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ABSTRACT. We study new relations between countable iterated function systems, Smale
endomorphisms and random systems with complete connections. We prove that the sta-
tionary measures of arbitrary countable conformal IFS with place-dependent probabilities,
are exact dimensional, and we determine their Hausdorff dimension. Next, we construct
a family of fractals in the limit set of a countable IFS with overlaps S, and study the
dimension for certain measures supported on these sub-fractals. In particular, we obtain
families of measures on sub-fractals, related to the geometry of the system S.
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1. INTRODUCTION

In this paper we study relations between countable conformal iterated function systems
(IFS) with overlaps, Smale endomorphisms, and random systems with complete connec-
tions, from the point of view of their geometric and ergodic properties. We provide a
surprising common framework for studying measures with certain invariance properties
and their dimensions in these systems.

Finite and infinite iterated function systems were studied in many settings, and their
invariant measures and limit sets have attracted a lot of interest in the literature, for eg
[1], 2], [3], [6], [7], [8], [11], [16], [17], [18], to cite a few. Also there are several connections
with the dimension theory for hyperbolic endomorphisms, for eg [20], [24], [12]-[15]. Iterated
function systems with place-dependent probabilities (weights) were introduced and studied
by Barnsley, Demko, Elton, Geronimo in [1]; see also [2], [3], [23]. Random systems with
complete connections were introduced and studied by losifescu and Grigorescu in [10] (see
also [8]), and are generalizations of the chains with complete connections introduced by
Onicescu and Mihoc in [19]. Smale endomorphisms were introduced and studied by the
authors in [17].

In the sequel, we first define/recall the notions of countable IFS with overlaps and place-
dependent probabilities, the notion of random systems with complete connections, and the
notion of Smale endomorphisms. We show that a countable IFS with place-dependent
probabilities is a particular case of random system with complete connections. Then, in
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Theorem 1.5 we show that, to certain Smale endomorphisms, one can associate random
systems with complete connections.

In Section 2, given a countable IFS S with place-dependent probabilities {p;(-),7 € I}
and arbitrary overlaps, we find its stationary measure. Then, in Theorem 2.1 we prove the
exact dimensionality of such a stationary measure, and find its Hausdorff (and pointwise,
box) dimension. The exact dimensionality largely characterizes the local and global metric
properties of the respective measure.

Next, in Section 3, for an arbitrary countable IFS with overlaps & which satisfies a con-
dition of pointwise non-accumulation, we associate a mazimal Smale endomorphism. Using
this method, we form a family of random fractals in the limit set A of S, which correspond
to sub-systems of iterations. In Theorem 3.2 we determine the pointwise dimension for a
class of invariant measures supported on these random sub-fractals in A. In particular, we
obtain families of such measures, which are related to the geometry of the system S.

A finite measure p on a metric space X is called ezact dimensional (for eg [20], [24]) if
there exists a number § > 0 such that for p-a.e r € X,

i 108 (B (7))

= 0.
r—0 logr

In this case it follows that HD(u) = 6. Exact dimensionality of a measure u is a strong
geometric property, and implies that the fractal dimensions of u (Hausdorff, pointwise, box
dimension) coincide. For finite conformal IFS with overlaps, the exact dimensionality of
projections of ergodic measures was proved in [7]. For countable conformal IF'S with over-
laps, the exact dimensionality of projections of ergodic measures satisfying a finite entropy
condition was proved in [16]. The property was studied for hyperbolic diffeomorphisms for
eg in [20], [24], and for hyperbolic endomorphisms (non-invertible maps) for eg in [14].

Now, let us recall the three main notions that will be used in the sequel:

First, there is the notion of finite iterated function systems with place-dependent proba-
bilities, introduced in [1]; see also the papers [2], [3], [23]. These iterated function systems
are particular cases of the chains with complete connections introduced in [19]; see also [5],
9].

A chain with complete connections is a sequence of random variables &7, &s, . .. taking real
values in a countable set {2, where the probability that at step n, &, takes value w € ,
depends on the values taken by all previous random variables. Thus,

P(£n+1 = Wlfn = wo, §n—1 = W-1, .. ) = P(c,w),

where w € Q and ¢ = (...,w_1,wp) is a trajectory in 3 := [ €. One assumes in
JE€Z,5<0
general that P(c,w) = P(c,w) and for every n > 1,

P (c,w) = Z P(c,")P"(a(c,u),w),
w'eN

where a(c,w’) = (... ,w_1,wp,w’), for c = (... ,w_1,wp) € X,.
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In the sequel, we extend the notion of finite IF'S with place-dependent probabilities to
countable iterated function systems with overlaps and place-dependent probabilities. Such a
system & is given by continuous functions ¢; : V. — V, ¢ € I, defined on a compact set
V C RP and indexed by a countable set I, and continuous probability functions (weights),

pi -V —[0,1], i € I, satisfying
> _pile) =

iel
By IFS with overlaps we mean that the sets ¢;(V'),7 € I may intersect in any way, thus no
Open Set Condition is assumed (see for eg [6], [7], [16]). Assume also that there exists a
number s € (0,1) such that,

The countable IFS case is different from the finite case, since the fractal limit set may
be non-compact, and many methods from the finite IFS case do not work.
For x € V and a Borel set B C V, the probability of transfer from x to B is equal to

P(x,B) = 3 pi(x)d4,)(B). We have then the associated transfer operator:
i=1

Cg(w)z/vg (x, dy) = sz

where g : V' — R is measurable. If M (V') denotes the space of finite signed Borel measures
on V' then the operator £* adjoint to L, restricted to the space M(V), is given by

(1.2) L*u(B) = /P(a: B)du(x Z/ P
A Borel probability measure p on V' is called stationary for the above system if

(1.3) L= p,
and attractive if for all probabilities ¥ on V' and all bounded measurable g : V' — R,

lim [ gd(L™v) = / gdp.

One of the central problems in the theory of chains with complete connections and of
IF'S with place—dependent probabilities is to find stationary measures and to study their
ergodic and metric properties. In many of these results in the finite case, the probability
functions p;, i = 1,...,m, satisfy a Holder type condition ([1], [2], [10]).

The second main notion is that of random systems with complete connections, which are
generalizations of chains with complete connections (for eg [8], [10]).

Definition 1.1 ([10]). A random system with complete connections (or RSCC) is a quadru-
ple (W, W), (X, X),u, P) where:

i) (W,W) and (X, X) are measurable spaces,

ii) u: W x X — W is a measurable map, with the product o-algebra W x X on W x X,
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iii) P is a transition probability function from (W, W) to (X, X), i.e. P(w,-) is a prob-
ability on X for any w € W and P(-, A) is a random variable on Z for any set A € X.

We call W the state space and X the index space. W is assumed to be a locally compact
and o-compact metric space. For W we take the o-algebra generated by open sets of W.

An example of RSCC is an urn scheme with replacement. Consider an initial urn U,,
which contains a; = agp) balls of color 5,1 < 7 < m. If on trial n > 1 we extract a ball
of color j, then this ball is replaced together with d; balls of same color (the rest of the

balls being left unchanged), hence agn) = agn_l) + 0;;d;,1 < i < m, with d,,...,d,, being

non-negative integers. Thus the probability of choosing a certain color at step n depends
on all previous steps.

Remark 1.2. If in Definition 1.1 the index space X is countable and X is the algebra of
subsets of X, and we define the maps ¢;(w) := u(w, i), then we obtain a countable IFS on
W. Denote x™) := (x1,...,x,) € X", n > 1. By induction define u™ : W x X" — W,

u™ D (w, ") = w(w, 1),n = 0, and u" (w, 2" V) = u(u (w,2™), 2p40),0 > 1

We can write wz for u(w, z), and wa™ for u™ (w,x™). Forw € W and A Borel set in X,
let Pi(w,A) = P(w,A), and if w € W,m > 1 and A Borel set in X™, let the m-transfer
probability of w into A be,

P,(w,A) = / P(w, d:vl)/ P(wxy,dzs) .. / P(wz™ Y dx,)dx a(z™
X X X
And forw € W,n,m > 1 and A C X™, define P"(w,A) = Pyipp1(w, X" x A).
The following existence result was proved in [10].

Theorem 1.3. Let a random system with complete connections {(W, W), (X, X)), u, P) and
an arbitrary given point wy € W. Then, there exist a probability space (Q, K, P,,) and a
sequence (§,)n>1 of X-valued random variables defined on Q2 such that, for all m,n,q > 1
and A € X™, we have:

Z) Pwo([gna s >€n+m—1] S A) = Pﬁ(woy A);

it) Pw0<[£n+q7 S a§n+q+m—1] < A|§(n)) = P&(wof(”), A), Py,-a.e.

Finally, the third main notion we will use is that of Smale skew product endomorphism,
introduced in [17]. Let I be a countable alphabet, and let X} be the associated 1-sided
shift space, with shift map o : 7 — X7. Given 3 > 0, the metric dg on X} is:

dg((wn)52, (1)) = exp(—Bmax{n > 0: (0 < k < n) = wy = 7.})

with the standard convention that e = 0. All metrics dg, 8 > 0, on X} are Holder
continuously equivalent and all induce the product topology on ¥f. We define also the
2-sided shift space ¥; with the same metric as above.

For every w € ¥; and integers m < n, define the (m,n)-truncation w|?, = wWywmi1 - - - Wn.
Let 37 be the set of finite words. For 7 = 7, T;p41 ... 7y, the cylinder from m to n is
[T = {w € ¥r : w|', = 7}. The family of cylinders from m to n is denoted by C7. If

m = 0, write [7] for [7]7.
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Let v : ¥; — R continuous. Topological pressure plays an important role in thermody-
namic formalism and extends the notion of entropy (for eg [4], [22]). By extension, in our
case the topological pressure of 1 is: P() is,

(1.4) P(¥) := lim llog Z exp(sup(Sngbhw])),

n—oo N
wECZJHl

where the limit above exists by subadditivity. A shift-invariant Borel probability u on the
2-sided shift space Y¥; with countable alphabet I, is called a Gibbs measure of v if there
exist constants C' > 1, P € R such that

o el
w5) S W P =€

for alln > 1,w € ¥;. From (1.5), if ¢ admits a Gibbs state, then P = P(¢)). The function
¥ X — Ris called summable if

Z exp(sup(l/zhe])) < 00

ecE

In [17] we proved that a Holder continuous ¢ : ¥; — R is summable if and only if P(¢)) < oo,
and that for every Holder continuous summable function v : 37 — R there exists a unique
Gibbs state p,;, on X, and the measure p,, is ergodic. We also showed that if ¢ : ¥ — R
is a Holder continuous summable function, then

sup {hu(a) + [¢dp:poo ™t =p and /@/}d,u > —oo} =P(Y) =hy,(0) + / Yy,
P 3

and this supremum is attained only at p,,. Let now the measurable partition of ¥,
(1.6) P ={lw|g>®]:weX}={w :weX]}
If p is a probability on Xy, let the canonical conditional measures associated to P_ ([21]),
{77 exr}
+00

Then 71" is a probability measure on the cylinder [7]{°] and we also write i, w € ¥, for
the conditional measure on [w]. The canonical projection (truncation) is:

o XNr = X1, mo(r) =78, T € Xy,

Recall that the system {fi* : w € ¥} of conditional measures is uniquely determined (up
to measure zero), by: [ gdu = fz} S 9die d(po o ) (w), Vg € LY(p) ([21]).
We introduced the notion of Smale skew product endomorphisms.

Definition 1.4. [17] Let (Y,d) be a complete bounded metric space. For every w € X7 let
Y, CY be an arbitrary set and let T,, : Y, — Y, be a continuous injective map. Let
Y= Uwez?{w} x Y, C XF x Y, and define the map T : Y — Y, T(w,y) = (o(w), To,(y))-
The pair (?,T Y > }A/) is called a model Smale endomorphism if there exists X\ > 1 such
that for all w € X7 and all y1,y2 € Y, d(T,(y2), To,(y1)) < A Hd(y2, y1)-
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If7r=(Tp .. ,70,71,...) let T =Tree 0 Tryes 0. 0 Thjee 2 Y, — Yoo, If 7 € 3y let,
TT =g 1= L) o TT|3°2 0...0 TTBOTL : YTB"TL — YT|8°

Then the sets (17" (K—Bon));o:o form a descending sequence, and diam (77 (Y, )) < A™"diam(Y’).
As (Y,d) is complete, (72, T7 (Y7 ) is a point denoted by 72(7), which defines the map

(1.7) o N Y,
and define also 7 : X7 — X x Y by
(1.8) () = (7[e°, 72(7)).

and the truncation to non-negative indices by 7o : X5 — 37, mo(7) = 7|5

Now assume Y, = Y, Vw € X}, and for an arbitrary w € X} denote the #y-projection of
the cylinder [w] C Xy, J, := ma([w]) C Y, and call these sets the stable Smale fibers of T.
The global invariant set,

J=#(3) = |J{w} x L, I xY,
wesf
is called the Smale space induced by T. Then the skew-product system
(1.9) T:J— J,

is called the Smale endomorphism generated by T : Y — Y.
Now suppose more conditions about Y,,, w € ¥} and the maps T,, : Y, — Y5(w), namely:

(a) Y, is a closed bounded subset of R, with some d > 1 such that Int(Y,) = Y.
b) Each map T, : Y, — Yy, extends to a C* conformal embedding from Y* to Y*
(@)

o(w)?
where Y* is a bounded connected open subset of R? containing Y,,. Then T, denotes

*

also this extension and assume that the maps 7, : Y] — Yg(w) satisfy:

(c) There is A > 1 so that d(T,,(y1), Tw(v2)) < XY d(y1, y2), Yw € 3T, y1,y2 € V1.
(d) (Bounded Distortion Property 1) There are constants a > 0, H > 0 s.t Yy, z € Y},

|log |T.,(y)| —log |T,(2)] < Hlly — =||*.

(e) The function ¥; 3 7 — log|T,,(72(n))| € R is Holder continuous, where w = mo(7).
(f) (Open Set Condition) For every w € 3} and for all a,b € I with a # b, we have
Tow(Int (Vo)) N Ty (Int(Vay,)) = 0.
(g) (Strong Open Set Condition) There exists a measurable function § : X} — (0, 00)
such that for every w € 37, J, N (Y, \ B(Y,S, 6(w)) # 0.
A skew product Smale endomorphism satisfying conditions (a)—(g) will be called in the
sequel a conformal Smale endomorphism.

We see that a countable IFS with place-dependent probabilities is a particular case
of random system with complete connections with state space V', index space = countable
alphabet I, and probability transition function determined by pi(+),i € I, namely

el
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Also, to a conformal Smale endomorphism 7' with disjoint fibers J,,w € X}, we will
associate a random system with complete connections in the next result. Recall that
o - EI — E}_>7T0<77) = 77|80a77 € EI'

Theorem 1.5. Let the conformal Smale endomorphism T : J — J defined in (1.9), where
we assume the spaces Y, =Y C R¥ VYw € ¥7. Consider also a shift invariant measure
on Xy. Define the quadruple (W, W), (X, X),u, P) by:

a) State space W = {(w,x), x € J,,w € ¥} } with the Borel o-algebra W induced from
the Borel o-algebra of the product space F XY C X7 X R, and index space X = X with
its Borel o-algebra X ;

b) Fort € Xf and w € W,w = (w,z),z € J,, define the map u(w,7) = (ow, T,,(x));

¢) For those w € X7 for which the conditional measure i is defined (their set has mo. -
measure equal to 1), and for w = (w,x),x € J,, define the probability transition function
P,(:) by P, = p~.

Then, (W, W), (X, X),u, P) is a random system with complete connections.

Proof. On W we take the o-algebra of Borel sets induced from %} x R% We defined the
map u(w,7) = (ow, T,,(x)), for w = (w,x) € W, w € Xf and = € J,. On the other hand
recall that J, is the set of points of the form 72(n) for n € [w] C ¥;. So from (1.7) the map
u(-,-) is well-defined, since if x = 72(n) =T, ,wo Ty 0 1w © ... € Jy, then

Tw(x) = 7%2(077) € Jowa

as on € [ow]. Then, we use condition (e) from the definition of conformal Smale endomor-
phisms, to obtain that v : W x X — W is measurable.

Next, for mp.p-a.e w € 37, the conditional measure ji* is defined on the cylinder [w] C 3y,
and this cylinder can be identified with 7. If A is a Borel set in ¥} and w = (w,z) €
W,z € J,, define P(w, A) = a¥(A), thus P, can be viewed as a probability measure on
Y7, From the uniqueness of the system of conditional measures associated to the partition
P_ (see [21]) with the property that

/21 g(&)dp = /2? /[w]g(f)dw(g)dﬁo*u(w

for any integrable function g : ¥; — R, we obtain that for any set A as above, P, (A)
depends measurably on w € X}, where w = (w, ),z € J,. Hence the function

P(,A): W =R, w— P(w,A)

is also measurable with respect to the o-algebra W induced on W from ¥} x R%.

2. STATIONARY MEASURES OF COUNTABLE SYSTEMS WITH OVERLAPS AND
PLACE-DEPENDENT PROBABILITIES

In this section we study the case of a countable IFS with place-dependent probabilities
and overlaps, and prove the exact dimensionality of stationary measures, and compute the
pointwise (and Hausdorff) dimension.
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Consider a system of smooth contractions defined on a compact set V' C R” indexed by a
countable alphabet I, S = {qb, 'V — V}iel with limit set A, and the weights p; : V' — R,
1 € I, satisfying for any x € V,

(2.1) sz(ﬂf) =
iel
YT denotes the 1-sided shift space with alphabet I. If iy, ... i, € I,n > 1, denote
Piy..in 1= Piy © ... 0 P,
Let m: X — A, w(w) = nh_)rrolo Giriy...ir, if W= (i1,12,...) € X}, be the canonical coding map
for the limit set A.

Assume also that p;(-) depend uniformly Hélder continuously on x € V| for i € I, i.e.
there exist constants a,, C' > 0 such that for all € I and all x,y € V,

(2.2) Ipi(x) — pi(y)] < Cla —y|*.

The transfer probability in this case is P(z, B) := Y pi(x)04,(x)(B), and the transfer oper-
i€l

/f Pz, dy).

A measure i on V is called stationary if it is a fixed point of the dual operator of L,

L£*(v)(B) = /P(ac B)dv(x Z/ (z).

el

ator L :C(V) — C(V) is given by:

Define also the Lyapunov exponent of a shift-invariant measure p on X} by:

X = — / log |61, ((0w) | du(w).
1

Let us now recall the notion of projection entropy for an invariant measure of a countable
iterated function system from [16]; this is a generalization of the notion of projection entropy
from the finite case of [7]. As a matter of fact, in [16] we defined the projection entropy in
the more general case of random countable iterated function systems, but here we need it
only for countable deterministic systems.

So let § = {¢;,i € I} be a countable system and p be a o-invariant probability measure
on ¥7. Denote by £ the partition of ¥ into initial 1-cylinders, and by egp the point
partition of RP, and by 7 : ¥ — A the canonical coding map for the limit set A C R”
of the function system S. Then 7 tegp and o' (7 tegp) are measurable partitions of 7.
The projection entropy of p with respect to S is defined then by,

(2.3) h(S) == Hu(€lo™ (7 erp)) — Hu (€7 egp).

We prove next that the stationary measure from Theorem 1.3 is exact dimensional.
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Theorem 2.1. In the above setting if the system S = {¢;,1 € 1} is countable and conformal
and if the probabilities {p;(-),i € I} satisfy (2.1)-(2.2), then the stationary measure fip for
the system S with place-dependent probabilities P = {p;(-),i € 1} is exact dimensional, and

HD([LP) S huw<‘7>,

Xty
where ¢ : ST — R, p(w) := log pu, (7(ow)),w € X7, and py is the equilibrium measure of
Y on X7
Proof. First let us define the potential ¢ : X} — R by:

(W) = log puy (7(ow)), w € Tf
From (2.1) and (2.2) it follows that 1 is summable and Holder continuous on X}. Then
there exists an equilibrium measure g, on X7, which projects to the probability measure

v, on A, associated to the system of weights p := (p;,i € I). The transfer operator
L:C(XF) = C(E]) is,

L(¢)(w) := Z%(WM(W%

where C(X7) is the space of bounded continuous real-valued functions on X7. We see from
above that

LO)w) = 3 e (i)

For such transfer operators, it was proved (see [11]) that if ¢ is Holder continuous and
summable, then there exists a unique probability measure 7, on X, such that
L (vy) = oy
The projection, denoted by jip, of the measure 7, onto the limit set A of S, is the
stationary measure of the system S with the place-dependent probabilities P. Hence,
,L~L p =T *ﬁw
On the other hand, for the expanding map o : ¥} — ¥; and the Hélder continuous

potential 1), let us notice that there exists also a shift-invariant equilibrium measure g, of
v on ¥}, and moreover there exists a function 6 such that

Oty = pry
Moreover this function 6 satisfies
0> M >0,

for some constant M depending on ¢ (see [11]). On the other hand, the projection of the
shift-invariant equilibrium measure p,, onto the limit set A is denoted by pp and we have

[P = Tufly.

In [16] we proved that the projection pp of the invariant measure 1, is exact dimensional
even when the system S has overlaps. And we found a formula for its pointwise dimension,
involving the projection entropy (recalled above). Indeed in the main Theorem of [16], it is
enough to consider a random system where the parameter space consists of only one point,
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and to take the identity as the evolution map on the space of parameters. This means that
for up-a.e x € A,

1 B
0 L ogpp(B(rr)

r—0 log r X

and 0 does not depend on z € A. But pp(B(z,r)) = py(n~(B(z,r))), and we know that
g = Oy, hence
ol (Bl = [ b
1 (B(z,r))
On the other hand let us recall that ¢ > M and that € is a continuous bounded function
on XF. Hence using (2.4) and the fact that jip = m.fi,, we see that for pp-a.e x € A,

i 108 fp(B(z, 7)) 5
r—0 log r

(2.5)

Therefore, the stationary measure ji, of the system S with the place-dependent proba-
bilities P is exact dimensional, and from (2.5) its Hausdorff (and pointwise) dimension is
given by:

(2.6) HD(jt,) = 222

where h,,(S) is the projection entropy of j, with respect to S and x,, is its Lyapunov
exponent. From the definition (2.3) of h,,(S) it follows that h,, (S) < h,, (o). Therefore,
we obtain the desired dimension formula.

O

3. FAMILIES OF FRACTALS AND UNFOLDINGS OF COUNTABLE IFS.

We want now to associate a Smale endomorphism to a countable iterated function systems
with overlaps, by unfolding, in such a way as to control the structure of overlappings. We
will consider in general equilibrium measures of real-valued summable functions ¢ on ;.

Let us consider a countable conformal IFS with overlaps S = {¢;,i € I}, where the
maps ¢; : V — V are contractions defined on a neighbourhood of a compact set V C R”,
and |¢}| < o < 1,i € I on V. Denote by A the limit set of S, and assume that A is not
contained in the boundary of V. Since we work with a countable system, the limit set A
may be non-compact. Assume that [ = N* and that S satisfies the Bounded Distortion
Property, i.e there exist constants H > 0, 5 > 0 such that for all © € I,

(3.1) [log [¢}(y)| —log |¢(2)]| < Hly — 2|”, Vy,z € V

We will associate to S, a Smale skew product 7" and a random system with complete
connections, with the goal to separate the images of the compositions of maps ¢; along any
given sequence w = (wy,ws, ...) € X} . This is realised by an inductive process of unfolding
the overlaps of S. Recall that A is the limit set of S.

Assume that for any point = € A, the S-images ¢;(z),i € I of x, satisfy the following
Non-accumulation Condition:

(3.2) ¢i(x) & {o;(x),j e IN{i}}, Viel
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This condition is quite general, and it can be checked on many systems (see for instance
the examples in [18]). Recall that 7m(w) = @yw,.. is the canonical projection from X7 to
the limit set A. Then, for an arbitrary w = (wy,ws,...) € X}, we define inductively the
contractions T, for ¢ € I. Let us start by defining

Ty, = ¢1w1...wn1(w) = (bl o ¢w1 6...0 (bwnl(w)?

where n;(w) is defined as the smallest integer n; > 1 such that

Gi(m(W)) & 1y, (V), forall j #1
Next, since from above ¢a(7(w)) & P1uy..wn, (V), take ny(w) to be the smallest integer

ne > n; such that
¢2w1mwn2(w)(v) N ¢1W1~~Wn1(uJ)(V> = @, and (bj (77(«0) ¢ ¢2w1...UJn2(W)<V)7 for j 7£ 2
Then we define
TQw = ¢2w1'“wn2(w)

Inductively, if we defined ng(w) up to some k > 1, we now define njy1(w) > 1 as the
smallest integer ny,1 > ng with the property that
(3.3)
¢(k+1)w1...w (V)m¢jw1...wnj(w)(v) - (Da 1 S] S ka and (b@(ﬂ'&)) ¢ ¢(k+1)w1...w
and then the fiber map
(34) TkJrlw = (b(k—l-l)wl...w

Thus we constructed for any n € X7, a contraction T, = T, (n) as above. Consider now
a sequence 7 € Xy, then for any n > 1 define the map

(V) £ # k+1,

7Lk+1(w) nk+1(w)

ng41(w)

T" = To 0 Ty, ... 0 Type.
Then 79(7) = norjl Tr(V), and the fractal J, = 7(|w]) is contained in A, where [w] is the
cylinder in 7 determined by w € 7.
Definition 3.1. Let us define the space Y= YT %V, and the skew product T : Y — Y,
T(w,z) = (0(w), Ty(z)), (w,2) €Y

We will call T : X7 x V — Xf x V the mazimal Smale system associated to the
countable IFS with overlaps S.

From definition we see that the map 7T}, depends on the whole sequence w € X}, and not

just on the projection point 7(w). Thus the dynamical system (Y, T) describes how the
overlappings are formed through iterations.
If 1 is a probability measure on X;, define its Lyapunov exponent with respect to T as

Yul) = - / log | T (7(7))]| dp(7)

Denote by m : X7 — X7, mo(7) = (70,71, - . .), the canonical truncation map.
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We constructed above the family of random fractals J, C A,w € X}, and now we prove
that certain invariant probability measures supported on .J,, are exact dimensional.

Theorem 3.2. Let a countable IFS with overlaps S as above satisfying (3.2), and let T' be
its associated mazimal Smale system. Consider v : ¥ — R summable Holder continuous
function with equilibrium measure [, and let vy, be the canonical projection my «fby Of [y
on X7 . Take the conditional measure o, of py on the cylinder [w] and let Vg 1= Taxply, be
its projection on J,,, with 72 defined in 1.8. Then, for vy-a.e w € BF, the measure vy s
exact dimensional on the sub-fractal J, C A, and

h,, (o
HD(v3) = (o).
Xy (o)
Proof. First let us notice that, from our construction, for any ¢ # 7,

Tw(V) N (V) = 0

Therefore the open set condition in fibers from the definition of the Smale skew-product,
is satisfied. Moreover if ||¢}|| < a < 1,7 € 1, it follows that the same uniform contractivity
condition is satisfied by all the maps T,,,w € X}. Hence the uniform contractivity of the
maps 1, is satisfied.

Let us see now if the maps T, satisfy Bounded Distortion Property (BDP). For this
consider an arbitrary w € Ef. Then T, = ¢uyw,..w, for some integer n which depends on
w. Thus, there exists L € (0,1) and H' > 0 such that for any y, 2z € V, we have

[ log |T5,(y)| — log |T;,(2)]| <
< 108 |y (Puws..con (¥))] =108 [0y (s o D + - - + [Tog [, ()] = log |, (2)]] <
<Hly—2AQ+L+...+ L") =Hly—z|°

Another condition in the definition of a conformal Smale skew product is the Holder
continuity of the real-valued map on ¥; given by:

(3.5) 7 — log | T7(72(7))]

Let us take w € 37 and 7 € 3y such that 7 € [w]. Then T, = T,_,,, and consider the
integer n, ,(w). Then from definition, we have

TT—lw = ¢T71 o ¢w1 0...0 ¢wn771(w)

But if n € [7_p, ... 7] for m > n._ (), we have that T, = T;,. On the other hand, due
to the form of 75(7) given in (1.7), we have

d(ralr), 2aln) < Cy

for some constant C' independent of 7,7, m. Hence the map from (3.5) is indeed Holder
continuous on ;. X R
Therefore, the maximal Smale system T : Y — Y defined above, where we defined

TT‘B’O - ¢TOTl-~~Tn(o-r\(°)°)7
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satisfies the properties of a conformal Smale skew product endomorphism. We then apply
our result from [17], to obtain the exact dimensionality and the formula for the dimension
of the projection measures v, on J, C A, for vy-a.e. w € ¥ 7. In particular, it follows that

h,, (o
HD(v3) = huy(0) ),
X (J)
where h,, (o) is the entropy of the measure py, and x,,, (o) is its Lyapunov exponent.
0

Examples of functions 1, based on the maximal Smale system 7" associated to a countable
IF'S with overlaps S as above, are given next. In Theorem 3.3 we also construct a family
of measures on sub-fractals in the limit set A, which are related to the intricate geometry

of S.

Theorem 3.3. In the setting of Theorem 3.2 let the countable IFS S with limit set A, and
for any s > 0 define the function ¥ : X7 — R,

¢s(77) = Slog |T'7,/w(7%2<77)>’7 ne 2],770 =t,w= 77‘80
Then for any s > 0,
a) ¥ is summable and Hélder continuous on ¥j.
b) If ps := puy, is the equilibrium measure of s on X, and vs := mo.ps on 37, then for
vs-a.e. w € X, the measure V¥ := vy, is exact dimensional on the sub-fractal J, C A and,

M) — hu (o)
P | Js, 108 |00 (Fa(T)] dpas(T)]

0 (o7)

Proof. a) Since the maximal system 7' associated to & by Definition 3.1 was shown in
Theorem 3.2 to be a conformal Smale endomorphism, it follows that 1, is Holder continuous
on 2[.

Also, recall the definition of T}, as a composition of maps given by the inductive relation
(3.3). Also, the initial contractions ¢; : V' — V from S are defined on a compact set
V C RP, such that |¢}] < a < 1,4 € T on V. From the definition (3.3), we have the
increasing sequence of integers, n;(w) < ng(w) < ..., and thus for any w € X}, the positive
integers ny(w) satisfy the inequality,

ng(w) >k, k> 1.
Now from (3.3) we have T}, = ¢iw1...wni @) and thus it follows from above that for any ¢ € I,
ITh,| < ™) <o,
Therefore, since we assumed s > 0, it follows that,
Zes“p%“ﬂ < Zoﬁk < 00.
iel k>1

Hence the real-valued function 1), is also summable in this case.
b) For any s > 0, if v, := v, is the canonical projection of the equilibrium measure g,
onto X7, then in the notation of Theorem 3.2 we have for vs-a.e w € X7,

w o, W oA w
Vs -= Vo = T2ebly,
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which is a measure supported on J, C A. Now due to the properties of 15 proved in a),
one can apply Theorem 3.2 for the measure v* on the fiber set J, C A, for vea.e. w € XF.
Thus we obtain the exact dimensionality of v on J,. Then, by using the specific expression
of T}, in this case, we compute the Hausdorftf dimension of ¢ by the above formula.

[1]

O
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