £i(€)),8Q%) — £, x C

sending f™(w, fi(c)) back to (w, fi(c)). Also because of this same lemma there exists an
integer s > 1 so large that

(7.13) Ajrs(@) > Aj(w)

for all integers j > 0. We furthermore require this integer s > 1 to be so large that if
T € X, and p € X7, then

(7.14) pB1(1,8Q%0) D [plj+s),

where j = |p|. Of course, it suffices to prove the inequality required in (a) for all integers
n > s. Due to our choice of £ and 9, the upper part of Lemma 4.6 is then applicable to the
inverse branch

T s B(F*(w, fi(0)),8Q%) — £, x C.

Applying also to it i—Koebe’s Distortion Theorem, making use of both (7.13) and (7.14),
and then applying Koebe’s Distortion Theorem, we get first

Fabh (B(F(w, £(€)),4Q%))) D [wla] x Ba(filc), @*0A," (),

and then

iy ([la] X B2 (£i(0), Q20N (@))) < o (£ ) (B (@, £i(0)),4Q%)))
< KI\E (w)e ™
< KA (@)
< K F A w)e PO

(7.15)
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Using this and (7.8), keeping in mind (7.13), and writing uniquely n = n*s+r, 0 <r < s—1,
we obtain

i ([(59) ] % Bale (QOX ()V1)) =

=Z i (109 s ]\ L0 npsran]) X A (@I, ()Y QAL ())V)))
= 3 1 (] X AL QG () QL))

© 3 v (1690t 2 (A 0. @202, 1)

< iAﬁiﬁ(me-w([w|js+r] < AU NGy (). Q0N ()

<o i Nyt (@ (lyesr] % Ba(fie). Q60,1 (w)))

<3 A @ (w0

- fj 2w

—t/q
— js+1 ) — s(j—n*
=\ Y(w)e P (1 + E ( :SH w)) e~ P®)s( )) '

Jj=n*+1

Hence, all we are left to do in order to prove (a) is to show that the sum in the above
parentheses is uniformly bounded above. Of course it is enough to do this for all n > 1
large enough. Since b € A}, we have that

. P(b
X(lwa C) > _Q(iw,c)%-

Since, by Lemma 7.4 in [49], the function ¢t — P(¢)/t is continuous, there thus exist k > 0,
71 > 0, and some integer s > 1 so large that

qP(t)

t‘l‘li

§1og () (F(iw, )| > —
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forallt € (b—mn,b+m), all j > s, and all n > 1, and where we have abbreviated g(.,c) by
q. Thus for every 5 > n* + 1, we have

bl ) - § ()
log (ﬁ) = Z (log )\8(p+1)+r< ) log )‘Sp+r Z log ( s(p+1)+ )

p=n* p=n* SP+7’ (w)

= Z 10g| f3p+r (iw,c))]

- (L0 )

Therefore,

(M)t/q (—POG-1) < exep (_(_qp(t) + t/{)M —P(t)s(j — n*))

>\n* s+r (w

Hence,
) ‘ —t/q )
Z (;‘sz(w) ) e~ Pt)s(i—n") < ZGXP (_’i_St]) < 400,
and the proof of item (a) is complete. O

Proof of (b). In order to prove it, note that f,(fi(c)) € F(G). Since 7 # w|, we have
that |w A 7| <n —1, and recall that [ := |w A 7| > p. Then f,,(c) € J(G), and by virtue
of the formula

J(G) = UPGEu JP
along with (7.10), we get that fi,,-,,(c) € F(G). Now we take § > 0 so small that

4] flod < D(G), where D(G) is the number coming from Definition 5.6 of C-F balanced
semigroups. We then have that

By (fiw|17'l+1 (C),4||f’||006) C F(G)

Since fi,,(c) € PCV(G) N J(G) and G is a FNR semigroup, we will have both that
fiwp(€) & Bo(Crit(G), 4[| f'||s6) by taking § > 0 small enough, depending on the gener-
ators of G only, and that f, ., |w is 1-to-1, where W is the unique connected component

of f{jl <BQ (fiw\zTHl (C), 4||fl||005>> containing fiw\l(c)' SO:

fw_\zln+1,fi(0) = fWIz fi(e (le+1’W) BE B2(fiw\m+1(c>74Hf/||005) —C

is a unique holomorphic branch of f,,5,,, defined on Bs( fiu)n., (c), 4] f |6) and sending
fw|m+1 (C) to fi(c)7

whia] % Lt (B fiotimas (00,4117 1) ) € FOD),
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and, by the }l Koebe’s Distortion Theorem,

Fatnensie (BeUtna (€417 126) ) 2 Bo (file) AT @)1, (it ()11 )
D By ((fz(c), 5/\l_l(w))>
5 B, (fi(c), 5&;1(@)).

Therefore,

iohmin) < S (Ba(file). 0871 (@)) ) € F(D).

Since also
7] x it (Ba(file), 04,1 (@) ) € fiwliman] x £ (Ba(file), 03,1 @) ).
item (b) is therefore proved. O

Proof of (c¢). Keep s > p+ 1 as determined in the above proof of item (a). Since

Tim vy (AN ([wly] % A€ 0351 @), 8)) ) = v (AN ([w]y] X Ba(fil), 9)) ) = 14,4(4) >0,
in order to see that the stopping time k is finite, it is sufficient to show that

(7.16) lim A, (w)e PO = 0.

n—oo

If P(t) > 0, this is immediate as lim,, o Ay (w) = +oo. If P(¢) < 0, then the inequality
tX(iw,c) > —qP(t), holding since t € Ay, implies that

tlog |(f")'(f(iw, )| > —ngP(t)
for all n > 1 large enough. Hence

Aft(w)efP(t)n < eP(t)(qfl)n.

n

Since ¢ > 2, formula (7.16) thus follows. The proof of item (c) is complete. O

Proof of (d). If k£ = 0, the required inequality is trivial as its right—hand side is equal to
1. So, we may, and we do, assume that k£ > 1. Then applying (a), (b), and (c) we estimate
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as follows.

Vtﬁ(fz‘,_cl(A)) =
=, (f[cl (A N ([w]se] x BQ(fi(c),(Sj\s_kl(w))))U

(U (AnE < B w)) )

re ([l NS\ {wloh))

0 2 (A (el x AU 535 0).9)) )

=V (fi,_c1 (A N ([wlsk] x Ba(fi(e), 5;\;’“1(w)))>) !

v L w(R e nre.agw) )+

re ([l )k NS\l ) )

i (£ (A0 (1] % A 535069.))
= i (2 (A0 (ko) Bali). 530 ) ) +

i (£ (40 (] % A 8350000
<o ([l ¢ Ba(e (O )+

+ (002 @) 0V e, (A0 (lwly) < A 0351 @), ) )
< i ( (el Bl (@A) ) ¢

RO R A )
S (@)e PO L A w)en PO
= A w)e PO,

The proof of item (d) is thus complete. O

Proof of (e). If k = 0, then both sides of the required inequality are equal to 1 and we
are then done. So, we assume now that £ > 1. Starting the proof we again recall that

1 n qP(t
Liog | (7 @. e 2 -0
for all w € I';(¢) and all n > s. Hence, if we take [ > ¢ + 1 so large that

P(b)q(1 —q) .
b(l —q) /2

+ K
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It then follows from the continuity of the function ¢t — P(t)/t, holding because of Propo-
sition 4.3 (b), that there exists n € (0, 7] such that

P(t)q(1 —q)
t(l —q)
for all t € (b —mn,b+ n). This in turn implies that for such parameters ¢ and all n > s, we

have
- B2 > (B0 -2 T,

An elementary rearrangement then gives
)\:Lt/q (w)efP(t)n < ()\—t (w)e—P(t)n) /1 '

— n

Hence,

/\S—;/Q(W)G—P(t)sk < ()\S—kt(w)e—P(t)sk)l/l

if s > p is taken to be large enough. Thus item (e) is proved. U
Proof of (f). The finiteness of & > 0 and formula (7.12) yield

Vi (A N ([wlp] X A(fi(0); 8A sy (@), 5))) > Ay (w)e PO

— —P(t)s(k+1
= K ()T

> e PN (w)e PO,
The proof of item (f) is thus complete. O

In conclusion, the conjunction of (d), (e), and (f), completes the proof of (7.11). Hence,
(7.9) follows. Because the semigroup G is of finite type, we thus have that

(7.17) v (F7H(A)) < Onll(A)

for every v > P(t), every Borel set A C J(f) and some constant C' independent of ¢
and . Since my is a weak™ limit of the measures v;, when v \, P(¢), with the help of
standard consideration involving outer and inner regularity of measures, the formula (7.7)
of Proposition 7.4 follows. Also, by the weak* convergence argument we conclude from

(7.15) that
ma([wla] X Ba(fi(c), Q%A (@) < KA, (w)e PO
for every integer n > p. As t € A}, this formula along with (7.16), yield m;(w, fi(¢)) = 0.

This in turn, in conjunction with formula (7.7) entails m;(iw, c) = 0. Hence, t € Ag, and
the proof of Proposition 7.4 is complete. O

The following proposition enlightens the structure of the sets Ag and AF,.

Proposition 7.5. If G is a FNR rational semigroup generated by a u—tuple map f =
(f1, fa, .-, fu) € Rat", then A}, is an open subset of [0, +00) and there exists n > 0 such
that

[O,hf"—??) C AE C Ag.
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Proof. The inclusion Af, C Ag and openness of A, in [0,400) both follow directly from

Proposition 7.4, while the inclusion Af D [0,hf + n) with some > 0 is an immediate

consequence of the definition of A}, and continuity of the pressure function [0, +00) > ¢ —

R proved in Proposition 4.3 (b). O
8. SMALL PRESSURE P§(t)

Let G be a finitely generated *semi-hyperbolic rational semigroup generated by a u-tuple
map f = (fi,..., fu) € Rat". Let V. C %, x C be a non-empty open neighborhood of
Crit.(f). Let = be a non—empty finite subset of K (V). For every ¢ > 0 we define

= 1 o\ / —t
8.1 Py (t) =1 —1 " )
(8.1) V() :=limsup = log Z (/") ()]
e (flK(V)) ©)
The key technical result of this section is the following.

Lemma 8.1. Let G be a finitely generated *semi—hyperbolic rational semigroup generated

by a u—tuple map (f1,..., fu) € Rat®. Lett € Ag. IfV is an open neighborhood of Crit,(f)

such that VN J(f) # 0, and Z is a non-empty finite subset of K(V'), then
P5(t) < P(b).

Proof. Note that the map f|K(V) : K(V) — K(V) has no critical points and all its points
of non-openness, i.e. points { € K(V) that have no local base of topology (consisting of
open sets relative to K(V')) whose images under f|x ) are also open relative to K (V) , is

contained in 0V, the boundary of V' in ¥, x C. Defining the sets
E,:= (flkw) "(E): n20,

and applying to them Lemmas 8.2.6 and 8.2.7 of [16] with the function ¢ := —tlog ‘ (f”)’(g) |,

we conclude that there exists m%, a Borel probability measure on K (V'), with the following
properties:

(a)
E(f(A >P‘E,(t) & tda
mV,t(f( ) >e B |f (f)‘ My,
for every Borel set A C K (V) such that the map f|4 is 1-to-1,

and
(b)

mEFA) = 5 [\ do,
if in addition AN oV = 0.
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Now, seeking contradiction suppose that
P3(t) = P(t).

Fix a point & = (7,2) € K(V) arbitrary. Applying formula (a) above consecutively, we
would obtain that

(8.2) my,(B;(7,2)) < K exp(=PF(t)n;(€))] (F4) ()

where the sets Bj(7,2) and integers n;(§), j > 1, are defined by formulas (4.8) and (4.7).
We also know that

‘—t

(8:3) mi(Bj(7,2)) > C; exp(=P(t)n;(€)) [ (f9) ()]
with some constant C; > 1. Therefore,
(8.4) mi,(B; (7, 2)) < K'Cymy(B; (7, 2)).

Now, the same proof (with m, replaced by m‘“/’t) as that of Lemma 4.12, gives us that the
family B restricted to K (V') is a Vitali relation for the measure m7, on the set K(V) C
J(f) \ Sing(f). In conjunction with (8.4) this yields the measure my;, to be absolutely

continuous with respect to m;, even more we see that 27V < K'Cy. But the set K(V),

and all its forward iterates under f , are disjoint from V Hence, K (V) N Trans( f) =
0, where, we recall, Trans(f) is the set of transitive points of f : J(f) — J(f). By
virtue of Corollary 4.16 this entails m,(K(V)) = 0. Thus also mg,,(K(V)) = 0, and this
contradiction finishes the proof. O

Remark 8.2. The proofs of Lemmas 8.2.6 and 8.2.7 from [16] are rather minor improve-
ments of those from Section 3 in [5].

From now on throughout this section we take G to be a FNR rational semigroup generated
by a u-tuple map (fi,...,f.) € Rat". Fix R € (0, R.(f)). Let Crit,(f) ¢ S c J(f) \
BQ(PCV(f), 8R) be an arbitrary finite aperiodic set. Let U = {Us}ses be a nice family of
sets, the existence of which is guaranteed by Theorem 6.8. Recall that

U=Ju.

seS

We now also recall that for every s € S and every n > 1 we have denoted:

Di(s) == {7 € HIB,(po(Uy)) : f*(f;™(U,))NU =0 for all 0<k<n—1}.
We put
= Ui
SES

Recall that
Xs = Us
for every s € S. We shall prove the following.
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Lemma 8.3. Let G be a FNR rational semigroup generated by (fi,..., f.) € Rat“. If
t € AL and Us = {Us}ses s a nice family of sets, produced in Theorem 6.8, then there
exist v > 0 and a finite set = C K(B2(S,7)) such that for every e > 0 there exists Cy(e) > 0
such that for every integer n > 1 we have that

m(UJ U 77(X.) < Cule) exp((Ph5, (1) — P(t) +)n)
s€S TeD; (s)
with the number P(t) — PEQ(SW) (t) being positive.
Proof. Since periodic points of fJf) — J(f) are dense in J(f), for every s € S there

exists &, a periodic point of f belonging to Uy \ .S, whose forward orbit under f is disjoint
from S. Then there exists v > 0 so small that

(8.5) By(S,7) C U

and
N (e s e sy =0,
n=0
This latter formula is equivalent to saying that

E:={& 15 €5t C K(B(S, 7)),
which in the conjunction with (8.5), gives that

U{7@) s e S.meDi(s)} € K(Ba(S,7))

for every integer n > 0. It therefore follows from the definition of PEBQ( s (t) that

l%ngZJ( Ve[ <los X PO < Phasa )+
s€S 7€D;; (s EE(ﬂK(V))_n(E)

for all n > 1 large enough. Invoking Koebe’s Distortion Theorem, we further see that for
all n > 1 large enough, say n > N, we have

a2 3],

s€S TeDy (s

< PS5 (1) +¢.
Equivalently, for all n > N:
1 - /
! ()
Ly Y (7
and note that the number P(t) — PEBQ(SW) (t) is positive because of Lemma 8.1. But

mi(fm00) < |(57)

e < PR ) P <,

t
e—P(t)n’
Xs oo

whence
my(F7"(X)) < exp (P, (1) — P(0) +)n).
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Therefore, our lemma follows with appropriate constant Cy(e) > 0 determined by the
values of the above sum for ns ranging from 1 up to N — 1. O

As an immediate consequence of this lemma and Proposition 7.4 we get the following.

Proposition 8.4. Let G be a FNR rational semigroup generated by a u—tuple map (f1, ..., fu) €
Rat®. If U = {Us}ses is a nice family of sets produced in Theorem 0.8, and

Su= {1 Xy — Xin }

TE€DY

1s the corresponding graph directed system, then there exist v > 0 and a finite set = C
K(Bs(S,7v)) such that for every b € Af, there exists n > 0 such that for every t € Af N
(b—n,0+mn) and every ¢ > 0

- PE, s (t) —P(t) + ¢
0 e

S€ES T7€DL(s)

for every integer n > 1 and some constant C. € (0,+00) depending on €. Also,

P(t) — P55 (t) > 0.

9. SYMBOL SPACE THERMODYNAMIC FORMALISM ASSOCIATED TO NICE FAMILIES;
REAL ANALYTICITY OF THE ORIGINAL PRESSURE P(t)

This section brings up the full fledged fruits of the existence of nice families. It forms
a symbolic representation (subshift of finite type with a countable infinite alphabet) of
the map generated by a nice family and develops the thermodynamic formalism of the
potentials (. , resulting from those of the form —tlog|f’| and the “first return time” |||

Throughout this section G is a FNR rational semigroup generated by a u-tuple map
(fi,-.-, fu) € Rat". Let

U= {US}SES

be a nice family of sets coming from Theorem 6.8. Let &, be the corresponding graph
directed system described in Theorem 6.11. Let

Ty D — X, x C
be the canonical projection from D;} to ¥, X C, determined by the system Sy; see [21] for

details. We recall (see also [21]) that Jy, the limit set of Sy, is defined as my (Dgy).

Given two real numbers ¢, s > 0 we define the function (;, : Dy — R by the following
formula:

Groo(7) = —tlog | (1) (mu(a(7)))] = slm ]I

The functions (5, t,5 > 0, will be frequently referred to as potentials. Let dy be the
metric defined on D;; by the formula

d’l97 (CY, ﬁ) — ﬁmin{nZO:an+1;ﬁBn+1}‘

Because of Property (B) of Theorem 6.8, we immediately get the following.
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Lemma 9.1. Let G be a FNR rational semigroup generated by a u—tuple map (f1,..., fu) €
Rat®. If U = {Us}ses is a nice family of sets produced in Theorem 6.8, and Sy = {fT_HT” :

Xi(ry — Xi(T)} 15 the corresponding graph directed system, then the projection map

TEDM
mu Dy — Ju
is Lipschitz continuous if Df is endowed with the metric dy.

Applying Koebe’s Distortion Theorem, this lemma yields the following.

Proposition 9.2. Let G be a FNR rational semigroup generated by a u—tuple map (f1, ..., fu) €
Rat®. If U = {Us}ses is a nice family of sets produced in Theorem 0.8, and Sy = {f;”T” :
Xi(r) — Xi(f)} s the corresponding graph directed system, then for all t,s > 0 the
function

TEDY

Gs: Dy — R
18 Lipschitz continuous.

Let P(t,s) be the topological pressure of the potential (; s : Dy — R with respect to the
shift map o : D — Dyf. Given any function g : D — R and any integer n > 1, let
n—1
Snl(g) == Zg oo’
=0
be the nth Birkhoff sum of g with respect to the dynamical system o : Dy — D;f. If

D llliee™! < oo,

ecDy
then we call the function (; ; summable; we then also call the parameter (¢, s) summable.
Denote by Q(U) the set of all summable parameters (¢, s) € [0, +00) X [0, 4+00). Invoking
Proposition 9.2, by virtue of Corollary 2.7.5 (a), (b), and then (c) in [21], we respectively
obtain the following two theorems.

Theorem 9.3. Let G be a FNR rational semigroup generated by a u—tuple map (fi, ..., fu) €
Rat®. Let U = {Us}ses be a nice family of set produced in Theorem 6.8 and let Sy =

=l
{F Xy — Xin) }ep,
If (t,s) € Q(U), then there exists a unique Borel probability measure m; s on Dgy such
that

the corresponding graph directed system.

mys(eF) = e_P(t’s)/ A, (L{)|¢’e(7ru(w))|te_s”e” dmy s(w)
F

or every e € Dy and every Borel set ' C Dyy. We then have a stronger property than the
U
displayed formula above, namely

mms(TF) — o P37 / Amwl (U)lgb;(ﬂu(w))|t6_S|HT|H dﬁ%,s(w)
F

for every T € D}, and every Borel set F' C DyS, where k = ||, and

k
el = il
j=0
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Theorem 9.4. Let G be a FNR rational semigroup generated by a u—tuple map (fi, ..., fu) €
Rat“. Let U = {Us}ses be a nice family of sets produced in Theorem 6.8, and let Sy =
{7 Xy — Xitn)} e,

If (t,s) € QU), then there exists a unique o—invariant Gibbs state fi. s for the potential
Cts - Dy — R with respect to the shift map o : Dif — Dip. This means that i s 1S
o—invariant and at least one (equivalently all) of the following hold:

(a)

be the corresponding graph directed system.

N (D),
= o [l

with some constant C' > 1, all integers n > 1, and all T € Dpy.

(b)

-1 < mt,sqﬂn]) <
[, Lo

with some constant C' > 1, all integers n > 1, and all T € Dpy.

(¢) fus is absolutely continuous with respect to My .
(d) fus is equivalent to My .

dﬁ‘t,s

(e) fus ts equivalent to my s and the Radon-Nikodym derivative T

1 a log bounded
Holder continuous function.

In addition, the measure [i; s 15 ergodic with respect to the shift map o : D — Dyy.

Now we intend to establish some relationships between the measures m; and 7 ,. We
first obtain a straightforward (by now) fact about the formers. Indeed, as an immediate

consequence of Corollary 4.16, of the fact that supp(m;) = J(f), and of the fact that

Jy D (UNTrans(f)) (see Theorem 6.11), we get the following.

Lemma 9.5. Let G be a FNR rational semigroup generated by a u—tuple map (f1, ..., f.) €
Rat®. Let U = {Us}ses be a nice family of sets produced in Theorem 6.8, and let Sy =

{fT_HT” D Xy — Xi(T)}TGDu be the corresponding graph directed system. Ift € Ag, then
my(Jy) > 0; furthermore

my (Us N Ju) >0
forall s € S.

The announced link between the measures m; and m, s is given by the following.

Proposition 9.6. Let G be a FNR rational semigroup generated by a u—tuple map (f1, ..., fu) €
Rat“. Let U = {Us}ses be a nice family of sets produced in Theorem 6.8, and let Sy =

{]FT_HTH P Xy — Xi(T)}reDu be the corresponding graph directed system.
Ift € Ag, then (t,P(t)) € QU) and

(9.1) P(t,P(t)) = 0.
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Furthermore,

(9.2) mep@ (7)) < me (6 (Uyir))) = mue(0-(Xi(r))
for all T € Dy,

Proof. Taking ¢ > 0 small enough, it immediately follows from Proposition 8.4 that
(t,P(t)) € QU). By the very definition of both measures m; and mpg), along with
Koebe’s Distortion Theorem, we have that

(6o U)) = [ T OIGE ) dmu(z) < O | (U
t(7)

- e’P(t””T'”HGﬁ'THZO
_ PGP (e_p(t,P(t))\\|T\||€—P(t)|||7|||||¢/T||f>o)
- ep(t’P(t))mTHlmmP(t)([T])'

Also, the same formula holds with U replaced everywhere by X. Therefore, if on the one
hand P(¢,P(¢)) > 0, then by applying the standard covering argument with sets of the form
[7] and Uy, with [||7]|] diverging to +o0, we would conclude that 1y p (Dsp) = 0, which
is a contradiction. If on the other hand, P(¢, P(t)) < 0, then by the same token m;(Jy) = 0,
which contradicts Lemma 9.5. Thus P(¢, P(¢)) = 0, and so formula (9.2) is also proved. O

From now on we denote

my = mypr) and [l == [l p()-

Lemma 9.7. Let G be a FNR rational semigroup type generated by a u—tuple map (f1,..., fu) €
Rat®. Let U = {Us}ses be a nice family of sets produced in Theorem 6.8 and let Sy =

{f;”T” c Xy — Xi(T)}TeDu the corresponding graph directed system.
If b € AL, then there exists 6 > 0 such that

ALN ((b=6,b40) x (P(b) — 8,P(b) +8)) C QU).
Proof. Of course it suffices to show that
AN ((b—=08,b] x (P(b) — 6, P(b)]) C Q)
for some § > 0. Fix a finite set S along with > 0, v > 0 and a finite set = C K(By(S5,7)),

all four of them coming from Proposition 8.4. Fix ¢ > 0. It follows from Proposition 8.4
and the generalized conformality of m, that, for t < band P(b) —d < s < P(b) with t € A}
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and d > 0 to be determined in the course of the proof, we have

Z oL ||E eI = Z .||t e POITlPB=sn — PH)=s Z ||| [L e POl

T€D}; TED], T€DY
o (U )
T€D]; T€D];
= s)n < U U ¢7’ )
a€S 7€Dy(a)

< CLePO=9m oxp ((PEQ(S:V) (t)l_ P(t) + 5) n)

— C.exp ((P(t) — s+ 17 (PE 5. (1) — P() + 6))n)
< C.exp ((P(t) P(b) + 6+ 171 (P3,s)(t) — P(t) + 5))n>

for every integer n > 1. Since the function [0, +0c0) 3 t — PBQ(SV)( ) € R is continuous
and since, by Proposition 4.3 (b), the function [0, +00) > t — P(t) is also continuous,
taking 6 > 0 sufficiently small we will have both

|P<t) — P(b)‘ < 8/2 and ‘PEQ(S,’}/)(t) — %Q(S,'y)(b)‘ < 5/2
Therefore,
> ldllhe™ I < exp ((e + 3+ 11 (PS5 (1) — P() + 25>)n).

TED],

Since, by Lemma 8.1, PEB2(SW)(Z)) — P(b) < 0, taking both 6 > 0 and ¢ > 0 small enough,
we will have € +§ + lil(PEBQ(SW) (t) — P(t) 4+ 2¢) < —p for some 8 > 0. Hence,

> el < e,

TEDY
Thus
33 eI < 3T e < oo
n>1 7Dy n>1
The proof is complete. O

As an immediate consequence of this lemma, formula (4.2), and Proposition 9.6, we get
the following.

Corollary 9.8. Assume that G is a FNR rational semigroup generated by a u—tuple map
f=(fi,...,fu) € Rat". IfU = {Us}ses is a nice family of sets, and Sy = {ffw :
Xi(r)y — Xi(T)} 18 the corresponding graph directed system, then there exists 6 > 0
such that

TEDY

(hy —8,hs) C QU),
and for allt € (hy — 6, hy),
0 < P(t,0) < +o0.
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By analogy to the terminology of [21], this would mean in its language that the system Sy
1s strongly reqular.

One of our main results, the last one in this section, is the following.

Theorem 9.9. If G be a FNR rational semigroup type generated by a u—tuple map (f1,..., fu) €
Rat", then the topological pressure function

P:A;, —R
18 real-analytic.

Proof. Using Lemma 9.7, the definition of Af,, and applying Theorem 2.6.12 of [21], we
see that for each v € Af, there exists > 0 such that the function P is real-analytic on
(v = 9,7+ 0) x (P(y) —6,P(y) + 0) in both variables ¢t and s. In order to prove that P
is real-analytic on (v — d,7 + §), we thus may, and we will, employ the Implicit Function
Theorem to show that P is the unique real-analytic function which satisfies P(¢, P(¢)) = 0
for all t € (v —9,7+6). Since the equality P(¢, P(¢)) = 0 holds because of Proposition 9.6,
it is thus sufficient to prove that for all t € (y — 9,y + 0) we have that

OP(t,s)
0s
But by Proposition 2.6.13 of [21] we have

(9.3) <0.

(t.P(t))

OP(t, s)
9.4 N = — dji <0
(9.4 9oy = Jeall i) <0
which completes the proof of Theorem 9.9. O

10. INVARIANT MEASURES: [; VERSUS [ owZ;I; FINITENESS OF ju;

In this section we link the measures m; and ji; of the previous section, living on the
symbol space, with the conformal and invariant measures m; and p; living on the Julia set
J( f ). This link is given by Lemma 10.7. We translate here many results of the previous
sections, expressed in the symbolic language, to the one of the actual map f . We eventually
prove here, see Theorem 10.13, that all of the measures p, t € Ay, are finite, and thus

probability measures after normalization.

Throughout this section G is again a FNR rational semigroup generated by a u-tuple
map (f1,..., fu) € Rat“. As in previous sections let

U= {US}SES

be a nice family of sets coming from Theorem 6.8 and let &, be the corresponding graph
directed system described in Theorem 6.11. Given t € Ay, let

(101) /lt = [Lt O 7TZ;1.
We start with the following.
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Lemma 10.1. Let G be a FNR rational semigroup generated by a u—tuple map (f1,..., fu) €
Rat“. Let U = {Us}ses be a nice family of sets produced in Theorem 0.8 and let

Su={f7: Xyr) — Xitn}

T€DY’

the corresponding graph directed system.

Ift € Ay, then
ﬂt( ﬂ U ¢T(Ut(7))> = 1.
n=17€Dyj;

Proof. Since UNJ(f) is a non-empty open set relative to J(f) and since Trans(f) is dense

in J(f), we have that U N Trans(f) # 0. It then follows from Theorem 6.11 (b) that there
exists at least one point £ € Jiy NU. Then & = m, (1) for some 7 € D;yp. Since U is open,
there thus exists an integer n > 1 such that m,([7],]) C U. Equivalently, [r],] C m,'(U).
Hence,

(10.2) fuu o my (U) 2 fu([a]) > 0.

But by item (c) of Definition 6.7 and by the definition of nice sets, we have that if w €
7, (U), e € Dy and A, (U) = 1, then

Wu(e("J) = ¢e(7fu(w)) S gbe(Ut(e)) C Ui(e) cu
Therefore, ew € m,'(U). Hence,
o N (m ' (U)) € m ' (U).

Since the measure fi; is ergodic with respect to the shift map o, it follows from this and
from (10.2) that

(10.3) fir (m, (U)) = 1.

Now fix an arbitrary integer n > 1 and fix an w € 07" (7?& U )) This means that
(10.4) (o™ (w)) € U.

Then

(10.5) (W) = Guf, (Tu(0™(W))) € Pul, (Xi(w) = Gufn (Tiw))-

So, since the sets Us, s € S are mutually disjoint, we conclude from (10.4) and (10.5) that
Tu(0" (w)) € Uyw).
Combining this with the first part of (10.5) we conclude that m,(w) € ¢, (Uyw)). Thus
mu(w) € |J o (Uyn)-
TED];

Equivalently,

wem (U o-(Ui)).

TED{}



76 JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

Thus we have proved that
(10.6) o (m (0)) € 7t (U or(Ui))
TED];
Combining this along with (10.3) and shift invariance of the measure p;, we conclude that
iU 6-(0n)) 2 elo ™ (m, ) = fin(m (0)) = 1.
TED];
Thus,
ﬂt( m U ¢T(Ut(7'))> =L
n=17€Dyj;

and the proof is complete. 0

Keep the setting of Lemma 10.1. In particular t € AF.

Let Jy(oo) be the set of all those points § € Jy for which there exists infinitely many
integers n > 1 such that (&) € Jy.

Let also U(co) be the set of all those points § € U for which there exists infinitely many
integers n > 1 such that f"(§) € U.

The Poincaré Recurrence Theorem asserts that

pia(Ju(20)) = pu(Ju)-
For all points £ € Jy(00) there is a well defined first return time to Jy(o0), equal also
to the first entrance time to Jy, and defined as the least n > 1 such that (&) € Jy(o0).

Denote this n by Ny, (€). The first return map f;, : Jy(c0) — Jy(o0) is then defined
as

Fr (&) = fRul9g).

Now we shall prove the following. Of course in the above considerations J;; could have
been replaced by any measurable subset of ¥, x C.

Lemma 10.2. If G is a FNR rational semigroup generated by a u—tuple map (f1,..., fu) €
Rat“, then

Ji=) U ¢ (Uyn) =Ulo0) C Iy cU

n=17eD},
and
p(J5) = 1(U) = 1(U) = p1e(Jua) > 0.
Proof. Of course
J, cU(x)C JyCU.
We will now prove the inclusion opposite to the first one, i.e. U(co) C J;; . For this end
it suffices to show that if £ € U(co) and f"(§) € U for some n > 0, then f™(¢) € U. So

assume that )
£€U(oco) and f(€) eU.



7

Then, there exists an integer ¢ > n such that f¢(¢) € U. Hence, there exists s € S such
that f9(§) € Us. Let f, (=" e the unique continuous inverse branch of f9=" defined on

U, and sending f?(¢) back to f*(€¢). Then fg(qfn) = ¢, with some w € D},. Since U is a
nice family, this implies that f*(¢) € ¢,(Us) C Uy C U. Thus

§€ ﬁ U ¢r (Us(ry) .-

n=17eDy;
So, the first formula of our lemma is established.

Passing to the second formula of our lemma, note that its first two equality signs are
now immediate. Note also that

0 < m(U) = p(U(00)) < pue(Jua) < ().
Thus, in order to conclude the proof, it suffices to show that
p(U\U) =0.

But, since U is the union of all members of some nice family, U N (>, f*(U \ U) = 0.

Hence, (U \ U) N Trans(f) = (), and therefore, (U \ U) = 0 by virtue of Corollary 4.16
and Theorem 4.21. The proof is complete. O

As an immediate consequence of this lemma, we get the following.

Corollary 10.3. IfG is a FNR rational semigroup generated by a u—tuple map (f1,..., fu) €
Rat", then for every € J;; the set

{n>0:f"(¢) €}
is infinite.
Since, by virtue of Theorem 4.21, the measures m; and p,; are equivalent, as an immediate

consequence of Lemma 10.2 we get the following.

Corollary 10.4. IfG is a FNR rational semigroup generated by a u—tuple map (f1,..., fu) €
Rat“, then B
mt(JZf,) = mt(U) = mt(U) = mt(Ju) > 0.

Let
Dy =y (J5)-
As an immediate consequence of Lemma 10.1 and Lemma 10.2 we get the following.

Corollary 10.5. If G is a FNR rational semigroup generated by a u—tuple map (f1, ..., fu) €
Rat", then

(a) m, (&) is a singleton in Dy, for every & € Jy,
(b) The map my

(©) (D) = () = 1.

D, Dy, — Jy 1s bijective,
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The following is an immediate consequence of Corollary 10.5.

Corollary 10.6. IfG is a FNR rational semigroup generated by a u—tuple map (f1, ...

Rat“, then

(a) For every T € D}, we have that
fJu © (bT

(b) The following diagram commutes

=1d
JaNU(r) JaNUs(ry’

D, —2 . 7
Y l lﬁ u
I L )

Now we are in position to prove the following.

Lemma 10.7. If G is a FNR rational semigroup generated by a u—tuple map (fi, ...

Rat", then
N
. e (Jur) Ju
Proof. Put
mo = L = He
my(Ju) Ju 11 (Jur) Ju
and also
m; 1= my o Ty g iy 1= iy © Ty Ds,’

where the latter two are well defined since, by virtue of Corollary 10.5 (b), the map m,

’fu) 6

Ju) €

Dy

is 1-to—1. It then follows from formula (9.2) of Proposition 9.6 and from Corollary 10.4

that
ma([7]) = me (67 (Ui)) = ma(l) mi (I 0 62 (Usry)) = me(oe) 1 ([7]).
for every 7 € Dj;. Therefore, 1, =< m;. Hence
fir < [y
Hence

(10.7) fi = fy oMy X iy 0 myyt < g

Now, on the one hand, uj is fufinvariant because of its definition and since p; is ff
invariant. On the other hand, fi; = fi; o 7@1 is fu—invariant because of shift invariance of
f; and because of item (b) of Corollary 10.6. Since in addition yj is ergodic with respect
to fu (as pu is ergodic with respect to f ), it follows from (10.7) that fi; = ug. The proof is

complete.

O
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As an immediate consequence of this lemma, formula (9.2) of Proposition 9.6, item (e) of
Theorem 9.4, and Proposition 8.4, we get the following.

Proposition 10.8. Let G be a FNR rational semigroup generated by a u—tuple map (f1,..., fu) €
Rat“. If U = {Us}ses is a nice family of sets produced in Theorem 6.8 and Sy = {f;”T” :
Xi(ry — Xi(T)}TeDM 1s the corresponding graph directed system, then there exist v > 0 and

a finite set = C K(By(S,7)) such that for every b € Ay, there exists n > 0 such that for
everyt € AL N (b—mn,b+n) and every e >0

W(U U 7)) < Cles ((Pgﬁsml— P + ) )

S$€S 7€DL(s)

PZ, s (t) —P(t) +¢
mt( U H) < Clexp (( = )(t)z - )”)

TEDTL

and

for every integer n > 1 and some constant C. € (0,+00) depending on €. Also,
P(t) — P55 (t) > 0.

In terms of return time, an equivalent reformulation of this proposition with regard to
measure i; is the following.

Proposition 10.9. Let G be a FNR rational semigroup generated by a u—tuple map (f1, ..., fu) €
Rat®. If U = {Us}ses is a nice family of sets produced in Theorem 6.8 and Sy = {fT_HT” :
Xi(r)y — Xi(T)}reDu 15 the corresponding graph directed system, then there exist v > 0 and

a finite set = C K(By(S,7)) such that for every b € Af, there exists n > 0 such that for
everyt € AL N (b—mn,b+n) and every e >0

Nt({f S Jz,/ : NJL{(S) — n}) < C; exp ((PEQ(S’,V)(t)l_ P(t) +€> n)

for every integer n > 1 and some constant C. € (0,+00) depending on €. Also,

P(t) — P55 (t) > 0.

An immediate consequence of Proposition 10.8 and Proposition 10.9 along with item (e) of
Theorem 9.4, is the following.

Proposition 10.10. Let G be a FNR rational semigroup generated by a u—tuple map
(f1,--., fu) € Rat". If U = {Us}ses is a nice family of sets produced in Theorem 6.8, and

Sy = {fT_HT” F Xy — Xi(T)}reDM 15 the corresponding graph directed system, then there
exist v > 0 and a finite set = C K (By(S,7)) such that for every b € Ag, there exists n > 0
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such that for every t € A& 0 (b—n,b+n) and every e € (0,P(t) — P, 5 (t))
PS5 () —P(t) +¢

({6 € s Ny (€) = n}) < Clexp l n|.

ﬁu( U U [T]) < CYexp Phas(t) = P(t) +e n|, and

l
k>n 7€Dy

(U Ul) < clew Phisg@ “PO ),

k>n 7€Dy, l
for every integer n > 1 and some constant C” € (0,+00) depending on . Also,

P(t) — P55 (t) > 0.

An immediate consequence of this proposition is the following.

Corollary 10.11. Let G be a FNR rational semigroup generated by a u—tuple map (f1, ..., fu) €
Rat". If U = {Us}ses is a nice family of sets and t € A, then for every p > 0 we have

| Vi@ du(e) < +oc.

Now we can also prove the following.
Lemma 10.12. Let G be a FNR rational semigroup generated by a u—tuple map (f1, ..., fu) €
Rat". If U = {Us}ses is a nice family of sets and t € A}, then the function log (o :

D;p — (—00,0) is integrable with respect to the measure fi,. Furthermore, all its positive
moments are finite. More precisely:

0< i i= [ tog| (P (mulotr))] din(r) < +oc
Dy
and (note that the integrand of the above integral is, by Theorem 0.8, everywhere positive)

/D log? | (711 (my(o (7)) dfie(7) < +00

0o
u

for every p > 0.
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Proof. Taking £ > 0 small enough and applying Proposition 10.10, we get that

[ 1o )t dintr) < 3 sup (tos (7YY el

= Z Z sup (log }(f”e”),| )pﬁt([e])

n=1eec:D,,

2 2 s (10g(I17112) ) Fue[e]
ST an > fulle))

Xi(e)

IN

ec: Dn
8 > P% (1) —P(t) + ¢
<1 /|p O// P 2( ,"/)
<Joglf .02 > om p(( l n
< 400.
The inequality x;, > 0 follows immediately from item (B) of Theorem 6.8. U

In turn, as an immediate consequence of the last two results, i.e. Corollary 10.11 and
Lemma 10.12 along with Kac’s Lemma, we get the following.

Theorem 10.13. Let G be a FNR rational semigroup generated by a u—tuple map (f1, ..., fu.) €
Rat“. Ift € Ag, then the measure p is finite. From now on we normalize this measure so

that it becomes a probability measure. Furthermore, the function J(f) 3 z — log|f'(2)| €
R s integrable with respect to the measure p; and

Xpue ;:/ log | /| dpy € (0, +00).
J(f)
This number, i.e. X, i commonly called the Lyapunov exponent of the dynamical
system ([, pie).-
Now, as a complement of Theorem 9.9, we can prove the following.

Theorem 10.14. Let G be a FNR rational semigroup generated by a u—tuple map (f1,..., fu) €
Rat". Ift € Ay, then

(10.8) P'(t) = —x,, <0,

and

(10.9) P"(t) = o7, (—tlog|f'|) > 0,
where

n—oo 1

o2, (—tlog|f'|) := lim L S2(—tlog | f'| + Xp.) dpu,
()

is commonly called the asymptotic variance of the function —tlog |f’| with respect to
the dynamical system (f, ).
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Proof. Because of Lemma 10.7, formula (10.1), the definition of the measure fi;, and Propo-
sitions 2.6.13 from [21] along with Kac’s Lemma, by differentiating formula (9.1) of Propo-
sition 9.6, we get that

OP(t,s) OP(t,s) , . / .
- P'(t) = —xp, — P'(t d
! ot (tP(1)) Js ltp®) (t) Xt (t) -~ Jwr|[dfis(w)
= —xXp —P'(t) [ Ny, djis
Ju
P'(t)
= —XAt f— .
: Mt(Ju)

Therefore, using the refined version of Kac’s Lemma, we get

P'(t) = —pu(Ju) Xp: = =X <0,
where the last inequality follows from Theorem 10.13. Passing to the second derivative of
P(t), by employing Propositions 2.6.14 from [21], we calculate that

P"(t) = op, (~tlog | f']) > 0,
which finishes the proof. 0

11. VARIATIONAL PRINCIPLE:
THE INVARIANT MEASURES p; ARE THE UNIQUE EQUILIBRIUM STATES

Throughout this section we always assume that G = (f1,..., fu) is a FNR rational
semigroup. Our main goal in this section is to prove a variational principle for the potentials
—tlog]f’], t € A, and the dynamical system f: J(f) — J(f), and to show that the
measures ji; are the only equilibrium states for these potentials. We start with the
following technical auxiliary result.

Lemma 11.1. Let G = (f,. .. ,fu>~ be a FNR rational semigroup. If 0 < r < s, then there
exists a finite set = C K (B(Crit.(f),r)) such that

r 1 =
P <f|K(B(crit*(f),s))’_“Og f ‘) = PB(Crit*(f),r) (1) <P()

for every t € Ag.

Proof. For the ease of notation, for every u > 0, put

(11.1) B, = B(Crit,(f),u), K,:=K(B,),

(11.2) Pu(t) i= P (flic,, —tlog| 1), and () = PF, (1)

Let Ry > 0 be the constant produced in Lemma 7.1 for the set V = B,. Let = C K, be a
finite (R2/4)-spanning set for the set K. Let n > 1 be the integer produced in Lemma 7.1
for V = B,. In view of this lemma and Corollary 7.2, we may assume Ry > 0 to be so
small that

(11.3) 1Fe™ (), f M W)llo < 277 |2, yllo
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forall¢ € K, all j >0, and all 2,y € B(f7(€),2Rz), where f* : B(f*(¢),2Rz) — %, xC,

k > 0, are the inverse branches of f* produced in Lemma 7.1. Let € € (0, Ry/4) and fix an
integer ¢ > 1 so large that

(114) 279Ry < e.

Fix an integer k > 1. Let F. C K, be a maximal (k,e)-separated set for the dynamical
system f": Ky — K,. Then for every x € F. there exists an element & € = such that

frath () € B(i, Ry/4).
Let
P = fo0 (3)
where f;" : B(f"(q+k)(x),2R2) — %, x C is the inverse branch of f** produced in
Lemma 7.1 £ = f4*%) (). Then

(™) @
\ (7 @[ B
Therefore,

< k2 |(f) (@)
P.(k,t) : = %log Z

zeF:

2log K qn 5 1
< —1 o —1
<=+ log || fllee + 10— Og:):eZF

< K*|(F) ()]

Equivalently,

—t

(11.5) (f”(“’“)), (7)

We now claim that the function
(11.6) F.ozr— i€ J(f)

is 1-to-1. Indeed, suppose that z,y € F. and ¥ = §. Then also & = f”(‘”k)(:ﬁ) =
frath(g) = g, and

v = [ O (g)), oy = oM (),
where z := & = y. Since also
| @), )l < 1P @), all + 19, Pl < 2+ 2E = 2
we conclude from (11.3) and (11.4) that

1779 (@), F )l < 277 fre0 @), FraB ),
< Q—Qan(q—&-k:)(x)’ frilath) (1)l
< 2_qR2 <g,
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for all j =0,1,...,k. Since the set F. is (k,e)-separated with respect to the map f|KT :
K, — K,, we thus conclude that x = y, and injectivity of the map from (11.6) is established.
Having this and using also Lemma 8.1, we can continue (11.5) as

1
P.(t) == khm P.(k,t) <n hm —klog Z

k—oo N 5
yef—nlath)(2)

( fn(q+kz)>' (y)‘_t < anBS (t) < nP(t).

Hence,

P.(t) = P (flk,, ~tlog|(7")]) = - FmP.(r) < PE, (1) < P(0).

n €—0

O

Recall that M(f) denotes the set of all f-invariant Borel probability measures and for

uw e M( f) we let hy,( f) denote the Kolmogorov-Sinai entropy of f with respect to the
measure u. We Shall now prove the following which is the main and only theorem of this
section.

Theorem 11.2. If G = (f1,..., fu) is a FNR rational semigroup and t € Ay, then the
integrals fJ log | f/|dp, pu € M(f), are well defined and

(11.7) —t/ log | f'|dp > —oo.
()

Sup{hu(f)—t/](f)log|f’\du:,uEM(f)} -

= sup {hu(f) — t/ log | f')dp p € Me(f)} = P(¢),
J(f)
and
by () ~t [ log|Fldu = P()
J(f)
while

b, (f) — ¢ / ol < P

for every measure p € M(f) different from p,.
Proof. First, note that since
log | f'(w, z)| < log || ']l

for all (w, z) € J(f), all the integrals fJ(f) log | f'|dp, u € M(f), are well defined and formula
(11.7) follows. Hence, all the sums

b, (f) — ¢ / ol e ()
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are well-defined. Using the definitions of the measures fi; and ji;, Corollary 10.5, Corol-
lary 10.6, Lemma 10.7, Abramov’s Formula, and (the refined version of) Kac’s Formula,
we get

by () = et 108 | 1) = i) (B () = fu(t10g | 72, 1))
= pue(Ju) (hz, (o) + (o))

= e (Ju) (hm(ff) + [1(Gepo)) +P(t)/D ||Tl||dﬁ(7)> :

0
Now using Proposition 9.6, Theorem 2.2.9 of [21] (for the potential ; p;)), Corollaries 10.5,
10.6 again, and the ordinary version of Kac’s Lemma, along with Lemma 10.7, we further
get
b, (f) = (tlog | ') = pu(Jee) (P(t, P(2)) + P()fu(Na,))
1
= (Ju)P (2t
H P
(11.8) = P(t).
Now, let o € M.(f) be arbitrary. Since f(PCV(f)) € PCV(f)), we have that either

p(PCV(f)) =1 or u(PCV(f)) =0.

Counsider first the case where

p(PCV(f)) = 1.
Since PCV/(f) is a compact set, since f(PCV(f)) € PCV(f) again, and since PCV(f) C K,
(see (11.1)) for every s > 0 small enough, we conclude from Lemma 11.1 and the ordinary
Variational Principle that

(11.9) hy, () = u(tlog | ') < P (flx,, —tlog|f']) < P(b).

Now, suppose in turn that

u(PCV(f)) = 0.
Then, taking R € (0, R.(f)) sufficiently small, we will find a finite aperiodic set

Crit,(f) ¢ S ¢ J(/))\B(PCV(f),8R)

such that
S Nsupp(u) # 0.

Hence, if Us is a nice set produced in Theorem 6.8, then

(11.10) u(U) > 0.

Having this, the same proof as that of Lemma 10.2, gives that
n(Jyg) > 0.

Let

(11.11) [ —
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be the corresponding conditional measure on J;; . Because of Corollary 10.5, there exists
a unique probability measure i on D;; such that

(11.12) fi = fiom,!
and myg : D — Jy, is a measure-theoretic isomorphism. Since
1
ANy )= ——
M( Jus) M(Jus)

it follows from the very first two claims of Theorem 11.2 and the refined version of Kac’s
Lemma that fi((;0) and fi((p«)) are both well-defined and larger than —oo. Therefore,
using Theorem 2.1.7 in [21], Proposition 9.6, and also Abramov’s formula, we get that

h(f) = p(tlog |f']) = pl(Jus) <hﬂ(.f|JuS) — fi(tlog |f£{s|> = i Jus) (ha(o) — (Gro))

= u(Jus) (hﬂ(U) — [(Cepey) + P(Tf)/D HTlHdﬁ(T))

(11.13) < pu(Jug)P(1) /DOO I lldiu(r) = N(JMS)P(t)—M(}M )

=P(1).
Now, assume in addition that

b, (f) — ultlog |f'l) = P(1).

It then follows from the above formula that

hi(o) — a(Gp) = 0.
Hence, invoking Proposition 9.6 and Theorem 2.2.9 of [21], we get that i = fi;. Therefore,
applying (11.12) and formula (10.1), we get

fi = [iomy, = [ir 0wy, = fi.
Finally, applying Lemma 10.7 and formula (11.11), we obtain

M= Hi.

Along with formulas (11.8), (11.9), and (11.13), this completes the proof of Theorem 11.2.
U

12. DECAY OF CORRELATIONS,
CENTRAL LiMIT THEOREMS, THE LAW OF ITERATED LOGARITHM:
THE METHOD OF LAI-SANG YOUNG TOWERS

12.1. Stochastic Laws on the Symbol Space for the Shift Map Generated by Nice
Families. In this subsection, making use of the link with the symbolic thermodynamic
formalism of Section 9, we embed the symbol space D;y, along with the shift map acting
on it, into an abstract Young tower (see [57] and [58]) as its first return map, and we prove
the fundamental stochastic laws such as the Law of Iterated Logarithm, the Central Limit
Theorem, and exponential decay of correlations, in such an abstract setting.
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Let T': X — X be a measurable dynamical system preserving a probability measure
pon X. We say that a py—integrable function g : X — R with fng,u = 0, satisfies the
Central Limit Theorem with respect to the measure p if there exists ¢ > 0 such that

n—1
1
ZgoT]—>N(O o)
n—00
j =0

in distribution determined by u. AN(0,0) is here the normal (Gaussian) distribution with
0 mean and variance o. More precisely, for every ¢ € R,

JLIEOM({xGX:%Sng(:E) gt} U\/_/ exp(—u*/207) du

We say the function g satisfies the Law of Iterated Logarithm if there exists a positive
number A, such that

lim sup Sng—(x) =A,.
n—oo V1N log IOg n g
for p—a.e. r € X.
Another important stochastic feature of a dynamical system is the rate of decay of
correlations it yields. Let ¢); and 1y be real square p—integrable functions on X. For every
positive integer n, the nth correlation of the pair 11,y is the number

(12.1) Coth1, ) = /X b1 - (o T™) dt — /X b dug /X o dp,

provided the above integrals exist. Notice that, due to the T—invariance of y, we can also
write

Co (W1, 0n) = /X (1 — () (e — pein)) o T7) d.

Finally, we say that two functions g,h : X — R are homologous or, perhaps more ade-
quately, cohomologous, in a class G of real-valued functions defined on X if and only if
there exists a function k& € G such that

(12.2) h—g=k—koT.

As an immediate consequence of results from [23] and [50], both for the Law of Iterated
Logarithm (LIL), Theorem 3.1 in [10] (Central Limit Theorem, CLT), Theorem 1.3 in [11]
(exponential decay of correlations), (comp. [10], [57], and [57]), and Proposition 10.10, we
get the following.

Theorem 12.1. Let T : X — X be a measurable dynamical system. Let G be a FNR
rational semigroup generated by a u—tuple map (f1,..., f.) € Rat®. Let U be a nice family
of sets for f. Assume the following.
e X contains Dff as it measurable subset such that | J,,T"(Dy) = X.
o The first return map of T' from Dyf to Dyf is equal to the shift map o : Dy — Dpy.
o The corresponding first return time is equal to |lw:|| for every w € Dy .
Ift € Ay, then



88 JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

(a) There exists a unique T —invariant probability measure v, on X which conditioned on
Dyy coincides with fi;. In addition, v, is ergodic with respect to the map T : X — X.

For every function g : X — R, let g : D — R be defined by the following formula:

[Jwr -1

Jw):= ) (T (w)).

j=0

Assume that g € L*(ji) and that § : DyP — R is Holder continuous. Assume in addition
that v : X — R is a bounded measurable function. Then we have the following:

(b)
!Cn(w,g)l =

for some 6 € (0,1).

(¢) The Central Limit Theorem holds for the function g : X — R with respect to the
dynamical system (T, v;) provided that g is not cohomologous to a constant in L*(vy).

(d) The Law of Iterated Logarithm holds for the function g : X — R with respect to

the dynamical system (T,v;) provided that g is not cohomologous to a constant in
L2<Vt).

X(on">gdvt—/wdvt/ngut

= 00"

We shall now describe a canonical way, known as a Young tower (see [57] and [58]), of
embedding D;y into a larger space X and to construct an appropriate map 7' : X — X so
that all the hypotheses of the above theorem are satisfied. Let

D = {(w,n) € D x NU{0}: 0 < n < [jwy]|}

where each point w € Dyy is identified with (w,0) € 755,0 We refer to 155,0 as the tower
induced by Djy. The map T acts on Dj; as follows.

1) if 1
(12.3) Tw,n) =@t it l<al
(0(w),0) ifn+1=|wl
As an immediate consequence of Theorem 12.1 we get the following.

Theorem 12.2. Let G be a FNR rational semigroup generated by a u—tuple map f=
(fi,..., fu) € Rat". Let U be a nice family of sets for f. Let T : D°° D°° be defined by
formula (12.3). Fizt € A*(G). Then

(a) There exists a unique T—invariant probability measure v, on ZA?Z‘}O which conditioned
on Diy coincides with [i;.
For every function g : 155{0 — R let g : D — R be defined by the following formula:

[Jwr -1

Jw) =Y g(T?(w)).

=0
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Assume that g € L*(fi;) and that § : D5y — R is Holder continuous. Assume in addition
that 1 : D — R is a bounded measurable function. Then
|Gl 9)| =

(b)
/%O(on”)gdut—/ﬁwdutfaogdut
for some 0 € (0,1).

(¢) The Central Limit Theorem holds for the function g : f){f — R with respect to
the dynamical system (T,v;) provided that g is not cohomologous to a constant in
L2<Vt).

(d) The Law of Iterated Logarithm holds for the function g : 755,0 — R with respect to
the dynamical system (T,v;) provided that g is not cohomologous to a constant in

L3 ().

= o(")

12.2. Stochastic Laws for the Dynamical System (f : J(f) — J(f), fy). In this
subsection, making use of the previous section, via the natural projection from the abstract

Young tower to the Julia set J (f), we prove in Theorem 12.6 the fundamental stochastic
laws for dynamical systems (f, ), t € Af, such as the Law of Iterated Logarithm, the
Central Limit Theorem, and exponential decay of correlations.

So, we pass to the actual dynamics of f on J(f). Consider H : Di? — C, the natural
projection from the tower D;f to the complex plane C, given by the formula

H(w,n) = f"(mu(w)).
Then
(12.4) HoT = foH.
Consequently, we immediately get the following.

Proposition 12.3. Let G be a FNR rational semigroup generated by a u-tuple map f =
(f1,..., fu) € Rat". LetU be a nice family of sets for f.

If vy is the measure produced in Theorem 12.2 (a), then the Borel probability measure
vyo H™1
on J(f) is f-invariant.

In order to proceed further we will need the following lemma from abstract ergodic theory.
Its proof is standard and can be found in many textbooks on ergodic theory.

Lemma 12.4. If T : X — X is a measurable map preserving a probability measure p and
if g € L*(p), then the following two statements are equivalent.

(a) The function g is a coboundary, i.e. g=u—uoT for some u € L*(u).
(b) The sequence (S,9)>; is bounded in the Hilbert space L*(p).

We are now in position to prove the following.
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Theorem 12.5. Let G be a FNR rational semigroup generated by a u—tuple map (f1,..., fu) €
Rat®. Let U be a nice family of sets for f. Ift € A% and vy is the corresponding proba-
bility measure produced in Theorem 12.2 (a), then for the dynamical system (f : J(f) —
J(f), vy 0 HY) the following hold.

(a) Fiz s € (0,1] and a bounded function g - J(f) — R which is Holder continuous

with the exponent s. Then for every bounded measurable function 1 : J(f) — R,
we have that

vo i gdno i) [ gaweor) [ ioon | = o)

()
for some 6 € (0,1) depending on s.

(b) The Central Limit Theorem holds for every Holder continuous function g : J(f) —

R that is not cohomologous to a constant in L*(vy0o H™1), i.e. for which there is no

square integrable function n for which g = const +no f —n. More precisely, there
exists o > 0 such that

in distribution with respect to the measure v, o H™1.

(c) The Law of Iterated Logarithm holds for every Holder continuous function g :
J(f) = R that is not cohomologous to a constant in L*(v; 0 H™'). This, we recall,
means that there exists a real positive constant A, such that such that v, o H™!
almost everywhere

Sng — d H1
lim sup g—nJgduo ) =A,.
n—00 vnloglogn
Proof. We aim to employ Theorem 12.2. Let g : J(f) — R and 4 : J(f) = R be as in
the hypotheses of our theorem. Define the functions

jgi=goH:D — R and ¢:=v¢oH:DF —R.
In order to apply Theorem 12.2, all what we need to do is to check the hypotheses of

this theorem pertaining to the functions ¢ and §. For ¢ this is immediate: of course this
function is measurable and bounded. We shall prove the following.

Claim 1: The function § : Dy — R is Holder continuous.

Indeed, consider two arbitrary points w,7 € Djf with w; = 7. Put 7 := w; = 7 and
= ||v]|. Put also 8 :=w A7 and n := |f]. In particular, § = yo(8) and ||o(8)]| > n — 1.
For every 0 < k <[ — 1, we have that

9(T*(7,0)) = §(T*(w,0))| = |g(7,k) — §(w, k)| = |g o H(r, k) — g o H(w, k)|
= 19(/*(mu(7))) = g(F* (mu(w)))]
)

(mu
(12.5) — 9P (7)) = g (ma(w)))]
()

gt
< H || P (maa (7)), £ (ma@))3,
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where H, is the Holder constant of g. Moreover,

P (ru(@)), [ (1)) € FX(0r008)(Wi)) = Gor (1008 (Waia)),

where the last two os denote two different shift maps with obvious meanings. Therefore,
because of Theorem 3.5 (Exponential Shrinking Property), we have that

17 (), £ () o < diemns, e (@ (109 (Wics)
< max {97 7O, exp(—a(lo* (1) (A)])) }

= exp(—¢(le*(v)o(B)I)

= exp(—u((L = k) + llo(B]))

< e exp(—(l - )))e,
where a € (0, +00) comes from Theorem 3.5 and

¢ = min{a, —log ¥} € (0, 400).
Hence,
9(T*(7,0)) = §(T*(w, 0))| = exp(—st(l — k)))e™™".

Finally,

9(w) =)l = D (AT (7,0)) = §(T*(w,0))| < D [§(T*(7,0)) = §(T*(w,0))|

B
Il

0

= ) exp(—(l = k)))e™"

k=

e—SLn

So, the function § : D;y — R is Holder continuous, and the proof of Claim 1 is complete.

Claim 2: The function g : D;p — R is square integrable with respect to the measure fi;.

Indeed, for every w € Dy? we have that |§(w)| < |3]lsel - llw1l] < |lglloollwr]|. Hence,
19(@)I* < NlglSller ]I,

Therefore, invoking Proposition 10.10, we can estimate as follows.

[ taan=30 [ Yo U )

|| [I= n=1 e€Dy,

= lgllz Z n’e”"
n=1

< 400,

with some constant n > 0 resulting from Proposition 8.4. The proof of Claim 2 is complete.

O

Claim 3: The function § : D5 — R is not cohomologous to a constant in L2(1;).
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Indeed, assume without loss of generality that 14(g) = 0. By virtue of Lemma 12.4
the fact that g : J(f) — R is not a coboundary in L*(r; o H™!) equivalently means
that the sequence (Sn(g)):i1 is not uniformly bounded in L?*(v; o H!). But obviously
150 () lL2we) = ISk (9)|l22(or-1)- So, the sequence (Sn(g))ffzo is not uniformly bounded
in L?(14). Thus, by Lemma 12.4 again, g is not a coboundary in L?(1;).

Having these two claims, all items, (a), (b), and (c¢), now follow immediately from Theo-
rem 12.2 and formula (12.4). The proof is finished. O

By making use Proposition 10.7, as a fairly easy consequence of Theorem 12.5, we get the
following main result of this section.

Theorem 12.6. Let G be a FNR rational semigroup generated by a u-tuple map f =
(fi,-.., fu) € Rat". Ift € Ay, then for the dynamical system (f : J(f) —> J(f), pt) the
following hold.

(a) Fiz s € (0,1] and a bounded function g : J(f) — R which is Holder continuous with

the exponent . Then for every bounded measurable function i : J(f) — R, we

have that
/~¢Of"~gdut—/~gdut Y dpy
J(f) J(f) J(f)

for some 6 € (0,1) depending on s.

= 0(6")

(b) The Central Limit Theorem holds for every Hélder continuous function g : J(f) —
R that is not cohomologous to a constant in L?(ju;), i.e. for which there is no square
integrable function n for which g = const +mno f —n. More precisely, there exists
o > 0 such that

i distribution with respect to the measure ;.

(c) The Law of Iterated Logarithm holds for every Holder continuous function g :

J(f) = R that is not cohomologous to a constant in L*(p;). This, we recall, means
that there exists a real positive constant A, such that py almost everywhere

lim sup Sng — 1] g dpi =A
nsoo  /nloglogn 7
Proof. Using in turn Proposition 10.7, formula (10.1) defining = fi;, the fact that H|px =
7y, and Theorem 12.2 (a), we get

(12.6) (o) = e = (Bwomy') 5, = (o H) = () g 0 HTY) <= (o HTY)

But, by virtue of Theorem 12.2, the measure v, is ergodic with respect to the map T :
Dyy — Dy7, defined by formula (12.3). So, the measure v, o H~! is ergodic with respect to

the map f: J(f) — J(f). As p is also ergodic with respect to this map, both measures
(1t)., and (o H™Y) 5, are ergodic with respect to the first return map of f from Jy, to Jy,.

Therefore, by virtue of (12.6), they coincide. Hence, y; and v; o H~! are not singular with
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respect to each other. Since both are ergodic, these must be thus equal, i.e. j; = v, 0 HL.
Theorem 12.6 now directly follows from Theorem 12.5. The proof is complete. U

Part 3. Geometry of Finely Non—Recurrent Rational Semigroups Satisfying
the Nice Open Set Condition

Part 3 of our paper is devoted to the study of the finer fractal and geometrical properties
of the fiber Julia sets J, and the global Julia set J(G).

13. NiCE OPEN SET CONDITION (FOR ANY RATIONAL SEMIGROUP)

The notion of the Open Set Condition was introduced by Hutchinson in [15] in the
context of finite alphabet iterated function systems consisting of contracting similarities.
It was later adopted in [20] to the setting of countable alphabet iterated function systems
consisting of contracting conformal maps, and has commonly been used in the theory of
iterated function systems since the work of Hutchinson. A version of the open set condition
for expanding rational semigroups was introduced in [36]. In the paper [49] we defined the
Open Set Condition in the context of (loosely meaning) non-recurrent rational semigroups.
Unlike [36], in [49] we had to allow critical points of G to lie in the Julia set J(G). This
makes the whole situation more complex and demanding, and forced us in [49] to strengthen
the Open Set Condition a little bit. We named such modified condition the Nice Open
Set Condition. We would like to emphasize that the Nice Open Set Condition and Nice
Sets (Families) are totally independent concepts. In particular, the adjective “Nice” was
independently introduced for both of them many years ago. Although it may be a little
bit confusing for some readers, we stick to the historical terminology to respect history and
in order not to confuse readers even more by inventing yet new names. We think that in
our current manuscript this is the first time in the literature that both “nice” concepts are
used simultaneously.

We proved in [49] several of its crucial properties and used it heavily therein. In the
present section we reprove, with essentially new proofs, its properties that we will need and
use throughout the end of the manuscript. We also prove some new results.

Motivated by [49], we adopt the following definition.

Definition 13.1. Let f = (f1,..., fu) € Rat" be a u—tuple map and let G = (fy,..., fu)-
We say that G (or f) satisfies the Open Set Condition if there exists a non—empty open
subset U of C with the following two properties:
(oscl)

Ui OU. )

(0sc2)
)N f7HU) =0
whenever i # j.

Moreover, we say that G (or f) satisfies the Nice Open Set Condition if, in addition,
U C C and the following condition is satisfied.
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(0se3) F(a € (0,1)) V(0 <r < 1) V(z € U)
lo(U N By(z,7)) > aly(Be(z, 1)),
where ly denotes 2—dimensional Lebesque measure on C.

Remark 13.2. Condition (osc3) is not needed if our semigroup G is expanding (see [36] or
note that our proofs would use only (oscl) and (osc2) under this assumption). Condition
(0sc3) is satisfied in the theory of conformal infinite iterated function systems (see [20],
comp. [21]), where it follows from the open set condition and the cone condition. Moreover,
condition (osc3) holds for example if the boundary of U is smooth enough; piecewise smooth
with no exterior cusps suffices. Furthermore, (osc3) holds if U is a John domain (see [2]).

As an immediate consequence of Definition 13.1, we get the following.

Lemma 13.3. If a u—tuple map f = (f1,..., fu) € Rat" and G = (f1,..., f.) satisfy the
Open Set Condition, and if U C C is an open set which witnesses this condition, then

J(G) cU.
Proof. This is obvious if U = C. So, suppose that
(13.1) U +C.
It follows immediately from Definition 13.1 that
G*(C\U)cC\T.
Since, by (13.1), C \ ? contains at least three points, it follows from Montel’s Theorem

that G* is normal on C\ U. This means that C\ U C F(G), whence .J(G) C U and we are
done. U

The following consequence of Definition 13.1 is immediate.

Lemma 13.4. If a u—tuple map f = (f1,..., fu) € Rat" and G = (f1,..., fu) satisfy the
Open Set Condition, and if w, T € X are two incomparable words, then

AU n 71 U) = 0.

Further auxiliary, but necessary for us, consequences of Definition 13.1, proved in [49],
are these.

Lemma 13.5. Let f = (f1,..., f.) € Rat" be a u-tuple map and let G = (f1,..., fu)-
Assume that f and G satisfy the Nice Open Set Condition with some open set U C C.
Then, there exist 51 > 0, n € (0,1/8], and k1 > 0 such that

ly (fj_l(U) N By(z,r)) > k1’
for each j =1,...,u, for each x € fj_l(U) \ Crit(f;), and for each
re (O,min {Bl,ndistc(x, Crit(fj))}) )
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Proof. Let 6 > 0 and n € (0,1/8] be so small that for every j € {1,2,...,u}, every
c € Crit(f;), and every z € Bs(c,d)\{c} the map

i

Bs(2,8n]z—¢|) * 32(27877|Z - C|) — C

is 1-to-1. Let
7 :=min {8, ndist(z, Crit(f;))}.
Let 31 € (0,1] be so small that for every z € By(U, 163;)\Ba(Crit(G),§) and every j €
{1,...,u}, the map
fj|32(z7851) : BQ(’Z’ 851) — C

is 1-to—1 and

(13.2) 4ﬁ1max{||f]/‘”oo 1J € {17""u}} <L
Suppose now that

(13.3) v € f(U)\Crit(f;).

Then, the inverse map
_ -1
= (filBaway) ¢ fi(Ba(z,47)) — Ba(x,4y)
is well defined, holomorphic, and, because of the i—Koebe’s Distortion Theorem,
fi(Ba(2,87)) D Ba(fi(x), 2| fj(x)]7).

Hence, it follows from the standard Koebe’s Distortion Theorem, applied this time to
the map f;l, together with condition (osc3) of Definition 13.1, and (13.2) that for every
r € (0,7), we have that

Iy (f;71(U) N By(w,7)) > 1o (f; (UN Bu(fi(x), K fj(x)|r)))
> K| f; ()|l (U N Ba(fi(), K| f;(x)]r))
> K2alf] ()| 2y (Ba(f(x), K7 f(2)]r))
(13.4) = 1K 2ar?.
So, the proof is completed by taking x; := 72K ~2a.
0]
Lemma 13.6. Let f = (f1,..., fu) € (Rat)* be a u—tuple map and let G = (f1,..., fu)-

Assume that f and G satisfy the Nice Open Set Condition with some open set U C C.
Then there exist two constants P > 0 and ko > 0, such that

lo (fj_l(U) N Bs(c, 7‘)) > Kor?
for all j € {1,...,u}, all points c € Crit(f;) N f; '(U), and all radii r € (0, 5).
Proof. Denote the order of the critical point ¢ of f; by ¢. Let 35 > 0 be so small that
Ajelz = o < 1fi(2) = fio)] < Ajelz — ]

and
Az — o < fi(2)] < Ajelz — 7!
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for some constant A;. > 1, depending on j and ¢, and all z € By(c, ). Then,
fi(Ba(e,1)) D Ba(fj(c), Ajer?)
for all r € (0, 33). Since also
Fi (f1(U) N By(e, 7)) = U N fi(Bale,r)),
using (osc3), we thus get that
L (f; (fi ' (U) N Bale,r)) = b (U N fi(Bale,r))) = 1z (UN Ba(fj(c), Ajer?))
> aly (BQ(fj(C), A;grq))

(13.5) = waA; 2.
But also,
b (5 () B < [ P di(:)
7 )N Ba(e)

<[ 2 = 20 diy )
£ 1 U)NBa(e,r)

< A?70T2(q_1)l2 (fj_l(U N Bs(c,1))) .
Combining this with (13.5), we get
ly (fj_l(U) N By(c, r)) > W@AZfT’Q.

Since there are only finitely many (precisely u) maps f; and since each map f; has only
finitely many critical points, we complete the proof by taking

ko = mamin {A;}:je{l,... u},ceCrit(f;)}.

Combining Lemma 13.5 and Lemma 13.6, we obtain the following lemma.

Lemma 13.7. Let G = (f1,..., fu) be a rational semigroup satisfying the Nice Open Set
Condition witnessed by some open set U C C. Then, for every 8 > 0 there exists kg > 0
such that for each j = 1,...,u, for each v € fj_l(U), and for each radius r € (0, 3], we
have that

La(f7 1 (U) N By(z, 1)) > kgr®,

Proof. As in the proofs of the two preceding lemmas, we again work with Fuclidean balls
and distances.
It suffices to deal with r € (0, min{f, B2}). Fix j € {1,...,u}. Because of Lemma 13.5,
we need only consider the case when
r € (min{fy, n - dist(z, Crit(f;))}, min{S1, f2}) ,

with n € (0,1/8] coming from Lemma 13.5. Consider two cases. Assume first that

r > 2dist(x, Crit(f;)).
Then there exists a point ¢ € Crit(f;) such that |z — ¢| < /2. Hence,

By(z,1) D Bs(c,r/2).
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It therefore follows from Lemma 13.6 that
l2 (BQ(I, 7") N f;l(U)) Z 12 (BQ(C, T’/Q) N fji1<U)) Z TK2/4.
Now assume that
r < 2dist(z, Crit(f;)).
Then, by Lemma 13.5, we get that
ly (Ba(z,r) N 1 (U)) > by (Ba(z, Y 2min{ By, n - dist(z, Crit(f;))}) N f;1(U))
> ky (L2min{By, n - dist(z, Crit(f;))})?

>0 <ﬁ>2 - /@17,27“2‘
— 4 \2 16

We are done. ]

For every family F C 37 let
F={t:7€F} and F,={rn:7eF}L

Definition 13.8. Let G = (f1,..., fu) be a rational semigroup satisfying the Nice Open
Set Condition witnessed by some open set U. Fix a number M > 0, a number a > 0, and
V', an open subset of 3,,. A family F C X% is called (M, a,V')—essential for the pair (x,r)
provided that the following conditions are satisfied.

(ess0) For every T € F,
1
diste (fz(z), f.1(U)) < éRT.

(essl) For everyt € F there exist a number R, with0 < R, < a and f;; : Bo(f2(2),2R;) —
C, an analytic branch of f=' sending f+(z) to x, such that

1
MR, <|fi(z)|r < ylie
(ess2) The family F consists of mutually incomparable words.

(ess3) U, exlm] = V.

If V=%, the family F is simply called (M, a)—essential for the pair (x,r).

We shall prove the following.

Proposition 13.9. Let G = (f1,..., fu) be a rational semigroup satisfying the Nice Open
Set Condition witnessed by some open set U. Then, for every number M > 0 and for
every a > 0 there exists an integer #ra) = 1 such that if V' is an open subset of ¥,
x e J(G), re (0,1, and F C X is an (M, a,V')-essential family for (xz,r), then we have
the following:
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(a)

Bsy(x,7) C fry(Ba(f3(2), c U £ (Balfs(@), Ry)) C Ba(w, K Mr)
forall T € F,
(b)
J(f) (V X B2 [L‘ T U B2 fT( ) 7’))) - U[T] X f'f—_,zl(BQ(f%(x)aRT))a
eF TeF

(c) #F < #(Ma)-

Proof. Item (a) follows immediately from Theorem 2.5 (3~Koebe’s Distortion Theorem),
and Theorem 2.6. The equality part in item (b) is obvious. In order to prove the inclusion
take (w, z) € J(f) N (V x By(x,7)). By item (ess3) of Definition 13.8 there exists 7 € F

such that w € [7]. But then, by the first in item (a), (w,z) € [7] X f;1(Ba(f+(z), R;)), and
item (b) is entirely proved. Let us deal with item (c). By item (0502) of Definition 13.1,
{fra(fr|Botro@rn)~ (U) Yrer

is a family of mutually disjoint sets. Hence, using also (a), we get

(13.6) > L(fra(fn

TeF

Ba(feenr)) (U))) < lo(Ba(w, KMr)) = Cr(KM)**

where C' > 0 is a constant independent of r, M, and a. Let L, := ¢ min{(T'/a)?, 1}, where
¢ and T come from Lemma 13.7. By Lemma 13.7, we obtain that for each j = 1,... u ,

for each y € f;(U), and for each 0 < b < a,
(13.7) la(Ba(y, b) N f7H(U)) > kab?®.
By (ess0) there exists a point z € f-1(U)) such that |f:(z) — z| < R,/2. Then

By (f:(z), R:) D Ba(z, R, /2).
It follows from this, Theorem 2.6, (13.7), and (essl) that for all 7 € F, we have

by (fra (] Bors@yrn)~ (U))) = K2 fo(@)| 2 l((fr | Botss @).m0)) (D))
= K| fl(2)| 212 Ba(f+(2), R )ﬂfn( )
> K| fi(2)] o (Ba(z, R /2) N f1(U))

> (2K) 72| f+(x)| ko R
> 4K 1k,

Combining this with (13.6) we get that
#F < (4r,) 'nCK* M.
We are done. ]
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Remark 13.10. Because of Lemma 13.3, if

distc (f+(z), f.1(J(G))) <
then condition (ess0) holds.

R-,

N —

The following lemma sheds some additional light on the nature of the Nice Open Set
Condition.

Lemma 13.11. If f = (f1,..., fu) € Rat" is a u—tuple map such that the rational semi-
group G = (f1,..., fu) is TNR and satisfies the Nice Open Set Condition, then the semi-

group G is of finite type, i.e. the set Crit*(f) 15 also finite. In particular, if in addition G
1s C—F balanced, then it is a FNR rational semigroup.

Proof. Fix ¢ € Crit(f) and i € {1,...,u} such that f;(c) € J(G) and f!(c) = 0. Since G is
a TNR rational semigroup, there exists R € (0,1) such that
By(fu(fic),2R) NPCV(G) =0

for all w € 3% such that f,(fi(c)) € J(G). In particular, there exists a unique holomorphic
branch

i * Ba(fu(fi(0)),2R) — C
of f71 mapping f,(fi(c)) to fi(c). Fix now an integer n > 1 and consider the set
Yole, i) ={w e {1,2,...,u}": fu(fi(c) € J(G)}.
Let
Yp := min {1,min{K‘1R]f;(fi(c))|_l tw € Xy(c, Z)}} )
Then for every w € ¥,(c, i), we have that
Krol f5,(fi(e)) < R.
So, using Koebe’s Distortion Theorem, we get that
fH U N Ba(fulfile)), K™l f(fi0))])
C [ (Ba(fulfi(0), K ra | fL(fi(e))])) C Ba(filc), ),

and, invoking also condition (osc3) of Definition 13.1, Lemma 13.3, and the fact that
fu(fi(c)) € J(G), we also get that

b (£ (U N Ba(fu(fi(0), K™l ral f(fi(e))])))
> K2 fL(fi(0) |7l (U 0 Ba(fu(file)), K ral £, (fi(0))D)
> K2alf,,(fi(e)| 7l (Ba(fulfile)), K~ Mral fL(file))]))
= 7K *ar) = aK (Ba(fi(c), 1))-
Since by condition (0sc2) of Definition 13.1, all of the sets
1 (U 0 Baful (), Kl £(F(0)) s € Salesd)

are mutually disjoint, we conclude that
#¥n(c,1) < K'a™
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Hence, the set
Crit,(f) = U {(w,c) € Crit,(f) : wy = z}
(c,i)eCP(f)
is finite as it is a finite union of finite sets. The proof is complete. 0

14. HAUSDORFF DIMENSION OF INVARIANT MEASURES [
AND
MULTIFRACTAL ANALYSIS OF LYAPUNOV EXPONENTS

Throughout this section, we assume that f = (f,..., fu) € Rat* and G = (f1,..., fu) is
a finely non-recurrent rational semigroup satisfying the Nice Open Set Condition, which we
continue to abbreviate as NOSC-FNR. Let GG be a FNR rational semigroup. We fix ¢t € Af.
Our goal in this section is to analyze fractal properties of Gibbs/equilibrium measure g
(and m;) and to provide a full account of multifractal analysis of Lyapunov exponents.

We first recall some notions and results from geometric measure theory which will be
used in this and the following sections. Let p be a Borel probability measure on a metric
space X. The Hausdorff dimension of j, denoted HD(u), is defined to be

HD(p) := inf{HD(Y) : u(Y') =1} = sup{HD(Y) : u(X \ V) = 0}.

Furthermore, the lower and upper pointwise dimensions of u at a point x € X are
respectively defined by

.. logu(B(x,1)) = . log u(B(z,1))

Needless to say that if X = C is the complex plane, then we always use the standard
Euclidean metric. Just for the record, if we used the spherical metric on C we would
always get the same values for Hausdorff dimensions of sets and measures. Likewise for
box dimensions of bounded sets.

The proof of the following theorem can be found for example in [29], [16], and [25].

Theorem 14.1. If i is a Borel probability measure on a metric space X, then
HD(u) = esssup(d,,).

In particular, if there exists some 6 > 0 such that d,(x) = 0 for p-a.e. x € X, then
HD(u) = 0.

We first prove the following preparatory result which is also interesting on its own.

Theorem 14.2. If G is a NOSC-FNR rational semigroup and t € A}, then

HD(,ut opgl) = h“t—(‘f) S P(t)

1237 Xut

Proof. By Birkhoft’s Ergodic Theorem there exists a measurable set I' C J(f) such that
u(I') =1 and

(14.1) im - 1og (") (w,2) = v i= [ log| Pl
J
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Fix (w,z) € ['\Sing(f). Put 1 := n(w, ) > 0 coming from Proposition 3.9. Let (n;)32, be

the increasing sequence of integers also coming from Proposition 3.9. Let

oozt (Bs (fu, (2),m)) — SuxC

7=1

be the holomorphic inverse branch of f"j resulting also from Proposition 3.9 which sends
" (w, 2) to (w, z). By Koebe’s Distortion Theorem we have

1 -1
Bs (27 §K fL|nj (Z)‘ 77) > fJ\ij7z <BQ (fw\nj (2)777/2>> :
So, by conformality of m, and Koebe’s Distortion Theorem again, putting
1 —1
rji= §K fw\n (2)|

we get that

meopy ! (Ba(z,r)) = mo (£ (v (B2 (fur, (2):0/2)) )

L
/ e~ F)n; (fw‘n;)
B2 fw|n 77/2))

() | ot (B (f, (2002))
(7)) (@.2)

= 2(K*q) ™" (n/2)My(n/2)e” """,

dmt

> K te POn

—t

> K—tMt<n/2)e—P(t)nj

where
My(r) == inf{m, o p; " (By(z,7)) : 2 € J(G)}
is positive since supp(m; o py ') = J(G). Therefore, using also (14.1), we get

logm,; o pz’l(Bg(z, T)) log m; o pgl(Bg(z, ;)

lim inf < liminf
r—0 log r =00 log 75
l 2 K2 _tM 2 _ P . l )
< lim inf 28 CU) " M(n/2)) — P(t)n; + tlogr;
Jroo log 7"]'
—t—P(t) lim —2
- j—oo log 1;
P(t
Xﬂt

Hence, invoking Theorem 14.1, we see that

(14.3) HD (m; o p; ™) St—i—w.

X,ut
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For the opposite inequality fix a point £ € J(f)\PCV(f). Fix any number

dist(p2(£), PCV(G))
(14.4) He(O, 2K T TH )

which is positive because of Lemma 2.4. For every (w,z) € J(f) let (ng(w, z))72, be the
increasing sequence of all visits of (w, z) to B(§, R), i.e.

(14.5) fre2)(w, 2) € B(E, H).

Fix an arbitrary measurable set Z C J(f) with 1;(Z) = 1. By Birkhoff’s Ergodic Theorem
there exists a measurable set Y C Z such that p(Y) = 1,

. T 1(0),2) . 1 rn
fim sy =L and Jim Cog () . ) = x

(14.6)

for all (w,2) € Y. Fix ¢ > 0. By Egorov’s Theorem there exists an integer N. > 1 and a

measurable set Y. C Y such that m,(Y;) > 1 — ¢,

ny11(7, Y)
nk;(Ta y)

for all (1,y) € Y. and all ng(7,y),n > N.. Let

1 -
(14.7) <l4e, and y, —c< - log ‘(f")'(f, y)‘ < Xy +E

Mipe = Myly,.

Fix y € po(Y.) and 7 > 0. Then, for every w € p; (Y. N p; " (Ba(y,r))) fix an element
x, € By(y,r) such that

(14.8) (w,2) € YoNpy ' (Ba(y,r)).

Since for every 7 >0

| fo, ()| S PN,

if

r< SHIPIRY
then there exists a largest integer k := k(w;r) > 1 such that
(14.9) VI )| 2
and
(14.10) ng > Ne,

where we have abbreviated
Nk 2= M) (W, Ty )
Immediately we have

1

1 _
(14.11) ZH\f;MW(%)} < 2r.

Let
Fly;r) == {w|nk+1 RS U (Ye ﬂp51(32(y,7”)))}7
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and for every w € p; (Yz N py ' (Ba(y, 7)) let

(14.12) R = 16K

fo/.)|nk (70)

with the convention that if w]nk(wvr)ﬂ = T|nk<m+1, then we arbitrarily choose either z,, or
x, with the inequality part following from (14.9). Let F(y,r) be the maximal subfamily
of F (y;7) consisting of mutually incomparable words. We aim to check that this family
satisfies the conditions of Definition 13.8 with appropriate numbers M, a, and an open set
V. Indeed, it satisfies (ess2) by its very definition. It also satisfies (ess3) if we set

(14.13) Vi= [ [l op(Yonpy ' (Ba(y, 1))

0EF(y,r)

< 2KH,

Wlnk+1

Now we aim to prove conditions (ess0) and (essl). It follows from (14.4), (14.5), the
definition of x,,, and (14.12) that

dist(fu,, (2.), PCV(G)) > diste (p2(6), PCV(G)) — | fu,, (20) — pa(£))]
>4H — H

=3H > 16r

f(:;|nk (zw)] -

Therefore, the unique holomorphic branch

fw_l : B2 <fw|"k (ZL’w), 167

‘nkazw

f @) ) —C

of fw_lik sending fw‘nk (z,) to x, is well defined. It therefore follows from Koebe’s 1_117
Distortion Theorem and (14.8) that

f&ik’xw : By (fwm (), 4r fo'%k () > D By(z,,7) D v.
Hence,
, 1
(414) Lo, ) € Bo(fun,, (o) Ar | £y, )] ) € Ba ( fot, (00)s TRt ) -
Since also

Foton @) € £31 (Futny, (0)) € f31 (J(@)),

Wngq Wngq
using Remark 13.10, we conclude that condition (ess0) holds.
Now, passing to proving condition (essl), note that because of (14.14), (14.5), (14.12),

and the definition of x,, for every z € By (fw|nk (v), 2Rw|nk+1>, we get that
1

|Z - p2(5)| < 2Rw\nk+1 + |fa.)|n/1C (y> - fw\nk (xw)‘ + ‘fw|nk (xw) - pQ(f)} + ERW|nk+l
1
< 2Rw|nkJrl + ERM%H + H

<4KH+H+H
=22K+1)H.
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Hence, using also (14.4), we get that

distc(z, PCV(G)) > diste (p2(£), PCV(G)) — |2 — p2(€)]
> diste (p2(€), PCV(G)) — 22K + 1)H
> 0.

Therefore, the unique holomorphic branch

f;l : B2 (fw|nk (y)7 2Rw|nk+1) — (C

‘”k Y

of fw_‘ik sending fo,, (y) to y is well defined. Also, by invoking (14.12), we obtain

1 1
A4<-R, . <-KH<KH,

-1
(16K) Rwlnk+1 S 4 Ink+1 — 2

fop (20)

o

which yields condition (essl). In conclusion, the conditions (ess0)—(ess3) of Definition 13.8
are satisfied with with M = 16 K and a = K H. For every p € F(y,r) fix an element g € 3,
such that z, = x; and

Q‘nk(é,xgm)(évxg)“‘l = 0.

We claim that

(14.15) U ol x foz,(Ba(fal,), Ro)) D Yepy ' (Ba(y, 1))

0€F (y,r)

Indeed, fix (3,2) € Y. N p,'(Ba(y,r)). It then follows from (14.13) that there exists
0 € F(y,r) such that

(14.16) B € o]
Now, o = @|nk(g,zg,r)(§,xg)+1' It follows from the Koebe’e %fDistortion Theorem that

-1
fﬂ;’xlé’(BQ(f@(xg)’ Rg)) - fﬁi;@,zg,mé,zg)% <32 (fmnk(@,zg,r)(ﬁ@e)(%)’ 16K féb(@xw) (%) ))

D BQ($Q,47’)
D By(z,7) 3 .

Along with (14.16), this implies that

Beye U o x for, (Ba(falz,), Ro)),

0EF (y,r)

and formula (14.15) is proved.
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It now follows from (14.15), conformality of the measure m;, Koebe’s Distortion Theorem
again, and (14.11), that

(14.17)

mue(ps ' (Ba(y, 7)) = ma(Ye Npy  (Ba(y, v

) <
< my U [o] % fgm (Ba2(f3(x,), )

0€F (y,1)

— Z mt([g]x i (BQ fa(,),

0€F (y,7)

= Y mulSa x (Balfsla), ) / PO (41 Ytdm,

0€F (y,r)

< K! Z mt(E x (Ba(f5(wo), R ‘fg

0EF (y,r)
< BKH)'7 D exp (—P(t)nnga,n (8, 2,)) -
0€F (y;7)
Now, denoting 7y = Ny (g4, (0, 7,), it follows from (14.7)-(14.11) that

fa/”)\ﬁk () < log(R/8) — logr

Xpe — € a Xug — €

()] exp (=P () (g, (2: 7o)

‘"k(g,zg,m(évw

log
(14.18) g <

and

Jog |F, ., () log(R/8) — 1
(14.19) x> (14 ) Vigy > (14 6) 1B @0 o g 1108 /8) —logr
Xue +€ Xue T€

Making use of Proposition 13.9 (¢) and inserting (14.18) or (14.19) into (14.17), respectively
if P(t) <0 orif P(t) > 0, we get that

log(m+(p" (Ba(v.7)))) {t+ #) if P(t)

(14.20) lim inf 5 ,
r—0 logr xw+€1+r€ if P(t)

Hence, invoking Theorem 14.1, we get that

(14.21) HD(Z) > HD(Y) > HD(m;.) > { Xl:(t_)a if Ple) <0
. > 2 Mie) = P(t) .
t+ Xw“%e if P(t) >0

In either case, letting ¢ — 0, we get that

P(t

HD(Z) > t+ Q

Xyt

Therefore,
P(t)

HD(p;opy") = +
X
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This proves the “left—hand” side of Theorem 14.2. By making use of Theorem 11.2, i.e.
the Variational Principle, we get

b POy e = B D
Xt Xt Xt
and Theorem 14.2 is entirely proved. 0

As an immediate consequence of this theorem and the Variational Principle (Theo-
rem 11.2), we get the following.

Corollary 14.3. If G is a NOSC-FNR rational semigroup, then
HD (i1 0 p3") = h = HD(J(G)) and HD(s 0 p5") <
if t # h.

Proof. The first part of this corollary immediately follows from Theorem 14.2 by substitut-
ing h for ¢t and remembering that P(h) = 0. For the second part, suppose that

HD (i 0 pyt) = h
for some t € Ay,. It then follows from Theorem 14.2 that

hy, (f) = hxp, = 0="P(h).
So, by virtue of Theorem 11.2, applied with ¢ = h, we conclude that u; = pp. The proof is
complete. 0

Now, passing to actual multifractal analysis, fix t > 0. Our first result is the following.

Lemma 14.4. Let G be a NOSC-FNR rational semigroup. If t € Ay, then for every
q € [0,1] there exists a unique Ty(q) > 0 such that

P(T,(q) + qt) = qP(t).

Proof. Because of Proposition 7.5, also ¢t € Af,. So, by Theorem 11.2, i.e. the Variational
Principle, we have

P(gt) > hy, — qtxpu > q (hy, — tx,) = qP(t).

So, employing Proposition 4.3 (b) and (d), the lemma immediately follows from the Inter-
mediate Value Theorem. O

We denote

(14.22) firg = [iTi(q)tqr  ANd 1My g = Ty (g) gt
We further denote

Pt
(14.23) ai(q) ==t + Q

XMt,q

Now, for every point (w, z) € J(f), we denote

1 < 1 .
X(w, z) = limsup —log |(f")'(w,2)] and x(w,z) = liminf = log|(f™) (w, 2)|
n - n—oo M

n—oo
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and call them respectively the upper and lower Lyapunov exponents at the point
(w,2). If x(w,2) = X(w, 2), we denote the common value by x(w,z) and call it the Lya-
punov exponent at (w, z). Given x > 0, we denote

K(x) = {(,2) € () : x(w,2) = X(w,2) = x} .
We now shall prove the key statement of the main result of this section.

Lemma 14.5. Let G be a NOSC-FNR rational semigroup. If t € AY, then for every
q €[0,1],

HD(p2(K (Xpur,))) = Te(q) + qou(q).

Proof. By Birkhoft’s Ergodic Theorem there exists a measurable set X C J(f) such that
peq(X) =1 and

x(w,z) = /( )log |Fldeg = Xun
J

f
for all (w,2) € X. Hence, X C K(xyu,.,), and applying Theorem 14.2 and Lemma 14.4
along with (14.23), we get

HD (p2(K (Xu,,,)) > HD(p2(X)) > HD(pteq 0 p3 ")

(14.24) :ﬂ(q)+qt+w :E(q)+qt+(1><P_<z€)
=Ti(q) +q <t + P(t))
(14.25) = Ty(q) + qou(q).

The proof of the opposite inequality is almost the same as the proof of the “<” inequality
of Theorem 14.2. However, since it does not formally follow from this theorem, we therefore
present it here in full.

We start by fixing (w, z) € K(Xm’q)\Sing(f). Put n := n(w, z) > 0 coming from Proposi-
tion 3.9. Let (n;)22, be an increasing sequence of integers also coming from this Proposition.
Let

fa = 92 (Bafu,, (2).m) — Bu x C

be the holomorphic inverse branch of f”f resulting also from Proposition 3.9 which sends
fm(w, 2) to (w, z). By Koebe’s Distortion Theorem

1 -1
B (s 31,0 ) 2 2 (21 (10, )).
So, by conformality of m; and Koebe’s Distortion Theorem again, we get with
1

Tj:§K

f:;\nj (2)

‘—1

f::)\nj (2)] m
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that

Mmeq 0 py (Ba(z,75)) >

> (157, (52 (B2 (0,90 2)))

RN —(Tt(q)+qt)
= / B o~ 1P(Dn; < f w*|2772> dmy g
Py (BQ(fw|nj (Z)Ji)) ’
N / —(Ti(q)+qt)
> K (TH@)+at) g—aP(t)n; (ffljn]) (w, 2) My g o p2_1 <32 (fwlnj (2), 7]/2))
—(Te(a)+at)

> K—(Tt(cJ)Jrqt)Mt q(n/2)6—qP(t)"j

(7)) @)

_ 2(K2q)—(Tt(Q)+qt) Mt,q (n/2)e—qP(t)nj T;ﬂ(‘])*‘qt’

where

M 4(r) :=inf {myq 0o ps " (Ba(z,7)) 1z € J(G)}
is positive since supp(mq, o p;') = J(G). Therefore, using also the fact that (w,z) €
K(xu.,), we get

—1
(14.26) i i 108 e 0 P2 (Ba(z,7))

r—0 logr -
j—oo logr;
- dog (2(K7n) " TH@OFNM, (n/2)) — gP(t)n; + (Ti(g) + gt) log
< lim inf
Jj—o0 log 7;
_ n; qP(t)
14.27 =Ti(q) + gt — qP(t) 1 L =Ty(q) + gt + —=
(14.27) (@) + gt = qP(#) lim 1 ” ia) +q o
P(t
(14.28) —Ty(q) +q (t 4 ﬁ)
Xﬂt,q
= Ti(q) + qau(q)-
Therefore,
HD (p2(K (Xui,0))) < Ti(g) + gau(q)-
Along with (14.25), this completes the proof of Lemma 14.5. O

Let us prove the following auxiliary result.

Lemma 14.6. Let G be a NOSC-FNR  rational semigroup. If t € A}, and q € [0, 1], then
Ti(q) + qt € AL

Proof. Consider two cases. First assume that ¢ < hy. Then P(t) > 0, whence ¢P(t) >
0. Since also P(Ti(q) + qt) = ¢P(t), and, by Proposition 4.3 (b), the function s
P(s) is strictly decreasing, we have that Ti(q) + gt < hy. Thus Ti(q) + qt € A} by
Proposition 7.5. Assume thus that ¢ > hy. Then P(¢) < 0, and hence ¢gP(t) > P(¢). So,
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applying Proposition 4.3 (b) again, we see that T;(q) + gt < t. Thus, T;(q) + gt € Ag by
Proposition 7.5 again. U

Now, we will show that the function T}(q) depends in a real-analytic way on both ¢ and t.
Lemma 14.7. If G is a NOSC-FNR rational semigroup, then the two functions

AL x[0,1] 3 (tq) — Ti(g) R and  AG x[0,1] 5 (t,q) — X, €ER
are real-analytic with respect to both variables t and q.

Proof. Consider the following function of three variables

[0,400) x AL x [0,1] 2 (s,t,q) — P(s+qt) € R.

Because of Lemma 14.6 the derivative %‘(Tt(q),t,q) is well defined and by Theorem 10.14,
opP

14.29 — = — .

(14.29) Ds |niaaa M

Since X, , > 0, it therefore follows from Theorem 9.9 and the Implicit Function Theorem
that both functions

Agotr—Ti(g) and [0,1] 3 ¢+— Tu(q), (u€ Ag),
are real-analytic. Of course the function (t,q) — X, , is real-analytic immediately from
Theorem 9.9 and formula (14.29). O
Keep t € Af fixed. Let
Di(f) = {Xpew s 2 € 0,1}

We call the parameter ¢ exceptional if D;(f) is a singleton. Otherwise, we call it non—
exceptional. Since the function [0,1] 3 ¢ — x,,,, € (0, 400) is real-analytic, T;(0) = hy

and T3(1) = 0, it follows that D;(f) is a closed interval containing Xu, and x,. It is clear
from Lemma 14.5 that if ¢ is non—exceptional, then the multifractal analysis is non—trivial.
We shall explore this issue now in greater detail. We shall prove the following.

Proposition 14.8. If G is a NOSC-FNR rational semigroup, then the following are equiv-
alent.

(a) AL\{hs} contains at least one exceptional parameter.
(b) All elements of AZ\{hs} are exceptional.

(c) The set D(f) = {xu, : t € AL} is a singleton.

(d) There existt,s € Ay with s # t such that x,, = Xu,-

(e) The function [0,4+00) > t — P(t) € R is affine, i.e. there are o, B € R such that
P(t) = at + 3.

(f) The set {p : t € AL} is a singleton.
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(g) There exist t,s € A§ with s # t such that s = pu.
Proof. Of course (f) = (¢) = (b) and (b) = (a). As for every t € AL\{hs},
I'y:={Ti(q) +qt:qe0,1]}

contains a (non-degenerate) interval between ¢ and hy, so we have that (a) = (d). In
order to prove (d) = (e) assume without loss of generality that s < ¢t. Then by (10.9)
and (10.8), we have that

Xps = Xpw = Xpe = X
for every u € [s,t]. So, Xu., = Xu.- Applying (10.8) again, it thus follows from Theorem 9.9

that the function A}, 5 ¢t — P’(¢) € R is constant. This precisely means that the function
Ay 5t — P(t) € Ris affine and (e) is proved. Now, if () holds, then it follows from

(10.8) again that D(f) is a singleton, meaning that (c¢) holds. We have thus proved that
conditions (a)—(e) are mutually equivalent and (f) entails all of them.

Now, we shall prove the next implication, namely that conditions (a)-(e) yield (f). Be-
cause of Theorem 11.2 and condition (e), we have for every ¢t € A}, that

h,, —tx = ot + j,

where x is the only element of D(f), which is a singleton by (c). Applying Theorem 14.2,
we then get for every ¢t € Ay, that

h
(14.30) HD(utopgl)_ﬂ—t—th—i-é—(1+g)t+é.
X X X X X
But, taking in (e), t = 0, we get by Theorem 11.2 that
(14.31) B ="P(0) =hr(f) >0,
where hr( f ) denotes the topological entropy, and taking ¢t = h, we get
o=
=
Substituting this to (14.30), we get
_ B B
14.32 HD H=(1-—)t+~-.
(1432) meon) = (1= 5 )1+
Substituting here ¢ = h or applying Corollary 14.3, we get that
(14.33) HD (15, 0 py ) = h.

Then from (14.30), (14.31), and from the ordinary Variational Principle for topological
entropy, we obtain

(14.34) xh =h,, <ht(f)=p.
Now, if xh < 3, then it would follow from (14.32) that

d _ g

7 (HD(wopy')) =1— v < 0.
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This would imply that for all ¢ € [0, h),
HD(j1; 0 pyt) > HD(pp, 0 py ') = h = HD(J(Q)).
Along with (14.34), this contradiction implies that

xh = .
Substituting this to (14.32), we get that

HD(us0py ') = g =h

for every t € Af. So, by applying Corollary 14.3, we get that u, = p, for every ¢ € Ay,
meaning that (f) holds. Thus all conditions (a)—(f) are equivalent. Of course (f) implies (g)
and (g) implies (d). The proof of Proposition 14.8 is complete. O

If either one of the conditions (a)-(g) from Proposition 14.8 holds then we call the

semigroup GG and the skew product map f Y. xC— 3, xC exceptional. Otherwise,
we call it non—exceptional. As an immediate consequence of Lemma 14.5, Lemma 14.7,
Theorem 9.9, Proposition 14.8, and the fact that

P(t) {<0 if t < hy

14.35
( ) >0 ift> hf,

a%m(q) at) = -

X,Uft,q
for all ¢ € [0,1], we get the following main result of this section.

Theorem 14.9. If G is a non—exceptional NOSC-FNR, rational semigroup, then for every
t € AE\{hs}, the set Dy(f) is a non-degenerate interval with endpoints Xpn, 0nd Xp,, and
the function )

Dy(f) 2 x — HD(p2(K(x))) € [0, 2]

15 real-analytic.

The class of non—exceptional semigroups is huge. This will be fully evidenced from
Theorem 14.14 and Proposition 14.15. The first step in this direction is the following
proposition which is also a complement of Proposition 14.8. Recall that the (co)homology

of two functions was defined in formula (12.2). Denote by N : Dgf — N the function
defined by 3
N(7) =[]

Proposition 14.10. If G is a non—exceptional NOSC-FNR rational semigroup, then the
following are equivalent.

(a) G is exceptional.
(b) The set {fi : t € Ag} is a singleton.
(c) There exist s,t € A} such that s # t and fis = fiy

(d) All functions Gpw), t € A, are cohomologous to each other in the class of Hélder
continuous real-valued bounded functions defined on Dgp.
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(e) All functions (i pw), t € A, are cohomologous to each other in the class of contin-
uous real-valued bounded functions defined on Dy .

(f) There are s,t € A, such that s #t and Cs,p(s) 1S cohomologous to Gy p(y) 1n the class
of Hélder continuous real-valued bounded continuous functions defined on Dgy.

(g) There are s,t € Af, such that s # t and (s p(s) is cohomologous to G pgy in the class
of continuous real-valued bounded continuous functions defined on Dy .

(h)

(i)

JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

There exists v € R such that the function ¢ := (1o : Dy — R and N : Dy — R
are cohomologous in the class of Holder continuous real-valued bounded functions
defined on Dy .

There exists v € R such that the function ¢ := (10 : D — R and YN : Dy — R
are cohomologous in the class of continuous real-valued bounded functions defined

Proof. The following implications are obvious:

(d) = (¢) = (&) = (1), () = () = () = (i), and (b) = (o)

In order to complete the proof we shall establish the following implications:

Having this we will be done. First, assume that (i) holds. This means that there exists a

(i) = (a) = (b) = (d) and (¢) = (a).

bounded continuous function v : D; — R such that

(=N +u—uoo.

Then, given any s,t € Af, we have

Gpey = (vt — P(t))N +tu—tuoo and (spe) = (75— P(s))N + su — tu o o.

Hence,

Thus,

Corwy = Gy + (Yt —5) + P(s) = P(t))N + (t — s)u — (t — s)uoo.

P (0, Gpa + (Y(t—s)+P(s) — P(t))N +(t—s)u—(t—s)uo a> =P (0’, §t7p(t)) =0.

Therefore, as P(o, (s p(s)) = 0, we get

(+(t = 5) + P(s)=P(t)) | Ndfi, =

= b () + [ Copodii+ (31 =)+ Ps) = P(e) | N,
< P(0, Gure + (3t = 5) + P(s) — P() W)
=0.
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Since
N djis > 0,
Dy

we have

v(t —s)+ P(s) — P(t) <0.
Exchanging the roles of s and ¢, we also get

v(s —t)+P(t) — P(s) <0.
Hence,

P(t) — P(s) = y(t — s).

This means that condition (e) of Proposition 14.8 holds, i.e. the semigroup G is exceptional.
This in turn means that condition (a) of Proposition 14.10 holds, so the implication (i) =
(a) is established.

Now, for proving the implication (a) = (b), assume that (a) holds. Then, because of
Proposition 14.8 and Lemma 10.7, the set {u; : t € A} is a singleton. By formula (10.1)
this means that the set {fi,0m, L.te A} is a singleton. Finally, because of Corollary 10.5,
this implies that the set {fi; : ¢ € Ag} is a singleton, meaning that (b) holds.

By Theorem 2.2.7 in [21], condition (b) of our present proposition is equivalent (keeping
in mind that P (o, (s ps)) = P(0, G py) = 0) to (d), in particular, it entails (d).

For the second implication, assume that (c¢) holds. Then, by formula (10.1), we have
that fi; = ji;. So, by Lemma 10.7, the two measures us; and p; are mutually singular.
Since, by Theorem 4.21 both measures us and p; are ergodic, they are equal. Because of

Proposition 14.8 (see its item (g)), the item (a) of Proposition 14.10 is established, and
thus we are done. O

We shall now prove that exceptional rational semigroups are exceptional indeed, i.e. we
will almost fully classify all of them and we will show that they form a very small sub—
collection of all rational semigroups. We need some preparation. Keep G, a NOSC-FNR
rational semigroup. Let

U={Us:s¢€ Crit*(f)}a

be a nice family produced in Theorem 6.8. Define the entrance time to the set .J;; (defined
in Lemma 10.2),

N :J(f) — NoU{oo} ={0,1,2,...,00},
by declaring that N(€) is the least element k of Ny U {co} such that
FHE) € T
Further define
Jyti={z€ J(f): N(2) € No}.

Now define the entrance map f+ : Jfﬁ — Jy as

(14.36) fi(6) = FFOe).
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By its very definition the set JZ’JF, is backward invariant, i.e.

(14.37) U gt cagt
k=0

and

(14.38) U gt cagt
k=0

We first shall prove the following.

Lemma 14.11. If G is an exceptional NOSC-FNR rational semigroup, then there exist a
constant v € R and a Borel measurable function u™ : JZ/O,’Jr — R such that

(a) —log|f'| =~ +ut —ut o f everywhere on J57,

(b) If € € Jfﬁ\PCV(f), then there exists I' C ¥, X C, an open neighborhood of & in
Y. X C, such that the function u+|rm§ﬁ is bounded.

Proof. Let
U={U,:s¢e Crit*(f)},

a nice family produced in Theorem 6.8. Since G is exceptional, by Proposition 14.10 (i)
there exists a bounded continuous function u : Dff — R such that

(14.39) (=N +u—-uoo.

Since ¢ < 0 everywhere in D;p, the integral of ¢ against any ffinvariant measure is negative.
Since also the integral of u —u oo against any (at least one suffices) such measure vanishes,
and since N > 1 everywhere in D;;, we conclude that

(14.40) ~ < 0.
Now we define the function u* : J;;© — R by
(14.41) u(€) = u (e (:(6)) = log | FL(©)] = 7N (€),
where 7' ( f+(£)) is a singleton because of Corollary 10.5. By virtue of Lemma 10.2,
(14.42) fh cat.
To prove (a) let £ € J;;". We consider two cases. First assume that
§& Ju
Then N(£) = 0 and, because of item (b) of Corollary 10.6,
N(F(€)) = N(m (€)= L and [(F(9)) = Tl (€).
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Inserting this into (14 41) and using (14.39), along with item (b) of Corollary 10.6,
(7o ))) —log | FL(FEN] = 7 (N (' (€)) — 1)
u(m (€ ) tog | (7YY (6)] + 1o | F(€)] — vN (i (€)) +
(

(i (Fr(6)) +ulmy ' (€)) — u(o(my ' (€))) +log | /'(€)] +
u(my ' (€)) + log | F(€)]
= ut(m ' (€)) + log | f'(€)] +,
where the equality
(14.43) u®(my ' (€)) = ulmy' (€))

follows from the fact that N(£) = 0 and formula (14.41). The proof of (a) is thus complete.

Now to prove (b) we first note that if a point z € U N J;; ", then x € J3. Tt thus follows
from (14.43) that

(14.44)

=Uu

U+|J;;+mU = U‘sz*mU
is bounded. Because of (14.37) and (14.38), and since the map f : J(f) — J(f) is
topologically exact, we see that for every & € J;T\PCV/(f) there exists j > 0 and
€ (U NN Ji;*) \Crit(f7).
Since Crit(f) is a closed set, there this exists an open set W C U such that
zeW c W c C\Crit(f7).

Then the function )
W3 zr—log|(f7)(2)] €R

is bounded. Hence, by iterating (a) (this is possible in view of (14.42)), which gives that
uto fl=j+ut +log|(f)],

we get, with the use of (14.44), that the set u™(f/(W N J; %)) is bounded. But
PwWogt)y=pFw)ngt

since the set J7 1 is, by (14.37), backward f-invariant, and, by (14.42), forward f invariant.

In addition, the set fj( ) is open as W C ¥, xC is open and the map f:3, xC — 2, xC
is open. Finally,

§=flx) e P(W).
So, setting T := f7(W) finishes the proof of (b). O

As a fairly easy consequence of this lemma we get the following.

Theorem 14.12. If G is an exceptional NOSC-FNR rational semigroup, then for every
non-empty set D C {1,2,...,u} the corresponding rational semigroup F' = (f; : j € D) is
exceptional.
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Proof. Since J(F) is closed and backward invariant under F'. i.e.

U () c J(F),

geF
there exists R € (0, R.(G)) such that

| g7 (B2(Crit.(F), 4R)) (] Ba(Crit. (f)\Crit.(F, 4R)) = 0.

geF
Let U be a nice family for the semigroup G = (f1, ... f,) induced by the aperiodic set S =
Crit,(f) with some arbitrary number « € (1,2) and r € (0, R] according to Theorem 6.8.
Then

Up = {US}SGCI'it*(F)
is a nice family for the semigroup F' = (f; : j € D). Furthermore,

Du(F)= |J U{reDuG s):7eD"}

seCrity (F) n=1
={r € Dy(GQ): 7€ and t(7),i(1) € Crit.(F)} C Dy(G)
and
Sup(F) = {f;”T”  Xyry — Xi(T)} C Su(G).

T7€DY(F)
In addition,
A(F7 uF) = A(sz/{)lDu(F)xﬁu(F)
and
Dy (F) C Dy (G).
In particular, the subshift o : D (F) — Dg (F) is a subsystem of the subshift o :
D (G) — D (G) and

F G
(14.45) (o = Cf,o)!Daon»

where Cff;) and Cf%) respectively denote the (; o functions associated to the semigroups F'
and G. Likewise,

(14.46) Np = NG‘D&;(F)-

Since G is exceptional, it follows from item (i) of Proposition 14.10 that with some v € R
the functions C1(7G0) . Dy — R and yNg : Dg(G) — R are cohomologous in the class
of continuous real-valued bounded functions defined on D;P(G). We therefore conclude
from (14.45) and (14.46) that the functions C1(7F0) and 7N are cohomologous in the class of
continuous real-valued bounded functions defined on DsP(F'). The proof of Theorem 14.12
is thus complete by applying item (i) of Proposition 14.10 again. O

In order to formulate and to prove our main result about exceptional rational semigroups
we need the concept of parabolic orbifolds. The notion of an orbifold which we will uti-
lize was introduced by William Thurston in [51] and [52]. It is very useful to study the
dynamics of some rational functions. It was in particular used by Anna Zdunik in [59] to
classify all exceptional (in her sense) rational functions of the Riemann sphere C. Our brief
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introduction to (parabolic) orbifolds closely follows hers from [59] and we will substantially
rely on some results from [59] to prove our Theorem 14.14. We consider only orbifolds
homeomorphic to the Riemann sphere C. Such an orbifold is the sphere C with a collec-
tion of distinguished, mutually distinct, points x1, 2o, ..., x5 € C and integers (including
+00) v(x1), v(x2),...,v(rg) > 2 ascribed to them. It is denoted by

(@; T1, X9, .., T v(xq), v(22), . .. ,u(a:k)).
Two orbifolds
(C; 1, oy .. x v(x), v(2g), ..., I/(l’k)) and (@, Y, Y2, - - Y v (Y1), v(y2), - . . ,y(yl))
are considered equivalent if and only if £ = [ and
v(wr) = i), (@) = (), . v(ox) = v(y).
We then refer to an orbifold simply by listing some numbers
v, Vo, ..., € {2,3,...} U{+00}.

William Thurston introduced in [51] and [52] the notion of Euler characteristic of a (general)
orbifold. In our context of the Riemann sphere C, it is given by the following formula

k
. 1
X(C;V17V2a-~~>Vk):2—E (1—;).

j=1 J

An orbifold (@, Vi, Vayenny uk) is called parabolic if and only if its Euler characteristic is
equal to 0. It is easy to list all parabolic orbifolds associated to the Riemann sphere C.
These are

(C;2,2,2,2), (C;3,3,3), (C;2,4,4), (C;2,3,6), (C;2,2,+00), (C;+00, +0).

A rational function f : C — C is called critically finite if and only if the forward
trajectory of each of its critical points is finite, in other words, if and only if each critical
point of f is either periodic or eventually periodic. There is a natural way of ascribing an
orbifold to such a critically finite map f. The (finite) set of distinguished points is given
by the direct postcritical set of f, i.e. the set

{f*(c) : ¢ € Crit(f) and k > 1}.

The numbers v(f*(c)) are required to satisfy the relation that v(f**!(c)) is an integral
multiple of v(f*(c)). There is exactly one minimal (in an obvious sense) way of choosing
these numbers. We would like to bring up (see [59]) the following fact.

Fact 14.13. We have the following.

(1) The orbifold (@7 +oo,—|—oo) corresponds, up to a conjugacy by a Mdbius map, to
rational functions of the form

Cozrs2teC

where d is an integer with |d| > 2.
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(2) The orbifold (C;Q,Z,—I—oo) corresponds, up to a conjugacy by a Mobius map, to
+ Tchebyschev’s polynomials.

(3) These two above are the only classes of critically finite rational functions on the
Riemann sphere C yielding parabolic orbifolds and whose Julia sets are different (so
nowhere dense) from C.

Now, we shall prove the following main result about exceptional rational semigroups.

Theorem 14.14. If G is an exceptional NOSC-FNR rational semigroup, then each element
of G s a critically finite rational function with parabolic orbifold.

Proof. Fix an element of GG. It is of the form
fr:C—C, TEX.

By our hypotheses and Theorem 14.14, the rational semigroup (g) generated by ¢ is ex-
ceptional. Since (g) has exactly one generator, the corresponding skew product map g is

canonically identified with the map g : C — C itself. So, Lemma 14.11, applied to the
semigroup (g), tells us that there exist a constant v € R and a Borel measurable function
+: J7" — R such that

(14.47) —loglg'| =v+ut —utoyg

everywhere on .J;;"((g)). In addition, the function u™ is given by the formula (14.41). Let
to be the measure of maximal entropy for g : J(g) — J(g). By Poincaré’s Recurrence
Theorem and ergodicity of po, we have that

po(y " ({g))) = 1.
Since the function u : DiY({g)) — R is measurable and bounded, the first summand
Jit 2 & ulm (f1(9) € R

in the formula (14.41) defining u*, is bounded, thus belongs to L?(19). The other two
terms & — —yN(§) and £ — —log| [, ()| and belong to L?(p) respectively because of
Corollary 10.11 and Lemma 10.12, both applied with p = 2. In conclusion,

(14.48) ut € L* (o).
Now we can integrate (14.47) against po to get that
v= —/log 19'|d1o = =X (9)-

Therefore,

h#o(g) 10 ‘ /’ — huo(.g) — logdeg(g)(

Xo (9) X (9) X1 (9)
= logde Wqﬁ oag— Wqﬁ
= logd g(”*( ) ) o)

w(9) +utog—u")
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Equivalently,
logd logd logd
ogdeg(9) ), 14'] — log deg(g) — ( 0g eg(g)u+) oo logdeg(g)
Xpo(9) Xpo(9) Xpo(9)
and
logd
0g eg(g)u+ c LZ(NO)
Xpo (g)
by virtue of (14.48). Since the number « of [59] is equal to
log deg(g)
X1 (9)

the equation (H) from page 634 of [59] is satisfied by our function g. It therefore follows
from Corollary on page 637 (in Section 5) of [59], the (last) Corollary of Section 7 on
page 644 in [59], and from Proposition 8 on page 645 (in Section 8) of [59] that ¢ is a
critically finite rational function with parabolic orbifold. The proof is complete. 0J

It is evident from Theorem 14.14 that critical points of exceptional rational semigroups
are very special. We shall now prove it without invoking the theory of orbifolds and quite
deep results of [59]. We call a critical point (w,c) € J(f) exceptional if for every integer
n>1

(" (w,0)) € Crit(f") UPCV(f).

We shall prove the following.
Proposition 14.15. If G is an exceptional NOSC-FNR rational semigroup containing

some non—exceptional critical points in J(f), then G is non—exceptional.

Proof. Seeking contradiction, suppose that GG is exceptional. Keep
U={U,:se Crit*(f)},

a nice family produced in Theorem 6.8. Now, passing to the last step of the proof of

Proposition 14.15; let ¢ € J(f) be a non—exceptional point of f. This means that there
exists an integer n > 1 such that

F(f"(w, ) ¢ Crit(f") UPCV(f).

This in turn means that there exists a point

(14.49) £ e J(F)\ (cm< %) UPCV( f))
such that
(14.50) 1) =c

Since ¢ € J(f) NU, since Trans(f), the set of transitive points of f, is dense in J(f), and

since Trans(f) NnNU C J; C JLO,’+, we conclude that ¢ € JZ”L. Since f is a FNR map, we
thus have that

(14.51) c € JSI\PCV(f).
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So, by (14.38), (14.49), and (14.50), also
(14.52) ¢ € JSR\PCV(]).

Let then I'. and I'¢ be the open neighborhoods respectively of ¢ and § produced in Lemma 14.11.
By (14.49), (14.51), and (14.38)

w:= f1&) = f(e) € Iy
So, there exists (2,)52,, a sequence in f*(T'.) N f*(¢) N J;7" such that

lim z, = w.
k—00

Then, there exist (z)52, and (yx)72,, two sequences respectively of points in I'. and I,
such that

fn(xk) =2k = fn(yk:)
for all kK > 1,

(14.53) lim zy =¢, and lim y, =¢&.
k—o0

k—o0

Then by (14.38), zy,yr € J;" for all k > 1 and equation (b) of Lemma 14.11, iterated n
times, gives

log | (/") ()| = u* (2) — u™ () —yn
and
log | (/") (ye)| = u™ (z) — u*(ys) — 0
for every k > 1. So,
log | (") (xx)| = log [(f") (y)] + u* (ys) — u™ ()

for every k > 1. But, the sequences (u™(yx))s>; and (u™(z))32, are both bounded because
of item (b) of Lemma 14.11 while, because of (14.49) and the right-hand side of (14.53),
there exists ¢ > 1 such that the sequence

(108 17" (o)1)

oo
k=q

is bounded. Thus, the sequence

(108 (7Y (a0)1)

=q

is also bounded. This however is a contradiction since by the left—-hand side of (14.53),
lim log |(f")'(xx)| = —o0.
k—o0

We are done. ]
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15. MEASURES m; o p, ' AND f1; 0 ;"
VERSUS

HAUSDORFF MEASURES H.x AND th exp<c BT /t))

In this section we will establish relationships between the Gibbs/equilibrium measures
(1 and generalized Hausdorff measures, for example corresponding to gauge functions of

the form
(0,€) 3 u — ufPH) exp ( \/log log® 1) s> 0,

where log®(z) = log (log(log( ))) and, more generally, for every integer ¢ > 1, log?(x) is the
qth iterate of the logarithm applied to z. The general strategy is to work Wlth the GDS
Sy of Theorem 6.11 rather than the skew product map f ¥, x C — %, x C itself and
it is based on [55], comp. also Section 4.8 of [21]. We start with an appropriate stochastic
law which is an extension of the Law of the Iterated Logarithm.

Definition 15.1. A monotone increasing function ¢ : [1,4+00) — [0,+00) is said to
belong to the lower class if

/loo # exp (—%w(u)) dj < +o0

and to the upper class if

/loo @ exp (—%zzﬂ(u)) dp = +o0.

Recall that given an integer ¢ > 1 and u > 0 large enough, we mean by log?(u) the gth
iteration of the logarithm applied to u; for example:

log' (u) = log(u), log*(u) = log(log(u)), log®(u) = log(log(log(u))).
In what follows, in the proofs, we will need the following lemma providing suitable im-
provements of lower and upper functions. This lemma has been proved in [7] as Lemma 4.3
and was repeated, with proof, in [55] as Lemma 6.1. We provide here its formulation and
a short proof for the sake of completeness and convenience of the reader.

Lemma 15.2. Let n,x > 0 and let p : [(x +1)~', 00) — Ry belong to the upper (lower)
class. Let

0: [(x+n)" 00) — Ry
be a function such that
lim p(t)0(t) = 0.
t—o0
Then there exists respective upper and lower class functions
pr:[l,oo) >Ry and p_:[l,00) = R,
such that

(a) p(t(xd+ n) +0(t(x +n)) < py(t),
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(b) pt(x —mn) —0(t(x —n)) > p-(t)

forallt > 1.
Proof. Since lim;_, p(t)0(t) = 0, there exists a constant M such that
(p(t) +0())* < p(t)* + M.

Let p belong to the upper class. Then the function ¢t — p(t/(x + 7)) also belongs to the
upper class. Hence, we may assume that y +7n = 1. Define

p+(t)? :=inf {u(t)* : u is non-decreasing and u(t) > p(t) + 6(t)}.
Then p, () > p(t) +0(t) for t > 1 and p, is non—decreasing. Since py (t)* < p(t)? + M, we

also get

/1 h P+t(t> exp(—(1/2)p% (1))dt > exp(—/2) /

1

= p+(t)

exp(—(1/2)p*(t))dt = +oo0.

The proof in the case of a function of the lower class is similar. O

As an immediate consequence of Theorem 5.2 and Lemma 5.3 of [55] (comp. Theo-
rem 2.5.5 and Lemma 2.5.6 in [21]) along with Proposition 9.2, Corollary 10.11, and the

inequality
(ﬂog (im0 <7ru<a<f>>>Da ((fﬁ“)’wwv)»)t <| (1) (mute(r))

holding for all ' < ¢, & > 0, and || || (depending on #’) large enough (the last two properties
yielding finite moments required in Lemma 5.3 of [55] or Lemma 2.5.6 of [21]), we get the
following.

—

Theorem 15.3. If G is a FNR rational semigroup and U is a nice family of sets, then for
allt € AL and all o, 5 € R

n—1
fu ({T €Dy Z(QC + BN¢) o o’ (1) — fi(aC + BN;)
=0

> o(al + BN)Y(n)y/n for infinitely many n})

~J0 if ¢ [1,+00) = (0,400) belongs to the lower class
)1 if 4 [1,400) = (0,4+00) belongs to the upper class,

where ¢ : Dif — R s given by

(71 (rutotr)|

N¢ :=||m||, and, with k := o + SN¢, the non-negative number

k) = |

¢(7) := log

(= ) i 23 [ (= ) o 0" = ) di

oS
u
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18 assumed to be positive.
Define k* : J(f) — R by the formula,
k*(w, ) == alog | f'(w, 2)| + BN (w, 2).
Further define:

o (k)= /J(f) (k* — (K th + 22/ k = fu(k )(k* o f"— ﬂt(k*» dpu

J(f)
and
(15.1) X e ::/ ~ log|f'|dp; and  xg, = Cdjiy.
J(f) Dy
Then it follows from Lemma 10.7 and (a generalization of) Kac’s Lemma that
2 k 2 ko
Xt Xt

Put
Xe ' =Xp and 6} =0 (ke — )¢ — P(t)N¢(€)) -
The main technical result of this section is the following.

Lemma 15.4. Let G be a NOSC-FNR rational semigroup. Assume that t € A}, and
a2 > 0. If a slowly growing function v belongs to the upper class, then

1
(15.3) lim sup miopy (Ba(e,r)) = 400

0 P Gen ) exp (G (log 1)y flog 1)

for popyt-a.e. v € J(Q).
If, on the other hand, ¢ belongs to the lower class, then for every € > 0 there exists a
measurable set J. C J(f) with j(J.) > 1 —¢ and a constant r. € (0,1] such that

(15.4 my (Js ﬂp;l(BZ(x, 7‘))) ..

rfD(ueery ) exp <5txlf/ “¥(log 1) /log %>
for all x € py(J.) and all v € (0,7.].

Proof. We shall prove the first formula (15.3). Fix = = pa(my(§)), where £ € D5P (then
¢ € J(@)) and for every integer n > 1 set

= diam (py(¢e|, (Xuen)))) -

Then
By(x,70) D pa((¢el, (Xien))D),
and so,

my o py (Ba(, 7)) > my (o), (Xuen)) = / e PONC@ g |F dm,
(

Xy &n)

(15.5) > Q'K exp((—tSn¢ — P(n)N¢)(€))
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where K > 1 is the Koebe’s Distortion Constant and
Q := min{m;(X;) : s € S} > 0.
Put
Ky i= HD (g 0 p3 b).
Using (15.5) and denoting by S,,, n > 1, the Birkhoff sum corresponding to the dynamical
system o : Dy — D;p, we get

my o p7" (Ba(a, 1) L QK exp (-8, PION(€))
ey (o (o 2) yfor £)  rivesp (o (e, yfo 2)
(15.6)
N QK exp((—t5.C — PN (€))

Kmeexp(—riSu(€)) exp (3%, (log ) log 1)

_ (QKH’“)A exp (Sn((/it — )¢ — p(ﬂ]\@(f)) exp (—5,:5@1/% (log rl) log ri)

n n

= (QK"™) " exp (Sn(w — )¢ = P()Ne) (€) — &y 0 (1og i) \/logj) .

Now, we estimate log(1/r,) from above. By definition, we have

1
(15.7) log — <log K +log D + S,((§).
Tn
Now, Birkhoft’s Ergodic Theorem asserts that for ji,—a.e. £ € D;7,
1 . -
(15.8) lim —S,((&) = Cdiie = X4
n—oo N Dge

Hence, there exists a measurable set Y} C Djp such that i (Y;) = 1 and for every n > 0
and every £ € Y] there exists n(£,n) > 1 such that

. 1
Sn¢(€) < (Xt + 517) n
for all n > n}(§,n). Combining this with (15.7), we see that there exists ny(&,n) > n}(&,)
such that

1
(15.9) log — < (Xt +m)n

for all n > ny1(&,n). In fact, in what follows, we will need a better estimate on log(1/r,).

Indeed, since the function u — 3/ ulog®u belongs to the lower class, by (15.7) and
Theorem 15.3, there exists a measurable set Y2 C Y] such that fi,(Ys) =1 and

I
(15.10) log - < xen+3(0(¢) + 1)y/nlog’n

n
for every integer n > 1 large enough, say n > ns(§) > ny(

€,n). As a matter of fact, we just
derived (15.10) assuming that ¢Z(¢) > 0. If however o2(&)

= 0, then by an appropriate
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theorem from [21] (or [30]) & is cohomologous to a constant in the class of bounded Hélder

continuous functions on D;F, and then the factor 3(02(¢)+1)v/nlog® n can be replaced by a
constant (so, much better) in (15.10). One would like to apply Theorem 15.3 to inequality
(15.6) to conclude the proof. However, neither (15.9) nor even (15.10) are sufficiently
strong for such an argument. What we need is to make use of Lemma 15.2. So, consider
the function

I

O(u) = () | 4|1+ 2O+ \/ log (et ') 1) (o 4t

Xt (Xe + 1)~ tu

Since 6 > 0 and since 9 is a slowly growing function, we have that

lim ¥ (u)f(u) = 0.

U— 00

Therefore, by Lemma 15.2, there exists ¢, , a function in the upper class, such that

(15.11) Ui () = ((Xe + mu) + 0((Xe + n)u).
By Theorem 11.2; i.e. the Variational Principle, we have that

(P [ B
/D &o((nt—t)c—P(ch)dut—(t D% = P~ = s (ke = Dx = P(1))

=i (=) wer0)

= ;(hut - tXm - P(t))
u

(15.12) —0.

Hence, inserting this and (15.11) to Theorem 15.3, and using (15.9), (15.10), and the fact
that 1) is monotone increasing, we obtain for infinitely many u that

S (ke — )¢ = P(1))(€) — 31% >0 (10g 1/r)/1/rn >

G/ (n) — 5t>~6t_1/2'¢(()~(t - n)n)fdﬂ\/ﬁ 14 3<0-1€2(€) +1) lloin

Xt
5',5\/571_1/4 = 5‘tn1/4.

v

v
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Inserting this to (15.6), we get

lim sup T pQ_l(BQ(x’ )
r=0  pktexp <5t>~<;1/2¢(log(1/7“)) log(l/T‘)>
1
o My O Py (32(% Tn))
(1513) B linﬁsogp TZt exp <5t5€;1/2¢ (10g(1/rn)) lOg(l/Tn)>

> (QK"") “im sup exp (5tn1/4)
n—oo

= 400.

Since, by Theorem 4.21, the measures i, o p, ' and my o p,* are equivalent, formula (15.3)
of Lemma 15.4 results from (15.13) for py; o p;'-a.e. z € J(G).

We now pass to the proof of (15.4). For ever £ € Djp and every radius r > 0 let
n=n(&,r) > 0 be the first integer such that

(15.14) diame (p2 (¢¢),,, (Xie,in))) <7
Of course
(15.15) lim n(&, r) = +o0,

and therefore there exists 1 (w) > 0 such that for all r € (0,7r1(w)), we have n(&,r) > 2; so

(15:16) diame (p2 (66, (Xuen))) =
Hence,
r ’fén (pQ(Wu(f)))‘ < Kdiams, «c(Xye,)) < 2KR,

where R > 0 comes from Definition 6.7. So, fix r € (0,7(w)). It then follows from the
definition 6.7 of nice families that

(15.17) diste (fz, (p2(mu(0™(€)))), PCV(G)) > 64K7

14, (paru(€))|

and, consequently, the holomorphic inverse branch

o1 B (fa, (2 (ru(07(€))) 16K7 | 1, (pa(ma(©))|) — €
sending f7, (p2(mu(07(€)))) to pa(mu(o™(€))) is well defined, whence
ma (18] % 131 (B2 (g, (palra(0™(€)) 87 |14, (palr(©))) ) )

= |94, (mu(o™ ()] e, (zu % 31 (B (fa, (a(mulo™(€) ) 87| 14, (2 (ma€)))]) )
< exp(~15,¢(€) — P(t)n).
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Hence
(15.18)

(160 75" (B2 (fg, o ©0) |1, (atr©)])) )

recexp (a0, (log(1/m))/log(1/74) )
) exp (—t5,¢(€) — P(t)n)
~ diam™ (p2 (04, (xuen))) exp (505, (log(1/r)) /log(1/7))
) exp (—15,((§) = P(t)n)
16 oo™ exp (50 (log(1/r) /log(1/7))

= exp (k= £)S2C = PONC) () — 51, " (log(1/r) v/ log(1/r) + riC (071 (€)))

Now, because (15.8) there exists a measurable set Yy C Dy such that fi;(Y2) = 1 and for
every 1 > 0 and every £ € Y, there exists n5(&,n) > 1 such that

5i6(©) > (%o - gn) &

for all k£ > n,(&,n). Combining this with (15.16), we see that

lg(1/r) 2 ~log D + 5,¢(6) = ~log D+ (% = 1) m

whenever £ € Y3 and n = n(&,r) > n5(&,n). Hence, there exists na(€,n) > n5(€,n) such
that

(15.19) log(1/r) > (xe — )1

whenever ¢ € Yy and n = n(&,r) > ne(&,n). As in the proof of (15.3), we will need a

better estimate on log(1/r,). Indeed, since the function u — 31y/ulog® u belongs to the
lower class, by (15.7) and Theorem 15.3, there exists a measurable set Y3 C Y5 such that
ﬁt(Y})) =1 and

1
(15.20) log . > i — 30¢(€)y/nlog®n

if the integer n > 1 is large enough, say n > n3(§) > na(&,n). As a matter of fact we
just derived (15.20) assuming that o?(¢) > 0. If however o2 = 0, then by an appropriate
theorem from [21] (or [30]) & is cohomologous to a constant in the class of bounded Hélder
continuous functions on D§°, and then the 2(c2(¢) + 1)y/nlog?n term can be replaced by
a constant (so, much better) in (15.10). Now again, as in the proof of formula (15.3), we
consider an appropriate function . It is now defined by

1 113
w i+ (Xe—n)Pu Y (u).

ST

O(u) == Pu) | 1|1 +(Xe—n)

Xt (Xt —n)tu

_30(¢) \/10g2 (% =m)~"w)



128 JASON ATNIP, HIROKI SUMI, AND MARIUSZ URBANSKI

Since 6 > 0 and since 9 is a slowly growing function, we have that

lim ¢ (u)f(u) = 0.

U— 00

Therefore, by Lemma 15.2, there exists ¢ _, a function in the lower class such that

(15.21) Y (u) < P((Xe — n)u) — O((Xe — n)u).

Using (15.12), (15.19), and (15.20), it follows from Theorem 15.3 that

(15 — 1) S (C=P(ON) (&) — 3%, *t(log 1/r)/log 1/r <

(15.22) < G- (n) — e (% — mms 1 - 220 \ bin

Xt

for fi—a.e. & € Dy and all n > 1 large enough, say for all £ € Y, C Y3 with fi,(Yy) = 1 and
all n > ny(€) > nz(€). We also need to take care of the term (0™ (£)) appearing at the
end of (15.18). Since the function |¢| has all moments, in particular since

[ 1P <+

it follows from Tchebyshev’s Inequality that

i ({€ € D kIO 2 50 (R = RVPY) < 5700 (= bk [ (o

Dy

Since the measure [i; is o—invariant, we therefore obtain
> ({€ € D mlC( O = 5 (R — k) ) <
k=1

<o VA (e — mk) (¢ )k

k=1
< 5;3¢_1/4(()2t o n))/lt(KlB) Z L—9/8
k=1
< +00.

Therefore, in view of the Borel-Cantelli Lemma there exists a measurable set Y5 C Y, such
that fi;(Y5) = 1 and for all £ € Y5 there exists an integer n5(§) > n4(€) such that

Rl HEN] < G (ke — mk)E®
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for all integers k > ns(€). Along with (15.22) and (15.21), this yields
((Re=1)Sn¢ — P(t)N)(€) — 5%, 2 og(1/r))/1og(1/1) + k| (™€)

<a¢M4M@&Ww@>>ﬁﬁfdl3§@vbim

+ 6% ((Xe — mn)n®’®

<o w«&nm>ﬂ@tmmzu@tmmdl3§§N/bi"

+ 6 (R —n)n) e
:51:¢i))/4((~ —n)n)n 38 — U\/_” 5t\/ﬁ¢3/4(()~<t—77)”)n1/8

1/4

O'tn
for all £ € Vs and n = n(&,r) > ns(€). Inserting this to (15.18), we get that
(15.23)

e (1800 % 157 (B (fa, (™). 8 £, (ota€)])))
TMWp@wt*wmQUm» log(1/72))

for every ¢ € Y and every r > 0 so small that n(§,7) > ns(€) (see also (15.15)). Now, fix
e € (0,1) and take k > 1 so large that

< exp (—amn'(¢,r))

i (ZL = Ysng ({0,1, KY) 2 1= =
and
15.24 Yy <&
( ) eXp( U ) #(16K2 )’

where a is given by the formula
(15.25) a:=32K*R,

with, we recall, R > 0 comes from Definition 6.7 and #(16K2 a) comes from Proposi-
tion 13.9. By (15.15) there exists r(¢) > 0 so small that

(15.26) (2. = {6 € 20 nl(E,n(e) > k}) > 1—e.
Fix r € (0,7(¢)]. Our goal now is to apply Proposition 13.9. For every x € ps(my(Z:)), we
define 3

Folz,r) := {&|nr+1: £ € ZeN (p2omy) " (Ba(x,7))}.
Furthermore, we take F(x,r) to be a family of mutually incomparable elements of Fy(z, )
such that

(15.27) U r= U

TeF (z,r) T€Fo(z,r)
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This is the largest family of mutually incomparable words in Fy(x, ). For every 7 € F(z, )
fix 77 € Z. N (py o my) 1 (Ba(x,7)) such that

(15.28) Tl =1.
Define
Ry = 16Kr| fi(p2(ma(77)))]-

The condition (ess2) is obviously satisfied by the definition of F(z,r). We now deal with
condition (ess0). Keeping 7 € F(z,r), it follows from %Koebe’s Distortion Theorem that

fi <Bz(f—?<p2 o my(rh)), 4r|f;(p2(m(7+)))‘)> S Ba(ps 0 mu(+). 7).

Hence,

(15.29) z € 17 (Ba(f(pa 0 mu(r ), 4| fLpa(mulr)))]) ).
Consequently,
fi(2) € Ba(fi(p2 0 mu(77)), 4| fi(p2(mua(77)))]) = Ba(fz(p2 0 mu (7)), (4K) 7' Ry).
But
frlpz omy(17)) € f (P2 o mu(7)) € f1(J(G)).
Thus,
dist(f+(z), £, (J(G))) < %RT,
and, consequently, (ess0) holds because of Remark 13.10. It follows from (15.17) that
dist(f7(z), PCV(G)) > dist(f3(p2 0 mu(7)), PCV(G)) — | fe(2) — f2(p2 o (7))
> 64K | f(p2(mu (7)) | = dr| fi(p2(mu(77)))]
= 60K f1(pa(mu(r™)))]
> 2R,.

Hence, a unique analytic branch fT_; . Bo(f+(z),2R,) — C of f-! sending f:(x) to x
exists. It also follows from (15.29) that

L pw)
b ] <

Therefore,
1L _ @ 1
16K2 = R, ~ 16
In conclusion, condition (essl) of Definition 13.8 is satisfied with M = 16K? and, by
(15.27), with a given by (15.25). So, F(z,r) is (16K?,a,V)—essential for (z,r) with

ve=J I

TeF (x,r)

In consequence, Proposition 13.9 applies, and, in particular, its item (c) yields
(15.30) #F(z,7) < #(16 K2, a).
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We want to show that
T (Z: N (pa o Wu)_l(B2($ r)) C
(15.31) c U (Bz (p2(mu(o1™(7))), 8¢ [ fr(p2(muu (7)) )
TeF (x,r)

Indeed, let € € Z. N (py o my) Y(Ba(x,7)). By (15.27) there exists & € Z. N (py o
7)Y (Ba(x, 7)) such that
fl‘n(ﬁ’,rﬂl € f(l’,?"),

(15.32) n(&,r) = n(&,r),
and
(15.33) Eln(erm+1 = & lnerr+1-

Denoting n(§’, ) by n and &'|, ¢/ )41 by 7, it follows from the %l—Koebe’s Distortion Theorem
that

£ (Ba (p2(mu (017 )), 87 | £ (pa(mu(79)))])) D Ba(pa(mu(vF)), 2r) 3 palmu(€)).
Since, also by (15.33) and (15.32),
pl(ﬂ— ( )) = é S [é|n(f,r)] C [§/|n(§’,r)] = [’Ay]a
we conclude that (15.31) holds. This formula, along with (15.23), (15.24), (15.26), and

(15.30), gives
my (my (Z: N (p2 0 my) " (Ba(z, 7))

<e.
reeexp (3%, 2 (log(1/r)) y/log (/7))
But
Ty (Ze N (p2 o 7TL{>71(B2($> T))) = WU(ZE) N p;l(Bg(x, 7’)),
(15.34) my (mulZe) Oy (Bl 1)) <e

ey (05 0 (los(1/r)) og(1/1))

Since, also by (15.26),
,ut(ﬂ-lxl(ZE)) > /lt(Ze) >1- €,

formula (15.4) of Lemma 15.4 follows by setting J. = mu(Z.). The proof is now complete.
]

Let (X, o) is a metric space. Given also a monotone increasing function g : [0, +00) —
(0, 400), let for every subset A of X, H,(A) be the corresponding (generalized) Hausdorff
measure of A. We recall that it is defined as the infimum over all § > 0 of the numbers
Héa)(A), where Hg‘g)(A) is defined as the infimum of all countable sums

> g(diam(Ay)),

k=1
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where {A}22, are countable covers of A with diam(Ay) < ¢ for each k > 1. It is worth to
note that also
1 (8)
H, (4) = lim HY (4
and that the function H, restricted to the Borel subsets of X is a measure with values in
[0, +o0].
Given ¢ : [0, +00) — (0,+00) and t € A}, let
12,5 (1, +00) — (0, +00)
be given by the formula

z/N)t(u) -— gD (eop ) exp <thul/2 (log(l/u)) 10g(1/u)> ,

The proof of the following, main result of this section, is now fairly standard.

Theorem 15.5. Let G be a NOSC-FNR rational semigroup. Assume that t € AF and
o> 0. If 1 : [0,400) — (0, +00) is a slowly growing function, then
(a) If ) is in the upper class, then the measures ji, 0 py* and Hy, on J(G) are mutually
singular,
(b) If ¢ is in the lower class, then iy o py* is absolutely continuous with respect to
Hy, on C. Moreover, Hy, (E) = 400 whenever E C J(G) is a Borel set such that
peopy (E) > 0.

Proof. To prove item (a), first fix ¢ € (0,1). By formula (15.3) of Lemma 15.4 and by
Egorov’s Theorem for every integer n > 1 there exists a Borel set E,,(¢) C J(G) such that

(15.35) piopy(By(e)) >1—e27"
and for every x € E, () there exists a closed ball B,,(z) contained in X with diam(B,(z)) <
1/n and

me o py ' (Bu(2)) = nip(diam(By(2))).
Let b(2) be the constant from Besicovi¢’s Theorem corresponding to dimension 2. Applying
this theorem to the cover {B,(z) : € E,(¢)} of E,(¢), we get a countable set S C E,(¢)

such that
U B,(x) D E,(¢)

zeS
and S can be represented as a disjoint union Sy U Sy U --- U Syp) such that for every
1 <k <b(2), the family {B,(z) : x € Sk} consists of mutually disjoint sets. Then

Hy, (En(e),1/n) <Zz/zt (diam(B thOpQ ()

z€S xeS
:_sztOPQ n thozoz (U Bn(x)>
k=1 z€Sg TES)

b(2)
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So, if

then

Hence, setting
E:=|]JEwy,
=1

we have Hj (E) = 0 and op, (E) = 1. Thus, item (a) is proved.
Now to prove item (b) put
1 —1
1= 5 0 P (E) >0,

as by Theorem 4.21, the measures m;op, ' and yop, ! are equivalent. Fix s > 0 arbitrarily.
Using Theorem 4.21 again, it follows from Lemma 15.4 that there exists ¢ € (0, %) such
that m(J.) > 1 —n. Then

(15.36) my(Je Npy ' (E)) > myopy (E) —n =n.

Fix § € (0,7(¢)), where r(¢) > 0 also comes from Lemma 15.4. Consider an arbitrary set
S C ENps(J.) and for every x € S an arbitrary radius r(z) € (0, 4] such that

U By(z,r(x)) D E ﬂpg(jg).

€S

We then get from formula (15.4) of Lemma 15.4, the choice of €, and (15.3) that

Ziﬂt(r(x)) > éth (J; Npy! (Bg(x,r(a:)))> > émt (je N (U pgl(Bg(m,r(x)))>>
€S

€S €S

> m, (Js np;' (U 32(%7“(»”6)))) > i (L' (BAm(h))

€S

v

1 P n
gmt (JE ﬂpzl(E)> 2 E

Hence,

n
Hy, (B0 pa(.),6) 2 A2,
where A € (0, +00) is some universal constant, see [18] or [30] for example. Therefore,

H-

wt(E) 2 Hit(E me(ja)) > AZ

Since x > 0 is arbitrary, this gives that Hj (F) = 400, finishing the proof of item (b) and
of the whole Theorem 15.5. O
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Good examples of lower and upper class functions are ones of the form

le(u) = cy/log®u, ¢ > 0.

Indeed, if 0 < ¢ < 2, then /. belongs to the upper class, and if ¢ > 2, then /. belongs to the
lower class. Therefore, as an immediate consequence of Theorem 15.5, we get the following.

Corollary 15.6. Let G be a NOSC-FNR rational semigroup. Assume that t € A} and
oy > 0. We have the following.

(a) If 0 < ¢ < 2, then pyopy " and Hg;,), on J(G) are mutually singular. In particular,

the measures ji; o py ' and Ht are mutually singular.

HD (sgopy )
(b) If ¢ > 2, then ;o py* is absolutely continuous with respect to Hg;,), on J(G).

Moreover, H ;) (E) = 400 whenever E C J(G) is a Borel set such that popy H(E) >
0.

16. HD(J(G)) VERSUS HAUSDORFF DIMENSION OF FIBER JULIA SETS J,, w € ¥,

In this section our goal is to relate the global Hausdorff dimension HD(J(G)) with the
Hausdorff dimension of the fibers HD(J,). We will show that for our systems, i.e. C-F
balanced TNR rational semigroups of finite type satisfying the Nice Open Set Condition,

HD(J(G)) > HD(J,)
for every w € ¥,. If in addition our semigroup is expanding, then
sup{HD(J,) : w € ¥, } < HD(J(Q)).

The concept expanding rational semigroups is well rooted in this theory for at least two
decades. We recall its definition here.

Definition 16.1. A rational semigroups is called expanding (along fibers) if and only
iof there exists an integer n > 1 such that

[(F) ()] =2

for all & € J(f).

Equivalently, there are two constants C' > 0 and X > 1 such that
() ©f = ex
for all & € J(f) and all integers n > 0.

For more information about expanding rational functions the reader is advised to consult
relevant papers of the second author.
First we shall prove the following auxiliary result.

Lemma 16.2. Let G be a NOSC-FNR rational semigroup generated by a u—tuple map
f="(f1,--., fu) € Rat®. If V.C ¥, x C is a non—empty neighborhood of Crit.(f), then

HD(p2(K(V))) < h = HD(J(G)).



135

Proof. Have Ry > 0 coming from Lemma 7.1. Since the set K (V') is compact there exists
a finite set = C K (V') such that

| B(&, Ra) D K(V).
£eE
Let
(16.1) P(t) = hgglf%logz > ‘( Y (z)

§€E ze K (V)Nf—"(€)

Then by convexity, the function R > ¢ — P3(t) € R is continuous, and it follows from
Lemma 8.1 that there exists t € (0, h) such that

(16.2) P5(t) < 0.

By Lemma 8.1, for every § € =, every integer n > 1, and every z € &) n K(V) there
exists a unique holomorphic branch f,; " : B({,2R,) — X, x C which sends & to x. It now
follows from (16.1) and (16.2) that

.1 . o =
liminf —logy > diam’(pa(f;"(B(E R2))) = PE() < 0.
EEE ze K(VINF—(€)

Therefore,

liminf ) diam’(pa(f; " (B(E R)))) = 0.

§EE ze K(V)Nf—"(¢)

Since also

U U eli"®BER) > KW,

EEEzeK(V)NF—m(8)

we thus conclude that Hy(p2(K(V))) = 0. Hence,
HD(po(K(V))) <t < h,
and the proof is complete. O

Now we shall prove the following theorem which is one of the main results of our man-
uscript, probably the top one. It solves a long standing problem about the size relation
between global and fiberwise Julia sets of a rational semigroup.

Theorem 16.3. If G is a NOSC-FNR rational semigroup generated by a u—tuple map
f=(f1, .., f.) € Rat", then

HD(J,) < h = HD(J(G))
for every w € ¥,,. If in addition, G is expanding, then
sup {HD(JN) TwE Zu} < h =HD(J(Q)).
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Proof. Fix U = {Us}ses, an arbitrary nice family for f. For every p € ¥ U X, let
[]” =={w € D : &}y = p}-

Still for every integer n > 0 and also for every 7 € 3, we have

(163) Ty = polm((7])) € oo m (| J o] - w € [rla] ™))
— py oMy (U {[w] : w € D and &, = T|n})
(16.4) C U {p2(¢w(Xt(w))) Twe [T|n]N|n} :

Now, fixing for every s € X, & € D;p such that m, (&) € Us C X, we have

(16.5) > diam" (pa(du(Xuw))) = D }Gﬁ;(ﬂu(ft(w)mh:Zﬁﬁ(ﬂhlnh)(f

we[T|”7~]N|’ﬂ WE[T‘n}N‘n ses
where L, : Cy(Dyy) — Cy(Dyy) is the Perron—Frobenius (transfer) operator corre-
sponding to the potential
Chp(h) = Cno : Dy — R.

This operator is given by the formula

(16.6) = ol Dg(eg) = | (mu(€))"g(e€).
e€Dy ec€Dy
Ace, U)=1 Ace, U)=1
We want to show that the functions Lp,(1,j~), n > 1, converge to zero uniformly expo-
nentially fast. For this we want to use the existence of a spectral gap for the operator Lj,.
For the operator L} acting on the Banach space of bounded Hélder continuous functions
from D;y to R, this was proved in [21]. This is however not sufficient for us as the Holder
norms of the characteristic functions of cylinders increase to infinity (even exponentially
fast) with the length of the cylinder. We therefore turn our attention to a more sophis-
ticated Banach space and apply the results of [27]. We proceed slightly more generally
than is really needed for the sake of arguments of this section. Namely except restricting
ourselves to the parameter h, we fix, and we deal with, any parameter

t e Ag.

Given a function ¢ € L'(fi;) and an integer m > 0, we define the oscillation function
08¢ (g) : Dip — [0, 00) by the following formula:

(16.7) 0scm(9)(w) := esssup{|g(a) — g(B)| - @, B € [w|m]}

and
0sco(g) := esssup(g) — essinf(g).
We further define:

(16.8) 9le0 = sg%{H‘mHoscm(g)Hl},



137

where || - || denotes the L'-norm with respect to the measure ji;. The announced, non—
standard (it even depends on the dynamics — via fi;) Banach space is defined as follows:

By(t) :== {g € L'(fi) : |glo < 400}
and we denote

(16.9) lglleo == llgll + lgleo-
Of course By(t) is a vector space and the function
(16.10) By(t) 3 g — |lgllee

is a norm on By(t). This is the non—standard Banach space we will be working with now.
A direct observation shows that for every 7 € ¥, and every integer n > 0, we have:

0 ifk>n
(16.11) 05Ck (L ~)(w) = S0 if k<n and @[ # 7|k

1 ifk<n and @ = 7.
Therefore,

0 ifk>n

16.12 / osck (L1~ ) (w)di(w) = < T
(16.12) - k(L) (W) dfin (w) {Mt([le]”) ke
Thus
(16.13) L], p = max {07 ([7]:]™) : 0 < b <.

We want to show that this number is uniformly bounded above. For this, we need a good
upper estimate on fi;([7]x]™~). We will prove it now.

Claim 1: We have that
lim max {w € ¥ : 7,([w]™)} = 0.

k—o00

Proof. For every w € ¥, we have [w]~ C m;,'({w} x J,), whence, by Lemma 10.7, we get
that

(16.04)  fnl(w]™) < i () X @) = g ({0} x L)) < pe({w} x ).

Now, if w is not eventually periodic, then the sets { ™ ({w} x J,,)}°°, are mutually disjoint.
Since also

e (7 () x L)) 2 e (Fr (0} x )
and since j,(J(f)) = 1 < 400, we conclude that
(16.15) pue({w} x J,) =0.

If w is eventually periodic, then ¢(w) with some ¢ > 0 is periodic, and if p; ({w} x J,,) > 0,
then by (16.15),

e ({07(@)} X Joage) = e (1 ({0} x ) > 0.
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So, if p > 1 is a period of 09(w), then

<LU’@q }X%wﬁ)>a
and
OJW {09(W)} X Jpaw) ) LJﬂ {09(w)} X Joa(w)) -

Hence, the ergodicity of the measure y; yields

(16.16) (Uﬂ{ﬂ }mM@0:L
But,
Q ({o"(@)} X Joa)

is a closed proper subset of J(f). So, (16.16) contradicts the fact that supp(u) = J(f),
i.e. that fi; is a positive on non—empty open subsets of J(f). In consequence,

py ({w} x J,) =0.
Along with (16.15) and (16.14) this implies that
(16.17) u([w]™) = 0.
Now seeking a contradiction, suppose that Claim 1 fails, i.e. that

n = %limsupmax {f([w]™) :we Sk} € (0,1/2).

k—o00
Then for every k > 0, the family
F = {w e Xk i([w]™) >n}
is not empty and for every w € Zﬁ“, Wl € Eﬁ. This means that the families (Fj)r>0 form
a tree rooted at Fy = {(}. Since this tree is finitely branched, the number of branches

outgoing from each vertex being (uniformly) bounded above by u, it follows from Konig’s
Lemma that there exists w € ¥, such that w|, € Fj, for all £ > 0. Hence,

fu([wlk]™) >
for all £ > 0. Thus,
u(le]”) = Jimn fi(loli]) > .
contrary to (16.17). Thus, Claim 1 is proved. O
Now we shall prove a substantial strengthening of Claim 1.

Claim 2: There exist two constants A; > 0 and a; € (0, 1) such that for every £ > 0
max { fit([w]™) :w € Tk} < Aoy
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Proof. 1t directly follows from Theorem 9.4 (a) that there exists a constant B > 1 such
that

(16.18) fir([v€]) < B ([v]) e ([€])
for all 7,£ € Diy. By Claim 1 there exists ¢ > 1 so large that

B :=max {i([w]”) :weXl} < B
Put

s:=Bp < 1.
We shall show by induction that
(16.19) By = max {fu([w]™) :w € B¥} < s
for every k > 0. Indeed for k£ = 0, we have 1=1. So, suppose that (16.19) holds for some
k > 0. Using (16.18), we then get for every w € S4FFD thag
ullo]) = i ({76 : 7 € [ola]™, € € 0™ ()], 1€ € DEFIY)

= Zﬂt(hﬂ) < BZﬂt([VDMt([g])
<Bm(E) Y ad) Y =Buwlal)i(0™wW)])

VEWlgr]™ gefo k(W)™
< BSkﬁ _ Sk—H,

where Z indicates the summation over the set

{1617 e wla)™, € € o™ @)™, 1€ € DEHV ).
S0, Bry1 < s*1 and formula (16.19) is proved. This formula directly entails Claim 2. [

As indicated in [27], for the results of this paper one can take § € (0,1) as close to 1 as
one wishes. We take an arbitrary

0 c (at, 1)
It then follows from 16.13 and Claim 2 that
(16.20) |Liriug], o < Ae

for every 7 € ¥, and every integer n > 0. Now we want to apply some results from [27];
for this, strictly speaking, we need to consider the normalized operator

1
(16.21) Lo :=—Lp 0 pp.
Ph

It formally follows from Proposition 2.4.2 (Fundamental Perturbative Result) of [27], with
the sequence U,, = () for all n > 1, (in fact it is much easier than the full fledged Proposition
2.4.2) that

(16.22) Ly 09 = in(g) + Apg,
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for all n > 0 and all g € By(h), where

1ARglle < 1ARgllne < Chrgligllne

for all n > 0 with some constants Cj, € (0,+00) and sy, € (0,1). Fix 7 € ¥, arbitrarily.
It directly follows from (16.20)—(16.22), Theorem 9.4 (e), and Claim 2 that with some
constant D € [1,+00), we have for every integer n > 1 that

125 (L) loo < An([T]n]™) + AR~ oo < Ana + Chrip An
(16.23) < Ap(1 + Cp) max(ag, Kky).
We now want some generalizations of formulas (16.5) and (16.6).

Keep 7 € £, fixed. For every t € Ag, let
| n
P_(t) := liminf —log |£} (L(r),)~)[[oo-
n—oo N

Invoking the last assertion of Corollary 9.8 and making use of the convexity argument, we
conclude that the function
(h—6,h) 2t P (t)€R

is convex, thus continuous. Since also by (16.23),

(16.24) P_(h) <logmax(ay, k) < 0,
it thus follows that there exists o € (h — 0, h) such that
(16.25) P (o) <0.

Since formula (16.5) holds with A replaced by any ¢ > 0, in particular by a, and £, replaced
by L;, the Perron-Frobenius operator corresponding to the potential (;o : Dy — R, we
conclude, using (16.25), that

1 o
lim inf —log ; | diam® (pa (P (Xiw)))) < P, (a) < 0.
we|T|n|™|n

Therefore,

liminf ) diam® (p2(¢u(Xiw))) = 0.

weE[r[n]~In

Hence, invoking also (16.3), we conclude that Ha (¢ (X)) = 0. Thus,
(16.26) HD(J-(U)) < a < h.

Now we pass to the second step of the proof. Since the map f : J(f) — J(f) is topologi-
cally exact, there exists an integer ¢ > 1 such that

(16.27) fU(U) 5 J(f)
for all s € S. The key technical part of the second step is the following.
Claim 3: Keeping 7 € ¥, we have for every integer n > ¢ that

Jgn(T)(U) C U fwr|g+1(<]waq(7')(u))'

wexd
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Proof. Fix s € S and n > ¢. Take an arbitrary £ € [¢"(7)]~. Then, by the definition of
the system Sy, there exists p = f, (=9 . B (X R) — ¥, x C, a holomorphic inverse
branch of "7 such that

(16.28) p=1".
By (16.27) there exists z € U, such that
fiz) = £ (mu(€)).
By the definition of the system &;; again, there exists
=10 " (B(Xirpn), R)) — Su x C,

a holomorphic inverse branch of f¢ such that f;q(fq(z)) = z. But, as z € Us, we then have
that

Tn41)?

J?'y_q © fp_(n_q)(Xi(Tnﬂ)) NUs # 0.
But then, by the definition of nice sets and the system ( for the final time, yp € D;,. Hence,
0§ € Dy
In addition,
(16.29) 5exe,
Therefore, using (16.28) and the choice of £, we obtain
p2 0 mu(€) = p2 0 mu (a7 (7))
= fap(p2 0 mu(v8)) € fa5(p2 0 Tu([0!(T)]™)) = fip(Jr0a(r)(U)).
Invoking (16.28) again, and also (16.29), we conclude that
promu(§) € | furn,, (Juoein ).

wexy

Claim 3 is thus proved. 0

Since the collection {w7|y,; : w € X} is finite, as an immediate consequence of Claim 3
and (16.26), we get that

(16.30) sup {HD(Jyn(r)(U)) : n > 0} < h.

Now observe that each point z € U, such that f"(z) € U, for infinitely many n > 0, belongs
in fact to Jy. So, for each point z of

INU £ oy @)
n=0
there are only finitely many integers n > 0 such that f*(r,z) € U,. Therefore,
AU £ (o @) € | £ (oK (U)))).
n=0 k=0

Hence, combining Lemma 16.2 and (16.30), we conclude that
HD(J;) < h.
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So, the first part of Theorem 16.3 is proved.

Now, we pass to the expanding case. Then the dynamical system f : J(f) — J(f)
admits (finite!) Markov partitions with arbitrarily small diameters. In the language of the
present paper it means that there exists a nice family (in fact nice sets with arbitrarily
small diameters) U = {Us}ses such that

Ju.2 70,

seS
the alphabet Dy of the corresponding GDMS &, is finite, and all elements ¢, of &, are
holomorphic inverse branches of generating maps f;, j = 1,...,u. Moreover, for every
T € Yy,
Jr = J(U).

Having t > 0, 7 € ¥, and n > 1, we put

1 n
Pr(t,n) := —log L4 (Liri)loo-
But in the current expanding case,

1L A ) loe = D> 1tz ()]
elrla)~

for some z.(n) € J(f). So, then

 ecirla) |95 (- ()] log [ @ (- (n))|
2 cefring~ |96 (@-(n))[* ’

and in our special case there exists y > 0 such that

|de ()] > exp(—x[¢])

for every § € D;, and every x € X;(¢). This entails

1
P (t,n) = —
() = -

So, denoting HD(J.) by h., we get for every n > 1 that
P,(h,n) — P, (h;,n) > —x(h — h,).

Therefore,

heh> P,(h;,n) — PT(h,n)'
X
Hence, noting also that P_(h,) > 0, using (16.24), and taking the limit as n — oo, we

obtain

h— hT > l(BT(hT) - PT<h)) > _PT(h)

X X
The proof of the second part of Theorem 16.3 is complete, and we are done. O

1
> ——log max{ay, kp} > 0.
X
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17. EXAMPLES

In this section, we describe some examples of finely non-recurrent rational semigroups
satisfying the Nice Open Set Condition, i.e. being NOSC-FNR.

Example 17.1 ([49], comp. [35, 37]). Let
fiz)=22+2 and  folz) =2 - 2.

Let f = (f1, f2) and
G = (f1, f2)-
In addition, let
U:={z€C: |z <2}
Then, G is semi-hyperbolic but not hyperbolic (so, not expanding) ([35, Example 5.8]).
Since Crit,(f) = {0} is a singleton, it follows from Observation 5.4 that G is a TNR
semigroup. Moreover, G satisfies the Nice Open Set Condition with U. Since

J(G) c [ OV 0) &,

(37, Theorem 1.25] implies that J(G) is porous and HD(J(G)) < 2. It is also easy to see
that the u—tuple map f is C-F balanced. It follows from Lemma 15.11 that G is of finite
type. Thus, G is a finely non—recurrent rational semigroups satisfying the Nice Open Set
Condition, i.e. NOSC-FNR. In addition, by Theorem 1.1 we have that

h; = HD(J(G)) = PD(J(G)) = BD(J(G)).

Furthermore (see Figure 2),

O N fHO) #0.

FIGURE 2. The Julia set of (f1, fa), Where fi(z) =22 42, foz) = 22 — 2.
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Example 17.2. Let
fi(2) =22 42, fo(2) =22 -2, and fy(z) =22

Let f = (fh fg, fg) and
G = (f1, f2, f3)-
In addition, let
U:={z€C: |z <2}
Using the same reasoning as in Example 17.1, we obtain the same results for J(G) as in
Ezxample 17.1. Figure 3 shows the Julia set J(G).

FIGURE 3. The Julia set of (fi1, fa, f3), where fi(2) = 22 +2, fo(2) = 22 — 2,
and f3(z) = 2%

Example 17.3. A large class of examples is provided by the following.

Proposition 17.4 ([49], comp. [40, 43]). Assume the following.

Let fi be a semi~hyperbolic polynomial with deg(f1) > 2 such that J(f1) is connected.
Let K(f1) be the filled—in Julia set of fi and suppose that Int(K(f1)) # 0.

Let b € Int(K(f1)) be a point.

Let d be a positive integer such that d > 2.

Suppose that (deg(f1),d) # (2,2).
Then, there exists a real number ¢ > 0 such that for each A € {\ € C: 0 < || < ¢}, setting

= (s Hr2) = (fi, Mz — b)d +0) and Gy := (fi1, fr2),

we have the following.

(1) Gy is *semi-hyperbolic.
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(2) fx satisfies the Nice Open Set Condition with an open set U,.
(3) J(G,) is porous.

(4) HD(J(Gy) = hy, < 2

(5) PCV(G)) \ {0} is bounded in C.

(6) Gy is C-F balanced.

(7)

7) If, in addition, fi is totally non—recurrent TNR, then so is G, and it is of finite
type, thus finely non-recurrent and, moreover, NOSC-FNR.

Proof. We will closely follow the exposition from [49]. Conjugating f; by a Mobius trans-

formation, we may assume that b = 0 and that the coefficient of the highest degree term
of fi is equal to 1.

Let 7 > 0 be a real number such that By(0,7) C IntK(f;). We set dy := deg(f). Let
a > 0 be a number. Since d > 2 and (d,d;) # (2,2), it is easy to see that

DEON)

if and only if

d(d — 1)d, 11 1
17.1 1 ——(log2 — —log=- — =1
(17.1) Ogo‘<d+d1—d1d(og 4 %3 dogr>
We set
B d(d —1)d, 11 1
(172) Co .= exp (m<10g2 — d_llog§ — alog T)) € (0, OO)

Let 0 < ¢ < ¢y be a number required to be sufficiently small later in the proof and let

A € C be a number with 0 < [A\| < ¢. Put
fra(z) == Az

Then, we have

lﬁﬁg:{zeCﬂdﬁ(&Oﬁ}

and

fis(zeCilz=r)) = {zec:yz\: (&')}

Let

D, =B L\™
= 2 — .
S (w)

Since

fi(z) = 2" (1 4+ 0(1)) as z — oo,
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it follows that if 0 < ¢ < ¢ is small enough, then for every A € C with 0 < |\| < ¢, we

have that )
A
(D) clzeC:lz| <2 2<W>
This implies that

(17.3) fi1(Dy) C f/\_z1 ({z eC: |zl < r})
Hence, setting

Ux == Int(K(fr2)) \ K(f1),
we will have

SN UN U fia(Uy) €Uy and - fiH(UN) N fr(U) = 0.

Furthermore, since f; is semi-hyperbolic, we get that C \ K(f,) is a John domain by [2].
Hence, U, satisfies (0sc3). Therefore, G satisfies the Nice Open Set Condition witnessed
by U>\.
We have
J(Gy) CUNC K(fa2) \ Int(K(f1)).
In particular,
(K (f1)) U (C\ K(fr2)) C F(G)).
Furthermore, (17.3) implies that fy2(K(f1)) C Int(K(f1)). Thus, we have

PCV(Gy) \ {oo} = | g(CritV*(f1) U CritV*(f12)) € K(f),

geGY

where CritV*(-) denotes the set of all critical values in C. Hence, PCV(G,)\{oo} is bounded
in C.

Since f; is semi-hyperbolic, there exist an N € N and a d; > 0 such that for each
x € J(f1) and for each n € N,

deg(ff V— Bg(x,él)) <N
for each connected component V' of f;(Bay(x,61). Also, f35(J(f1)) N K(f1) =0, and so
fr2(J(71) € C\PCV(Gy).

It follows from the above that there exists a 0 < d; < 07 such that for each x € J(f;) and
each g € G,

deg(g V— Bg(x,ég)) <N
for each connected component V' of g7*(Ba(z,d)). Since PCV(G,) \ {0} C K(f1) again,
we obtain that there exists a number 0 < d3 < 0y such that for each € J(G,) and each
g € G,

deg(g V— Bg(a:,ég)) <N
for each connected component V' of gt (Ba(z,63)). Thus, Gy is semi-hyperbolic.

Since J(Gy) C f;H(Uy) U f;;(UA) G U, [37] implies that J(G)) is porous and

HD(J(Gy)) < 2.



147

Also, by Theorem 1.1, we have that

hy, = HD(J(Gy)).

Finally, it is easy to see that item (7) holds, and we are done.

O

Figure 4 shows the Julia set of semigroup generated by second iterate of each of the maps
2+ 22 — 1 and z — 2?/4, which satisfies the hypotheses of Proposition 17.4.

Figure 5 shows the Julia set of semigroup generated by the maps z + 22—1 and z — 23/2,
which satisfies the hypotheses of Proposition 17.4.

Figure 6 shows the Julia set of semigroup generated by the maps z — 22 —1 and z ~ iz,
which satisfies the hypotheses of Proposition 17.4.

Part 4. Appendices

APPENDIX A. ABSOLUTELY CONTINUOUS o—FINITE INVARIANT MEASURES:
MARTENS METHOD

In this appendix we state again Theorem 4.20 and provide its full proof. As we have
already explained in the paragraph preceding Definition 4.18, we do this (provide the proof)
for the sake of completeness, the importance of Theorem 4.20 for our overall approach, and
since there is no published proof of this theorem in such large generality (see [16] and [25]).

Theorem A.1. If (X, B, m) is a probability space and T : X — X is a Martens map with
a Martens cover {X;}32,, then we have the following.

o There exists a o—finite T—invariant measure p on X equivalent to m.
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FIGURE 6.

e In addition, 0 < p(X;) < +oo for each j > 0.

The measure p is constructed in the following way: Let lg : [*° — R be a Banach limit.
For each A € B, set

> ko M(TF(A))
my(A) = S= :
A T (X))
If Ae B and A CY; with some j > 0, then we obtain (m,(A))re, € 1. We set

p(A) = Lp((mn(A))55)-
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For a general measurable subset A C X, set

=D _mANY;).

In addition, if for a measurable subset A C X, the sequence (m,(A))2, is bounded, then
we have the following formula:

(A1) p(A) = U ((ma(A))32) — Jim I <mn (anU Yj))

In particular, if A € B is contained in a finite union of sets X;, j > 0, then
1(A) = g ((ma(A))5y).
Furthermore, if the measure—preserving transformation T : X — X is ergodic (equiva-

lently with respect to the measure m or u), then the T —invariant measure y is unique up to
a multiplicative constant.

The proof of this theorem will consist of several lemmas. We start with the following.

Lemma A.2. Let (Z,F) be a measurable space such that:

(a) Z = U Z; for some mutually disjoint sets Z; € F,
=0

and

(b) v; is a finite measure on Z; for each j > 0.
Then the set function v : F — [0, 00| defined by

=0
s a o—finite measure on Z.

Proof. Clearly, v(0) = 0. Let F € F and let {F,}>°, be a partition of F' into sets in F.

Then
v(F) =Y v(FnZ) = ZVj(U(Fn N Zj))

j*O j=0 n=1
_ZZquﬂZ =3 ) vi(F.NnZ)
j=0 n=1 n=1 j=0

:ZV(F

where the order of summation could be changed since all terms involved are non—negative.
Thus, v is a measure. Moreover, by definition, Z = (J;Z, Z; and v(Z;) = v;(Z;) < oo for
all 7 > 0. Therefore v is o finite. U
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From this point on, all lemmas rely on the same main hypotheses as Theorem 4.20.

Lemma A.3. Foralln,j >0 and all A,B € A with AU B C X;, we have
mp(A)m(B) < K;m(A) m,(B).
Proof. This follows directly from the definition of m,, and condition (4) of Definition 4.18.
U
Lemma A.4. For every j > 0, we have (m,(X;))e>; € I* and p(Y;) < p(X;) < oo.

Proof. Fix j > 0. By virtue of condition (3) of Definition 4.18, there exists ¢ > 0 such that
m(X; NT79(X,)) > 0. By Lemma A.3 and the definition of m,,, for all n > 0 we have that

X.
m(X] N T_q(X()))
m(X;)
"m(X; N T-1(X,))
m(X;) > ey (T M(Xo))
"m(X; NT7(Xo)) Yjogm(T7*(X0))
m(X;) > m(T7M(X0))
Jm(Xj ﬁqu(Xo)) Zk:()m( (XO))
m(X;) [1 L4 }
Tm(X; NT-9(X)) m(Xo) |
Consequently, (m,(X;))s>, € [*°, and standard properties of a Banach limit yield that
m(X;) [1 L
m(X; NT-4(Xo)) m(Xo)
Since X; = U Y; and the Y's are mutually disjoint, we deduce that

my (X] N T-Q(XO))

< m(T™(Xo))

1+

(A.2) <

u(Y;) < K; < 0.

M(Y})SZM(Xjﬂ}/i):Zlu(ijY;) <Z/~L
i=0 i=0
O
Now, for every j > 0, set
fj = iy,

Lemma A.5. For every j > 0 such that p(Y;) > 0 and for every measurable set A C Y},
we have ) )

—1 MUT; ML

) ) < us(4) < G m(a)

7 m(Y)) ’ Tm(Y;)
Proof. This follows from the definition of the measure ;o and by setting B = Y; in Lemma A.3
and using the standard properties of a Banach limit. 0

Lemma A.6. For each j > 0, u; is a finite measure on Yj.
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Proof. Let j > 0. Assume without loss of generality that p;(Y;) > 0. Let A C Y be
a measurable set and (Aj)p2, a countable measurable partition of A. Using termwise
operations on sequences, for every [ € N we have

l o

(Zmnmk)) S (A2, = (Zmnmk))

k=1

(g

n=1

(5

It therefore follows from Lemma A.3 (with A = A, and B =Y]) that

(Z mn(Ak)> - Z (ma(Ax)) 2, = ( Z mn(Ak)>

k=1 k=1 k=l+1

n=1

K; = -
< lommy (ma(Y5) Y, miAr)
iy (mos 3 me) )
K, > -
= ma(Y;) Y m(A)
iy (o0 5 maa)_|
Since (m,(Y;))p2, € I°° by Lemma A .4 and since limy_o >, m(Ag) = 0, we conclude
that
00 o0 l
lliglo <kz mN(Ak)> - Z(mn(Ak))nzl = 0.
n=1

k=1 o

This means that

(Z mn(Ak)> = Z(mn(Ak))?Lozl

n=1 k=1
in [*°. Hence, using the continuity of the Banach limit g : [* — R, we get

(@) ) = (Zm))

= D la((ma(A0)22y) = D (A,

k=1

o0

p(A) = 1p((ma(A))7L,) = Is

n=1

VRS

So p; is countably additive. Also, p;(0) = 0. Thus y; is a measure. By Lemma A.4, y; is
finite. 0

Combining Lemmas A.2, A.4, A.5, and A.6, and condition (2) of Definition 4.18, we get
the following.

Lemma A.7. p is a o-finite measure on X equivalent to m. Moreover, pi(Y;) < p(X;) < 00
and p(X;) > 0 for all j > 0.

Lemma A.8. Formula (4.17) holds.
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Proof. Fix A € A such that (m,,(A4))s2, € [*°. Then for every | € N we have

I (ma(A))2,) =l (i(mn(fl n 36))?5’:1> +1p ((W( G AN Yj));>

j=0 j=l+1

:X’:lB((mn(Am@)zzl)HB ((mn(“ U n)). )

j=0 j=l+1

Letting [ — oo, we obtain that

L (mn(A))22,) _ilg((mn(mi?))z;)+,13110l3(<mn<f4“ G Ya‘))w )

j=l41

:iu(AﬁYﬂ +,§TOZB<<m”<AmGYj>>OO >

- n=1
J=0 J=l

sty (o (400%))7 )

j=I

This establishes formula (4.17). In particular, if A C U?:o X, for some k € N, then
ANUL Y; C (U?:o X;) N (X\U;; Xi) =0 for all I > k. In that case, the equation above
reduces to

B ((ma(A))pLy) = u(A).

Lemma A.9. The o—finite measure p is T—invariant.

Proof. Let ¢ > 0 be such that m(Y;) > 0. Fix a measurable set A C Y;. By definition,
1(A) = lp((m,(A))2,). Furthermore, for all n > 0 notice that

o o oy @A) — m(4)] !
(T (A)) = ma(A)] = S TR X) S m(THXy))

Thus, (m,(T'(A)))>2, € [ because (m,(A))>, € [*. Moreover, by condition (5) of
Definition 4.18, it follows from the above and the standard properties of a Banach limit

that

g (M (T7H(A))p2) = L ((ma(A))py) = u(A).
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Keep A a measurable subset of Y;. Fix [ € N. We then have

< mUY) D e om( ( HA)N ng J))

> heo M(TF(X0))

_ DT VANTUE Y)))
- 2 ko (T 7*(X0))

<n(an7(0) - B

< k20 () S

m(Y;) 2 ko (T (X))’

where the last inequality sign holds by Lemma A.3 since A C Y;. When n — oo, the last
quotient on the right—hand side approaches 1. Therefore

o<t ((m(r 00 09)7, ) < 10 (1))

Hence, by virtue of condition (6) of Definition 4.18,

(e ()
"

It thus follows from Lemma A.8 that

(T H(A) = L ((ma(TH(A)))721) = 15 ((MalA))5L) = n(A).
For an arbitrary A € A, write A = J;Z, ANY; and observe that

M(T‘l(A))Zu(UT‘l(AﬂY) Zu (ANY)) = 3 mANY;) = u(A).

=0
We are done. m

Proof of Theorem 4.20: Combining Lemmas A.4, A.7, A.8, and A.9, we obtain the
full statement of Theorem 4.20 except its last assertion. This last assertion however holds
because of the following well known theorem:

Theorem A.10. Let T : (X, A) — (X,.A) be a measurable transformation and m a
o—finite quasi—T—invariant measure. If T is ergodic and conservative with respect to m
then, up to a positive multiplicative constant, there exists at most one non—zero o—finite
T—invariant measure p which is absolutely continuous with respect to m.

O
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Remark A.11. In the course of the proof of Theorem /.20 we have shown that
0 < inf{m,(A): n € N} <sup{m,(A): n € N} < +o0
for all j > 0 and all measurable sets A C X; such that m(A) > 0.

APPENDIX B. CORRECTED PROOFS OF LEMMA 7.9 AND LEMMA 7.10 FROM [49]

The formulations and proofs of Lemma 7.9 and Lemma 7.10 from [49] were not entirely
correct. Although we do not rely on them in our current manuscript, we take now the
opportunity to provide their corrected formulations and proofs based on the progress we
have made in the current manuscript. For the convenience of the reader we formulate first
Proposition 5.3 from [49], which is one of the main ingredients in the proof of Lemma B.2
but has not been formulated in our current manuscript yet. We also use other results,
definition, and notation from [49], but since [49] is published and easily accessible we do
not explain or copy them here.

Proposition B.1 (Proposition 5.3 in [49]). Fiz 6 € (0,min{1,~}). For all (,2) € J(f)
and r > 0 there exists a minimal integer s = s(0, (1, z),r) > 0 with the following properties

(a) and (lz)
(a) [(f*)'(7,2)] # 0.

(b) Either r|(f*)(,2)| > || f'|I<} or there exists ¢ € Crit(fs,,,) such that
fron(€) € J(G) and  [fr,(2) — ] < Or|fy (2)].

In addition, for this s, we have

(c) Or[f] ()] <6 <~ and
Comp (2, fri,, (KA ™27 Dor| £, (2)]) 1 Crit(fr,) = 0.

Lemma B.2 (Lemma 7.9 in [49]). Suppose that I" is a closed subset of J(G) such that
g()NJ(G) CT foreach g € G, and that m is a Borel probability nearly upper t—conformal
measure on J(f) respective to T

Fiz i €{0,1,...,p} and suppose that for every critical point ¢ € S;(f) NI the measure
m’E(C)XC o py Vis upper t—estimable at c.

Then the measure m is uniformly upper t—estimable at all points z € J;(G)NT.

Proof. Since T is a closed set and Crit(f) is finite, the number A = dist¢(I", Crit(f) \ T') is
positive (if Crit(f) \ T = 0 then we put A = o). Fix 6 € (0, min{1,~}) so small that

(B.1) 0l f'll% < min{A, p}.

Put
o= 6(KA§)‘12_#C“t(f).

Let z € J;(G)NT. Fix 7 € ¥, such that (7, 2) € J(f), i.e. 7€ pi(J(f) Np;(2)). Assume
r € (0, Ry] to be sufficiently small. Let

s(t,r) = s(0,(1,2),8a r) >0



155

be the integer produced in Proposition B.1. Set

RTIS(T,T)+1 = 4T|f7" ( )|

s(7,r)

It then follows from Proposition B.1 that the family

‘F(Z’T) = {T|S(T,r)+l 1T E pl(‘](f) mpgl(z))}

is (4,7, V)-essential for the pair (z,r), where

V= U{ T\ s(rr)+1] Tepl(J(J;)ﬂpz_l(Z))}'
Keep
rep(J()Np;l(z) and s=s(T,7).

Suppose that the first alternative of (b) in Proposition B.1 holds. Then 8a~!r| fh.(2)] >

1|z}, So, using Koebe’s Distortion Theorem, and assuming that 6 is small enough, we
get from the nearly upper t—conformality of m respective to I' that

m(fﬁiz([%ﬂ] X BQ(fT|5(2)7RT\S+1))) < m(f7—| .(p _I(BQ(fI (2), Rr\9+1))))
< K'\f7, () iy (Ba(fr1,(2), Br.)))
< Kt]f;|5(z)\
< 8K f]loo)'r*

(B.2)

Now suppose that
8a~rf1,(2)| < |1 /Il

This implies that the second alternative of (b) in Proposition B.1 holds. Let ¢ € Crit(f-,.,)
come from item (b) of this proposition. In particular,

Jron(c) € J(G).

Since z € J;(G) (and 6| ||z} < p, where p was defined in [49)), it follows from the formula
(16) in [49] and from Proposition B.1 that ¢ € Si(f). Since 8a~'r[f], (2)] < [[f[, it
follows from Proposition B.1(b) and (B.1) that

|fr.(2) — e < 0| 117" < A

Because of the definition of z and 7, we have that f; (2) € J(G). Since also f;, € G, we
thus obtain that f;| (2) € I'. In conclusion, ¢ € I'. Hence, making use of Proposition B.1(b),
(c), as well as Koebe’s Distortion Theorem, nearly upper t—conformality of m, and our ¢-
upper estimability assumption, and assuming 6 is small enough, we get with some universal
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constant C] that
m(f2 . ([Foi1] X Ba(fr1,(2)s Ba.i))
< Kt|fﬂs(z)| tm([Tsﬂ] x By(fr.(2), T|s+1))
< K'|f7, ()"l goee 0 P2 (Bafri.(2), Br.yn)
< Kt‘fﬂ (2)] "' Xcop21(B2 c, RTISH + 80a” T‘fﬂ (2)]))
L)
(

s

z

< K'|f7. (2 m|z yxi 0Pz (Ba(c, 4(1+ 2007 )| f7, (2)]))

< K1, ()7 Ca (a1 + 2007 L7 (2)])]
= Cy(4K (1 + 2007 1))!rt.

Combining this with (B.2) and applying Proposition 13.9, we get that

(B.3) m(By(2,7)) < #44C) max{SKa || f'||se, 4K (1 + 20a~1) }1r.

We are done. ]

Lemma B.3 (Lemma 7.10 in [49]). There are two functions (R,S) — R* and L — L with
the following property.
o Suppose that I' is a closed subset of J(G) such that

gI)NnJ(G)cr

Jor each g € G, and that m is a Borel probability nearly upper t-conformal measure
on J(f) respective to I' with nearly upper conformality radius S.

o Fizi € {0,1,...,p} and suppose that the measure m|y, ) is uniformly upper t—
estimable at all points z € J;(G) NT" with the corresponding estimability constant L
and estimability radius R.

e Then the measure Th\z(c)x@ opgl‘J_(G) 15 t—upper estimable, with upper estimability
constant L and radius R* at every point ¢ € Cripq(f) such that
U fulenn@cr
|w|=l
Proof. Fix ¢ € Cris1(f) such that U, fu(cy) C T and also j € {0,1,...,u} such that
fi(e) = 0. Consider an arbitrary 7 € %, such that 7 = j and (7,¢) € J(f). In view of
Lemma 4.8 in [49], we get that
fT|l+1 (C) S JZ(G> nr.

Let R > 0 (sufficiently small) be the radius resulting from uniform - upper estimability at
all points of J;(G) NI'. Let Dy, (c) be the connected component of 1(BQ(fT|l+l(c), R))

containing c. Set

~ -1
v =m ¢ © )
T)141 |[7‘|l+1]><(c ) DT‘Z+1(C>WJ( )me‘l+1(J(G))
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Applying nearly upper ¢-conformality of m for every Borel set A C D,,,(c) \ {c} such
that f;,,,|a is injective we get that

M (frlier (A)) = 170(S0 % fry,,,(A)) = m(FH ([Tlisa] x A)) > /A [ @) dvry, ().

It therefore follows from Lemma 2.10 and item (c) of Definition 7.8 in [49] that the mea-
sure vy, is upper t-estimable at ¢ with upper estimability constant Ly and radius Ry
independent of m (but possibly Ry depends on (R, S) and Ly depends on L). Let

F=A{r|ix1:(r,0) € J(f) and fi.(c) =0}.
Let
D, := ﬂ D ()N J;(G)n f- (J(G)).

|l+l
weF
Since #F < u!*! and since

~ ~1
m|2(c)><(f: © Py |Dc - Z Vw|ch
weF
we conclude that the measure ﬁ1|2(c)x@ o Py 1‘ 7(G) is t—upper estimable at the point ¢ with
upper estimability constant L and radius R* independent of m. We are done. 0

APPENDIX C. DEFINITIONS OF CLASSES OF RATIONAL SEMIGROUPS USED
AND RELATIONS BETWEEN THEM

Definition C.1 (Definition C.1). A rational semigroups is called expanding (along
fibers) if and only if there exists an integer n > 1 such that

|(F)'(©)] > 2

for all & € J(f).

Equivalently, there are two constants C' > 0 and X > 1 such that
[(F) ©)] = e
for all & € J(f) and all integers n > 0.
Definition C.2 (Definition ). A rational semigroup G is called hyperbolic if and only if
PCV(G) C F(G).

Definition C.3 (Definition 3.1). A rational semigroup G is called semi—hyperbolic if
and only if there exist an N € N and a 0 > 0 such that for each x € J(G) and each g € G,
deg(g:V — By(z,0)) < N

for each connected component V' of g=*(Bs(z,0)).

From now on all classes of rational semigroups considered in this appendix, including the
two above, are assumed to satisfy the following condition.

Fundamental Assumption: If GG is a rational semigroup, then the following three con-
ditions are assumed to hold.
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e There exists an element g of G such that deg(g) > 2.
e Each element of Aut(C) N G is loxodromic.
o [(G)#0.

Definition C.4 (Definition 3.2). A rational semigroup G is called *semi—hyperbolic if
and only if it is semi—hyperbolic and, we repeat, it satisfies the Fundamental Assumption.

Definition C.5 (Definition 5.1). We say that a finitely generated rational semigroup G
generated by a u—tuple map f = (f1,..., fu) € Rat" and satisfying the Fundamental As-
sumption is totally non—recurrent (TNR) if and only if

(a) For each z € J(G) there exists a neighborhood U of z in C (in fact in C) such

that for any sequence {g,}>2, in G, any domain V in C and any point ¢ € U, the

sequence {gn}o2, does not converge to ¢ locally uniformly on V

and
(b)
Crit.(f) NPCV(G) = 0.
Observation C.6 (Observation 5.3). Every TNR rational semigroup is *semi-hyperbolic.
Definition C.7 (Definition 5.6). A rational semigroup G is called C—F balanced if
D(G) :=dist(J(G),PCV(G) N F(G)) > 0.

Definition C.8 (Definition 5.12). A finitely generated rational semigroup G generated by
a u-tuple map f = (f1,--., fu) € Rat" is said to be of finite type if and only if the set
Crit.(f), i.e. the set of all critical points of f lying in the Julia set J(f), is finite.

Definition C.9 (Definition 5.15). Any C-F balanced TNR rational semigroup of finite type
1s called finely non—recurrent, abbreviated as FNR. If in addition this group satisfies the
Nice Open Set Condition, then it is referred to as NOSC-FNR.

Observation C.10 (Lemma 13.11). Any TNR rational semigroup that satisfies the Nice
Open Set Condition is of finite type, whence it is a NOSC-FNR semigroup.

We now summarize the inclusions holding between various classes of rational semigroups.
Fact C.11.
semi — hyperbolic D *semi — hyperbolic D TNR D FNR D NOSC — FNR

and

FNR D expanding = hyperbolic D hyperbolic satisfying the Open Set Condition
D hyperbolic satisfying the Nice Open Set Condition



159

APPENDIX D. OPEN PROBLEMS

In this short section we formulate several problems which are somehow related to the
content of our manuscript.

In the context of single rational functions the ones satisfying the Exponential Shrinking
Property (ESP) can be also characterized (see [28]) as Topological Collet—Eckmann (TCE)
rational maps. The concept of Topological Collet—Eckmann maps easily extends to the
theory of rational semigroups, especially when expressed in terms of the skew product map
f:J(f) — J(f). Our first problem is the following.

Problem D.1. Under which hypotheses Topological Collet—FEckmann rational semigroups
coincide with those satisfying the Exponential Shrinking Property?

Our second problem concerns this class of rational semigroups.

Problem D.2. Which results of our manuscript would extend to the class of ESP/TCE
rational semigroups? Perhaps with some additional mild hypotheses, definitely milder than
ours?

One could be guided by our current manuscript, paper [28], and some other papers by
Przytycki and Rivera—Letelier, but one would actually have to start the theory of the class
of ESP/TCE from scratch. This would be a kind of titanic work but we conjecture that
most of our results, perhaps some of them in a weaker or largely modified form, would go
through.

On a different note:

Problem D.3. Do there exist non—trivial, i.e. satisfying the standard hypotheses, rational
semigroups for which some fiber Julia sets have the same Hausdorff dimension as the global
Julia set?

It is an immediate consequence of ergodicity that for any Borel probability shift—-invariant
ergodic measure i on the symbolic space ¥, p—almost all fiber Julia sets have the same
Hausdorff dimension. But we ask the following.

Problem D.4. Do there exist non—trivial, i.e. satisfying the standard hypotheses, rational
semigroups for which all the fiber Julia sets have the same Hausdorff dimension?

Having all the results, main and technical, of Section 14, Hausdorff Dimension of Invari-
ant Measures p; and Multifractal Analysis of Lyapunov Exponents, we are very confident
that the following is true.

Conjecture D.5. In the context of Section 14 one can perform the multifractal analysis

of the level sets of the function
J(G)s>x—d (z) € ]0,2]

analogously as done in [26]; see also the relevant references therein.

—1
HtOPoy

Our last problem concerns Diophantine properties of the measures p; o py ', t € AL.
More precisely, we feel confident to state the following.
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Conjecture D.6. All the measures y; o py*, t € AL, are quasi-decaying, in the sense of
[3] and [4] for all NOSC-FNR rational semigroups; consequently, these are extremal in the
sense of Diophantine analysis.
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