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POROSITY IN CONFORMAL DYNAMICAL SYSTEMS
VASILEIOS CHOUSIONIS AND MARIUSZ URBANSKI

ABSTRACT. In this paper we study various aspects of porosities for conformal fractals.
We first explore porosity in the general context of infinite graph directed Markov sys-
tems (GDMS), and we show that their limit sets are porous in large (in the sense of
category and dimension) subsets. We also provide natural geometric and dynamic
conditions under which the limit set of a GDMS is upper porous or mean porous. On
the other hand, we prove that if the limit set of a GDMS is not porous, then it is not
porous almost everywhere. We also revisit porosity for finite graph directed Markov
systems, and we provide checkable criteria which guarantee that limit sets have holes
of relative size at every scale in a prescribed direction.

We then narrow our focus to systems associated to complex continued fractions
with arbitrary alphabet and we provide a novel characterization of porosity for their
limit sets. Moreover, we introduce the notions of upper density and upper box dimen-
sion for subsets of Gaussian integers and we explore their connections to porosity. As
applications we show that limit sets of complex continued fractions system whose al-
phabet is co-finite, or even a co-finite subset of the Gaussian primes, are not porous
almost everywhere, while they are uniformly upper porous and mean porous almost
everywhere.

We finally turn our attention to complex dynamics and we delve into porosity for Ju-
lia sets of meromorphic functions. We show that if the Julia set of a tame meromorphic
function is not the whole complex plane then it is porous at a dense set of its points
and it is almost everywhere mean porous with respect to natural ergodic measures. On
the other hand, if the Julia set is not porous then it is not porous almost everywhere.
In particular, if the function is elliptic we show that its Julia set is not porous at a dense
set of its points.
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1. INTRODUCTION

Let (X, d) be a metric space. A set E c X is called porous if there exists a positive
constant ¢ > 0 such that every open ball centered at E with radius r € (0,diam(E))
contains an open ball of radius cr, which does not intersect E. If this condition is
satisfied for balls centered at a fixed point x, then the set E is called porous at x. If
(X, d) is a Euclidean space (or even a separable space equipped with a doubling Borel
measure), then the Lebesgue density theorem easily implies that porous sets have zero
Lebesgue measure. Therefore, one could obtain quantitative information about the
size and structure of singular sets by investigating how “porous" they are. For example
one could explore if holes of relative size appear at all or at just a fixed percentage of
scales, or how the holes are locally spread around.

Indeed, various aspects of porosities have been introduced over the years in order
to quantify the size and structure of exceptional sets in different contexts. A notion
of porosity already appeared in the work of Denjoy [9] on trigonometric series in the
1920s. Since then, porosities have been studied widely, for example, in connection
to geometric measure theory [1, 2, 13, 24, 25, 34,52, 53, 59], geometric function theory
[11,28,33,41,57], differentiability of Lipschitz maps [32, 43, 44, 55], harmonic analysis
[4,5,17], fractal geometry and complex dynamics [5,23,47,58].

In this paper we explore porosity for conformal dynamical systems. First, we per-
form a comprehensive study of various porosities in the context of conformal graph
directed Markov systems (GDMS), and we pay special attention to systems generated
by complex continued fractions. Our results apply to a very broad family of fractals, as
the general framework of conformal GDMS encompasses a wide selection of geomet-
ric objects, including limit sets of Kleinian and complex hyperbolic Schottky groups,
Apollonian circle packings, self-conformal and self-similar sets. We then turn our at-
tention to complex dynamics and we study various porosities for Julia sets of mero-
morphic functions.

Graph directed systems with a finite alphabet consisting of similarities were intro-
duced by Mauldin and Williams in [37], see also [14]. Mauldin and the second named
author developed an extensive theory of conformal GDMS with a countable alphabet
in [36] stemming from [35]. In the recent monograph [7], the authors together with
Tyson extended the theory of conformal GDMS in the setting of nilpotent stratified
Lie groups (Carnot groups) equipped with a sub-Riemannian metric. We also refer to
[6,26,27,42,51] for recent advances on various aspects of GDMS.

We defer the formal definition of a GDMS to Section 2, and we now only give a short
heuristic description. A conformal GDMS .# is modeled on a directed multigraph
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(E,V), where E is a countable set of edges and V is a finite set of vertices. Each ver-
tex v € V corresponds to a compact set X, and each edge e € E, which connects the
vertices f(e), i(e), corresponds to a contracting conformal map ¢, : X;,) — Xj). An
incidence matrix A: E x E — {0, 1} determines if a pair of these maps is allowed to be
composed. The limit set of . is denoted by /&, and is defined as the image of a natural
projection from the symbol space of admissible words to X := U ey X,,.

If . is a finite and irreducible conformal GDMS (see Section 2 for the exact defini-
tions) whose limit set /& has zero Lebesgue measure then it is porous, see e.g. [36, The-
orem 4.6.4], [58, Theorem 2.5] or [23, Theorem 2.6]. Nevertheless, if the system .# is
infinite the situation is very different. As we shall see in the following, there are many
examples of conformal GDMS whose limit sets have Lebesgue measure zero but they
are not porous; for example the limit set associated to complex continued fractions.

Although limit sets of finitely irreducible conformal GDMS are very often not porous,
we will prove that they are always porous in large (in the sense of category and dimen-
sion) subsets. We record that (3.4) in the following theorem is a mild non-degeneracy
condition which ensures that the limit set has Lebesgue measure zero.

Theorem 1.1. Let.¥ = {¢.}ecr be a finitely irreducible conformal GDMS which satisfies
(3.4). Then the following hold:
(i) The limit set ] » is porous at every fixed point of &, in particular J & is porous at
a dense set of ] .
(ii) For every € > 0 there exists some finite F(¢) := F c E with

dim_»(J#.) > dim z(J») — ¢,

such that ] » is porous at every x € ] &, with porosity constant only depending on
F and & .

(iii) There exists some set ]  J& such that dim z(J) = dim »(J&) and J & is porous
ateveryx € J.

It is not uncommon in the literature to call the notion of porosity discussed so far
as lower porosity, whereas the weaker concept where the holes appear on arbitrarily
small (but not necessarily all) scales is called upper porosity, see ex. [9,11]. In Section
3.2, we provide a checkable pointwise criterion for the (pointwise) upper porosity of
limit sets of conformal GDMSs.

Theorem 1.2. Let.% = {(.}ecr be a finitely irreducible conformal GDMS such that o #
X. Ifw € EY and
lim,,— oo dist(m (0" (@)), X) > 0, (1.1)
then J & is upper porous at (w).
We then employ Theorem 1.2 in order to show that under some additional separa-

tion assumptions the limit sets of conformal GDMSs are upper porous everywhere or
almost everywhere with respect to natural measures.

Theorem 1.3. Let.¥ = {¢,.}ecr be a finitely irreducible conformal GDMS
(i) Ifdist(J&, X€) >0 then J& is upper porous at every X € J.o.
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(ii) If & satisfies the strong open set condition, J& # X , and fi is any o -invariant
ergodic measure on EY, then J & is upper porous at fion™'-a.e. X € .

We record that there are always shift invariant ergodic measures on the limit set of a
finitely irreducible conformal GDMS ., see Theorem 2.1. In particular, there exists a
shift invariant ergodic measure on /& which is globally equivalent to the h-conformal
measure my,, where h = dim (/). Hence, Theorem 1.3 (ii) holds for m;, as well.

It is well known that the i-conformal measure captures the right amount of infor-
mation for the limit set of a conformal GDMS. If the system . is finite, my, is, up to
multiplicative constants, equal to the Hausdorff and packing measures restricted on
J«, see e.g. [7, Theorem 7.18]. But if the system has infinitely many generators, then
Hausdorff measure can vanish while packing measure can be infinite, and then (and
only then) the above property may fail. See the end of Section 2 for a short introduction
to conformal measures.

In Section 3.3, we show that under some natural assumptions limit sets of conformal
GDMSs are porous on a fixed percentage of scales. This behavior is quantified by the
notion of mean porosity whose formal definition is deferred to Section 3.3. Koskela
and Rohde introduced mean porosity in [28] in connection with dimension estimates
and quasiconformal mappings, and it was further investigated by several authors, ex.
[1,2,41,53]. We record that mean porosity is a stronger condition than upper porosity.
We will show that limit sets of conformal GDMS are mean porous almost everywhere
with respect to natural measures.

Theorem 1.4. Let.# = {(}ecE be a finitely irreducible conformal GDMS such that (3.4)
holds. Let i be any o -invariant ergodic measure on E§ with finite Lyapunov exponent
Xa(0). Then ] is mean porous at fion~-a.e. x € J& with porosity constants depending
onlyon.¥ and [i.

Using Theorem 1.4 we show that if, moreover, .# is strongly regular then /& is mean
porous at my-a.e. x € ], where, as before, h := dim_»(J ) and my, is the h-conformal
measure of .#, see Corollary 3.11.

As mentioned earlier, limit sets of finite and irreducible GDMSs with zero Lebesgue
measure are porous; that is for any point of the limit set there are nearby holes of ra-
dius proportional to their distance from that point. However, if one is interested on
the spatial distribution of the holes, directed porosity is the most appropriate kind of
porosity to study. Given v € S"~! we say that a set E c R" is v-directed porous at x if the
corresponding holes are centered in the line {x + tv, t € R}, see Section 3.4 for the exact
definition.

As far as the authors know, directed (or directional) porosity first appears in the work
of Preiss and Zajicek [43, 44] regarding differentiability of Lipschitz maps in Banach
spaces. See also the book by Lindenstrauss, Preiss, and Tiser [32] and Speight’s Ph.D
thesis [55] for further advances and related references. Directed porosity was also in-
troduced independently in [5] (as the first named author was not aware of [43] at the
time) in the context of fractal geometry and harmonic analysis. Actually, more general
notions of directed porosity were considered in [5], where lines could be replaced by
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any m-dimensional plane in R”. Among other things, it was shown in [5] that if the
limit set of a finite conformal IFS has Hausdorff dimension less or equal than 1, then it
is directed porous for all directions, see [5, Corollary 1.3]. In this paper we provide an
easily checkable sufficient condition for a finite and irreducible GDMS to be directed
porous at all directions.

Theorem 1.5. Let.¥ = {(p.}ecr be a finite and irreducible conformal GDMS such that
dist(0X, J») > 0. (1.2)
Then J & is v-directed porous for every v e S" 1.

Using Theorem 1.5 we show that any finite and irreducible conformal GDMS which
satisfies the well known Strong Separation Condition, is directed porous at all direc-
tions, see Theorem 3.17. We also consider systems where (1.2) does not necessarily
hold. In Theorem 3.18 we show that if an IFS consists of rotation free similarities and
there exist directions v € S! such that the lines {x + tv, t € R} miss the set of first itera-
tions in the interior of the set X, then the limit set is v-directed porous.

Theorems 1.1, 1.4 and 1.5 all deal with various positive aspects of porosities for con-
formal GDMSs. On the opposite spectrum we also investigate non-porosity of infinite
GDMSs. Among other things we prove that if the limit set of a finitely irreducible con-
formal GDMS is not porous at a single point of its closure then it is not porous in a set
of full conformal measure.

Theorem 1.6. Let.# = {¢.}eock be a finitely irreducible conformal GDMS such that ] » is
not porous, or ] # is not porous at some( € J . Then ]« is not porous at mp-a.e. X€ J.

Moreover for every h € (0, n) we construct an infinite IFS .#}, consisting of similarities
in R” such that dim_»(J«,) = h and Jg, is not porous, and we use Theorem 1.6 to
conclude that J &, is not porous my-a.e. See Theorem 3.21 for the construction.

In the last three sections we study porosity for some well-known families of dynam-
ical systems. In Section 4 we perform a comprehensive study of porosity in the setting
of complex continued fractions. The origins of complex continued fractions can be
traced back to the works of the brothers Adolf Hurwitz [21] and Julius Hurwitz [22].
Since their pioneering contributions, complex continued fractions have been studied
widely from different viewpoints, see e.g. [18, Chapter 5] and the references therein.

Recall that any irrational number in [0, 1] can be represented as a continued fraction

1

e+
1

es+...

e+

where e; € N for all i € N. It is a remarkable fact that continued fractions can be de-
scribed by the infinite conformal IFS

C69,\|::{(,bn:[O,l]—>[0,1]:(/),l(x): leornelcl\l}.

n+
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FIGURE 1. Approximation of the limit sets €% g and of € #gp_, , after
two iterations.

As in the case of real continued fractions, complex continued fractions can be repre-
sented by the infinite conformal IFS

CFp=1{pe:B(1/2,1/2) — B(1/2,1/2)} peE
where

E={m+ni:(m,n)eNxZ}and ¢.(z) =

e+z

This system was first considered in [35] and its geometric and dimensional properties
were further studied by various authors, see e.g. [6, 15,45, 58]. In particular it was
shown in [58] that €& g is not porous.

In this paper we consider porosity properties of €% ; when I c E and we generalize
the results from [58] in various ways. In the core of our approach lies Theorem 4.5,
which provides a novel characterization of porosity for limit sets of complex continued
fractions with arbitrary alphabet. One interesting aspect of our characterization is that
given any alphabet I c E one can check if J; is porous by solely examining how I is
distributed across E. The proof of Theorem 4.5, which is the most technical proof in
our paper, is quite delicate and rather long as we have to consider several cases. See
also Remark 4.10 on how Theorem 4.5 extends and streamlines earlier results from
(58].

Of special interest to us, are complex continued fraction systems whose alphabet 1
is finite, co-finite, or even a radial subset of Gaussian primes of the form,

GP,p={w € E: wis aGaussian prime and argw € [a, b)},

where —7/2 < a < b < /2. We record that Gaussian primes are a very intriguing subset
of Z[i] with many related important open questions, see e.g. [16].
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Theorem 1.7. Let I c E and denote the limit set of € % 1 by J1 := J¢.%,. Moreover let my,,
be the hj-conformal measure of € & 1, where hy = dim g (J).

(i) The limit set Ji is (uniformly) upper porous.
(ii) If1 is finite then J; is directed porous forall v € S'.
(iii) If I is co-finite then:
(@) J1 is mp,-a.e. not porous,
(b) J1 is my, -a.e. mean porous with porosity constant only depending on I.
(iv) IfI is a co-finite subset of GP, , for some —n/2 < a< b <n/2 then:
(@) Ji is mp,-a.e. not porous,
(b) J1 is my, -a.e. mean porous with porosity constant only depending on I.

Theorem 1.7 highlights the differences between finite and infinite continued frac-
tions systems regarding their porosity properties. If the alphabet of a continued frac-
tions system is finite, then it is porous in all directions. On the other hand, if the
alphabet is infinite, even if it is relatively sparse as a radial subset of the Gaussian
primes, then the limit set is not porous almost everywhere. However, continued frac-
tions whose alphabets are co-finite subsets of E or co-finite subsets of radial sectors of
Gaussian primes are a.e. porous on a fixed percentage of scales.

The proof of Theorem 1.7 employs several new ideas. In particular, we introduce up-
per densities and upper box dimensions (see Defintions 4.14 and 4.18 respectively) for
subsets of Gaussian integers and we explore their connections to porosity. In Propo-
sition 4.12 we show that if the limit set of a complex continued fractions system is
porous, then its alphabet has upper density strictly less than 1. Since co-finite subsets
of E have upper density equal to 1, we thus deduce that their limit sets are not porous.
We then employ Theorem 1.6 in order to obtain Theorem 1.7 (iii)a. Although Jg and its
co-finite subsystems are not porous, it is perhaps surprising that Jg is uniformly upper
porous. This is the content of Theorem 4.1. In Theorem 4.19 we prove that if the limit
set of a complex continued fractions system is porous, then its alphabet has upper box
dimension strictly less than 2. Using Hecke’s Prime Number theorem we then show
that co-finite subsets of radial sectors of Gaussian primes have upper box dimension
equal to 2, hence they define limit sets which are not porous. Thus, Theorem 1.7 (iv)a
again follows from Theorem 1.6.

We finally turn our attention to complex dynamics and we conclude our paper with
two fairly short sections which explore porosity for Julia sets of meromorphic, espe-
cially transcendental, functions and then, more specifically, of elliptic functions. We
firstinvestigate various porosity properties of tame meromorphic functions. We record
that tameness is a mild hypothesis which is satisfied by many natural classes of maps,
see Remark 5.2 for more details.

Theorem 1.8. Let f : C — C be a tame meromorphic function such that J(f) # C, where
J(f) denotes the Julia set of f. Moreover, let u be a Borel probability f -invariant ergodic
measure on J(f) with full topological support.

(i) TheJulia set J(f) is porous at a dense set of its points.
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(i) If p has finite Lyapunov exponent y,(f) := f](f) logl|f'|du, then J(f) is mean
porous at p-a.e. x € J(f) with porosity constants only depending on f.
(iii) If J(f) is not porous in C then J(f) is not porous at pi-a.e. x € J(f).

The proof of Theorem 1.8 is based on the porosity results on conformal iterated
function systems obtained in Section 3. Remarkably, such applications are possible
due to a powerful tool of complex dynamics known as nice set. Roughly speaking, each
sufficiently “good” meromorphic function admits a set, commonly named as a nice
set, such that the holomorphic inverse branches of the first return map it induces,
form a conformal iterated function system satisfying the open set condition. We care-
fully define nice sets in Section 5 and we show how they lead to conformal iterated
function systems. More details about these sets, their properties, and their construc-
tions can be found for example in [10, 31, 46, 50, 54].

Recall that a meromorphic function f : C — C is called ellipticif it is doubly periodic.
Iteration of elliptic functions have been studied widely in complex dynamics. A com-
prehensive and systematic account of iteration of elliptic functions can be found in the
forthcoming book [31]; we also refer the reader to the following articles: [20, 29, 30, 40].
In addition to the results on general meromorphic function discussed above, the fol-
lowing theorem establishes several, more refined, porosity properties of Julia sets of
elliptic functions. We would also like to emphasize that in this case we impose no
tameness assumptions.

Theorem 1.9. Let [ : C — C be a non-constant elliptic function. Then:

(i) The Julia set J(f) is not porous at a dense set of its points, in particular it is not
porous at any point of the set

(o]
Py:= U f " (o0).
n=1
(i) Forevery b€ Py and for allx € (0,1) there exists R(b,x) > 0 such that

por(J(f),b,r) <x

forallr e (0,R(b,x)).
(iii) If in addition J(f) # C, then J(f) is porous at a dense set of its points; the re-
pelling periodic points of f .

The paper is organized as follows. In Section 2 we introduce all the relevant con-
cepts related to graph directed Markov systems and their thermodynamic formalism.
Section 3 consists of four subsections, each of them devoted to a different aspect of
porosity for general graph directed Markov systems. In Subsection 3.1 we explore (clas-
sical) porosity and we prove Theorem 1.1. Subsection 3.3 deals with mean porosity and
contains, among other results, the proof of Theorem 1.4. In Subsection 3.4 we study
directed porosity for finite systems and we prove Theorem 1.5. In Subsection 3.5 we
investigate how non-porous are the limit sets of general graph directed Markov sys-
tems, and we prove Theorem 1.6. In Section 4 we narrow our focus to complex contin-
ued fractions and we prove Theorem 1.7. Sections 5 and 6 delve into porosity for Julia
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sets of meromorphic functions. In Section 5 we deal with tame meromorphic func-
tions and we prove Theorem 1.8. Section 6 concerns elliptic functions and contains
the proof of Theorem 1.9.

Acknowledgements. We thank the referee for a careful and insightful report. In par-
ticular, we are grateful for the suggestions that led to the results presented in Section
3.2.

2. PRELIMINARIES
A graph directed Markov system (GDMS)
y = {V) E} A) t) i) {XU}UEV) {(Pe}eEE}

consists of

» adirected multigraph (E, V) with a countable set of edges E, frequently referred
to as the alphabet of .#, and a finite set of vertices V,

e anincidence matrix A: E x E — {0,1},

e two functions i, t: E — V such that (a) = i(b) whenever A,, =1,

e afamily of non-empty compact metric spaces {X,} yev,

o afamily of injective contractions

{be: Xie) = Xi(e)eeE

such that every ¢,, e € E, has Lipschitz constant no larger than s for some s €
(0,1).

We will always assume that the alphabet E contains at least two elements and for
every v € V there exist e, e’ € E such that t(e) = v and i(¢’) = v. We will frequently use
the simpler notation . = {¢p.}ccg for a GDMS. If a GDMS has finite alphabet it will be
called finite.

We now introduce some standard notation from symbolic dynamics. For every w €
E* := a0 E", we denote by |w| the unique integer n = 0 such that w € E", and we call
|w| the length of w. We also set E° = {g}. If w € EN and n = 1, we define

wlp:=wy...w, €E".
Fort e E* and w € E* U EN, we let
Tw:=(T1,..., T W1,...).

Given w, T € EN, we denote the longest initial block common to bothw and Tt byw AT €
ENUE*. We also denote by

o:EN—EN
the shift map, which is given by the formula
o ((@n)52y) = (@ne1)5%1)-
Given a matrix A: E x E — {0, 1} we denote

E§ ={we EN: Awp;w;,, =1forall i € N},
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Elements of E§ are called A-admissible (infinite) words. We also set
Et:={weE": Ayp,,, =1foralll<isn-1}, neN,

and
o0
E, = U E’\.

n=0
The elements of E; are called A-admissible (finite) words. A matrix A: E x E — {0,1}
is called finitely irreducible if there exists a finite set A c E’, such that for all i, j € E
there exists w € A for which iwj € E7,. If the associated matrix of a GDMS is finitely

irreducible, we will call the GDMS finitely irreducible as well. For every w € E?, we let
lw]:={r€ E/'\{J DT = W)

Let & = {V,E, A, t,i,{X,}vev, {elecr} be @ GDMS. For w € E’; we define the map
coded by w:
(l)w :([)wl 0"'0(/)wn :Xt(wy,) _’Xi(wl) ifweEZ. (2.1)
Slightly abusing notation we will let #(w) = t(w,) and i(w) = i(w;) for w as in (2.1).
For w € E>‘, the sets {¢p), (X1(w,))}~, form a decreasing (in the sense of inclusion)
sequence of non-empty compact sets and therefore they have nonempty intersection.
Moreover

diam(¢y|, (Xiw,))) < s" diam (X)) < s" max{diam(X,): ve V}

for every n €N, hence

1) := ) Pul, Xtw,)

neN
is a singleton. Thus we can now define the coding map
B — @ X, =X, (2.2)
veV

the latter being a disjoint union of the sets X,, v € V. The set
J=Jg = n(Ey)

will be called the limit set (or attractor) of the GDMS &.
For a > 0, we define the metrics d, on E[}J by setting

dy(w,1) = e ¥onTl, (2.3)

It is easy to see that all the metrics d, induce the same topology. It is also well known,
see [7, Proposition 4.2], that the coding map 7 : EE‘ — @,y Xy is Holder continuous,
when ]5/'\{J is equipped with any of the metrics d, as in (2.3) and @,y X, is equipped
with the direct sum metric.

In this paper we will focus on conformal GDMS. Let U < R” be open and connected.
Recall that a C! diffeomorphism ¢ : U — R" is conformal if its derivative at every point
of U is a similarity map. By D¢(z) : R” — R" we denote the derivative of ¢ evaluated
at the point z and by we denote by [|D¢(z)|| its norm, which in the conformal case
coincides with the similarity ratio. Note that for

o n=1the map ¢ is conformal if and only if it is a C!-diffeomorphism,
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e n =2the map ¢ is conformal if and only if it is either holomorphic or antiholo-
morphic,
e n =3 the map ¢ is conformal if and only if it is a M6bius transformation.

Definition 2.1. A graph directed Markov system . is called conformal if the following
conditions are satisfied.
(i) For every vertex v € V, X,, is a compact subset of a fixed Euclidean space R"
and X, = Int(X,).
(ii) (Open Set Conditionor OSC).Forall a,be E, a# b,

¢Pa(Int(Xy(w)) N Pp(Int(Xyp))) = @.

(iii) For every vertex v € V there exist open and connected sets W, > X,, such that
for every w € E*, the map ¢,, extends to a C' conformal diffeomorphism of
Wi (w) Into Wi(y).

(iv) (Bounded Distortion Property or BDP) For each v € V there exist compact and
connected sets S, such that X, c Int(S,) < S, € W, so that

IDdo (P
Ddo (@)l
where a > 0 and L = 1 are two constants depending only on .¥*, S, and W,,.

l|<Lip—q|®forallwe E, and p,q € Stw),

Remark 2.2. If n = 2 the definition of a conformal GDMS can be significantly simpli-
fied. First, condition (iii) can be replaced by the following weaker condition:

(iii)” For every vertex v € V there exists an open connected set W, o X, such that
for every e € E, the map ¢, extends to a C' conformal diffeomorphism of Wy,
into Wj().

Moreover, Condition (iv) is superfluous since Condition (iii)’ = Condition (iv) (with
a =1), see e.g. [36] and [31].

Remark 2.3. When V is a singleton and for every ej,e; € E, A, e, = 1 if and only if
t(e1) = i(e2), the GDMS is called an iterated function system (IES).

Remark 2.4. In several instances we will use some stronger separation conditions than
OSC. We will say that a conformal GDMS ¥ = {¢b.}ccE satisfies the

e Strong Open Set Condition, or SOSC, if
Int(X)nJos # @,
e Strong Separation Condition, or SSC, if
Ga X)) NPp (X)) =@
for all a, b € E such that a # b.

Note that the Bounded Distortion Property implies that there exists some constant
depending only on .%#, S,,, W, such that

L 1Dgu I _

< < (2.4)
IDpw ()l
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for every w € E’; and every pair of points p, g € S¢().
For w € E’, we set

Do lloc := 1 Do ll X, -
Note that (2.4) and the Leibniz rule easily imply that if v € E, and w = tv for some
T,v€ £}, then
K7 D1 lloo 1Dy lloo < 1 Dol < 1D lloo 1Dy lloo. (2.5)

Moreover, there exists a constant M, depending only on .#, such thatfor every w € E?,
and every p, q € St(w),

d(pw(p), Pu(q)) < MK Ddylleod(p, ), (2.6)
where d is the Euclidean metric on R". In particular for every w € E’;
diam (¢, (X¢(w))) £ MK Dy lloo diam (X (). 2.7)

The following lemma, which we’ll use repeatedly, provides information on the distor-
tion of the iterations ¢,,. It's proof can be found in [36, Section 4.1]. For each v € V, we
denote

1. = min{dist(X,,0S,) : ve V}. (2.8)

Lemma 2.5 (Egg Yolk Principle). Let S = {¢p.}ecr be a conformal GDMS. Then for all
finitewordsw € E,, all p € Xy and all0 <1 <n.y,

B(o(p), KM 1D llocT) € o (B(p, 1)) € B(po (p), Kl Doy oo 1) (2.9)

We also need to recall some well known facts from thermodynamic formalism. Let
& = {e}eck be a finitely irreducible conformal GDMS. For ¢ = 0 and n € N let

Zn(F, 1) = Zy(1):= ) Dol (2.10)
weE’}
By (2.5) we easily see that
Zm+n(8) = Zm () Zy (1), (2.11)
and consequently the sequence (log Z, (1))}, is subadditive. Thus, the limit
log Z,(t
lim log Zn(®)
n—o0o n

exists and equals inf,en(log Z,(£)/n). The value of the limit is denoted by P(¢) (or if
we want to be more precise by P« (t)) and it is called the topological pressure of the
system . evaluated at the parameter ¢. We also define two special parameters related
to topological pressure; we let

0(F):=0=inf{t=0:P(t) <oo} and h(¥):=h=inf{t=0:P(1)<0}.

The parameter h(#) is known as Bowen’s parameter.
It is well known that ¢ — P(?) is decreasing on [0, +o0) with lim;_. ., P(#) = —oco, and
it is convex and continuous on {f = 0: P(f) < oo}. Moreover

0(F):=0=inf{t =0:P(t) <oo} =inf{t =0: Z;(t) < oo}, (2.12)
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andforr=0
P(t) < +ooif and only if Z; (£) < +o0. (2.13)

For proofs of these facts see e.g. [7, Proposition 7.5] and [6, Lemma 3.10].

Definition 2.6. A finitely irreducible conformal GDMS . is:

(i) regularif P(h) =0,
(ii) strongly regular if there exists ¢ = 0 such that 0 < P(#) < +oo0.
(iii) co-finitely regularif P(0) = +oo.

It is well known, see e.g. [7, Proposition 7.8] that
co-finitely regular = strongly regular = regular. (2.14)

Topological pressure plays a key role in the dimension theory of conformal dynam-
ical systems:

Theorem 2.7. If.% is a finitely irreducible conformal GDMS, then
h(S) =dim_#»(J») = sup{dim #(JF) : F C E finite}.

For the proof see [7, Theorem 7.19] or [36, Theorem 4.2.13].
We close this section with a discussion regarding conformal measures. If ¥ = {(}ecE
is a finitely irreducible conformal GDMS we define

Fin(%) := {t: Y 1ID¢ellds < +oo}.

eeE

Moreover for ¢ € Fin(*) we define the Perron-Frobenius operator with respect to .
and ¢ as

Ligw)= Y gliw)|Dg;m@)|" for ge Cy(EY) and w € EY, (2.15)
i:Aiw1=l

where C b(E%) is the Banach space of all real-valued bounded continuous functions on
E"Y endowed with the supremum norm || - [|. Note that £, : C,(EY) — Ch(EY). As
usual we denote by Z;" : C; (E,'}I) - C Z (E/'\{‘) the dual operator of £;. We will use the
following theorem repeatedly. Its proof can be found in [7, Theorem 7.4].

Theorem 2.1. Let . = {(p.lecr be a finitely irreducible conformal GDMS and let t €
Fin(¥).

(i) There exists a unique eigenmeasure m; of the conjugate Perron-Frobenius oper-
ator £} and the corresponding eigenvalue is e"".
(ii) The eigenmeasure m; is a Gibbs state for the potential

w — tlogl| Dy, (m(o (@)l := ¢ (w).

(iii) The potential t( : E,'}I — R has a unique shift-invariant Gibbs state [i; which is
ergodic and globally equivalent to m;.
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For all ¢ € Fin(.%*) we will denote
m;:=m;onm ' and Y= ,aton_l. (2.16)

We record that the measures fi;, m; are probability measures, since they are Gibbs
states, hence the measures my, u; are probability measures as well. Note also that
h = h() € Fin(¥¥), and as it turns out the measure mjy, which we will call the k-
conformal measure of ., is particularly important for the geometry of . This is ev-
idenced by the following theorem, which is straightforward to prove. We record that
P 7, and aph ., are, respectively, the h-dimensional Hausdorff measure restricted
to /& and the h-dimensional packing measure restricted to J.

Theorem 2.2. Let.% = {(po}ecr be afinitely irreducible conformal GDMS. If either 7" (J &) >
0 or 2" (J») < 0o, then the system . is regular, and in the former case

mp = ") 7",
while in the latter case
mp=2"Jy)t2",.

Moreover, If the alphabet E is finite, then both 7" 7, and Pl J, are positive and fi-
nite and one is a constant multiple of the other. In addition, both are Ahlfors h-regular
measures.

See [7, Chapters 6,7,8] or [36, Chapter 4] for more information on Gibbs states and
conformal measures.

3. POROSITIES AND CONFORMAL GRAPH DIRECTED MARKOV SYSTEMS

In this section we study various aspects of porosities for general graph directed Markov
systems. We note that the results obtained in Subsections 3.1, 3.3 and 3.5 hold for
Carnot conformal GDMS as well, see [7] for more information on Carnot GDMS.

3.1. Porosity. We start with the formal definition of porosity. If (X, d) is a metric space
and Ec X, xe X and r € (0,diam(E)) we let

por(E,x,r) =sup{c=0:B(y,cr) c B(x,r) \ E for some y € X}. (3.1)

Definition 3.1. Let (X, d) be a metric space and let E c X be a bounded set. Given
c€(0,1) and x € X, we say that E c X is:

(i) c-porous at x if there exists some ry > 0 such that por(E, x,r) = ¢ for every r €
(0, 79),
(ii) porous at x if there exists some c € (0, 1) such that E is c-porous at x,
(iii) c-porous if there exists some ry > 0 such that por(E, x, r) = c for every x € E and
re (0, To),
(iv) porousifitis c-porous for some c € (0, 1).
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Before proving our first auxiliary lemma we need to introduce some extra notation.
Recall first that X = U ey X,. ForneNand v e V let

X":= | ¢ X)), (3.2)

n
weEy

and
Xl’}:: X"nX, = U bo(X: (). (3.3)

weELi(w)=v
Lemma 3.2. Let.¥# = {¢po}ecE be a finitely irreducible conformal GDMS such that
X\ UeepPe(Xie) # D. (3.4)

Then
(i) Forevery v eV there exists some m, € N such that

IntX, \ X" # @. (3.5)

(ii) There exists a family of open balls {B,},ecv, B, < Int X,,, such that for every w €
E*
Al
¢ow(Btw) NJs = 3. (3.6)
Proof. Throughout the proof we are going to use repeatedly the fact that the maps

Pe: Wiie) = Ppe(Wre)) € Wige)

are homeomorphisms for every e € E. The proof of (i) is similar to the proof of [7,
Theorem 8.26], nevertheless we include the details. First note that (3.4) implies that

IntX\ X! # @.
Since Int X = U,cy Int X, it follows that there exists some vy € V such that
Int X,, \ X # . (3.7)

Now let v € V and e, ey € E such that i(e) = v and #(ey) = vy. Since . is finitely
irreducible there exists some w € Ez, with |w| = my for some m € N depending only on
&, such that 0’ := ewey € E;. Therefore,

$o It X)) \ Py (X3) # B. (3.8)

Now if |'| = k notice that

XAy (It Xy,) € oy (X)) (3.9)
To prove (3.9), first observe that

X, C%'( U <Pa(Xr(a))) U U ¢:(Xim)

acE:i(a)=vg el

= ¢w’(Xl£0) U U (pT(Xt(T)))

1€l,
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where I, = {t € Effl“ :i(1) = vand 7| # w'}. Therefore

XK e ¢y (X2 U U ¢ (KXo (3.10)

el

Note that for every 7 € I, by the open set condition
¢ (Xtm) N o (Int Xy) © gy (Xt (7)) N oy (INt X ) = B,

hence
U ¢:(Xim) N (Int X)) = 2.
1€l,
Since ¢, (Int X,,,) is open, we deduce that
U ¢+ Xi@) N (Int X)) = 3. (3.11)
1el,

Therefore (3.9) follows by (3.10) and (3.11). Recall that
P (INt(Xyy)) = Py (INt( X1 (eg))) = Py IN(X(01)) = Py INt( X (e))) <INt X () = Int X,

Hence,

Int X, \ X5+1 5 ¢ (Int X)) \ X5 = b (Int X)) N (g (INt X)) \ XETD)

(3.9) — (3.8)
5 Py (It X)) \ P (XL) # @,

and this implies (3.5) because k = |w'| < mg + 2. The proof of (i) is complete
We will now prove (ii). By (3.5), for all v € V, there exist z, € X, and r, > 0 such that

By := B(zy,r,) cInt X, \ X,". (3.12)

Observe first that
BynJyr=9 (3.13)
for all v € V. Because if not, there exists some y € B, N J& and since y € J» there exists
some T € E§ such that

y=n@) =) P11, Xtr,)-
n=1

In that case y € b1, X)) © Xl’,"”, which contradicts (3.12). Hence (3.13) follows.
Suppose now that there exists some w € E; and some y € By () such that ¢, (y) € J.
So there exists some 7 € E'}, such that

P =1(1) = [ a1, Xer,)- (3.14)
n=1

We will show that w = 7|,. By contradiction assume that this is not the case. Let
ny < |w| be the smallest natural number such that w,, # 7,,. Then by the open set
condition,

¢wﬂo (Int(Xt(wno))) N (rano (Xt(rno)) =Q,
and consequently
Pl MU X)) NPy Xez,) = 2-
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Note also that

..........

and

.....

Therefore
(,bw (Int(Xt(w|w|))) N Cp‘rl‘w‘ (Xt(T|w|)) = ¢' (3-15)
Recalling (3.14) and the fact that y € By(,) < Int X;(,,) we deduce that

(Pw (J/) € (/)a) (Int(Xt(w|w|))) N (PT||(H| (XI(T|w|)))

which contradicts (3.15).
Therefore w = 7|),,, and

P (V) = Pr), (@“'(D)) = P (w0 (1))).
Hence
y=n0"'(®) €y,
and this contradicts (3.13). So we have established (3.6) and the proof of (ii) is com-
plete. 0

Under the mild assumption (3.4), limit sets of finitely irreducible graph directed
Markov systems are porous in large (in the sense of category and dimension) subsets.
This is the content of Theorem 1.1, which we restate and prove in the following.

Theorem 3.3. Let.# = {¢p.}ecE be a finitely irreducible conformal GDMS which satisfies
(3.4). Then the following hold:

(i) The limit set ] » is porous at every fixed point of &, in particular ] & is porous at
a dense set of ] ».

(ii) Foreverye > 0 thereexists some finite F(¢) := F c E withdim z (] »,) > dim 7 (J &) —
€, such that ] » is porous at every x € ] &, with porosity constant only depending
onF and.¥.

(iii) There exists some set ] € J& such that dim_z(J) = dim»(J &) and J» is porous
ateveryx € J.

Proof. Let {B(z,,1,)}yev as in Lemma 3.2. Throughout the proof, without loss of gen-
erality, we will assume that rp := min,cy r, <.
Let x,, be a fixed point of .# corresponding to some w € E’,, that is

{xXw} = ﬂ ¢w” (Xt(a)))-
n=1

Note that if w € E’; then there exists at least one o' € E; such that o'||,| = w and 0’0’ €
E’,. Indeed by the finite irreducibility of # there exists some p € E’, such that wpw €
E’. Hence, if o' = wp then w'w’ € E’;. Therefore the fixed points of .# form a dense
subset of J .

By the Leibniz rule for every n € N,

I Dy (Xe) I = 1 Dpy (X0 II", (3.16)
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and
(3.16)A(2.4) "
[Dpoprllec = KlDy(xu)ll™. (3.17)
Let r < min{diam(X,) : v € V} and let n € N be the largest natural number such that,
P (Xiw) € B(xy, 1). (3.18)

Therefore, there exists some z € ¢, n-1(X;()) \ B(x,, 7). Hence, d(xy,z) = r and since
Xo € Pyn-1(Xy(w)) we also have that

diam(¢pn-1 (X)) = 1. (3.19)
Moreover, assuming without loss of generality that diam(X) <1,
) @2.7) (3.17) 9 -1
diam(¢pyn1(X¢(w)) = MK|D@yn1lloec = MK Dy (x0)ll
K2 (3.20)
= ————— || D¢poy (x0) II"".
1D (x0) Pule

By Lemma 2.5 (ii),

(2.9) _
Gwr(Brw) > B(bwn(Ziw), K IDGwnllcoT 1)
5 B($on (Zi(w)) K Do (X0) 1 T1(w))

(3.16) -1 n 3.21)
= B (2¢(w)), K™ 1Dy (X)) |7 T ()
=B’
Therefore
B € o (Briw)) € Yo (Ko@) ' & Blxe, 1), (3.22)
and,
Jo BT GOAB2D o (3.23)
Moreover,
radiurs (B") (3.19)/\(3§0)/\(3.21) K_]Vl,i?%(xw)”nrt(w) . rOIIDl\(/fIw((gxw)ll. (3.24)
m||D¢w(xw)||”

Therefore, (3.22), (3.23) and (3.24) imply that /& is W—porous at x,. The proof
of (i) is complete.

We now move to the proof of (ii). Let A c E be a set witnessing finite irreducibility
for E. Let F be a finite set such that A c F c E, and let

mp=min{|| D¢l : e € F}.

Letw € F/’}J and x = n(w). Let r < min{diam(X,) : v € V} and let n € N be the largest
natural number such that

bol, Xtw,) € B(x,1). (3.25)
By Lemma 2.5 we have that

Pol, Biwn) 2 BPul, (Ztwn), K 1D, loort,,) := B (3.26)
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By (3.6),
J# N B =9.
Arguing as in (3.19) and (3.20) we also get that

. K
r <diam(¢y), , Xtw, ) < —IID¢y|, lloo-
mpr

Therefore,
radius (BJ) - KM ID¢o), looT (@) . Tomr

r KiIDgu,le K?

(3.27)

Hence (3.25), (3.26) and (3.27) imply that J & is r"KizF-porous at every x € m(F™) = J g,.
Now (ii) follows by Theorem 2.7.
Finally (iii) follows easily from (ii). Take

J = U{Jp: Fis finite and irreducible}.

We then have that J ¢ J&~ and by (ii) /& is porous at every point of J. Moreover by
Theorem 2.7, dim_»(J») = dim_z(J). The proof is complete. O

3.2. Upper Porosity. We will now prove some general results regarding upper poros-
ity for graph directed Markov systems. Recall (3.1) for the formal definition of upper
porosity which we state below.

Definition 3.4. Let (X, d) be a metric space. The set E c X is upper porous at x if

limsuppor(E, x,r) > 0.
r—0

Moreover the set E is c-upper porous it

limsuppor(E, x,1) > c.
r—0

for all x € E. The set E is called (uniformly) upper porous if it is c-upper porous for
some ¢ > 0.

We are now ready to restate and prove Theorem 1.2 which provides a useful criterion
for pointwise upper porosity.

Theorem 3.1. Let.% = {(.}ecr be a finitely irreducible conformal GDMS such that o #
X. Ifw € EY and

lim,,— oo dist( (0" (@)), X) > 0, (3.28)
then J & is upper porous at m(w).

Proof. Letw € E,'}l which satisfies (3.28). Recalling (2.8) we pick some 6 > 0 such that
1 —
0 < > min{n o, lim,_ . dist(7z(c" (w)), X)}.

We then choose a sequence of natural numbers (1) e such that

dist( (0" (w)), X€) > 0 for all k € N. (3.29)
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Let ¢ be an accumulation point of (7 (0" (w))ken. After possibly passing to a subse-
quence, we can assume that

lim (o™ (w)) =¢.

k—o00

Note that
¢ eInt(X)\ B(X%,0/2). (3.30)
Indeed, (3.29) implies that ¢ ¢ B(X¢,60/2). So ¢ ¢ 0X and since X is compact, £ € X\
0X = Int(X). Thus, (3.30) holds.
Since E # X, isis easy to see that Int(X) \E # @. Hence, [36, Theorem 4.6.1] implies
that J»~ is nowhere dense. Therefore, there exists some R <1 and z € B(£,0/8) such
that

B(z,R) < B(,0/8)\ J ». (3.31)
Let ko € N big enough such that
d(m (" (w)),&) < 0/8 for all k = ky. (3.32)
Hence,
B(o™ ()),0/4) °&” B¢,0/2) “E” mi(x). (3.33)

Moreover, for all k = kg,

SR Bl (o™ ), 014\ T,

B(z,R)
and consequently
Dol (B(2,R) € o), (B0 (@)),0/4)\ Py, Us). (3.34)
Note that since the sets X, v € V, are pairwise disjoint and
(0" () € o, Kewn 1)  Xitwnen) = Xewny)»

we have that

B(u(o"(@)),0/4) " INt(Xy(w,,)- (3.35)
We will now show that,
Doy, It (Xr(w,)) N Uz \ oy, T)) = @. (3.36)
Since
J# N Poln U) = Ve s, PrUL) S Urepe sy, Pr(Xim),

and the open set condition implies that
Pol,, (X1, ) NPr(Ximn) = @ forall 7€ B} \{wln},

we deduce that
Poly, MUK, ) N U\ P, J)) = @ (3.37)
Moreover, since

T\ boly, Us) =T\ bl Us) € J7 \ o), U),
and (Pw'nk (Int(X,;(wnk))) is an open set, we see that (3.37) implies (3.36).
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Now that (3.36) has been established, we obtain

(3.34)A(3.35)A(3.36)
ol (B(z,R) <

for all k = ky. By Lemma 2.5 we have thatforall ke N,
Pol,, (B(z,R) > B(¢u),, (2), K RIDPy), lloo). (3.39)

P, (B@(o™ (w)),60/4) \ T, (3.38)

and for all k = ko,
ol (B(z,R) 'S Bn(®),47 01D o, o) \T. (3.40)

Setting ry = 4_19”D¢’wlnk loo We see that

(]_ @) )(3.39)§(3.40) 4R
or (W), T > —_—,
ports k KO

for all k = ko, and consequently,

— 4R
lir?j(l)lppor(]y,n(w), r)= X0

The proof is complete. ]

Remark 3.5. Note that the hypothesis /& # X in Theorem 3.1 is necessary. Indeed,
if & is the conformal IFS of re_al continued fr_actions, ie. & ={¢d,:100,1] — [0,1]} nen
where ¢,,(x) = (n+x)~!, then J& = [0,1] and ]~ is not porous at any of its points.

We will now discuss several rather straightforward corollaries of the previous the-
orem. They attest that under some (additional) natural separation conditions, limit
sets of finitely irreducible conformal GDMSs are upper porous everywhere or almost
everywhere. The first one is just a restatement of Theorem 1.3 (i).

Corollary 3.6. If.¥ = {¢eleck is a finitely irreducible conformal GDMS such that
dist(J&, X¢) >0, (3.41)
then J & is upper porous at every x € J..

Proof. Let w € E>‘ and note that the set P, = {m(c"(w)) : n € N} is contained in J«.
Therefore, dist(P,, X¢) > 0 for all w € EY, and in particular (3.28) is satisfied for all
wE Ew. Note also that dist(J», X¢) > 0 implies that Int(X) \ /& # @. Hence Theorem
3.1 implies that J« is upper porous at 7 (w) for all w € E/'\{J. The proofis complete. [

Since J» € Ueeg Xy(e), Corollary (3.7) immediately implies the following.
Corollary 3.7. If & = {¢e.}ecE is a finitely irreducible conformal GDMS such that
UeeEX1(e) NOX = @, (3.42)

then J & is upper porous at every x € J .
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Even without assuming (3.41) we can show that the limit set of a finitely irreducible
conformal GDMS which satisfies the strong open set condition is upper porous u-a.e.
with respect to any shift invariant ergodic measure p on J«. In particular, /& is my,-a.e
upper porous, where my, is the h-conformal measure of /o and h = dim (/). The
following corollary is a restatement of Theorem 1.3 (i).

Corollary 3.8. Let# = {(pc}ecr be a finitely irreducible conformal GDMS which satisfies
J# # X and the strong open set condition. If fi is a shift invariant ergodic probability
measure on E[}' with full topological support, then J& is upper porous at fion ! -a.e.
X€Jop.

Proof. Recalling Remark 2.4, the SOSC means that /» nInt(X) # @. Hence, there exists
some x € Jo and r > 0 such that

B(x,2r) c Int(X). (3.43)

Let {1 be a shift invariant ergodic probability measure on E§ with full topological sup-
port. Birkhoff’s Ergodic Theorem implies that
ke{o,1,....n—1}:0* “1(B(x,
lim M€ noliiowler Bl ae s, ), (3.44)

n—oo n

for fi-a.e. w € EE‘. Since [1 has full topological support and 7 : EI'}‘ — X is continuous,
we deduce that ,a(ﬂ_1 (B(x,1r))) >0. Hence, if w € El}' satisfies (3.44), then there exists a
strictly increasing sequence of natural numbers (1 (w)) xen Such that
(0™ (w)) € B(x, r) forall k€ N.
Thus, if w € EY, satisfies (3.44), then
dist(r(c"*“ (w)), X) = r for all k e N.

Therefore, Theorem 3.1 implies that J& is upper porous for fi-a.e. w € EI'}'. Conse-

quently, we deduce that J& is upper porous for fion '-a.e. x € J&. The proof is com-
plete.

3.3. Mean porosity. In this section we will investigate mean porosity for graph di-
rected Markov systems. Recall (3.1) for the formal definition of mean porosity which
we state below.

Definition 3.9. Let (X, d) be a metric space. The set E c X is («, p)-mean porous at x if

i €[1,i]nN:por(E, x,s277) >
SA(E,x;a):= sup sup{liminfﬁ{] L1 p.( ) 'B}}
s€(0,1/2] p>a [—+o00 1

.. t{jell,ilnN:por(E,x,s27/) > g}
= sup sup{liminf - > p.
$€(0,+00) f>a 1—+00 l
Denote also, for future reference,
je[l,i]NN: orE,x,SZ_j >
A(E, x;B,5) := liminfﬁ{] L1, 2] p - ( ) ﬁ}.

i—+o0 1
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We will now prove Theorem 1.4 which we restate in a more precise manner. We
also record that if . = {¢.}ecp is a finitely irreducible conformal GDMS and p is a
Borel probability shift-invariant ergodic measure on EY, the characteristic Lyapunov
exponent with respect to ¢ and o is defined as

Xu(o) = —fEN logl| Dy, ((0 (W)l dp(w).
A

Note that y,(0) > 0.

Theorem 3.10. Let & = {¢p.}ecE be a finitely irreducible conformal GDMS which satis-
fies (3.4). Let fi be any Borel probability o -invariant ergodic measure on ]5/'\{J with finite
Lyapunov exponent y (o). Then there exists some a s € (0,1/2) such that

log2

AlJ#,x;2 1) = )
_(yx & ) Xa(o)

forfion!-a.e. x€ J&. In consequence,
log2
Xa(0)

forfion!-a.e. x€ J& and the set ] » is (a.», p)-mean porous for every

SAJs, x;a9) =

log2
Xu(0)

atfion '-a.e. x€Jy.
Proof. Let {B(zy,1,)}yev asin Lemma 3.2 and recall (3.12). Let w € EE‘ and set
Wi = bol;(Zrw))-
By Lemma 3.2 (ii) we know that
$ol;(Brwp) Nz =@ (3.45)

for all j € N. Without loss of generality assume again that ryp = min,ey r, < 7. By
Lemma 2.5,

Pol; Biw)) > Bwl; Z1w), K 1DPu oo tw))

) (3.46)
DB(LU]‘,K ||D¢a)|j”oor0)-
Hence, forall j €N,
. (3.45)A(3.46) ___;
dist(wj, J ) > K IID(,bw|j looT0- (3.47)

Moreover, since without loss of generality we can assume that diam(U,cy X,) < 1, we
have that

: (2.6)
AW}, 1) = d@u); (Zrwp), Pol, T @) = MKIDGuj oo (3.48)

=min g3}
a =Ny — .

Let

2K’ 2
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Then
(3.45)A(3.46)

B(w;,2a' | Dduj;loc) N ] @

and
B(w;,2a' Do), llec) '€ BUr(@),2MK || Db loo).
Therefore, for all j e N,
B(w;,2a'| Doy, llso) © Bt (@), 2MKII Do lloo) \ J. (3.49)
Let (nj) jen, nj € R, such that
2MK||Dy);lloo=2"",

that is
log(2MK | Dépy; lloo)
log2
Since lim]-qoo ||D</7w|,- loo =0, see e.g. [7, Lemma 4.18], there exists some some jj € N
such that n; > 0 for all j = jo, and n; — co. Moreover, n; is increasing by (2.5). Notice
that for j = jy, (3.49) implies that

nj=

por(Jo, n(w),27 ") = a,
where a = ML,K It then follows that for all j = jj
por(]y,n(w),Z_L”fJ) > /2,
where |x] denotes the greatest integer less than or equal to x. Therefore

#jell,ilnN:por(Jo,m(w),277) = a/2}

A(Jo,m(w);a/3,1) = liminf

oteo ! (3.50)
> liminfL.
j=+oo | nj]

Since fi is o-invariant and ergodic, Birkhoff’s ergodic theorem implies that for fi-a.e.
we EY
A’

. 17! k N
_nliIPooZkZ:O(OU (w)z—fw(du:xp(a), (3.51)
where { =log| D¢y, (m(o(w)))|l. Notice that for w € EN,
n—-1 n—-1
Y ~{oof (@) =~ logIDde,,, @@ )]
k=0 k=0

= ~log (I D¢, (0! (@) | Do, (2 (0 @)+ [ Do, (@™ (D)) -
By the Leibniz rule and the fact that

1(0"™(w) = Pw,,., 0 0Py, @(0" (W) for 1< m=<n,
we deduce that

n—-1
Y ~{oof (@) = ~log| Dy, (@™ (@) (3.52)
k=0
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By (2.4) we have that for every j e N,
K Do lloo < | Do, (0 (@)1 < | Doy lloo- (3.53)

Therefore for fi-a.e. w € EN,

B5DA(B.52) .. lOg||D<l>w|j(JT(Oj(w)))Il (3.53) .. log I D) lloo
= lim - 27 lim ————L —

i 3.54
X'U(U) j—too ] j—+oo ] ( )
Hence
n; —10g2I1 Dy ; lloo)
lim —] = lim & - Po;
j—+oo j o j—+too jlog2
1 . —10g||D<Pw|j ll oo (3.54) Xﬁ(O')
= lim - = .
log2 j—+oco j log2
Moreover since by our assumption y (o) € (0, +00),
j i log2
liminf—— > lim L = =28 (3.55)
j—+o0 |_an j—+o0 nj )(p((f)
Combining (3.50) and (3.55) we deduce that
log2
A, m();a/3,1) = —8=.
- Xa(0)
The proof is complete by choosing a & := a/6. U

We will now present a corollary of Theorem 3.10 which asserts that the limit set of
a strongly regular finitely irreducible GDMS is almost everywhere mean porous with
respect to its conformal measure.

Corollary 3.11. Let .# = {¢elecr be a strongly regular finitely irreducible conformal
GDMS which satisfies (3.4). Then

@

log2
Xin (0)
formy-a.e. x € J», and the set ] » is (a.&, p)—mean porous for every

SA(Jo, 5 a9) 2 A(Jo, X;209,1) 2

- log2
X, (0)

atmy-a.e. X€ Jo.
(i1)
log2
Xin (0)
for #"-a.e. x € J», and the set ] is (@&, p)—mean porous for every

SA(Jo x;a9) 2 A(Jo, %;2a9,1) 2

- log2
Xin (0)

at " -ae. x€Jy,
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where a & is as in Theorem 3.10, h = dim_#(J ), my, is the h-conformal measure of &%,
and fiy, is the unique shift invariant ergodic Gibbs state globally equivalent to my,.

Proof. We will first show that if . is strongly regular then y, (o), the Lyapunov expo-
nent of the unique ergodic shift invariant Gibbs state fiy, is finite. Since . is strongly
regular there exists some ¢ > 0 such that P(t) € (0,00). It follows then, for example
by [7, Proposition 7.5], that P is continuous and decreasing on [, +oo). Hence, there
exists some 1 > 0 such that P(h —n) < oo. Thus, (2.13) implies that Z;(h —n) < oo.
Equivalently,

3 IDg N < co. (3.56)
eeE
Observe that for all but finitely many e € E,
ID¢ellod = —10g(| Ddelloo)- (3.57)

Indeed, if (3.57) was false we could find infinitely many (e;) sen, €5 € E, such that

IDe, lldlog (| Depe, I50) > 1.

Nevertheless, this is impossible because by [7, Lemma 4.18] we know that || D¢, llco —
0 as n — oo, while lim,_ o+ x7log(1/x) = 0. Therefore,

Y —log(IDgello) 1D N, "< o0, (3.58)

eceE

We can now estimate y fin (o):

Xa,(0) = —fEN logll D¢y, (m(o ()l dfin(w)
A

=Y | -loglDdey, (x(o@)ldinw)

ecEJlel

Clogk ¥ finle) + ¥ (—logl Debelloo) inle)

ecE ecE

=log K fin(EY) + Y (~1og(I Depello) fin ([e]).
ecE
Recall that fij, is a probability measure on Eil (as a Gibbs state), hence in order to show
that y z, (0) < oo it suffices to show that
Y (~log(ID¢pelloc) fin(le]) < oo. (3.59)
ecE

Since . is strongly regular, and thus regular by (2.14), it is well known, see e.g. [7,
Equation 7.18], that there exists some constant cj = 1 such that for all w € E7,

¢ 1DPolloo < fin([0]) < cil Dby lloo- (3.60)

Thus, (3.59) follows by (3.58) and (3.60).

As we showed that y g, (0) < oo, (i) follows from Theorem 3.10 and the fact that fiy,
is globally equivalent to the conformal measure my. Finally (ii) follows from (i) and
[7, Theorem 10.1]. U
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Note that all the quantities and concepts introduced in Definition 3.9 are invariant
under isometries of the ambient metric space (X, d). It is also fairly obvious that these
are invariant under all similarity self-maps of X. In the following lemma, which will be
useful in Section 5, we will show that they are also conformal invarant.

Lemma 3.12. Let X c R" for some n € N. Let ¢ € X and suppose that W is an open
connected neighborhood of ¢ and ¢ : W — R" is a C! conformal diffeomorphism from
W onto ¢(W). If X is (a, p)-mean porous at ¢ in R" and Y < R" is any set such that
P&)eY and Y np(W)cp(XnW) thenY is (a, p)-mean porous at ¢(&).

Proof. Since W is an open set containing ¢ and since ¢ (W) is an open set containing
¢ (&), there exists i} = 0 such that

B(¢,279)c W and B(¢(&),277) c p(W)

forall integers j = i;. Now suppose that s € (0,1/2] and § > « are such that A(X, ¢; 8, s) >
p. Fix £ > 0 so small that (1 +£) ™28 > a. Since ¢p: W — ¢p(W) is a C' conformal diffeo-
morphism from W onto ¢(W) (in particular |¢'(¢)| # 0) then there exists iy = i such
that

B(p(a), 1 +&) ' &)Ir) € p(Bla, 1) < B(p(a), (1 +£)|¢ ()]r) (3.61)
and
B (), A+ Mo O ) cp B, 1) B D), 1+e)d ) (3.62)

for every a € B(¢,272),b € B(¢)(¢),272) and r € (0,27%). Take then j = i such that
por(X,¢&,s277) > B. Then there exists z € R” such that B(z, 8s27/) < B(¢,s27/)\ X. Since
Y np(W) c (X n W) we have that

G(B(z,Bs277)) c p(B(&, s27)\ X) c p(B(E,s27 )\ Y

(3.61) » (3.63)
C B(@©), 1+l ©)Is27H\ Y.
Moreover,
o(B(z,ps27 1) "3 Bp(2), 0+ V¢ (©)1Bs27). (3.64)
Therefore,

(3.63)A(3.64)
C

B(p(2),(1+€) "¢ (©)|Bs27]) B((©&),1+8)¢ (©)]s27)\ Y, (3.65)

and consequently
por(Y, @), 1+8)|¢'(©)]s27) = (1+) 2.

Thus,
AY,P©E);(L+8) 2B, (L+ )¢ ©)]s) = AX, &, 8) > p
Therefore,
SA(Y, ;) = A(Y,PE); (L +8) 2B, (L+ )| ©)s) > p,
and the proofis complete. U
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3.4. Directed porosity. We now turn our attention to directed porosity, whose formal
definition we provide below. Given v € $"~! we will denote by [, the line in R” con-
taining the origin and v. For E c R", x e R" and r € (0, diam(E)) we let

por,(E,x,r) =sup{c=0:B(y,cr) c B(x,r) \ E for some y € x + [,)}. (3.66)
Definition 3.13. Let E c R” be a bounded set. Given v € S"1,c€ (0,1) and x € R”, we

say that E is:

(i) v-directed c-porous at x if there exists some ry > 0 such that por,(E, x,r) = c for
every r € (0, o),
(ii) v-directed porous at x if there exists some c € (0,1) such that E is v-directed
c-porous at x,
(iii) E is v-directed c-porous if there exists some ry > 0 such that por , (E, x, r) = ¢ for
every x € E and r € (0, rp),
(iv) v-directed porousifitis v-directed c-porous for some c € (0, 1).

Our first theorem in this section provides a sufficient condition for a finite and irre-
ducible conformal GDMS to be directed porous at every direction.

Theorem 3.14. Let.# = {(¢}eck be a finite and irreducible conformal GDMS in R" such
that
dist(0X,Js):=R>0. (3.67)

Then J & is v-directed porous for every v e S" 1.
Proof. Letve S" L, we E§ and r > 0. Let k be the smallest integer such that
bl Xtwy) € B(r(w), r). (3.68)

Now let I, © ¢y, (X1 w,)) be aline segment at direction v, joining 7 (w) to 0|, (Xi(w,))-
Then there exists some y € 0 Xy(,,) such that

length(I,) = dist(7r (@), 0|, (Xi(wp)) = 1T(@) = o), (D]
Hence, by [7, Lemma 4.14] there exists some constant ¢ > 0 such that
length(1,) = |, 10X (@) = Py, ()]
= ¢l DPo ool (0 (@) = 1 = el DDy oo R > 0.
Note thaty, := cp;llk (Iy) € X¢(w;) 1s a smooth curve joining n(o*(w)) to 0X. In particular
Y joins (0% (W) to 0X¢(w,)- Therefore there exists z € y, such that
B(z,R/4) € X4y < Xand B(z,RI)N ]y =@, (3.69)

and consequently
bo| (B(z, RID)N ] = @. (3.70)
Let R':= min{R/4,1n.+/2}, where . was defined in (2.8). Thus

B(o), (), K 1 Do leoR) € ¢y, (B(z, R)

(3.69)

(3.68) (3.71)
= (pwlk(Xt(wk)) c B(”(w))r)-
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Therefore,

(3.70)A(3.71)

Jo 0 B($w, (2), K Dy R ®. (3.72)

We also record that
(Pwlk(z) EIUC(PwIk(Xt(wk)) CB(T[((U), r)- (373)

Without loss of generality we can assume that diam(X) = 1. So if my = min{||D¢¢|l oo :
e € E} we have that

) @7 KM @5 K°M
r < diam(@o), , Xiw,) £ —IDPui;_, ool Ddulloo < IDPu, lloo-  (3.74)
my myp
Hence
_ 3.72)A(3.74
J O By, (2), mo(MK3) 1R ) O PR g (3.75)

Combining (3.75) and (3.73) we deduce that ]« is v-directed mo(MK>)~"'R'-porous at
7(w). The proof is complete. U

We will now see how we can use Theorem 3.14 to show that if a finite and irreducible
conformal GDMS satisfies the strong separation condition (recall Remark 2.4) then it is
directed porous at every direction. Before doing so, we recall the notion of equivalent
graph directed Markov systems which was introduced in [7].

Definition 3.15. Two conformal GDMS . and .’ are called equivalent if:

(i) they share the same associated directed multigraph (E, V),
(ii) they have the same incidence matrix A and the same functions i,¢: E — V,
(iii) they are defined by the same set of conformal maps {¢p, : Wy(e) — Wij(e)}, where
W, are open connected sets, and for every v e V, X, U X] c W,,.

Lemma 3.16. Let. ={V,E, A, t,i,{Xy}vev, {{PelecE} De a finite conformal GDMS which
satisfies the strong separation condition. Then there exists a finite conformal &' =
{(V,E, A, t,i,{X}vev,{(pe}ec g} Which is equivalent to & and

dist(0X', Ueepe (X)) := R >0,
where X' = Uyey X],.
Proof. Since ¥ satisfies the strong separation condition there exists € < 1. such that
ba(Xi(a) () NPp(Xy ) (€)) =D (3.76)

for all distinct a, b € E, where A(e) = {x: d(x, A) < €} for A < R". We can also assume
that
max{||D,llo:e€ E} =5 < 1.

We now let

Xl// = Xy (8) .
We will show that for all e€ E,
Pe(X;(p) < Xi(e) (5'€). (3.77)
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Forall p e X;( o there exists some g € X;() such that d(p, q) < €. Hence, by the mean
value theorem, if ¢.(p) ¢ Xi(e),

d(Xie), Pe(p)) < d(Pe(Xe(e), Pe(p)) < 1Pe(q) — Pe(p)| < I Dpelloclp — ql < s'e.
Therefore, (3.77) follows.

Hence, (3.76) and (3.77) imply that &#' = {V, E, A, t,1,{X]} yev, {(Pe} ccE} is @ conformal
GDMS and moreover (3.77) implies that

dist(0X', Uecppe(X; ) = (1 - s")e > 0.

The proof is complete. ]

Theorem 3.17. Let ¥ = {(pclecr be a finite and irreducible conformal GDMS in R"
which satisfies the strong separation condition. Then ]« is v-directed porous for every
vesS" L

Proof. Note that if two conformal GDMS are equivalent then they generate the same
limit set. Therefore Theorem 3.17 follows by Theorem 3.14 and Lemma 3.16. U

In the next theorem we consider systems where (3.67) does not necessarily hold.
We prove that if an IFS consists of rotation free similarities and there exist directions
v € §" ! such that the lines 7, + x miss all the first iterations in the interior of the set X,
then the limit set is v-directed porous.

Theorem 3.18. Let.¥ = {(p.: X — X}ec be a finite CIFS consisting of rotation free sim-
ilarities. Suppose that there exists a set V < S such that

IntX) N Ly + )\ | pe(X) # @ (3.78)
ecE

for every x € Ueep Pe(X) and v € S 1\ V. Then ]« is v-directed porous for every v €
S\ V and every x € J .
Proof. Let ve S 1\ V. We will first show that there exists some 1 > 0 such that for all
X € Uee e (X) there exists some zy € [, + x such that

B(zy,n) cInt(X) \ J . (3.79)
If x € Ugeppe(X) let

Nx=supf{f =0:3z€ [, + x such that B(z,0) cInt(X) \ J#}.
In order to establish (3.79) it suffices to show that
inf{n : X € Ueeppe (X)} > 0.

By way of contradiction assume that inf{ny : x € Ueep¢p.(X)} = 0. So there exists a pos-
itive sequence (1) en such that 7, — 0 and a sequence (x,) zen N Uegepde(X) such
thatif z € (I, + x,,) N Int(X) satisfies B(z,0) c Int(X) \ J», then 6 < n,. By compactness,
passing to subsequences if necessary, there exists x € Ugepp.(X) such that x,, — x. By
(3.78) there exists yy € (Int(X) N (I, + X)) \ Ueeg ®e(X) and R > 0 such that

B(yx, R) cInt(X)\ | ¢e(X). (3.80)
ecE
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For every n € N let y, be the unique pointin (I + y) N (I, + x). Let ng € N big enough
such that |x, — x| < R/4 for all n = ny. Notice that

|Vn—yxl < lxp—xI<R/4
for all n = ny. Hence B(y,, R/2) < B(yy, R) for all n = ny. Therefore by (3.80),
B(yn, R12) cInt(X) \ | ¢ (X), for all n = ny.

ecE

Hence, we have found y,, € X n (I, + x,;) such that
B(yn, R/2) cInt(X)\ J .

But this is a contradiction because 17, — 0 and (3.79) has been proven.
Now let x = 71(w) for some w € EN and fix some r > 0. Let n be the smallest integer
such that
Pw|,(X) c B(r(w), ).

Denote [, := [, + x and let [y := cp;lln (l,). Since . consists of rotation free similarities,
lp is aline parallel to /,. Observe that

(0" (W) € lyN o, ,, (X). (3.81)

This follows because 7 (w) = ¢y, (T(0"())), hence n(c" (w)) € (p;lln(lw) = lp. Also by
definition of the projection ,

(0" () = [ Pon(@)nX) € oy, (X).
m=1

Hence [y = n(0" (w)) + [, and by (3.79) there exists some z € [y such that
B(z,n) cInt(X)\ J. (3.82)

Without loss of generality we can assume that n < 7n.». Hence

B, (2, K 0D, o) € b, (Blz ). (3.83)
We will now show that
bw,Blz,n)N ]y =@. (3.84)
By way of contradiction assume that there exists some y € B(z,n) such that ¢, (y) €
J <. Hence there exists some T € EI'}' such that

bwl, ) =7(1) = g, (0" (1))). (3.85)

If w|, =7l, then y =n(c"(1)). Hence, y € ] and this contradicts (3.82). If w|,, # 7|, let
m < n be the smallest integer such that w,, # 7,,. By the open set condition and the
fact that the maps ¢, are homeomorphisms for every e € E, we deduce that

o, Int(X)) N, (X) = 2,
and consequently
bol,, (Int(X)) N7, (X) = 2.

But this contradicts (3.85) because ¢y, () € ¢y, (Int(X)) and 7 (1) € ¢, (X). There-
fore we have established (3.84).
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We then have

B@u), (), K I Doy, loo) N T T HEH g (3.86)
Since z € [y N X it follows that ¢y, (2) € I, N ¢y, (X) € B(r(w), r). Without loss of gen-
erality we can assume that diam(X) < 1. So, by the choice of n, we have that

) en K 5 K2
r <diam(¢y), (X)) < ;”D(Pwln,l”oo”D(pwn”oo < KIID(PMHIIOO, (3.87)
0 0

where my = min{|| D¢, |l : € € E}. Therefore

(3.86)A(3.87)

mo1)
B(([)w|n(z),FI‘)ﬂ]y @.

Thus, J# is v-directed %—porous at x. The proof is complete. U

3.5. Non-porosity. So far, we have been investigating porosity properties of confor-
mal GDMS. Nevertheless, limit sets of conformal GDMS very frequently are non-porous.
In the following, we will prove that if the limit set of a finitely irreducible conformal
GDMS is not porous at a single point, then it is not porous in a set of full measure.

Theorem 3.19. Let ¥ = {(pclecr be a finitely irreducible conformal GDMS such that
J < is not porous, or ]« is not porous at some { € J». If i is a shift invariant ergodic
probability measure on E§ with full topological support, then ] & is not porous at fiomr ™"
a.e x€ Jo.

Proof. We will first assume that /o is not porous. Let € € (0,2K2). Since J« is not
e-porous then there exists r := r. € (0,n./2) (recall (2.8)) and ¢ := ¢, € J& such that
por(J«,¢, 1) < €. Hence, for all x € B(¢, )

B(x,er)nJy # @. (3.88)

The measure i has full topological support hence fi(r ' (B(¢, 5))) > 0, for every s > 0.
Moreover, since fi is ergodic and Birkhoff’s Ergodic Theorem implies that if

Y, :={we EY:0"(w) e n (B, (4MK*) ') for infinitely many n € N},

then fi(Y,) = 1.

Let w € Y, and n € N such that 0" (w) € 771 (B(&, (4K)~1'r)). Since ¢ € J& there exists
some v € V such that ¢ € X,,. On the other hand (0" (w)) € Xy(,,) and

r U4
—_— <,
4MK? 8K?
By the definition of n» and the fact that the sets X,,v € V, are pairwise disjoint we
deduce that ¢ € X;(,,). Hence, Lemma 2.5 implies that

B(dw), €), K IDPw), loo?) € Gu, (BE, 1)) € B(dw], €), KIIDdy, llooT)- (3.90)
Moreover
A (w), P, ) = d(Pw|, (T(@" (W), Pu), ()

dr(o"(w)),&) < (3.89)

2.6) 3.89) Dy, lloo? (3.91)
< KMIDo, lood (0™ (@), &) 2 ‘/’;"—I'(.
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Hence

_ (3.91) _
Br(w), 2K) " D), llocr) S By, €), K~ 1 Doy, lloor)
(3.90)
C Pu,(BE,1).

Let w € Y. We will show that J & is not &’-porous at 77 (w) where &' = 2K? Me. Let §’ > 0
and choose n € N big enough such that (21()‘1||D(pw|n||oor < ¢'; this is possible for
example by [7, Lemma 4.18]. Now take z € B(r(w), (2 K1 | Do), lloor) and note that by
(3.92), z= ¢y, (b) for some b € B({, r). Therefore, (3.88) implies that B(b,er) N Jo # @.
Let ye B(b,er)n J». Then, we have that d(y, b) < er <n/2 and

(3.92)

(2.6)
d((/)wln(y)y(Pwln(b)) = KM”D(Pwl,,”ood(y,b)<KM||D(/)w|n”oogr-

Therefore
Jo N B(z, KM|| D¢y, llc€T) # B.

Hence J& is not €’ -porous at 7 (w).

Letu=jio 7L, We have shown that for every € € (0,1) there exists Az :=n(Y) € Jo»
such that u(A¢) = 1 and J« is not 2K?Me-porous for all z € A,. Therefore there exist
sets A, © J& such that p(A,) = 1 and J« is not 2K?Mn~!-porous for all z € A,,. Let
A:=NpenAp. Then u(A) =1 and we will show that J« is not porous at every z € A. Let
z € A and suppose by contradiction that /& is d-porous at z for some d > 0. Choose
n € N such that 2K?Mn~! < d. Since z € A,, for every § > 0 there exists some r4 € (0,5)
such that if y € B(z,1s) then J& nB(y,ZKZMn_lrg) # @. Hence, Jo» N B(y,drs) # @ for
all y € B(z,rs) and we have reached a contradiction since we had assumed that J is
d-porous at z. So the proof is complete when J« is not porous.

If /& is not porous at some { € J» the proof is almost identical. In that case for all
€ >0 there exists r := r, € (0, 12y such that por(J«,(,r) <&e. Hence, for all x € B({, 1)

B(x,er)NJo # Q.

The rest of the proof follows exactly in the same manner as in the previous case. The
proof is complete. 0

We are now ready to see how Theorem 1.6 follows from Theorem 3.19. For the con-
cepts appearing in the following corollary, recall Theorem 2.1 and the related discus-
sion in the end of Section 2.

Corollary 3.20. Let.” = {¢e}eck be a finitely irreducible conformal GDMS such that ]
is not porous, or ] » is not porous at some { € J . If t € Fin(.¥) then ] & is not porous at
m;-a.e. x € ] ». In particular ] » is not porous at my-a.e. x € ] » where h = dim _z(J »).

Proof. Let fi; be the unique shift invariant ergodic measure on EI'}J which is a Gibbs
state for the potential #{, see Theorem 2.1. It follows by the definition of Gibbs states,
see e.g. [7, Section 6.2], that fi;([w]) >0 forallw € Ejg. Since the collection of cylinders
forms a countable base for the topology of E,'}xl (recall (2.3)) it follows that fi; has full
topological support. Hence the conclusion follows by Theorem 3.19 and Theorem 2.1
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because the unique eigenmeasure 771, of the conjugate Perron-Frobenius operator £,
is globally equivalent to fi;. U

We record that since " lj, << my (seee.g. [7, Theorem 10.1]), Corollary 3.20 implies
that if /& is not porous, or /& is not porous at some ( € J &, then J is not porous at
Ff"-a.e. x € . Nevertheless this statement is vacuous when #"(J &) = 0.

It is known that if .% is a finitely irreducible GDMS which consists of finitely many
conformal maps and Int(X)\ J» # @ then J» is porous, see e.g. [36, Theorem 4.6.4] and
[58, Theorem 2.5]. According to our next Theorem the situation is very different when
the alphabet is infinite. For every h less than the dimension of the ambient space we
construct an infinite IFS consisting of similarities whose limit set is not porous almost
everywhere.

Theorem 3.21. For every h € (0, n) there exists a CIFS #), consisting of similarities in
R™ such that dim 7 (J»,) = h and ] #, is not porous at my-a.e. x € J &, where my, is the
h-conformal measure of & .

Proof. We start by fixing some ¢ € R"” and h € (0,n). By Corollary 3.20 it suffices to
construct a CIFS .#, consisting of similarities such that dim #»(J«,) = h, ¢ € E and
J.#, is not porous at .

Let A = (ay) ren sSuch that,

(i) AcB(0,1/2),
(ii) every p € Ais an isolated point of A,
(iii) € A\ A,
(iv) there exists a sequence (£x)ren, With £; € (0,1071) such that if z; € Blag, )
then (zy) ken is not porous at &.

It is not difficult to produce countable sets with the above properties. For example,
start with A = U‘J?‘; W2 where X ; is a maximal family in dB(0, 1/ j) such that for all p, g €

Li,p#q dp,q=j>
Pick some rj € (0, 1) such that rlh < 1and r; < €;. Proceeding inductively we obtain
a sequence (ry)ken Such that 0 < ri < € and

@) chzl r,? <lforallleN,

(ii) Blak, r) N (A\ah) = @,
(iii) the balls B(ag, ri) are pairwise disjoint.

Of course in that case
o0
Y ortsl. (3.93)
k=1

For k € Nlet ¢ : R” — R" defined by

(pk = Tak °5rk;
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where 74(p) = g+ p and §,(p) = rp. Note that ¢r(B(0,1)) = B(ag, r), hence the se-
quence (¢)ren defines a system of similitudes . which satisfies the SSC, recall Re-
mark 2.4. Note also that since for all ke N,

J# N Blag, ) # D,
we deduce that ¢ € Jo. By the choices of a; and ry we also have that if xx € J» N
B(ay, i) for k € N, then the set {x}ren is not porous at . Therefore /& is not porous
at¢.
If Y gen r]i’ =1, then by [7, Corollary 7.22] we have that dim 7 (/) = h and we are
done. So we only have to check the case when Y ;cn r,? < 1. Since

m —
J# < | Blak, i),
k=1

we deduce that B(0,1) \E # @. Let
Vm:B0,1)— By, m=1,...,ny,

be a finite set of similarities such that the open balls B, are pairwise disjoint, B,, c
B(0,1)\ ], and
o

S e Y 1Dyl =1

neN m=1
Note that this is possible because the radius of each B, is || Dy /o and we can choose
ay. and ry such that uz"zlﬁ(ak, re) < B(0,1/2). Hence if #, = £ U {wm}';;’:l, J#, is not
porous at ¢ and dim #(J#,) = h. Hence, Corollary 3.20 implies that g, is not porous
at my-a.e. x € J,.The proof is complete. U

4. POROSITY FOR COMPLEX CONTINUED FRACTIONS

In this section we explore porosity in the setting of complex continued fractions. We
denote by
E:={m+ni:(m,n)eNxZ}
the Gaussian integers with positive real part. For e € E we consider the maps
1
Pe(2) := m,
which are all holomorphic when Re(z) > —1. Moreover, it is easy to check that

Re(z) = 1ifand onlyif z€ B(1/2,1/2). 4.1)

Hence, if we set _
X:=B(1/2,1/2),
we see that
¢e: X — XforalleeE. 4.2)

The following proposition, whose proof can be found in [35], gathers some properties
of the maps ¢,.

Proposition 4.1. Foreveryee€ E
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(i) 47 el < | (2)| < 4le|™? forall z€ X,
(ii) 47!|e|™2 < diam(¢p.(X)) < 4|e| 2.

It is easy to check that ¢, (Int(X)) N ¢, (Int(X)) = @ for e,a € E, e # a. Hence, {(pe}ecE
satisfies the OSC but formally {¢b}cc £ is not a conformal IFS because (/)’1 (0) = 1. For this
reason we need the following lemma.

Lemma 4.2. There existd >0 and s € (0,1) such that forallw € E* \ E,
¢u(B(1/2,1/12+06)) € B(1/2,1/2 + 56) (4.3)

and
ey | B1/2,1/248) < S- (4.4)

Proof. 1t suffices to prove (4.4) for w € E? U E3. Indeed, once (4.4) is established for
w € E? U E3, then the Mean Value Theorem implies (4.3) for w € E? U E2. Since for every
odd natural number n = 3 there exists some k € N such that n = 2k + 3, if (4.3) holds
for w € E? U E3, then it holds for all w € E* with |w| = 2. Finally, (4.3) for all w € E*\ E
combined with (4.4) for w € E?> U E® and the Leibniz rule, implies (4.4) for all v € E*
with |w] = 2.

We will first consider the case when w = ab € E2. Note that if a, b € E, then

) b+z
)= —,
Pab 1+alb+2)
andif z€ B(1/2,3/4),
1 1
N+ab+2z)|=al E+b+z > E+b+z >Re(a ') +Re(b)+Re(z) >1—1/4. (4.5)

Hence the maps ¢, are conformal on B(1/2,3/4) for all a,b € E. From now on we
assume that z € B(1/2,3/4) and we record that for such z,

! _
PabD = T a0

We will prove (4.4) (for w = ab € E?) by considering two cases. We first assume that
lal < 2, that is a € {1,1 +i,1 —i,2}. Note that in this case Re(a™!) = 1/2. Therefore,
arguing as in (4.5),

11+ a(z+b)| =Re(a™!) + Re(b) + Re(z) = 3/2 + Re(z). 4.7

Hence, if z € B(1/2,1/2 + ) then Re(z) > -0, and if we let 6 < 1/2 (whose exact value
will be determined later) we have that

(4.6)

(4.6)A(4.7) 1
——<1.
(3/2-6)2

We now move to the case when a € E,|a| > 2. Observe that if a € E and |a| > 2 then

lal = v/5. Hence, for such a € E (and any b € E), if we choose 6 = ‘{5—\/%2 we see that for

any z€ B(1/2,1/2+6),

Il Bar2,1/2+48) (4.8)

|1+a(z+b)|2|a|lz+b|—12\/gRe(z+b)—1>\/5(1—6)—1:§. (4.9)
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Thus,
, (4.6)A(4.9)
lbpllBar212+6) = 415, (4.10)
If we plugin 6 = ‘2—5—\/_; in (4.8) we deduce that for a € E with |a| <2

1, B2, 11246) < (5/4) ™2 = 16/25 < 4/5,

where we used that % < 1/4. Hence, we have shown that if w € E?,

NG
! Il Bas2,1/245) < 415, (4.11)
and we have established (4.4) for w € E? with § = _\f/—gz and sy = 4/5.

Now, as mentioned earlier, (4.3) for w € E? follows from (4.4) after a straightforward
application of the Mean Value Theorem. Indeed, let w € E? and p € B(1/2,1/2 + ).
Then, there exists some q € B(1/2,1/2) such that |p — q| < . By the Mean Value The-
orem,

P60 (P) = P (@] = 1Pyl Bar21/246)| P — G1 < 06
By (4.2) we deduce that ¢, (B(1/2,1/2)) = B(1/2,1/2), hence
lpo (P) = 1712] < |y (P) — P (@] + o (q) —1/2] < 596 +1/2,

and (4.3) for w € E? has been proven.

It remains to show (4.4) forw € E3. Let § = {5—\/_52 and sy = 4/5 as in the previous case.
From now on we will assume that z € B(1/2,1/2 + 8) . Note that for w € E3,

b (2) = Pu, (Pw,ws(2)) = m,
and by (4.3) for E? we know that Pw,w;(2) € B(1/2,1/2 + 506). Hence,
01 + Pyws (2)] = Re(@1) + Re(Puyos (2)) > 1— 560 > 0. 4.12)

So the maps ¢, w € E3, are conformal in B(1/2,1/2 + 8). By (4.4) for words of length 2
and the chain rule, we obtain that

|2, (2)] = |y, (D5 1,00, (2)]

(4.11) So (4.12) So (4.13)
= 50, ooy D= 105 DR S T sdR
However,
So 400
ST =502 (10v/5 - 4(v/5 - 2))2 <t 1
Hence, we have proven (4.4) forw € E3 with § = ‘2_5—\/'52 and s asin (4.14). Arguing exactly
as in the case for w € E?, we also obtain (4.3) for w € E3. The proof is complete. U

Lemma 4.2 combined with [31, Remarks 10.2.2 and 10.3.3] allows us to treat {f, :
X — X}eer as a conformal IFS. Alternatively, Lemma 4.2 shows that the family {¢, o
¢j: (e, j) € E x E} is a conformal IFS. From now on, perhaps slightly abusing notation,
given I c E we will call € % := {(po}ecs, @ complex continued fractions IFS. Moreover
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we will denote its corresponding limit set by J;. With regard to the bounded distortion
properties of €% ; we record that the best distortion constant is K = 4, see [35, Remark
6.7].

We will repeatedly use the following version of Koebe’s distortion theorem. For a
relevant discussion of Koebe-type distortion theorems, see [31].

Theorem 4.3. There exists a nonnegative, continuous, and increasing function t —
K;, t€10,1) with Ky =1, such thatif pe C,r >0 and f : B(p,r) — C is a holomorphic
function, then for every t € [0,1) and for all w,z € B(p, tr),

!/
| f (w)] <K,
|f'(2)]
Consequently, if w,z € B(p, tr) and B(w, s) < B(p, tr) for some s > 0, then

B(f(w),K; ' f'(2)Is) < f(B(w, ) < B(f (W), K| f'(2)]5).
In addition,
fB(p,r)> B(f(P),4_1|f/(P)|r)-

It follows by [58, Theorem 2.5], or [23, Theorem 2.6], that if F c E is finite then JF is
porous. Nevertheless, using Theorem 3.14 we can show something much stronger; as
it turns out Jr is directed porous at all directions. We thus establish Theorem 1.7 (ii),
which we restate and prove below.

Theorem 4.4. Let F c E be finite and let Jr be the limit set associated to the complex
continued fractions system € F r. Then J is v-directed porous for all v € S*.

Proof. We will first show that ¢.(z) € 0X if and only if Re(e) = 1 and z = 0. Note that
¢e(2z) € 0X means that
1 1
—1/2| = |— - | =1/2,
pe(2) | ‘z+e 2'
or equivalently
2—(z+e)l=|z+el. (4.15)

Developing (4.15) we see that ¢,.(z) € 0X if and only if Re(z+e) = 1, which holds exactly
when Re(e) =1 and z =0, since e€ E and z€ B(1/2,1/2).

For e € E with Re(e) = 1 let {b.} = 0X N ¢.(X) and note that ¢, (b,) = 0. We want to
apply Theorem 3.14 hence we need to verify that

dist(Jr,0X) > 0. (4.16)

Since Jr is a compact subset of X, it suffices to show that Jrn 90X = @. Suppose by way
of contradiction that there exists some x € Jr N 0X. Then x = 7 (w) for some w € EN.
Then x = ¢, (7(0(w))) and we let e = w,. Therefore x € JpN¢p.(X)NIX. By the previous
discussion we then deduce that x = b, € Jr. In that case we would have that

0=, (be) = P, (x) = w(o (@) € JF,

and this is contradiction, since 0 ¢ Jr. The proofis complete. U



POROSITY IN CONFORMAL DYNAMICAL SYSTEMS 39

Our first main theorem in this section, with many implications in the following, pro-
vides a characterization of porous limit sets of complex continued fractions with al-
phabet I c E. One interesting aspect of our characterization is that everything reduces
to properties of the alphabet I. Hence, given I c E one can check if J; is porous by
solely examining a certain property of the alphabet I.

Theorem 4.5. Let I be an infinite subset of E. Then J; is porous if and only if there exist
0€(0,1),x € (0,1) and p > 0, such that for every i € I and every R € [p,x|i|l, there exists
some y; g € B(i, R) such that

ENB(yig,OR) cE\I

Before giving the proof of Theorem 4.5 we state a general characterization of porous
limit sets of infinite CIFS which we will employ in our proof.

Theorem 4.6 ([58]). Let.& = {¢;};c1 be an infinite CIFS. Then J; is porous if there exists
a cofinite set F c I and parametersn =1,¢>0,{>0,8 =1, such that foralli € I\ F and
everyr € [Bdiam(¢p; (X)), <), there exist x; € B(¢p;(X),nr) N X such that

B(xj,cr)n];=@.

Proof of Theorem 4.5. Throughout the proof we are going to denote M(z) =z~ ! for z €
C\{0}. We will first show that if J; is porous then there exist 6 € (0,1),x € (0,1) and p > 0,
such that for every i € I and every R € [p, k|i|], there exists some y; r € B(i, R) such that
EﬂB(yl'yR,BR) cE\I

Since J; is porous there exists a € (0,1) such that for all z € J; and r € (0,1) there
exists some w := w,,, € C such that

B(w,ar) < B(z, 1)\ J;.

Fix k¥ so small so that K x < 1, where K is as in Theorem 4.3. Note that this is possible
because by Theorem 4.3 the function ¢t — K, t € [0, 1) is continuous and lim;_.o K; = 1.
Theorem 4.3 implies that for every i € I and every R € (0, x]i]]

B(i™',K_'Rli|™%) < M(B(i,R)) c B(i" !, K Rli| ™)

4.17)
c B Y Kexli™H < BGTL 1i17Y).

Note that if i € I then i1 € J;. Indeed, it is easy to see that, since [ is infinite, for
every € > 0 there exists some w, € N'such that |7(w,)| < €. Therefore by the Mean
Value Theorem,

Im(iw) =i~ =i (m(we)) — i (0)] = 1P} ook,
and our claim follows by choosing ¢ appropriately small.
Thus, since J; is porous, there exists some w € C such that

B:=B(w,ar)cBG ', r\T;, (4.18)

where 1’ = KK|}§|2' Note that 0 ¢ B(i~!, r’) because r’ < |i|~! and observe that

InM~Y(B) = g. (4.19)
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Suppose that (4.19) is false, then there exists some a € In M~1(B). So a™! = M(a) € B,
and since a~! € J;, we deduce that BN J; # @. This contradicts (4.18).
We will now show that

_1 _1 CKKR
M *(B)oBlw -, > |- (4.20)
4K?
By Theorem 4.3,
-1 1 41,0y =2 -1 ax R
M *(B)oB(w ,4 ‘ar|lw| “)=Blw ', ——|. (4.21)
4K |i1?|w|?
Since we B (i‘l, K ﬁ), Theorem 4.3 implies that
|il> = M'(i7))] < K M' (w)| = Kyelw] 2. (4.22)
Therefore (4.20) follows by (4.21) and (4.22).
Hence,
akR
InB (w_l, — ) (1192200 (4.23)
4K2
Since we B (i‘l, K ﬁ), Theorem 4.3 implies that
-1 . .1 .o KR
lw™ —i|=|Mw)—- MG )| < Klil K|_|2:KR<R. (4.24)
K l

The proof of this implication follows by (4.23) and (4.24) after choosing
yir=w ', 0=4"1axK_ ? and p = «x/2.
Actually, it follows by the proof that we could even choose p =0, see Theorem 4.7.
We will now prove the other direction. Assume that there exist 0 € (0,1),x € (0,1) and

p > 0, such that for every i € I and every R € [p,k|i|], there exists some y; g € B(i,R)
such that

EﬂB(yi’R,HR) cE\I

Note that we can assume that

K < (4Ky2)7 (4.25)
9—1

IA

N D

(4.26)

Under this assumption we will show that J; is porous.
We will start by proving the following claim.

Claim 1. Let
1
Mo = ZKllzK(lJrQ),
Co := (8K1/2)_19K(1 + K)_Z,
Bo:=20pk "1,
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Then foralli € I and r € [Bpdiam(¢;(X)),4/]i]], there exists x; € B(¢;(X),nor)N X such
that

B(xi,cor)NJ1 = .

Proof. First notice that for i € I and r > 0 as in the claim, by Proposition 4.1 (ii) we have
that, 00 00
r > Bodiam ¢b; (X) = Tpdiam(pi(X) > 4—: 2.

Hence, recalling the assumption for i,

p1 ro 1
——<—-=—. (4.27)
x|il2 4 i

Then 0 ¢ E(%, 7) and Theorem 4.3 implies that

1r R o
M(B(?g))CB(Z’Km'” 5)
Let R:= %r[i|* and note that by (4.27),

L L. . K .
—rli? <x—|il* =x|i| and Zr|z|2>p.

4 i
Hence, R € [p,«|i|] and by our assumption there exists some y; g € B(i, R) such that
INB(y;r,0R) =®. (4.28)
Note that )
1 .2 7]
—Oxrli+R< —. (4.29)
4 2

This is easy to check:

1 1 1 r (4.27) .25 |i
ZBKr|i|2+R:L—lekrli|2+zkr|i|2:(1+6)1<Z|i|2 < (1+0)xl|i| < U.

Since y; r € B(i, R),
B(yir 4~ '0xr1il?) < B, 4 0xrlil* + R) " B (i, 'zﬂ) (4.30)
hence Theorem 4.3 implies that
B (J/,-_}p (4K1/2)_197<r) c M(B(y;,r, 47 0xr|i|*). (4.31)
Again by Theorem 4.3 and (4.30)
M(B(y; g, 4 '0xr|il*) c M(B(i,4”'6xr|il* + R))
c B(i7 1,47 Ky 20k + K1 2Ri] %) (4.32)
=B 147 'Ky ox(1+0)r).

Therefore
M(B(yi g, 4 '0xrlil?) € B(¢h; (X), 47 Ky /ox (1 +0)1). (4.33)
Now assume that Claim 1 is false. Then there exists some i € I and some

Bodiam(¢p; (X)) < r < 4/]i|
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such that for all y € B(¢p;(X),no r) n X it holds that

B(y,cor)NJr # .

By (4.33) we know that yi‘}? € B(¢p;(X),no 1), where as before R = %rlilz. Hence, there
exists some j € I such that

B(yipcor)Ngj(X) # .
Note that
M(pj(X))=MoMot;(B(1/2,1/2)) =7;(B(1/2,1/2)) = B(j + 1/2,1/2) < B(j, 1),

where #;(x) = j + x. So, we conclude that

M(B(y; k,cor) NB(j, 1) # 2. (4.34)

Moreover,

(4.31)A(4.32)
C

B(yijo (4Kiy2) 07| B, 47 Ky ok (1 +0)r)

U B Kyl il ™h Y€ BGT, 21D Y.

Therefore since ¢y < (4K1,2) 10k, ¥i.r € B(i,R), and R < «|i|, Theorem 4.3 implies that
M(B(y; p,com)) € B(yi,r Kij2 colyirl°r) € B(yig, Kijz co A +1°1ilr).  (4.35)

Consequently by (4.34) and (4.35) we conclude that

B(ir, K12 0o (1 +1)%1il*r)nB(j,1) # @,

and
ViR — J1 <1+ K200 (L+5)ifr. (4.36)
Note also that
(4.26) (4.27) K
2071 < p < Zr|i|2. (4.37)
So, recalling the definition of ¢y,
(436)A(437) T r
yir—jl < SOKIiPr+ Kijz ¢ (L+10%1ir = Z0xlil’ = OR. (4.38)
Now notice that (4.38) contradicts (4.28). The proof of Claim 1 is complete. O

We now continue with the proof of the theorem. Note that since 0 ¢ ¢.(X) for all
e € E, we have that

> 0. (4.39)

ro:= dist( U ¢iXx),0

iel:|i|<8

We will prove the following claim.
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Claim 2. Let F={ie1:]i| >4/ry}, and

'—maX{S 1K K(1+0)+6+— } (4.40)
77-— 74 1/2 25p ) .
c:=co= 8Ky 10x(1+x)72, (4.41)
20
= fo= P (4.42)
K
1 g «x
= - — — . 4.43
d mm{s 24 105p} (4.43)

Then for alli € I\ F and r € [fdiam(¢;(X)),¢], there exists x; € B(¢p;(X),nr) N X such
that

B(xj,cr) m]_I: D.

Proof. Leti e I\ F and r € [Bdiam(¢;(X)),4/]i|]. In that case, since n = 19, ¢ = ¢y and
B = Po, Claim 2 follows by Claim 1. Therefore we can assume that i € I \ F and

max{fdiam¢;(X),4/]il} <r <¢. (4.44)
We are going to distinguish two cases. First assume that
(B 6n\BGE,2m)n [ pa(X) = 2. (4.45)
acl

It is easy to see that for every e€ E,
e e X=B(1/2,1/2).

Moreover by the choice of { we have that4r < 1/2, hence X n OB(i~},4r) # @. Let
x; € XNABG~,4r).

Since x; € dB(i~!,4r) we have that B(x;,r) < B(i~!,6r)\ B(i"!,2r), therefore (4.45) im-
plies that B(x;,r) n J; = @. Since x; € B(¢;(X),5r) the claim has been proven in that
case.

We are left with the case when (B(i~1,67)\ B(i™1,2r)) NUges Pa(X) # @. Hence there
exists some a € I such that

(B(i™1,6m\B(i™,2r) n¢a(X) # 2. (4.46)

Therefore,

_1 (4.44)A(4.46)
>

‘l—i‘1|—|i| > 2r—diam(¢)a(X))—i

la|”" =|a

r o _ (1 _1
= ——4lal = ——4|al ",
4 4

where in the third inequality we used Proposition 4.1 (ii). Hence,

q_Ir_r
la| "= —>-. (4.47)
20 4
Observe that
|a| > 8. (4.48)
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To see this, assume by contradiction that |a| < 8. Then (4.39) implies that
dist(¢p4(X),0) = rp. (4.49)

Moreover, by (4.46) there exists z € (B(i~1,6r)\B(i~},2r)) N$4(X). Sinceie Fandr <¢
we deduce that

ro Tro T
zl<lil ' +br<—+ =2,
4 4 2
And this contradicts (4.49), establishing (4.48).
We record again that (4.46) implies that
li™t —a ' < 6r +diam(¢p,(X)). (4.50)
We now have,
- Gl e _; (4.44)A(4.50) )
la < li i =TS 7 + diam(a (X))
, 449 B (4.51)
<7r+4ja| < 7r+5|a| ,
where in the third inequality we used Proposition 4.1 (ii). Hence
—2 @30 2 2.2, 49 K
14 r<14°r < r . 4.52
lal ¢= = (4.52)
Consequently, Proposition 4.1 (ii) implies that
25 . 52)
=F diam(pq () = —Fla? 'S 4.53)

Since 2£ > Bo, (4.47) and (4.53) allows us to use Claim 1 and obtain some x, € B(a™!,nor)
such that

B(xg,cor)NJ1 = @. (4.54)

Notice then, that

1 1 1 ., (450) )
|Xg—1 "|<|xq—a "|+la —i 7| = nor+6r+diam(¢,(X))
(4.53) ( K ) (4.40) (4.55)
< [(no+6+—|r = nr.
25p

Hence Claim 2 follows by (4.54) and (4.55) after choosing x; := x,. ]

Notice that Claim 2 and Theorem 4.6 imply that J; is porous. The proof is complete.
O

Observe that the proof of the first implication of Theorem 4.5 implies that if J; is
porous we can choose the parameter p = 0. While, what we prove in the second im-
plication of Theorem 4.5 is stronger than assuming that p = 0. Therefore we have also
shown the following.

Theorem 4.7. Let I be an infinite subset of E. Then J; is porous if and only if there exist
0 €(0,1) and x € (0,1) such that for every i € I and every R € [0,x|i|], there exists some
ViR € B(i,R) such that

EnB(y;r,0R)cE\I
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Note thatif|i|, i € E, is large enough there exist R € [0,x]7|] such that ENnB(y; r,0R) #
e® Hence, as an immediate consequence of Theorem 4.7 the limit set of the (full) com-
plex continued fractions IFS €& r is not porous. However, since 6 g satisfies con-
dition (3.4), Theorem 3.3 (i), implies that the limit set /g is porous at a dense set of its
points. We gather these consequences in the following theorem.

Theorem 4.8. If€ % is a (full) complex continued fractions IFS, then its limit set Ji is
not porous but it is porous at a dense set of its points.

Remark 4.9. The balls appearing in Theorems 4.7 and 4.5 are taken with respect to
the Euclidean norm. Nevertheless, Theorems 4.7 and 4.5 hold true (with different con-
stants 0, x and p) if the balls are taken with respect to any norm in C, since all norms
in finite dimensional spaces are bi-Lipschitz equivalent.

Remark 4.10. Itis interesting to compare Theorem 4.5 with [58, Theorem 3.3]. The lat-
ter concerns real continued fractions and, strictly speaking, it is entirely independent
of Theorem 4.5. Indeed, porosity is not an intrinsic property of a subset of a metric
space but does depend on the (ambient) metric space as well. For example, the in-
terval [0, 1] is trivially porous in C, hence every limit set of real continued fractions, as
considered in [58], is porous in C. However, as it was proven in [58], there exist many
such limit sets which are not porous as subsets of R.

Nevertheless, if we carry on the proof of Theorem 4.5 with E <N and C replaced by
R, we will obtain a characterization of limit sets /g that are porous in R, analogous to
Theorem 4.5 (in that case y; r € R and the balls B(i, R) and B(y; r,0R) are taken with
respect to the usual topology of R). It is not hard to see that such a characterization is
equivalent to that of [58, Theorem 3.3].

Although the limit set of €% is not porous, it is (uniformly) upper porous. This is
proved in our next theorem.

Theorem 4.1. There exists a positive constant c, such that Jg, the limit set of € ¥, is
Cy-upper porous.

Proof. For aeRlet H; = {ze€ C:Re(z) > a}. Let § >0 as in Lemma 4.2. It is not difficult
to check that there exists some 1 € (0,1/10) such that

M(H{_,,) ©B(1/2,1/2+6/2), (4.56)

where M(z) = z™!. It is also geometrically evident that there exists some r € (0,n) such
that for all z € H;" there exists some {(z) € B(z,1/2+n) n H" such that

B(é(2),2r) c Hy and B(¢(2),7) NUeepBle+1/2,1/2) = . (4.57)
Hence,
B((2),r) € B(z,1/2+n+1r)nHf € B(z,1/2+2n) N Hf (4.58)
For r >0 and z € H;” we denote
C(z,1/2+71):=B(z,1/2+r)n H{_,.
Note that by (4.56)
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FIGURE 2. The grid of balls U355§(9+ 1/2,1/2) and examples of the sets
C(z,1/2+r) for z€ H; and r <4n.

M(C(z,1/24+4n)) cB(1/2,1/12+6/2). (4.59)

Letwe ENand n> 1. Let

Zw = Wps1 + (0"

and note that z, € H;". Hence, Lemma 4.2 implies that

(4.59)A(4.3)
C

Po), © M(Cl2p, 1/2+21)) € Py, © M(Cl2p, 1/2+41)) B(1/2,1/2 +6).

In particular ¢, o M is conformal on C(z,,1/2 +4n). Since C(z,,1/2+4n) is convex
(as an intersection of two convex sets), the Mean Value Theorem implies that for all
p € Cl(zy,1/2+2n),

o), (M(20)) = Pwl, MPN] < 1 (@o, © M) | czy1/2+2m | P — 2ol

, (4.60)
< (@, © M) llc(zy,1/2+2m) (112 +21).

Moreover, if g € C(z,,1/2 +2n) then
(a1, o M) ()] = |<P£L,|n(M(q))IIM/(q)I < ||¢L,|n IMCzo 2420 1M | Czy,1 12420

(4.59) (4.61)
< gy, | M
= wl, B(1/2,1/2+6/2) B(zy,1/2+21)
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Since ¢y, is conformal in B (1/2,1/2 + 6), recall also (2.4), we deduce that there exists
a constant K; = 1 (depending only on 6) such that

ICP;,M(P)I
————=<Kjforall p,ge B(1/2,1/2+6/2). (4.62)
by, (@]
In particular,
gy, 1B112,1/2+812) < K1l @l lloo- (4.63)

Since 1 < 1/10, Theorem 4.3 implies that there exists some constant K, (depending
only on 1) such that

IM'(p)|
<Kjforall p,ge B(z,,1/2+2n). (4.64)
M) 1 pq w n
In particular
1M 1| B(zy,1/242m) < Kol M (20)!. (4.65)
Observe also that
1
M(zy) = = Pu,,, (T(@" (W))). (4.66)

Wpi1 + 702 (W)
Therefore,
Pwl, © M(C(zy,1/2 +2n))

(4.60)A(4.61)A(4.63)A(4.65)
MRS Blhul, (M(20)), Kt Ka 19 ool M (20) (112 +21)

= B(¢po), (M(@ps1+ 70" 2 (@))), K1 K2l llool M’ (20)|(1/2+21))  (4.67)

“2 B, @ (102 (@)), Ki Kol llool M (2)|(1/2 +217))

= B(n(w), Ki K21}, llool M (20))1(1/2 + 21m)).

Note that,
(4.58) n
B((z,), 1) < B(zy,1/12+2n) N H{ < C(z,,1/2+2n),
hence,
(4.67)A(4.69)
bw), o M(B((zy),1)) & B(ﬂ(w)»KlKZH(P;”n||00|M,(Zw)|(1/2+277))- (4.68)

Recalling (4.57) we see that ¢, o M is conformal on B({(z,),2r). Thus, Theorem 4.3
implies that there exists some constant K3 depending only on r such that

Pol, © M(B(E(20), 1)) 2 B, © ME(20)), K3 (o), © M) (€ (2))IT). (4.69)
By the chain rule,
| (Do), © M) (& (2u))] = Iy, (MEZ)DIIM' (§(20))]. (4.70)

Since ¢(z,) € H , we have that M(¢(z,)) € B(1/2,1/2) and consequently, (4.62) implies
that

1L, (ME(Zo)))] = Kl lloo- 4.71)
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In addition, since ¢(z,) € B(z,,1/2 +n) we also have that

IM'(f(Zw))I Kg NM (z0)]. (4.72)
Therefore, combining (4.69), (4.70), (4.71) and (4.72) we obtain that
Pol, © M(BE(20),1)) 2 B(w), © ME(20)), (K1 K2 K3) I}y, lloolM' (zu))IT).  (4.73)
Observe that,
Pw), © M(B((2,),1)) €y, (B(A/2,1/2)\J < B(1/2,1/2)\ ]. (4.74)
To verify (4.74) pick any ¢ € B({(z,), r) and note that by (4.57),
M(t) ¢ Upere(B(1/2,1/2)).

As a consequence, M(f) ¢ J. Since ¢, o M(B(¢(zy), 1)) < ¢y, (B(1/2,1/2)) it suffices
to show that ¢, (M(1)) € J. Assume by contradiction that ¢, (M (?)) € J. In that case,
there exists some 7 € EN such that

Do), (M(1) = 7(7) = Py, (0" ().

Since M(t) € B(1/2,1/2) and n(¢"* (1)) € B(1/2,1/2), the open set condition implies
that 7|, = wl|,. But, then, the injectivity of ¢, implies that M(¢) = ae™l1m) e J
which is a contradiction.

We can now finish the proof of our theorem. For all w € EN and n > 1 let

Ry = Ki K2l llool M (20,)1(1/2 +21).
We have proven that

(4.68) A (4.73) A (4.74) (K1K2K3)‘1||¢;,|n||oo|M’(zw))|r

or(J, m(w), Rp) >
b " K1K2||(P;,|nIIOOIM’(Zw)I(I/Z+2n)
f— r . —_—
C(KPKZK3)(1/2+2m)
Since R;,, — 0, the proof is complete. U

Definition 4.11. Forany I c E = {m+ ni: me N, n € Z} we define the upper and lower
densities of I in E as
INBo(1,R INnBs(1,R
0 (D) :=limsup HUNBo(LR) g p (1) :=limin ¢ 1IN B, B)
. #(EN Boo(1,R)) R—+00 {(E N Boo(1, R))
where By, (z,7) denotes the ball centered at z with radius r, with respect to the norm
lwlloo = max{|Re(w)|, [ Im(w)l}.

Slightly abusing notation, we will call a set I c E porous in E if J; is porous in C. The
following proposition relates porosity to the notion of upper density which we just
defined. The proofis based on Theorem 4.7.

Proposition 4.12. If I c E is porous then p;(I) < 1.
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Proof. According to Theorem 4.7 and Remark 4.9 there exist constants 8 € (0,1) and x €
(0,1) such that for every i € I and every R € [0,k || i[|], there exists some y; g € By (i, R)
such that

En Boo()/i,R;GR) cE\I

Let R > 1000 x~!. We will estimate the quantity
#(IN Boo(1,R))
H(ENBoo(LR))
Notice that since #(S OEOO(I,R)) = H#(SN B(1, R])) for every S c E and R > 0 we can

assume that Re N.
We distinguish two cases. First assume that

INnAx(1,R/4,RI2) =@, (4.75)

where Ay (2,1,8) ={weC:r <|w -zl < s}. Notice that (4.75) implies that
#(I N Boo(1,R)) < H(ENBoo(1,R)) — |R/4]* < H(ENBeo(1,R)) — (R/8)%. (4.76)

Now assume that (4.75) fails. Then, there exists some b € I N Ax(1,R/4,R/2). Let R’ =
kK R/4. Then R’ < x || bll«. Hence there exists some y, g € B (b, R') such that

IN By (Ypr,0R) = @.

Note that
#(IN Boo(1,R)) < #(E N Boo(1, R)) — #(E N Boo (Y, r1,OR"))
<#(ENBw(1,R)) — (OR")? 4.77)
=H#(ENBuwo(1,R)) — 410K R)>.
Let

. { 1 KZHZ}
c=min{ —,—¢.
64 16

Then, by (4.76) and (4.77) we deduce that for every R > 1000~ x~1, we have that
#(INBoo(1,R) < #H(ENBoo(1,R)) — cR?.
Observe that #{(E NBoo(1,R) = (R+1)- (2R +1), hence
#(I N Boo(1,R)) o cR?
H(ENBwo(1,R))  2R*+3R+1’

and consequently
. #(J N Boo(1, R))
limsup —
The proof is complete. O

<l-c/2<1.

We are now ready to prove Theorem 1.7 (iii), which improves and extends signifi-
cantly [58, Theorem 4.2]. As the reader can check, the proof will follow easily from
Proposition 4.12, Corollary 3.20 and Corollary 3.11.
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Theorem 4.13. Let I be any co-finite subset of E, let ]| be the limit set associated to the
complex continued fractions system €% 1 and let h; = dim_z(J1). Let also my,, be the
hp-conformal measure of € % ;. Then:

(i) The limit set J1 is not porous at my,-a.e. X € Jr.
(ii) There exists a constant cy such that Ji is c;-mean porous at mp,-a.e. X € Jp.

Proof. As animmediate corollary of Proposition 4.12 we deduce that if I c E is co-finite
then the limit set J; is not porous. Hence (i) follows by Corollary 3.20.

Moreover, it follows by [35, Proposition 6.1] that €& g is co-finitely regular. Since
I is co-finite [6, Lemma 3.10] implies that €% is co-finitely regular. Hence, €% is
strongly regular by (2.14). Therefore (ii) follows by Corollary 3.11. U

Definition 4.14. For any I c N we define the upper and lower densities of I inN as

pn (D) :=limsup w and p (D)= liminf RO AD

n—+o0o R—+00 n

In a similar manner if I ¢ Z we define the upper and lower densities of I in Z by

I -,
and p_(I) ::liminfﬁ(m[—nn]).

n—+o0o 2n+1

Definition 4.15. We say that I <N is N-porous if the second condition of Theorem 4.5
holds with
Yir€ (Nx{0})NB(i,R),i€lx{0}.
In the same manner, we say that I c Z is Z-porous if the second condition of Theorem
4.5 holds with
Yir€ A1 xZ)NB(i,R), i€ {1} x I.

The proof of the following proposition is straightforward and we leave it to the reader.

Proposition 4.16. Let Iy cNand I, c Z.

(i) Ifpy(I1) <1and py(l2) <1then pp(l x Io) < 1.
(ii) If I is N-porous and I, is Z-porous then I; x I, is porous.

It follows by [58, Theorem 3.15] that if a = 2 then the set I, := {a""},en is N-porous.
Hence, the following corollary follows by Proposition 4.16 (ii).

Corollary 4.17. Leta,b,c=2. IfI, c I, and I, c I, U (1) then the set I, x I, is porous.

For z € Cand r > 0 we are going to denote by Q(z, r) the closed filled square centered
at z with sides parallel to the axis and sidelength £(Q) = r, i.e. Q(z,1r) = Boo(z,1/2).
Moreover for r > 0 we will denote

A(r)=1{Q(z,1): z€ C}.

We will also use the notation
2=Am

r>0
for the collection of all closed squares with sides parallel to the axis. Being motivated
by the concept of upper density dimension for subsets of positive integers, introduced
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in Section 3 of [58], we propose the following analogous but improved definition for
subsets of Z2.

Definition 4.18. If I c Z? the upper box dimension of I is defined as

logt(IN Q)

BD(I) = limp_. 100 SUP { log R

:QeA(R)}.

Note that if I = Z? then #(I n Q) < (R + 1)? for every R > 0 and every Q € A(R). There-
fore L
BD(I) <2 forall IcZ?. (4.78)

In our next theorem we show that if I cNx Z = E is porous then the inequality in (4.78)
is strict.

Theorem 4.19. IfI c E is porous then BD(I) < 2.

Proof. Fixsome R = 2 and consider a square Qp € A(R) such that
Re(Q) :={Re(z): z€ Q} c [0, +00).

We are going to construct inductively a finite number of families of squares from 2
with mutually disjoint interiors, whose union contains Qg N I.

The first family contains only Qp and we denote it by X; = {Qp}. Now suppose that
2, has been defined. Passing to the inductive step we start with any

Q:=Q(w,£(Q)) € Zy.
We then decompose Q into 81 squares from A(%Z (Q)) with mutually disjoint interiors.
We call Q. the square from A(%f (Q)) which shares the same center with Q.

If Q. n I = @, we remove Q. and we denote by Z,l1 +1(Q) the family of the remaining
80 squares from A(%é (Q)) whose union is Q \ Int(Q.). Note also that

Area|l |J Q|=0@?*- iZ(Q)2 = @Z(Q)z = @Area(Q). (4.79)
QIEZLH(Q) 81 81 81

If QcnI # @ we pick some ¢ € Q.NI. According to Theorem 4.7 and Remark 4.9, since
I is porous there exist constants 8 € (0,1) and « € (0,1) such that for every i € I and
every R € [0,k illo], there exists some y; g € By (i, R) such that EN By (y;,r,0R) c E\ .
Notice that (Q) < 3¢, since Re(Q) < [0, +00). In particular, if we choose

L= ge(Q), (4.80)
we have that L < «||¢||». Therefore there exists a point z € Q(¢, L) such that
INnQ(z,0L) = @.

Since we can assume that 8 < 1/9, we have that

Q(2,0L) Q| w,0L+ L+ %((Q)) “0 (w, a +9)%€(Q) + éf(Q)

cQw,¢(Q)=Q.

(4.81)
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Let k be the smallest natural number such that 27%¢(Q) < gL, or equivalently the

k < 0k

< 31> and decompose Q into elements of AC7%¢(Q)).

smallest natural number such that 2~
We record that by the definition of k,

0
27k —L. 4.82
Q) > 18 (4.82)
Let P € A(27%¢(Q)) such that
PnQ(z,gL);é(z&.
Then
o . 0
PeQ|agL+227 ¥ Q]| =Q|z L]

We remove P and we denote by 22 | (Q) the family of the remaining
from A(2 k¢ (Q)) whose union is Q \ Int(P). We also have that

22k _ 1 squares

2
Area| | Q|=e@?-22%¢? < (1—((;—L) )é(Q)Z
Qe? (@ 18£(Q) (4.83)

(4.80) Ox \? 2 2
="(1- E g(Q) :ng(Q) :’I]AI‘C&(Q),

and we record thatn € (0,1).
So we can now complete the inductive step. For any Q € Z,, we let

2 Q) ifQenI=¢

Zp+1(Q) = .
m Q {Z%H—I(Q) lfQCﬂI;éQﬁ,

and we define
Zp+1 = {Zp11(Q): Qe Xyt
The process terminates at level NV € N if at least one element of X contains a square
with sidelength less than 1.
Let Cy, = Ugez,, Q and notice thatforalln=1,..., N -1,

Area(Cps1) = ) Area( U Q') (4.79)%(4'83)17 )" Area(Q) =nArea(Cy),

QEZVL Q’EZnJrl (Q) QEZn
and
Area(Cp) <n" 'Area(C;) =" 'Area(Qo) ="' R%. (4.84)
Moreover, notice that for all Q € Xy,
@.82) ( Ox \V7! _
Q) = (E) ?(Qo):= a7 'R, (4.85)

and a € (0,1). Observe also that
In Q() =InC,
foralln=1,...,N.



POROSITY IN CONFORMAL DYNAMICAL SYSTEMS 53

Since the process terminates at level N there exists at least one Q € Xy such that
£(Q) < 1. Therefore (4.85) implies that (N —1)loga +logR < 0, or equivallently

loga
logR

Let Q = Q(w,4(Q)) € Zn-1 such that INnQ # @. Note that since I c N+ Zi, if i,j €
INnQ,i# j,then

(N-1)

<-1. (4.86)

Int(Q(7,1)) nInt(Q(j,1)) = @.

Therefore, since £(Q) =1,

#INQ) =Area| J Q(i,l)) c Area(Q(w,2¢(Q))) = 4Area(Q), (4.87)
ielInQ
and
HINQo) < Y. #UNQ) Uiy Y Area(Q) = 4Area(Cy-1). (4.88)
QeZn QeZn

From now on we will assume that R = a~2. Notice that this implies that N = 3.
Hence, using that n, a € (0, 1), we get the following estimate

logf(I N Qo) .89 log (Area(Cy-1)) , loga
logR B logR logR
(4.84) (N-2)logn+2logR N log4
B logR logR
N-2 (N— 1)loga . logn N log4
N-1 logR loga logR
(4§6) 9_ N-2 logn N log4
N-1 loga logR
stsz _1logn N log4.
2loga logR

=2+

(4.89)

Finally notice that since I cNx Z,

logf(IN Q)

@(I) = qum sup{ logR

:Q e A(R) and Re(Q) < [0, +oo)}

Therefore, (4.89) implies that BD(I) < 2 — %llggz < 2. The proof is complete. O

Remark 4.20. Theorem 4.19 corresponds to Theorem 3.5 in [58]. Although, logically
speaking, both theorems are independent as one of them concerns subsets of N while
the other concerns Gaussian integers, their assertions are analogous and the proofs are
related. However, the proof provided in the current paper is clearer, simpler, and better
describes the key ideas. One could easily adopt it to give a better proof of Theorem 3.5
in [58].
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We will apply Theorem 4.19 to the set of Gaussian primes which has been studied
extensively in number theory. Recall that Z[i], the set of Gaussian integers, has exactly
four units : 1,—1,i and —i. These are the only elements of Z[i] whose Euclidean norm
is equal to 1. Multiplying any z € Z[i] by the units of Z[i] we obtain its associates, i.e.
the associates of z are z,—z,iz and —iz. A Gaussian integer z € Z[i] is called prime
if |z] > 1 and it is divisible only by the units and its associates. There are many good
sources of information for the basic divisibility properties of Gaussian integers and in
particular about Gaussian primes, see e.g. [12,56]. See also [19] for a treatment of
several analytic topics related to Gaussian primes.

If -7 < a< b<nwedenote

GP,p={we€ E: wisaGaussian prime and argw € [a, b)},
and recall that E is the set of all Gaussian integers with positive real part.

Lemma4.21. If-7n/2 < a < b < 71/2 then the complex continued fractions system € ¥ gp, ,
is co-finitely regular.

Proof. By Hecke'’s Prime Number Theorem, see e.g. [19, Theorem 4, pages 134-135], if
Tap(x) =f{w: wis aGaussian prime and a <argw < b, | w? < x}

then

2 X
TapXx) ~—=b-a)—. (4.90)
/1 logx

Note thatif a € (-n/2,7/2) then for R >0
#(GPqp N B(0,R)) = 14 (R%).
While, if a = —n/2 then
#(GPapNB(0,R)) +§(NNB(0,R)) =14 5(R?),

where
N :={w is a Gaussian prime such thatRe w = 0 and Im w < 0}.

Note that #(IV N B(0, R)) < R therefore, if a = —7/2 then
#(GPay»NB(0,R)) = m4p(R*) - R.

Hence, using (4.90) it is not difficult to show that if —7/2 < a < b < 7/2 then there
exists some Ry > 0 such that for all R = Ry,

2 2

! (b-a) R <#(GP,,nB(0,2R)\ B(0,R)) < 8(b a) (4.91)
167 logR ~ @b ’ R logR’ '
By (2.10) and Proposition 4.1 (i), for £ =0
2V CFGp,y)i=Z1()= Y el (4.92)
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Now let A,, = B(0,2"*' Rg) \ B(0,2"Ry) N GP, 5, n € N, and note that

(e,0] o0
Z |e|—2t — Z Z |e|—2t ~ Z len_z—znl’
n=1

e€GP, p, le|=2Ry n=1eeA,

4.91) i (2" Ry)? —— OXO: 92n(1-1) (4.93)
n=1 log(Z" . Ro) =1 n
Since
22n(1-1)

(4.93) o R
Z(1) & Y lel ™"+ )
eeGPy p,lel<2Ry n=1

(2.12) implies that 0 (€ & GpP,,) =1 and Z;(1) = +oo. Therefore, recalling Definition 2.6
and (2.13), we deduce that € gp,, is co-finitely regular. The proof is complete. [

)
n

We will conclude this section with the proof of Theorem 1.7 (iv).

Theorem 4.22. Let —n/2 < a < b < n/2 and let I be any co-finite subset of GP, . Let
J1 be the limit set associated to the complex continued fractions system € % | and let
hy =dim_»(J;). Then:

(i) The limit set J1 is not porous at my,-a.e. X € Jr.
(ii) There exists a constant cy such that Ji is c;-mean porous at mp,-a.e. X € Jp.

Proof. Using (4.91), we deduce that there exits some c € (0,1) such that if R is large
enough
2

41N Q0,R)) = 1(;::3' (4.94)

Hence, for R large enough
logh(INQ(0,R)) (499 94 logc B loglogR

= 4.95
logR logR logR (4.95)
and consequently
logt(I : 1 loglogR
up{M : QEA(R)} 099, 08C 081081 (4.96)
logR logR logR

Recalling Definition 4.18 we see that (4.96) implies that BD(I) = 2. Hence by (4.78) we
deduce that BD(I) = 2, and Theorem 4.19 implies that I is not porous, i.e. the set Jj is
not porous. Therefore Corollary 3.20 implies that J; is not porous at my,,-a.e. x € Ji.
By Lemma 4.21 the system €% p,, is co-finitely regular. Now the proof of (ii) fol-
lows exactly as in the proof of Theorem 4.13 (i). The proof is complete. U

Taking a = —n/2 and b = 7/2 in Theorem 4.22 we obtain the following corollary in-
volving the complex continued fractions system whose alphabet is the set of Gaussian
primes with positive real part, see also Figure 2.

Corollary 4.23. Let GP™ be the set of Gaussian primes with positive real part. Let Jgp+
be the limit set associated to the complex continued fractions system € % gp+ and let
hGP+ = dimjf(]G}H). Then:
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() The limit set Jgp+ is not porous at my,,, -a.e. X € Jgp+.
(i) There exists a constant cgp+ such that Jgp+ is cgp+-mean porous at Mmp,,. -a.e.
X € ]GP+ .

5. POROSITY FOR MEROMORPHIC FUNCTIONS

In this short section we deal with some quite general classes of meromorphic (either
rational functions or transcendental) functions from C to C. A very powerful tool of
meromorphic dynamics is the concept of a nice set. Roughly speaking a nice set of
a meromorphic function is a set such that the holomorphic inverse branches of the
first return map to this set form a conformal IFS. By means of nice sets we will apply
our results on mean porosity of conformal IFSs to the realm of some large classes of
meromorphic functions from C to C.

More precisely, let f : C — € be a meromorphic function. Let Sing(f~!) be the set
of all singular points of f71, 1. e. the set of all points w € C such that if W is any open
connected neighborhood of w, then there exists a connected component U of f~}(W)
such that the map f: U — W is not bijective. Of course, if f is a rational function, then
Sing(f‘l) = f(Crit(f)), where

Crit(f) :={weC: f'(w) =0}.
We also define
PS(f):= | f"(Sing(f 1.
n=0

We are now going to recall the definitions of Fatou and Julia sets of meromorphic
functions.

Definition 5.1. Let f : C — € be a meromorphic function. The Fatou set F(f) of the
function f is the set of all points z € C for which there exists an open neighborhood U,
of z such that all iterates f"|y;,, n € N, are well defined and form a normal family in the
sense of Montel.

We also define the Julia set of f, as

J(f):=C\F(f).

Following [48] and [54] a meromorphic function f : C — C is called tame if and only
if
J(/I\PS(f) # @.

Remark 5.2. Tameness is a very mild hypothesis which is satisfied by many natural
classes of maps. These include:

(1) Quadratic maps € 3 z— z?+ c € C for which c € R and the Julia set is not con-
tained in the real line;

(2) Rational maps for which the restriction to the Julia set is expansive which in-
cludes the case of expanding rational functions; and

(3) Misiurewicz maps, where the critical point is not recurrent.
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(4) Dynamically regular meromorphic functions introduced and considered in [38]
and [39].

In this paper the main advantage of dealing with tame functions is that these admit
nice sets. Before giving their formal definition (included in the next theorem) we record
that Rivera-Letelier [50] introduced the concept of nice sets in the realm of dynamics
of rational maps of the Riemann sphere. In [10] Dobbs proved their existence for tame
meromorphic functions from C to €; see also [31] for an extended treatment of nice
sets. Before quoting Dobbs’ theorem, given a tame meromorphic function f:C — €
aset Fc C and an integer n = 0, we denote by €% ¢(n) := €r(n) the collection of all
connected components of f~"(F).

Theorem 5.3. Let f : C — C be a tame meromorphic function. Fix a non-periodic point
z € J(f)\PS(f), and two parameters x > 1, and K > 1. Then for all L > 1 and for all
r > 0 sufficiently small there exists an open connected simply connected setV =V (z,r) C
C\PS(f), called a nice set, such that
@) IfUe6y(n)andUNV #@,thenUC V.

(ii) IfUe6y(n) and UNV # @, then, forall w, w' € U,

ny/
(™) (w)l K
[(F™) (w")]
(iii) B(z,r)cV c B(z,xr) € B(z,2xr) c C\PS(f).

(' (w)| =L and

Each nice set of a tame meromorphic function canonically gives rise to a countable
alphabet conformal iterated function system in the sense considered in the previous
sections of the present paper. Namely, let V' be a nice set of a tame meromorphic
function f: C — C, and put

o0

cg; = U cgv(l’l)

n=1
=== It is easy to see (comp. [31] or [54] for more details) that for every U € €, let
Ty (U) = 1 the unique integer n = 1 such that U € 6y (n). Since V c C is open, con-
nected, simply connected and disjoint from PS(f), using the Inverse Function The-
orem and the Monodromy Theorem in the standard way (see [8]), we see that there
exists

£ B(z,2kr) — C

U
a unique holomorphic branch of f~7V) such that
f(;TV(U)(V) =U.
Denote

(,bU — f‘TV(U)
—Ju
and keep in mind that
py(V)=U.
Denote by Ey the collection of all elements U of 6, such that

@ pu(V)cV,
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b) ffUNV=¢ forall k=1,2,...,7y(U)-1.
Of course (a) yields
@) py(V)c V.
We note that the collection Ey is not empty and the details can be found in the proof

of Lemma 5.4.
We now form a conformal iterated function system as follows. Let

X:=V and W := B(z,2kr).

Assume now that the parameter L from Theorem 5.3 is so large that 2L~! < 1. Take any
w € W = B(z,2«xr) and let w' be the point in [z, w] N B(z,r) closest to w, where [z, w]
denotes the line segment with endpoints z and w. Then for every U € Ey we have that
¢y(w) eV, and

lpy(w) — ¢y < LY w-w'| < L 2kr.
Hence,
|y (W) - z| < |py(w) — py (W] + |y (w') — zl < L' 2xr + k1 < 2xT.

Therefore, ¢y (w) € B(z,2xr) and consequently ¢y (W) c W.
The collection of maps

Fy={py:W—-W}
is therefore well defined and, by (a’),

UeEy (5.1)

pyX)c X

for all U € Ey. We claim that .#y is a conformal IFS satisfying the Open Set Condition.
We only mention that all the sets {U = ¢y(V) : U € Ey} are mutually disjoint by their
very definition which is given by means of continuous inverse branches of positive
iterates of a single meromorphic map. Therefore, the Open Set Condition follows. Fur-
thermore, uniform contraction of the elements of the system .# follows immediately
from item (b) of Theorem 5.3.

In other words the elements of .4}, are determined by all holomorphic inverse branches
of the first return map Fy : V — V. In particular, 7y (U) is the first return time of all
pointsin U = ¢y (V) to V.

It is easily seen from this construction, and we provide a proof, that the following
holds.

Lemma5.4. Let f : C — € be a tame meromorphic function. IfV is a nice set produced in
Theorem 5.3 and %y is the corresponding conformal IFS produced in formula (5.1), then
the limit set ]y of the system %y contains all transitive points of the map f : J(f) — J(f)
lying in V, i.e. the set of points in V N J(f) whose orbit under iterates of f is dense in
J(f). In particular:

Jv =V nJif).

In addition, if J(f) # C (this in fact means that J(f) is nowhere dense in C), then condi-
tion (3.4) holds for the IFS %y .



POROSITY IN CONFORMAL DYNAMICAL SYSTEMS 59

Proof The inclusion Ji < V is obvious. The inclusion Jy < J(f) follows since Jy is the
closure of all fixed points of all elements ¢, € Ej,, and these are repelling periodic
points of f which are all in the closed set J(f). Thus,

Jv <V nJif).

In order to see the opposite inclusion, recall first that the set VN J(f) contains transitive
points, see e.g. [3,31]. Take any transitive point w € V n J(f) and let et (nj)].:1 be the
unbounded increasing sequence of all consecutive visits of w in V under the action of
f. In other words

fiwev
forall j=1and

fanev
if k#njforall j=1.Letmj=n;j—n;_,je€Nandlet ny=0. Then, using Theorem 5.3,
we see that for every j = 1 there exists a unique holomorphic branch of f~""% defined
on W and mapping V into V, and furthermore, that this branch belongs to .#,. Hence,
this branch is equal to du; for some U; € Ey. Note that forall ke N,

(pUlo¢Uzo---ochkofm1Ofmzo...fmk(w):w. (5.2)

Since f™ o f™o... f"(w) = f"(w) € V, (5.2) implies that w € ¢y, oy, o---opy, (V).
Therefore,

w:ﬂ(UleUg...) E]V
and we are done. ]

As an almost immediate consequence of this lemma and Theorem 3.3 (i), we get the
following.

Theorem 5.5. If f : C — C be a tame meromorphic function such that J(f) # C, then the
Julia set J(f) is porous at a dense set of its points.

Proof. Since J(f) # C, it is nowhere dense in C, and therefore the conformal IFS .#,
produced in formula (5.1), satisfies condition (3.4). Hence, the proof concludes by a
direct application of Theorem 3.3 (i) and Lemma 5.4. 0

As a fairly direct consequence of Lemma 5.4, Theorem 5.3, and Theorem 3.10, we
shall prove the following.

Theorem 5.6. Let f : C — € be a tame meromorphic function such that J(f) # C. Ifu isa
Borel probability f -invariant ergodic measure on J(f) with full topological support and
with finite Lyapunov exponent x ,(f) := f](f) log|f'| du, then there exist some af,py €
(0,1] such that set J(f) is (a ¢, pg)-mean porous at u-a.e. x € J(f).

Proof. Let V be anice set as in Lemma 5.4. Notice then, that
o0
vnl ffev)=g. (5.3)
n=1

To see this, suppose by contradiction that there exists x € 0V such that f"(x) € V for
some n € N. Then there exists a holomorphic branch ¢ : V. — C of f~" such that
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¢(f"(x)) = x. Hence, ¢p(V) € €y (n) and since non-constant meromorphic functions
are open, ¢(V) is open. Therefore, (V) N V¢ # @, because ¢p(V) NV # @. But this
contradicts Theorem 5.3 (i), and (5.3) has been proven.

Since spt(u) = J(f), we have that u(V) > 0. Hence, ,u(uj’f:lf”(OV)) < 1. Since the set

U f"ewv
n=1
is f-forward invariant, that is
[e9] [e9]
f(U f”(GV)) < mew,
n=1 n=1
its complement is f-backwards invariant, that is
i ((: U f”(OV)) <C\{J o).
n=1 n=1
Hence, the ergodicity of the measure p implies that
u(U f”(aV)) =0. (5.4)
n=1

Since 0V < f1(f(0V)) and the measure y is f-invariant, this implies that u(dV) = 0.
So, again by the f-invariance of u, we get that

o0
N(U f‘”(aV)) =0. (5.5)
n=0
In particular, if uj, is the conditional measure on Jy, i.e.
p(F)
(F)=———, Fc]JyBorel,
AT Y
then -
U, (]Vm U f‘”(aV)) =0. (5.6)
n=0

We will now show that if 7 : E§ — Jy is the projection map generated by the IFS .#y,
then
p({z€ Jy :n71 (2) is a singleton}) = 1. (5.7)
Note first that (5.7) will follow from (5.8) if we prove that every point
z€Jy\ U fov)
n=0

has a unique code. Suppose that this is not the case, then there exists
o0
zeJy\J f"0v)
n=0

and two distinct words w, T € E§ such that 7(w) = n(7) = z. Let k € N be the first in-
stance such that wy # 7. Then

2 € ol (V) Ny, (V).
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Hence, the formula
(A =y, (my(A) Ac E@ Borel, (5.8)

defines a Borel probability measure on E". Also then, uj, = fio n‘_,l and the following
diagram commutes

ag

EN 25 EN

\an \an :

Jv L) Jv
where fy : Jy — Jy is the first return map from Jy to Jy defined (by the Poincaré Recur-
rence Theorem) py,-a.e. Furthermore, the projection map ny : (EN, i) — (Jy,uy) is a
metric isomorphism. Since, the measure p is f-invariant and ergodic, the measure pj,
is fy-invariant and ergodic. Consequently, the measure i is o— invariant and ergodic.
Moreover, by Kac’s Lemma,

Xu(f)
2(0)=| loglflldu;, = 25 < +00
Xu(o) f]v oglfylduy, u(fv)<

Therefore, an application of Theorem 3.10 gives that the set Jy is

nUv) log2
2xa(f)

at uy,-a.e. x € Jy. Since, by Lemma 5.4, Jy > J(f) N V, the set J(f) is

( r(Jv) log2
" 2xa()

at p-a.e. x € J(f)nV. Note that apart from critical points and poles of f (which is
a countable set and so of y measure 0), the property of being (a, p)-mean porous is
f-invariant because of Lemma 3.12. Indeed, if p is not a critical point or a pole of
f and W is a neighborhood of p such that f is injective on W then J(f) n f(W) =
fU(f)nW). Thus, we can apply Lemma 3.12 with W as above and X = Y = J(f).
Hence, the ergodicity of u implies that the set J(f) is

((va, ) —Imean porous

) —mean porous

o pUv) log2
Fr —zXﬂ 7
at pu-a.e. point of J(f). The proofis complete. U

—Imean porous

Remark 5.7. We would like to note that using Pesin’s theory, as developed in [49], we
could remove the tameness hypothesis from Theorem 5.6 if the Lyapunov exponent
xu(f) is positive.

In essentially the same way (only simpler) as Theorem 3.19, we can prove the follow-
ing. Alternatively, we could deduce it from Theorem 3.19, Theorem 5.3, and Lemma 5.4,
arguing in a similar way as in the proof of Theorem 5.6.
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Theorem 5.8. Let f : C — C be a tame meromorphic function such that J(f) # C and
J(f) is not porous in C. If i is a Borel probability f-invariant ergodic measure on J(f)
with full topological support, then J(f) is not porous at pi-a.e. x € J(f).

6. POROSITY FOR ELLIPTIC FUNCTIONS

In the last section of our paper we prove that the Julia sets of non-constant elliptic
functions are not porous. We first recall the definition of elliptic functions.

Definition 6.1. A meromorphic function f : C — C is called ellipticif it is doubly peri-
odic; i.e. if there exist two complex numbers w;, w» € C\ {0} such that Im(w,/w;) #0
and

flz+w) = flz+w2) = f(2)
for all z € C. We also define the basic fundamental parallelogram of f by

.%f ={hwi+bHbwyr:,Hel0,1]}.
and we denote by A the lattice generated by w; and w», i.e.
Api={mw+npws:ny,np € Z}

In the following we collect some basic well-known facts about elliptic functions
which are going to be used in the following, see [31] for more information. If G is an
open subset of C and b is a pole of a meromorphic function g : G — C, we denote by
gp = 1 the order of g at b. The following proposition presents some elementary facts
about poles in the context we will make use of them.

Proposition 6.2. If f : C — C is a non-constant meromorphic function, then for all
n € N and for every b € f~"(oc0) there exists some Ry := Ry(n,b) > 0 and some A :=
A(n, b) =1 such that for all z € B(b, R;)

A Yz—b|"% < |f"(2)| < Alz— b|™%, (6.1)
and
A7l z— b @) < (Y (2)| < Alz - b|~ DY, (6.2)
where, we recall, g5, = 1 is the order of b as the pole of f".

Proposition 6.3. If f : C — C is a non-constant elliptic function, then there exists some
R, >0 such that for all w € C,
f(B(w, Ry)) =C. (6.3)

Proof. Just take R, > 0 so large that each ball B(w, R,) contains a congruent, mod Ay,
copy of the fundamental parallelogram % ¢. U

Remark 6.4. It is immediate from Montel’s Theorem that if f is a non-constant elliptic
function and U is an open set such that all iterates f”|y, n € N, are well defined (in fact
F 1 o0)NUpso f*(U) = @ and remember that f~!(co) is an infinite set, so in particular it
contains three different points), then they form a normal family in the sense of Montel.

The following proposition gathers some properties of the Julia set of elliptic func-
tions.
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Proposition 6.5. Let f : C — € be a non-constant elliptic function. Then

J(f)=uU5L, f"(oc0) # P. (6.4)
and

FUN N ooh) = J(f) = FU(f) U ool (6.5)

Proof. The formula (6.4) is an immediate consequence of Remark 6.4 while (6.5) is one
of the most basic facts in the theory of iteration of meromorphic functions and for
example it is formulated in [3, Lemma 2]. O

Notice that if f is a non-constant elliptic function then for all w e C
J(f)nB(w,Ry) # @. (6.6)
This follows because
(6.3)A(6.4)

JHNfBw,R))  # 8.
Hence there EXiStS some
z€ AU NBw,Ry) '€ J(f) n B(w, Ry),

and (6.6) follows.
We are now ready to prove Theorem 1.9 which we restate for the convenience of the
reader.

Theorem 6.6. Let f : C — C be a non-constant elliptic function. Then:

(i) The Julia set J(f) is not porous at a dense set of its points, in particular it is not
porous at any point of the set

Pf = U f_n(OO)
n=1
(i) Forevery b€ Py and for allx € (0,1) there exists R(b,x) > 0 such that

por(J(f),b,r) <x

forallr e (0,R(b,x)).
(iii) If in addition J(f) # C, then J(f) is porous at a dense set of its points; the re-
pelling periodic points of f .

Proof. Without loss of generality we can assume that f : € — € and f(co) = co. of
course (i) follows from (ii). So for the proof of (ii) let

be | f (o),
n=1

and fix some n € N such that
be f~"(00).
We will show that for all x € (0,1) and all r € (0, 1) small enough, we have that
J(f)NB(z,xr) # &, (6.7)
forall ze B(b,r) \ {b}.
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Note that since f' is a non-constant elliptic function with the same basic fundamen-
tal parallelogram as f, the set Crit(f) N2 is finite. Hence f(Crit(f)) = f(Crit(f) N %)
is finite as well. As a consequence the setU_, f k(Crit(f)) is also finite. Therefore there
exists some R3 > 0 (depending on b) such that

(U fE(Crit( f))) NB(0,R3)¢ = @. (6.8)
k=1

Observe that (6.8) implies that
F(Crit(f™) N B(0,R3)° = @. (6.9)
To verify (6.9) let & € Crit(f™). Then there exists some [ = 0,...,n — 1 such that f!(¢) €
Crit(f), hence
F"@€ e Fr Crit(f).
Thus f"(Crit(f") <Ui_, f k(Crit(f)), and (6.9) follows from (6.8). Arguing in the same
way it actually follows that f" (Crit(f™) =U;_, f k(Crit(f).
Now let x € (0,1) and let
0 < r <min{Ry, Ry, k(Ki/2ARp) "/, (A2R, + R3)) """} := R(b, %), (6.10)

where qp, = 1 is the order of b as pole of f”. In the following, z € B(b, r) \ {b}. Note then

that
(6.1) (6.10)
1f"(2) = A z=b ™" =A"1r"% =" 2R, +Rs. (6.11)

Therefore (6.9), (6.11), and the Monodromy Theorem, imply that there exists a unique
holomorphic inverse branch of f”,

fz"(B(fn(2),2R2)) — C,
such that f; "(f,(2)) = z. By Theorem 4.3 we have that,

FMB(™(2), Ry) < Bz, Ki ol (™) (27 Ro) ‘&) Bz, Ko Ry Alz — b)) 612

0
c B(z, Ky ;s Ry Ar®™) 27 Bz, k).

Recalling (6.6) we have that J(f) n B(f"(z),R2) # ®. Hence, there exists some x €
NN fM(B(f(2),R2)). Since (6.5) implies that f,"(J(f)) < J(f) we deduce that

J(H N f, M (B(f"(2),R)) # @. (6.13)
Combing (6.12) and (6.13) we deduce that
J(f)nB(z,xr) # .

The proof of (iii) is essentially the same as the proof of Theorem 3.3 (i).The proof of
Theorem 6.6 is complete. U

Remark 6.7. Theorem 5.6 implies that if f is a tame elliptic function such that J(f) #C
and p is a Borel probability f-invariant ergodic measure on J(f) with full topological
support and with finite Lyapunov exponent, then there exist some ay, py € (0,1] such
that J(f) is (af, pf)-mean porous at u-a.e. x € J(f). As in Remark 5.7, we note that
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tameness of the elliptic function f is in fact not needed if the Lyapunov exponent y ,(f)
is positive.
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