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Abstract. We study the dimension theory for invariant measures associated to a new
class E of piecewise hyperbolic endomorphisms FT on open sets in C2, associated to con-
formal Smale endomorphisms T (introduced in [17]). A significant example from this
class is a transformation F which generates complex continued fractions with arbitrary
digits from an open set in C. The first coordinate map of FT is only piecewise smooth
on countably many pieces, and its second coordinate map is holomorphic and generates
parametrized Julia sets JT,ω in stable fibers. The conditional measures of equilibrium
measures are shown to be exact dimensional on these fiber Julia sets. We prove then a
global Volume Lemma for FT which implies that projection measures are exact dimen-
sional on the global basic set JT in C2. We obtain a formula for the dimensions of these
global measures, in terms of Lyapunov exponents and marginal entropies. The measures
associated to geometric potentials ψT,s and their dimensions are studied in the end.
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exponents; complex continued fractions; geometric potentials.

1. Introduction and Outline.

We study the dynamics and dimension theory for several types of invariant measures
for a new class E of endomorphisms FT on unbounded open sets in C2. In particular a
special endomorphism F from E generates a new class of complex continued fractions
with digits being complex numbers from an open set in C. The non-smooth endomorphisms
FT of this class E are associated to Smale skew-product endomorphisms T over countable
shifts (introduced in [17]); the first coordinate map of FT is only piecewise differentiable
on countably many pieces and non-conformal, while the second coordinate map consists of
holomorphic or antiholomorphic parametrized functions. FT is also piecewise hyperbolic on
a non-compact set in C2. Using this method, for each endomorphism FT from E we obtain
a family of parametrized countably generated fiber Julia sets JT,ω, where the parameter
ω belongs to a symbolic space Σ+

I with countable alphabet I.
We show first that the projections of conditional measures of arbitrary equilibrium mea-

sures are exact dimensional on the fiber Julia sets JT,ω, and find their dimensions.
Then, we study the geometric properties and Hausdorff dimension for the global invariant

measures ν on the global basic sets JT in C2, formed by taking the union of all fiber
Julia sets of type {z} × JT,ω, for z = π̃(ω), where π̃ is a coding map. We prove that the
projections ν of equilibrium measures to these global basic sets JT are exact dimensional.
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Moreover, we find the general formula for the Hausdorff dimension of ν (and thus for
its pointwise and box dimensions), which involves the Lyapunov exponents and marginal
entropies. Global exact dimensionality is an important geometric property for these fractal
measures.

We introduce also a special endomorphism F ∈ E , which generates a new class of com-
plex continued fractions with digits from an open set in C. These are different from
the complex continued fractions with integer digits of [9]. The second coordinate map of
F is holomorphic of two complex variables. We study the dimensions of projections of
equilibrium measures and the distribution of these complex continued fractions.

In general, for arbitrary endomorphisms FT ∈ E and geometric potentials ψT,s with
associated measures νωT,s on JT,ω we show that HD(νωT,s) = δT,s for µ+

T,s-a.e ω ∈ Σ+
I , and

that δT,s depends real-analytically on the parameter s. Also, we prove a Variational
Principle for dimension on the fiber Julia sets JT,ω.

Dynamics of endomorphisms and the dimensions of their invariant sets and measures were
studied for eg in [1], [5], [13], [12], [15], [17], [18], [21], [22], [23], to mention a few. Several
differences appear for the dynamics of non-invertible transformations, as compared to the
case of diffeomorphisms. In dimension theory, [20] Ruelle expressed first the Hausdorff di-
mension of an invariant repelling fractal set, as the zero of a pressure function. In [21], [22]
he showed also that for endomorphisms (i.e non-invertible maps) the local unstable mani-
folds depend on the prehistories of points, and studied invariant measures on the spaces of
prehistories. In [23] Young found a formula involving Lyapunov exponents, for the point-
wise dimension of a hyperbolic measure µ (i.e µ has only non-zero Lyapunov exponents)
invariant to a smooth diffeomorphism of a surface; this proves also the exact dimensionality
of the measure µ. In [8] Manning found the formula for the Hausdorff dimension of an er-
godic f -invariant measure on the Julia set of an analytic endomorphism f on the Riemann
sphere P1C which is hyperbolic and has no critical points in the Julia set. Barreira, Pesin
and Schmeling proved in [1] a property of local product structure for invariant hyperbolic
measures under smooth diffeomorphisms, which allows to compute the pointwise dimen-
sion of the measure as the sum of stable and unstable pointwise dimensions. In [18] Pesin
studied Carathéodory constructions as a way to present uniformly many analytic concepts
such as dimension, entropy, etc, and investigated further applications of thermodynamic
formalism in dimension theory. In [12] Mihailescu studied the local behavior and dimen-
sion for conditional measures on stable manifolds for hyperbolic endomorphisms. In [5]
Fornaess and Mihailescu studied hyperbolic saddle sets of holomorphic endomorphisms on
P2C and estimated the pointwise dimensions of equilibrium measures using the number of
preimages. Also the dynamics of countable conformal iterated function systems and their
applications were studied for eg in [6], [9], [10], [11], [16]. There are several aspects for
countable iterated systems which are different from the case of finite iterated systems or
from the dynamics of smooth transformations. In [9] Mauldin and Urbański studied the
countable system of complex continued fractions with integer digits (introduced in [6]) from
the point of view of Hausdorff and packing measures, and the Hausdorff dimension of their
limit set.
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In our current paper, we study a new class of endomorphisms on non-compact spaces,
denoted by E and their invariant measures. In particular, a class of complex continued
fractions with non-integer digits, different from the one in [9]. Our main results are Theorem
2.1 and its generalization Theorem 2.2, and Theorem 3.1 for global invariant measures of
FT . In Corollary 3.2 we prove exact dimensionality of global invariant measures for the
map F which generates complex continued fractions with complex digits. In Corollary 3.3
we study geometric potentials ψT,s for FT and show that the dimensions of fiber measures
depend real-analytically on s, and prove a Variational Principle for dimension.

In general, we take a conformal Smale skew-product endomorphism T as in Definition
1.6, with alphabet E = I = N∗ ×N∗, and Y is the closure of a bounded open set in C and
for every ω ∈ Σ+

I the set Yω is equal to Y . So the conformal contractions in fibers are

Tω : Y → Y, ω ∈ Σ+
I

As Y ⊂ C, the maps Tω are injective and holomorphic or antiholomorphic, for all ω ∈ Σ+
I .

Consider now the double representation in continued fractions for the irrational coordinates
of points in (1,∞)× (1,∞) given by,

π̃ : Σ+
I → (1,∞)× (1,∞),

π̃(ω) = π̃
(
((m0, n0), (m1, n1), . . .)

)
:= π1(ω) + iπ2(ω), ω ∈ Σ+

I ,

where,

π1(ω) := m0 +
1

m1 + 1
m2+...

, and π2(ω) := n0 +
1

n1 + 1
n2+...

Then, given the conformal Smale endomorphism T as above, the new endomorphism FT
is defined on the unbounded open set (1,∞) × (1,∞) × Y ⊂ C2, such that if z = π̃(ω)
(which happens if Re(z), Im(z) /∈ Q) and if w ∈ Y , then:

FT : (1,∞)× (1,∞)× Y −→ (1,∞)× (1,∞)× Y,

(1.1) FT (z, w) =


(

1
{Re(z)} + i

{Im(z)} , Tω(w)
)
, if Re(z) /∈ Q, Im(z) /∈ Q, z = π̃(ω),

(2, 2, 1
2
) , if Re(z) ∈ Q or Im(z) ∈ Q,

where in general the fractional part of a positive number x is {x} := x− [x].
By Definition 1.7, E is the collection of endomorphisms FT for all conformal Smale

skew-products T as above.

In case Y = B(1
2
, 1

2
) is the closure of the open disk B(1

2
, 1

2
) in C centered at (1

2
, 0) and of

radius 1
2
, then for any ω ∈ Σ+

I we define the holomorphic map Tω : Y → Y by:

Tω(w) =
1

w + π̃(ω)

We will show in Section 2, that the maps Tω form a conformal Smale skew-product T , and we
denote the coresponding endomorphism FT by F . This endomorphism F generates our class
of complex continued fractions with complex digits, which are different from the complex
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continued fractions with integer digits of [9]. The fiber limit Julia set Jω corresponds to a
countable system of holomorphic maps depending on ω. In Theorem 2.1 we prove that the
projections of conditional measures of arbitrary equilibrium measures for the endomorphism
F , are exact dimensional on Jω in stable fibers, and we find the formula for their Hausdorff
dimension. Properties of conditional measures on stable fibers of endomorphisms were
studied also in other settings (for eg in [12]). Then, in Theorem 2.2 we generalize this
result to arbitrary endomorphisms FT from E .

In Section 3, in Theorem 3.1 we study the global endomorphism FT associated to a
conformal Smale skew-product T . If the complex coordinates of the map FT are written
as FT = (FT,1, FT,2), then FT,1 is a piecewise differentiable and piecewise hyperbolic map,
on countably many pieces, and FT,2(z, w) is a conformal map. We prove a global Volume
Lemma for the projection measures ν on the product space (1,∞) × (1,∞) × B(1

2
, 1

2
).

This is used to show that the measures ν are exact dimensional on the global basic set
JT ⊂ (1,∞) × (1,∞) × B(1

2
, 1

2
). Moreover, in Theorem 3.1 we find the general formula

for the Hausdorff dimension of the measures of type ν, which involves their Lyapunov
exponents and the marginal entropies.
The proof of the global Theorem 3.1 is rather complicated by the fact that the first complex
coordinate map FT,1 is only piecewise differentiable on countably many pieces and it is
not conformal on these pieces. Moreover, the measure ν can have non-equal Lyapunov
exponents along the axes in the z-plane. The second coordinate map FT,2 is conformal and
the iterates coming from countably many n-preimages generate parametrized Julia sets
JT,ω in the w-fibers. All these facts require a proof with several steps of the global Volume
Lemma, in which the generic points play an important role. Thus our setting and methods
here are different from those in [17]. In particular, in Corollary 3.2 we obtain the exact
dimensionality and formula for the dimension of global measures ν on the fractal set of
complex continued fractions with complex digits.

Then, in Corollary 3.3 we study measures µT,s associated to geometric potentials ψT,s,
and the measures νωT,s on Julia sets JT,ω associated to the endomorphism FT . We prove

that for µ+
T,s-a.e ω ∈ Σ+

I , νωT,s is exact dimensional on JT,ω and HD(νωT,s) = δT,s. We show
that δT,s varies real-analytically with the parameter s. In the end, we prove a Variational
Principle for dimension on the fiber Julia sets JT,ω.

Exact dimensionality of a measure is an important property, and if a measure is exact di-
mensional, then its various dimensions (pointwise, Hausdorff, box; for eg [4] for definitions)
do coincide ([23]). Notice that, differently from the setting of smooth diffeomorphisms
on compact manifolds of [1] and [23], in our setting the non-invertible transformation FT
acts on a non-compact manifold, and it is only piecewise differentiable on countably many
pieces.

Let us now recall the notion of pointwise dimension for a measure, and that of exact
dimensional measure (for eg [18]).
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Definition 1.1. Let a measure µ on a metric space X, and for a point x ∈ X define the
upper pointwise dimension, respectively the lower pointwise dimension of µ at x by

δ(µ)(x) = lim sup
r→0

log µ(B(x, r))

log r
, and δ(µ)(x) = lim inf

r→0

log µ(B(x, r))

log r

If δ(µ)(x) = δ(µ)(x), then we say that the pointwise dimension of µ exists at x, and we
denote it by δ(µ)(x).
A measure µ is called exact dimensional on X, if the pointwise dimension of µ exists for
µ-a.e x ∈ X, and δ(µ)(·) is constant µ-a.e.; this common value is denoted by δ(µ).

In the sequel, we will use the notion of Smale skew product endomorphism, introduced
and studied in [17]. Below are briefly recalled some notions, notations, and results. Let E
be a countable alphabet. Given β > 0, the metric dβ on EN is:

dβ
(
(ωn)∞0 , (τn)∞0

)
= exp

(
−βmax{n ≥ 0 : (0 ≤ k ≤ n)⇒ ωk = τk}

)
with the standard convention that e−∞ = 0. All metrics dβ, β > 0, on EN are Hölder
continuously equivalent and induce the product topology on EN. Let

Σ+
E = {(ωn)∞0 : ∀n∈N, ωn ∈ E}

The shift map σ : Σ+
E → Σ+

E is defined by σ
(
(ωn)∞0

)
=
(
(ωn+1)∞n=0

)
, For every finite word

ω = ω0ω1 . . . ωn−1, put |ω| = n the length of ω, and

[ω] = {τ ∈ Σ+
E,∀(0≤j≤n−1) : τj = ωj}

is the cylinder determined by ω. If ψ : Σ+
E → R is continuous, define the pressure P(ψ) by

P(ψ) = lim
n→∞

1

n
log

∑
|ω|=n

exp
(
sup
(
Snψ|[ω]

))
and the above limit does exist, since the sequence log

∑
|ω|=n exp

(
sup
(
Snψ|[ω]

)
, n ∈ N, is

subadditive. A function ψ : Σ+
E −→ R is called summable if∑

e∈E

exp
(
sup
(
ψ|[e]

))
<∞

A shift-invariant probability Borel measure µ on Σ+
E is called a Gibbs state of ψ, if there

exist constants C ≥ 1 and P ∈ R such that

(1.2) C−1 ≤ µ([ω])

exp(Snψ(τ)− Pn)
≤ C

for all n ≥ 1, all words ω of length n and all τ ∈ [ω]. From (1.2) is easy to see that, if
ψ admits a Gibbs state, then P = P(ψ). A measure which attains the supremum in the
Variational Principle is called an equilibrium measure for ψ (compare also with [2], [7]).

Recall from [17] also some results from thermodynamic formalism of 2-sided shifts (ΣE, σ)
on countable alphabets. Again E is a countable set. For β > 0 the metric dβ on EZ is

dβ
(
(ωn)+∞

−∞, (τn)+∞
−∞
)

= exp
(
−βmax{n ≥ 0 : ∀k∈Z|k| ≤ n ⇒ ωk = τk}

)
with e−∞ = 0. All metrics dβ, β > 0, on EZ induce the product topology on EZ. We set

ΣE =
{

(ωn)+∞
−∞, ωn ∈ E,∀n ∈ Z}
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Hölder continuity is defined similarly as before, for potentials ψ : ΣE → R. For any ω ∈ ΣE

and −∞ ≤ m ≤ n ≤ +∞, define the truncation between the m and n positions as:

ω|nm = ωmωm+1 . . . ωn.

If τ ∈ ΣE, let the cylinder from m to n positions,

[τ ]nm = {ω ∈ ΣE, ω|nm = τ |nm}
The family of cylinders from m to n is denoted by Cnm. Let ψ : ΣE → R be a continuous
function. Then the topological pressure P(ψ) is,

(1.3) P(ψ) := lim
n→∞

1

n
log

∑
[ω]∈Cn−1

0

exp
(
sup
(
Snψ|[ω]

))
,

where the limit above exists by subadditivity. A shift-invariant Borel probability µ on ΣE

is called a Gibbs measure of ψ if there are constants C ≥ 1, P ∈ R such that

(1.4) C−1 ≤ µ([ω|n−1
0 ])

exp(Snψ(ω)− Pn)
≤ C

for all n ≥ 1, ω ∈ ΣE. From (1.4), it follows that if ψ has a Gibbs state, then automatically
P = P(ψ). As before, ψ : ΣE → R is called summable if∑

e∈E

exp
(
sup
(
ψ|[e]

))
<∞

In [17] we proved the following results:

Proposition 1.2. A Hölder continuous function ψ : ΣE → R is summable if and only if
P (ψ) <∞.

Theorem 1.3. [17] For every Hölder continuous summable potential ψ : ΣE → R there
exists a unique Gibbs state µψ on ΣE, and the measure µψ is ergodic.

Theorem 1.4 (Variational Principle for Two-Sided Shifts, [17]). Suppose that ψ : ΣE → R
is a Hölder continuous summable potential. Then

sup

{
hµ(σ) +

∫
ΣE

ψdµ : µ ◦ σ−1 = µ and

∫
ψdµ > −∞

}
= P(ψ) = hµψ(σ) +

∫
ΣE

ψdµψ,

and µψ is the only measure at which this supremum is attained.

Equilibrium states for ψ are defined as before. Many examples of Hölder continuous
summable potentials and their equilibrium measures for EMR maps (like the Gauss trans-
formation for continued fractions) were given in [17].

Consider now the partition of ΣE into cylinders determined by the nonnegative indices:

P− = {[η|∞0 ] : η ∈ ΣE} = {[ω] : ω ∈ Σ+
E}.

P− is a measurable partition of ΣE. If µ is a Borel probability on ΣE, consider the canonical
system of conditional measures associated to the partition P− (see [19]), denoted by

{µτ : τ ∈ ΣE}
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Then µτ is a probability measure on the cylinder [τ |∞0 ] and we denote by µω, ω ∈ Σ+
E, the

conditional measure on [ω]. The truncation map to non-negative indices is:

π0 : ΣE → Σ+
E, π0(τ) = τ |∞0 , τ ∈ ΣE,

The system above {µω, ω ∈ Σ+
E} of conditional measures is uniquely determined up to

measure zero by the property (see [19]) that, for all g ∈ L1(µ),∫
ΣE

g dµ =

∫
Σ+
E

∫
[ω]

g dµω d(µ ◦ π−1
0 )(ω).

Recall now the notion of Smale skew product endomorphisms from [17].

Definition 1.5. Let (Y, d) be a complete bounded metric space. For any ω ∈ Σ+
E let Yω ⊂ Y

be an arbitrary set and Tω : Yω −→ Yσ(ω) a continuous injective map. Define

Ŷ :=
⋃
ω∈Σ+

E

{ω} × Yω ⊂ Σ+
E × Y.

Define the map T : Ŷ −→ Ŷ by T (ω, y) = (σ(ω), Tω(y)). The pair (Ŷ , T : Ŷ → Ŷ ) is
called a skew product Smale endomorphism if there exists λ > 1 such that T is uniformly
contracting on fibers, i.e for all ω ∈ Σ+

E and all y1, y2 ∈ Yω,

(1.5) d(Tω(y2), Tω(y1)) ≤ λ−1d(y2, y1)

For an arbitrary τ ∈ ΣE let,

T nτ := T nτ |∞−n := Tτ |∞−1
◦ Tτ |∞−2

◦ . . . ◦ Tτ |∞−n : Yτ |∞−n −→ Yτ |∞0

Then the sets
(
T nτ
(
Yτ |∞−n

))∞
n=0

form a descending sequence, and diam
(
T nτ
(
Yτ |∞−n

))
≤ λ−ndiam(Y ).

But the space (Y, d) is complete, hence the set

∞⋂
n=1

T nτ
(
Yτ |∞−n

)
is a point denoted by π̂2(τ). In this way we define the map

(1.6) π̂2 : ΣE −→ Y

Define also the map π̂ : ΣE → Σ+
E × Y by

(1.7) π̂(τ) =
(
τ |∞0 , π̂2(τ)

)
,

and the truncation to non-negative indices by π0 : ΣE −→ Σ+
E, π0(τ) = τ |∞0 . Now for

arbitrary ω ∈ Σ+
E denote the π̂2-projection in Y of the cylinder [ω] ⊂ ΣE, by

(1.8) JT,ω := π̂2([ω]),

and call these sets the stable Smale fibers of T , or the parametrized Julia sets.
The global basic set associated to T is:

(1.9) ΛT := π̂(ΣE) =
⋃
ω∈Σ+

E

{ω} × Jω ⊂ Σ+
E × Y,
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and is called the Smale space induced by T . The dynamical system on this global limit set,

T : ΛT −→ ΛT ,

is called the skew product Smale endomorphism generated by T : Ŷ −→ Ŷ .
We will work in the sequel with a certain type of Smale skew-product endomorphism:

Definition 1.6 ([17]). Assume now more about the spaces Yω, ω ∈ Σ+
E, and the fiber maps

Tω : Yω → Yσ(ω) from Definition 1.5, namely:

(a) There is a closed bounded set Y ⊂ C s.t Int(Y ) = Y and Yω = Y , for any ω ∈ Σ+
I .

(b) Each map Tω : Y → Y extends to a C1 conformal embedding from Y ∗ to Y ∗, where
Y ∗ is a bounded connected open subset of C containing Y . Then Tω denotes also
this extension and assume that the maps Tω : Y ∗ → Y ∗ satisfy:

(c) Formula (1.5) holds for all y1, y2 ∈ Y ∗, perhaps with some smaller constant λ > 1.
(d) (Bounded Distortion Property 1) There are constants α > 0, H > 0 s.t ∀y, z ∈ Y ∗,∣∣ log |T ′ω(y)| − log |T ′ω(z)|

∣∣ ≤ H||y − z||α.
(e) The function ΣE 3 τ 7−→ log |T ′τ (π̂2(τ))| ∈ R is Hölder continuous.
(f) (Open Set Condition) For every ω ∈ Σ+

E and for all a, b ∈ E with Aaω0 = Abω0 = 1
and a 6= b, we have Taω(Int(Y )) ∩ Tbω(Int(Y )) = ∅.

(g) (Strong Open Set Condition) There exists a measurable function δ : Σ+
E → (0,∞),

so that for every ω ∈ Σ+
E, Jω ∩

(
Y \B(Y c, δ(ω)

)
6= ∅.

A skew product Smale endomorphism satisfying conditions (a)–(g) will be called in the
sequel a conformal skew-product Smale endomorphism.

Also without loss of generality we give the same name to the generalized conformal
skew product Smale endomorphisms of [17], namely endomorphisms which are coded by
endomorphisms as above on Σ+

I × Y .
We can now define formally the collection E of endomorphisms FT ,

Definition 1.7. Denote by E the collection of all endomorphisms FT , defined by 1.1 for
all conformal skew-products Smale endomorphisms T from Definition 1.6.

2. Conditional measures on parametrized fibers.

We start our investigation with the complex continued fractions generated by maps of
type z → 1

z+w
, for arbitrary parameters w ∈ C with both real and imaginary parts irrational

and larger than 1. Let X := (1,∞)× (1,∞) ⊂ C, and the countable alphabet

I = N∗ × N∗

Define the coding map for continued fractions in X, for ω = ((m0, n0), (m1, n1), . . .) ∈ Σ+
I ,

(2.1) π̃ : Σ+
I → X,

π̃(ω) = π̃
(
((m0, n0), (m1, n1), . . .)

)
:= π1(ω) + iπ2(ω), ω ∈ Σ+

I ,

where,

π1(ω) := m0 +
1

m1 + 1
m2+...

, and π2(ω) := n0 +
1

n1 + 1
n2+...
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Now consider the disk in C centered at (1
2
, 0) of radius 0.55, denoted by B(1

2
, 0.55), and

let the holomorphic contraction Tω : B(1
2
, 0.55)→ B(1

2
, 0.55) defined by

(2.2) Tω(z) =
1

z + π̃(ω)

We see from above that Tω is well defined and holomorphic and that it is a contraction,
with contraction factor independent of ω ∈ Σ+

I . Indeed, if we denote V := B(1
2
, 0.55), and

z = x+ iy ∈ V , then z + π̃(ω) = x+ π1(ω) + i(y + π2(ω)) = x′ + iy′, and

| 1

z + π̃(ω)
− 1

2
|2 = | x

′ − iy′

x′2 + y′2
− 1

2
|2 = | x′

x′2 + y′2
− 1

2
− i y′

x′2 + y′2
|2

=(
x′

x′2 + y′2
− 1

2
)2 +

y′2

(x′2 + y′2)2
=

1

x′2 + y′2
− x′

x′2 + y′2
+

1

4
=

1− x′

x′2 + y′2
+

1

4

But now since z ∈ V and π1(ω) > 1, π2(ω) > 1, it follows that x′ ∈ (0.95,∞) and
y′ ∈ (0.45,∞). Hence x′2 + y′2 > 1.1 and 1− x′ < 0.05, so

1− x′

x′2 + y′2
<

0.05

1.1
< 0.552 − 1

4
= 0.0525

Thus Tω(z) ∈ V = B(1
2
, 0.55), for any z ∈ V, ω ∈ Σ+

I . Recall that the disk in C of radius 1
2

centered at (1
2
, 0) is denoted by B(1

2
, 1

2
), and denote

Y := B(
1

2
,
1

2
)

Let the contractions Tω, ω ∈ Σ+
I only on Y . Since for any z ∈ Y , Re(z + π̃(ω)) ≥ 1, it

follows that Tω(z) ∈ B(1
2
, 1

2
). We define now for every ω ∈ Σ+

I and τ ∈ ΣI with τ |∞0 = ω,

T nτ = Tτ |∞−1
◦ Tτ |∞−2

◦ . . . ◦ Tτ |∞−n
Then define the parametrized Julia set Jω corresponding to T from (2.2) and to any

ω ∈ Σ+
I , as the set of points in C of type

(2.3) Jω :=
{ ⋂
n≥1

Tτ |∞n (Y ), τ ∈ [ω]
}

This is similar to the case of expanding maps from one-dimensional complex dynamics ([3]).
The union in C2 of the family of fiber Julia sets {π̃(ω)} × Jω for ω ∈ Σ+

I , is called the
global basic set of F ,

(2.4) J :=
⋃
ω∈Σ+

I

{π̃(ω)} × Jω ⊂ C2

Recall now that π0 : ΣI → Σ+
I is the truncation of τ ∈ ΣI to τ |∞0 ; also the projection π̂2

was defined in (1.6).

Theorem 2.1. Consider the above system of complex continued fractions given for every

ω ∈ Σ+
I by the holomorphic map Tω : B(1

2
, 1

2
)→ B(1

2
, 1

2
), Tω(z) = 1

z+π̃(ω)
. Let also ψ : ΣI →

R be a Hölder continuous summable potential with equilibrium measure µψ.
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Then, for π0∗µψ-a.e ω ∈ Σ+
I , the projection π̂2∗µ̄

ω
ψ of the conditional measure µ̄ωψ is exact

dimensional on Jω, and its dimension is:

HD(π̂2∗µ̄
ω
ψ) =

hµψ(σ)

χµψ

Proof. First we prove the uniform contraction for all the maps Tω, ω ∈ Σ+
I . Indeed, T ′ω(z) =

− 1
(z+π̃(ω))2

, and write z + π̃(ω) = x+ π1(ω) + i(y + π2(ω)). But x > −0.05, y > −0.55, and

π1(ω) > 1, π2(ω) > 1 since m0, n0 ≥ 1, so

|z + π̃(ω)|2 = (x+ π1(ω))2 + (y + π2(ω))2 > 0.952 + 0.452 > 1.1

Therefore for all z ∈ V, ω ∈ Σ+
I , we have

|T ′ω(z)| >
√

1.1 > 1

The advantage of letting Tω on Y is that we have also Open Set Condition. Indeed, if
(m0, n0) 6= (m′0, n

′
0), then [B(1

2
, 1

2
) +m0 + in0] ∩ [B(1

2
, 1

2
) +m′0 + in′0] = ∅. As the alphabet

I is N∗×N∗, the Julia limit set Jω is not contained in the boundary of Y . Thus the Strong
Open Set Condition from the definition of conformal Smale skew products ([17]) is satisfied.
Now, we show that the Bounded Distortion Property (BDP) is satisfied. Let us mention
first that this follows from Koebe Distortion Theorem (for eg [3]). However we give also a
direct proof, in which the constants of distortion are obtained. Clearly T ′ω(z) = − 1

(z+π̃(ω))2

for any ω ∈ Σ+
I . For a fixed ω ∈ Σ+

I , denote by γ1 + iγ2 := π̃(ω) with γ1, γ2 ∈ R, and by

f(x, y) = log((x+ γ1)2 + (y + γ2)2), z = x+ iy ∈ B(
1

2
,
1

2
)

Then

Df(x, y) =
( 2(x+ γ1)

(x+ γ1)2 + (y + γ2)2
,

2(y + γ2)

(x+ γ1)2 + (y + γ2)2

)
Now if z = x + iy ∈ B(1

2
, 1

2
), it follows that 0 ≤ x ≤ 1 and −1

2
≤ y ≤ 1

2
. Since γ1, γ2 ≥ 1,

(x+ γ1)2 + (y + γ2)2 > (x+ γ1)2, hence 2(x+γ1)
(x+γ1)2+(y+γ2)2

< 2
|x+γ1| < 2. But since y + γ2 ≥ 1

2
,

2(y + γ2)

(x+ γ1)2 + (y + γ2)2
≤ 2

|y + γ2|
≤ 4

Hence we obtain the BDP, namely for any z, z′ ∈ B(1
2
, 1

2
),

(2.5) | log |T ′ω(z)| − log |Tω(z′)| ≤ 8|z − z′|
Also,

|Tω(z)− Tη(z)| = | 1

z + π̃(ω)
− 1

z + π̃(η)
| = | π̃(η)− π̃(ω)

(z + π̃(ω))(z + π̃(η))
|

Therefore the system Tω : B(1
2
, 1

2
) → B(1

2
, 1

2
) given by Tω(z) = 1

z+π̃(ω)
, ω ∈ Σ+

I , forms a

conformal Smale skew product. We want to show now that T is a Smale skew product of
global character (for definition see [17]). Indeed for z ∈ Y and ω, η ∈ Σ+

I ,

|Tω(z)− Tη(z)| = | 1

z + π̃(ω)
− 1

z + π̃(η)
=

|π̃(ω)− π̃(η)|
(z + π̃(ω))(z + π̃(η)
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But since, ω = (ω0, ω1, . . .) = ((m0, n0), (m1, n1), . . .), and η = (η0, η1, . . .) = ((m′0, n
′
0), (m′1, n

′
1), . . .),

with all mi,m
′
i, ni, n

′
i, i ∈ N larger than or equal to 1, it follows that |z + π̃(ω)| ≥

1, |z + π̃(η)| ≥ 1. Thus from the inequalities above,

(2.6) |Tω(z)− Tη(z)| ≤ |π̃(ω)− π̃(η)|

Assume now that ω0 = η0, . . . , ωk = ηk but ωk+1 6= ηk+1, for some k ≥ 1. Then,

π1(ω)− π1(η) =

1
mk+1+ 1

...

− 1
m′k+1+ 1

...

(m1 + 1
m2+...

) . . . (mk + 1
mk+1+...

) · (m′1 + 1
m′2+...

) . . . (m′k + 1
m′k+1+...

)

Notice now that, since mj+1 + 1
mj+2+...

< mj+1 + 1 < 2mj+1 for any j ≥ 1, we have

(mj +
1

mj+1 + . . .
)(mj+1 +

1

mj+2 + . . .
) > mj+1(mj +

1

mj+1 + . . .
)

=mjmj+1 +
mj+1

mj+1 + . . .
≥ mjmj+1 +

1

2

Hence as all mj are nonzero natural numbers, we obtain

(2.7) (mj +
1

mj+1 + . . .
)(mj+1 +

1

mj+2 + . . .
) ≥ 3

2

Therefore from above,

(2.8) |π1(ω)− π1(η)| ≤ 2 · (
√

2

3
)k

We obtain a similar estimate for |π2(ω) − π2(η)|. But if ω|k0 = η|k0 and ωk+1 6= ηk+1, then
dβ(ω, η) = βk, for the metric dβ on Σ+

I , for β ∈ (0, 1) fixed. Therefore from (2.8) and (2.6),
it follows that there exist constants C > 0, β ∈ (0, 1) such that

(2.9) |Tω(z)− Tη(z)| ≤ Cdβ(ω, η)

Hence T is of global character, so from [17], T is a Hölder conformal Smale skew product.
So the conclusion follows from Theorem 6.2 in [17].

�

In general, if FT is associated to a conformal Smale skew-product T , then for every
ω ∈ Σ+

I , let JT,ω be the associated fiber Julia set of FT given by (1.8). Namely we have,

(2.10) JT,ω :=
{ ⋂
n≥1

Tτ |∞n (Y ), τ ∈ [ω]
}

Then the following generalization of Theorem 2.1 to endomorphisms FT from E follows
similarly as above.

Theorem 2.2. Consider an endomorphism FT associated to an arbitrary conformal Smale
skew-product T by formula (1.1). Let ψ : ΣI → R be a Hölder continuous summable
potential, which has an equilibrium measure µψ on Σ+

I .
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Then, for π0∗µψ-a.e ω ∈ Σ+
I , the projection π̂2∗µ̄

ω
ψ of the conditional measure µ̄ωψ of µψ

on [ω], is exact dimensional on the Julia set JT,ω ⊂ C. Moreover, its dimension satisfies:

HD(π̂2∗µ̄
ω
ψ) =

hµψ(σ)

χµψ
.

3. Global exact dimensionality and dimension formulas.

We now prove that the global projections ν of equilibrium measures, are exact dimen-
sional for the endomorphism FT ∈ E , associated to a conformal Smale skew-product T (as
in Definition 1.6), and we find their dimensions. Consider thus the spaces

X = (1,∞)× (1,∞) ⊂ C, and Y ⊂ C,
and given T , let the skew-product transformation FT : X × Y → X × Y ,
(3.1)

FT (z, w) =
( 1

{Re(z)}
+

i

{Im(z)}
, Tω(w)

)
, z ∈ X,Re(z) /∈ Q, Im(z) /∈ Q, z = π̃(ω), w ∈ Y,

and

F (z, w) = (2, 2,
1

2
), if Re(z) ∈ Q or Im(z) ∈ Q.

Recall that for x ∈ R, {x} := x− [x]. Using π̃ from (2.1), we define the coding

π̃Y : Σ+
I × Y → X × Y,

(3.2) π̃Y (ω, y) = (π̃(ω), y), (ω, y) ∈ Σ+
I × Y

Recall also that we denoted the truncation to non-negative indices by

π0 : ΣI → Σ+
I , π0(η) = η|∞0 , η ∈ ΣI ,

and given the conformal Smale skew-product T , there exists from (1.7) a coding map,

(3.3) π̂ : ΣI → Σ+
I × Y, π̂(η) = (π0(η), π̂2(η)), η ∈ ΣI

Introduce also the projection

(3.4) π : ΣI → X × Y, π := π̃Y ◦ π̂, π(η) = (π̃(η|∞0 ), π̂2(η)), η ∈ ΣI

As I = N∗ × N∗, denote the canonical projections on “coordinates” of points in Σ+
I by,

p1 : Σ+
I → Σ+

N∗ , and p2 : Σ+
I → Σ+

N∗ ,

where for any ((m0, n0), (m1, n1), . . .) ∈ Σ+
I , with mi, ni ∈ N∗, i ∈ N,

(3.5) p1((m0, n0), (m1, n1), . . .) = (m0,m1, . . .), p2((m0, n0), (m1, n1), . . .) = (n0, n1, . . .)

If µ+ is a σ-invariant measure on Σ+
I , denote the projection measures of µ+ on Σ+

N∗ by

(3.6) µ1 := p1∗µ
+, and µ2 := p2∗µ

+,

and call µ1, µ2 the marginal mesures of µ+. The entropies of µ1, µ2 with respect to the
shift on Σ+

N∗ are called the marginal entropies of µ+.
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Since we work with continued fractions, define for n ∈ N∗, the contraction map,

(3.7) ϕn(x) =
1

x+ n
, x ∈ [0, 1)

Denote the coding ρ0 : Σ+
N∗ → (0, 1), as the representation in continued fractions,

(3.8) ρ0(ω) =
1

ω0 + 1
ω1+...

, for ω = (ω0, ω1, . . .) ∈ Σ+
N∗

For an arbitrary σ-invariant measure µ on ΣI , denote by µ+ := π0∗µ on Σ+
I , and let µ1, µ2

be the measures from (3.6) associated to µ+.
Using (3.6) denote the marginal Lyapunov exponents of µ+ by:

(3.9) χ1(µ+) := −
∫

Σ+
N∗

log |ϕ′ζ0(ρ0σζ)| dµ1(ζ)

χ2(µ+) := −
∫

Σ+
N∗

log |ϕ′ζ0(ρ0σζ)| dµ2(ζ)

If µ+ = π0∗µ is the projection of a measure µ on ΣI (as in the sequel), write also χ1(µ), χ2(µ)
for χ1(µ+), χ2(µ+) respectively.

Also define the Lyapunov exponent of the endomorphism T of (2.2) with respect
to a shift-invariant probability measure µ on ΣI by,

(3.10) χT (µ) := −
∫

ΣI

log |T ′η|∞0 (π̂2(η))| dµ(η)

If T is fixed, we will denote also χ(µ) for χT (µ). We notice that χ1(µ+), χ2(µ+), χ(µ) are
all positive numbers. Also let

(3.11) λ1(µ+) := exp(−χ1(µ+)), λ2(µ+) := exp(−χ2(µ+))

So λ1(µ+), λ2(µ+) ∈ (0, 1). If µ+ = π0∗µ, write also λ1(µ), λ2(µ) for λ1(µ+), λ2(µ+).

We are now ready to prove the global exact dimensionality of the projection measure ν
of an equilibrium measure µ, for endomorphisms from the class E . If the endomorphism
FT is associated to a conformal Smale skew-product T , then for any ω ∈ Σ+

I the fiber Julia
set was denoted by JT,ω. Let JT be the global basic set of FT ,

JT :=
⋃
ω∈Σ+

I

{π̃(ω)} × JT,ω ⊂ C2

The following Theorem establishes exact dimensionality for ν on the global Julia
(basic) set JT , and gives the formula for its dimension.

Theorem 3.1. In the setting of Theorem 2.2 let the endomorphism FT : X × Y → X × Y
of E associated to a conformal Smale skew-product T by (1.1). Let ψ : ΣI → R be a Hölder
continuous summable potential with µψ its equilibrium measure on ΣI . Denote the measures

µ+
ψ := (π0)∗µψ on Σ+

I , and νψ := π∗µψ on X × Y

Let µ1,ψ, µ2,ψ be the marginal measures µ1, µ2 from (3.6) associated to µ+
ψ . Then:

a) The projection measure νψ is exact dimensional on the global basic set JT ⊂ C2.
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b) If λ1(µψ) < λ2(µψ), the pointwise (and Hausdorff) dimension of νψ is,

δ(νψ) =
hµψ − hµ1,ψ(1− χ2(µψ)

χ1(µψ)
)

χ2(µψ)
+

hµψ
χ(µψ)

c) If λ1(µψ) ≥ λ2(µψ), then

δ(νψ) =
hµψ − hµ2,ψ(1− χ1(µψ)

χ2(µψ)
)

χ1(µψ)
+

hµψ
χ(µψ)

.

Proof. The general idea is to take first projections of the conditional measures of the mea-
sure µ onto the fibers JT,ω, ω ∈ Σ+

I (defined in (2.3), then to look at the projections of ν
on the first complex coordinate z. At the same time, the first complex coordinate map
F1(z, w), of F (z, w), is only piecewise differentiable on countably many pieces and it is
not conformal on these pieces, and the measure µ can have different Lyapunov exponents
χ1(µ), χ2(µ) in the two real directions in the z-plane. We will cover an arbitrarily small ball
B(z, r) with thin rectangles obtained as projections of n-cylinders [ω1 . . . ωn] × [η0 . . . ηn]
from Σ+

I , and will estimate their number by looking at their interval projections onto the
first real coordinate. The number of such intervals which are obtained by projection, will
be estimated using the exact dimensionality and the formula for the Hausdorff dimension
of an invariant measure for a random countable iterated system from [16].
Then, we will prove a Volume Lemma in the z-direction, namely we will add the z-projection
measures of all the above rectangles in the z-direction, in order to estimate the measure of
B(z, r). This will give the exact dimensionality and the Hausdorff dimension of the projec-
tion of the measure ν in the z-direction. Next we will prove a global Volume Lemma for ν
itself, by adding the obtained dimension in z-direction with the dimension of projections of
conditional measures in w-fibers given by Theorem 2.1. This implies exact dimensionality
for ν on X × Y and will give the dimension of ν.

We now provide the complete proof, emphasizing below its main steps:
1. Codings, notations, and the measure Υ.
It will be more convenient to work on (0, 1)× (0, 1) instead of X, so denote

Z := (0, 1)× (0, 1),

and consider the bijective transformation

θ : X → Z, θ(x, y) = (
1

x
,

1

y
), (x, y) ∈ X

Recalling the notation in (3.8), introduce then the coding map ρ : Σ+
I → Z,

ρ((m0, n0), (m1, n1), . . .) = (
1

m0 + 1
m1+...

,
1

n0 + 1
n1+...

) = (ρ0(m0,m1, . . .), ρ0(n0, n1, . . .)),

for every ((m0, n0), (m1, n1), . . .) ∈ Σ+
I . Let us denote also

ρY : Σ+
I × Y → Z × Y, ρY (ω, y) = (ρ(ω), y)

For the Hölder continuous summable potential ψ : ΣI → R from above, define the measures:

(3.12) ϑψ := (ρY )∗µ
+
ψ on Z × Y, and Υψ := ρ∗µ

+
ψ on Z
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Notice that (θ × idY )∗νψ = ϑψ.
In the sequel, we assume the potential ψ is fixed, and drop the index ψ from the

notations above. Thus we will denote µ for µψ, ν for νψ, µ+ for µ+
ψ , as well. Also write Υ

for Υψ, µ1 for µ1,ψ, µ2 for µ2,ψ, and ϑ for ϑψ.
Recalling(3.6) denote by µ1, µ2 respectively the measures µ1,ψ and µ2,ψ (associated to µ+

ψ ).

Also recalling (3.9) and (3.10) we denote χ1 for χ1(µ+
ψ ), χ2 for χ2(µ+

ψ ), χ for χ(µψ). And

from (3.11) denote similarly λ1 for λ1(µ+
ψ ), and λ2 for λ2(µ+

ψ ).

2. Past-independent potentials and the projection measure Υ1.
We observe now that from [2] and [17], there exists a past-independent Hölder contin-

uous summable function ψ+, which is cohomologous to ψ in the class of bounded Hölder
continuous functions, where by past-independent we mean that

ψ+(η) = ψ+(η′),

for any η, η′ ∈ ΣI with ηj = η′j, for j ≥ 0. Denote the restriction of ψ+ to Σ+
I by ψ̃+. Let

us now look at little closer at these two probability measures µ on ΣI and µ+ on Σ+
I . Since

µ = µψ = µψ+ , it follows from the Gibbs property that, for any integer n > 1 and for any
point ζ ∈ ΣI ,

µ([ζ0 . . . ζn]) ≈ exp(Snψ
+(ζ))− nP (ψ+)),

where the pressure P (ψ+) is taken with respect to the shift on ΣI , and where the compa-
rability constants do not depend on n, ζ.

But, on the other hand, if µψ̃+ denotes the equilibrium measure of ψ̃+ on Σ+
I , we have

from the Gibbs property that, for any ξ ∈ Σ+
I , any n > 1 and any ζ ∈ ΣI with ζ|∞0 = ξ,

the following estimate holds:

µψ̃+([ξ0 . . . ξn]) ≈ exp(Snψ̃
+(ξ)− nP (ψ̃+)) = exp(Snψ

+(ζ)− nP (ψ̃+)),

where now the pressure P (ψ̃+) is taken with respect to the shift on Σ+
I , and where the

comparability constants do not depend on n, ξ. But clearly P (ψ+) = P (ψ̃+). Hence from
the uniqueness of Gibbs measures for given Hölder continuous summable potentials on Σ+

I ,

(3.13) π0∗µψ = µ+
ψ = π0∗µψ+ = µψ̃+

Also, since (ΣI , σ, µ) is the natural extension of the system (Σ+
I , σ, µ

+) (or by using the
Brin-Katok formula and the estimates for the measure on Bowen balls)), it follows that

(3.14) hµ = hµ+

Now, consider the canonical projection on the X-coordinate

pX : X × Y → X

Since by (3.12), Υ = (θ ◦ pX)∗ν = ρ∗µ
+ on Z, we see immediately from the definition of

the pointwise dimension δ that, if z = θ(x, y) with (x, y) ∈ X, then

(3.15) δ(Υ)(z) = δ((pX)∗ν)(x, y)
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Recall that Υ is a measure on Z = (0, 1)× (0, 1), and denote its canonical projection in
the first coordinate on (0, 1) by Υ1. Hence, in the notations of (3.5), (3.6) and (3.8),

(3.16) Υ1 = (ρ0)∗µ1

Since µ+ is σ-invariant on Σ+
I , it follows that µ1 is σ-invariant on Σ+

N∗ .

3. Pointwise dimension for Υ1.
From the definition (3.8) of the map ρ0 as the representation of irrational numbers as

continued fractions, we obtain that the measure Υ1 is the projection on (0, 1) of an invariant
probability measure µ1 on Σ+

N∗ , with respect to a countable iterated function system.
Therefore, by the main result in [16] (restricted to the case when the parameter space Λ in
that paper consists of only one point), it follows that the projection measure Υ1 is exact
dimensional on (0, 1). Hence the pointwise dimension of Υ1 is the same at Υ1-a.e. point,
and this common value is equal to the Hausdorff dimension of Υ1.
Let us then denote the pointwise dimension of Υ1 by δ1. But in our case there are no
overlaps in the countable iterated function system (open set condition for countable iterated
function system is satisfied). Thus, the projectional entropy of µ1 is the same as its usual
entropy hµ1 . Hence from [16], it follows that for Υ1-a.e. point x ∈ (0, 1), we have:

(3.17) δ1 = δ(Υ1)(x) = lim
r→0

log Υ1(B(x, r))

log r
=
hµ1
χ1

4. Geometry in the z-direction, and generic points.
Let us assume first, as in part b) of the statement, that

(3.18) λ1 < λ2

Consider arbitrary numbers n > 1 and ε > 0, and define the Borel set C(n, ε) ⊂ [0, 1) by:

C(n, ε) := {x ∈ (0, 1),
log Υ1(B(x, r))

log r
∈ (δ1 − ε, δ1 + ε), for 0 < r ≤ λ

n(1−ε)
2 }

From the exact dimensionality of Υ1, it follows that for every ε > 0 there exists an integer
n(ε) > 1 and a positive function κ(·) with lim

ε→0
κ(ε) = 0, such that for every n > n(ε),

(3.19) Υ1(C(n, ε)) > 1− κ(ε)

We identify in the sequel the space Σ+
I with Σ+

N∗ ×Σ+
N∗ by the map Ψ : Σ+

I → Σ+
N∗ ×Σ+

N∗ ,

(3.20) Ψ(ζ) = (ω, η),

where for an arbitrary ζ = ((m0, n0), (m1, n1), . . .) ∈ Σ+
I , write ω = (m0,m1, . . .) ∈ Σ+

N∗ ,
and η = (n0, n1, . . .) ∈ Σ+

N∗ .
Given the contractions φn, n ≥ 1 from (3.7), and an arbitrary sequence of integers ω ∈

Σ+
N∗ , denote by

φnω := φω0 ◦ φω1 ◦ . . . ◦ φn−1



17

Now for arbitrary n > 1, ε > 0, define the following Borel measurable set
(3.21)

A(n, ε) := {(ω, η) ∈ Σ+
N∗ × Σ+

N∗ , |
Sjψ

+(ω, η)

j
−
∫
ψ+dµ+| < ε, and

|(φjω)′(ρ0σ
jω)| ∈ (ej(−χ1−ε), ej(−χ1+ε)) and |(φjη)′(ρ0σ

jη)| ∈ (e(j(−χ2−ε), ej(−χ2+ε)), ∀j ≥ n}

Since µ+ and µ1, µ2 are ergodic with respect to the respective shift maps, and using Birkhoff
Ergodic Theorem and (3.9), it follows that µ+(A(n, ε)) is close to 1 for large n. Without
loss of generality we can assume that, for the functions n(ε) and κ(ε) above, we have for
any n > n(ε) the lower bound,

(3.22) µ+(A(n, ε)) > 1− κ(ε).

Therefore if n > n(ε) then,

µ1(p1(A(n, ε))) > 1− κ(ε)

Let us denote now by

C̃(n, ε) := C(n, ε) ∩ ρ0(p1(A(n, ε))) ⊂ (0, 1)

Since by (3.16), Υ1 = ρ0∗µ1, it follows from (3.19) and (3.22) that if n > n(ε),

(3.23) Υ1(C̃(n, ε)) > 1− 2κ(ε)

Now consider (ω, η) ∈ A(n, ε) and its ρ-projection,

z = ρ(ω, η) = (ρ0(ω), ρ0(η)) ∈ (0, 1)× (0, 1)

We want to estimate the measure Υ(B(z, λ
(1+ε)n
2 )), by covering a sufficiently large portion

of B(z, λ
(1+ε)n
2 ) with an optimal cover, consisting of ρ-projections of cylinders of type

[ω′0 . . . ω
′
n]× [η′0 . . . η

′
n]

The Υ-measure of the projection of such a cylinder is equal to the µ+-measure of the
respective cylinder [(ω′0, η

′
0) . . . (ω′n, η

′
n)]. Thus it can be estimated by using the Gibbs

property of µ+. Then, we shall estimate the number of such cylinders in the optimal cover,
by looking at their projections on the first real coordinate, and we will take into account
also the bounded multiplicity of this cover.

From (3.20) we identify Σ+
I with Σ+

N∗ × Σ+
N∗ , and can consider without loss of generality

that ψ+ is defined on Σ+
N∗ × Σ+

N∗ . Since the IFS with contractions ϕn, n ≥ 1 satisfies the
Open Set Condition, and by using the Gibbs property of µ+, it follows that there exists a
constant C > 0 so that for any n ≥ 1 and any (ω′, η′) ∈ Σ+

I ,

(3.24)

Υ(ρ([(ω′0, η
′
0) . . . (ω′n, η

′
n)])) =µ+[(ω′0, η

′
0) . . . (ω′n, η

′
n)] ∈

∈
(eSnψ+(ω′,η′)−nP (ψ+)

C
, CeSnψ

+(ω′,η′)−nP (ψ+)
)

Introduce now for arbitrary n > 1, ε > 0, the following Borel subset of (0, 1)× (0, 1),
(3.25)

Ω̂(n, ε) :=
{
z ∈ Z, Υ

(
B(z, r) ∩ ρ(A(n, ε))∩(C(n, ε)×(0, 1))

)
>

1

2
Υ(B(z, r)), ∀ 0 < r ≤ λ

(1+ε)n
2

}
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Denote the complement of Ω̂(n, ε) in (0, 1) × (0, 1) by Ω̂c(n, ε)). From definition, if z ∈
Ω̂c(n, ε), then ∃0 < r = r(z) < λ

(1+ε)n
2 so that:

(3.26) Υ(B(z, r) \ (ρ(A(n, ε)) ∩ C(n, ε)× (0, 1))) >
1

2
Υ(B(z, r))

In this case we can cover the set Ω̂c(n, ε) with balls of type B(z, r(z)) for all z ∈ Ω̂c(n, ε).
Then, from Besicovitch Covering Theorem applied to a bounded subset of Z = (0, 1)×(0, 1),
there exists a subcover with such balls for z ∈ F , such that

Ω̂c(n, ε) ⊂ ∪
z∈F

B(z, r(z)),

and the multiplicity of this subcover is finite and bounded above by a constant M which
does not depend on n, ε. Thus from property (3.26) and the bounded multiplicity of F ,
and using (3.19) and (3.22), it follows that,

Υ(Ω̂c(n, ε)) ≤
∑
z∈F

Υ(B(z, r(z)) ≤ 2
∑
z∈F

Υ(B(z, r) \ (ρ(A(n, ε)) ∩ C(n, ε)× (0, 1)))

≤ 2MΥ
(
∪
z∈F

B(z, r(z)) \ (ρ(A(n, ε)) ∩ C(n, ε)× (0, 1))
)

≤ 2MΥ
(
Z \ (ρ(A(n, ε)) ∩ C(n, ε)× (0, 1))

)
= 2M

(
1−Υ(ρ(A(n, ε)) ∩ C(n, ε)× (0, 1))

)
< 4Mκ(ε)

Hence,

(3.27) Υ(Ω̂(n, ε)) ≥ 1− 4Mκ(ε)

Now we can do the same argument as before for the projection measure Υ1 of Υ on the
first coordinate, i.e. Υ1 = p1∗Υ, where p1 denotes the projection on the first real coordinate.
Hence we obtain a Borel set Ω1(n, ε) ⊂ (0, 1) with

Υ1(Ω1(n, ε)) > 1− 4Mκ(ε),

and such that for any point x ∈ Ω1(n, ε) and any 0 < r < λ
n(1+ε)
2 , we have:

(3.28) Υ1

(
B(x, r) ∩ C(n, ε) ∩ p1(ρ(A(n, ε)))

)
>

1

2
Υ1(B(x, r))

Denote in the sequel

(3.29) Ω(n, ε) := Ω̂(n, ε) ∩ p−1
1 Ω1(n, ε)

From above, since Υ(p−1
1 Ω1(n, ε)) = Υ1(Ω1(n, ε)), it follows that

(3.30) Υ(Ω(n, ε)) > 1− 8Mκ(ε)

Let us then take a point z ∈ Ω(n, ε) and assume z = ρ(ω, η). This means that for any
integer n′ ≥ n,

(3.31) Υ(B(z, λ
(1+ε)n′

2 )) ≤ 2Υ
(
B(z, λ

(1+ε)n′

2 ) ∩ ρ(A(n, ε)) ∩ C(n, ε)× (0, 1))
)

So for any n′ ≥ n, in order to estimate the Υ-measure of the ball

B(z, λ
(1+ε)n′

2 ) ⊂ (0, 1)× (0, 1),
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it is enough to consider only its generic points in the sense of (3.31). Let us take then a

point w ∈ B(z, λ
(1+ε)n′

2 ) ∩ ρ(A(n, ε)) ∩ C(n, ε)× (0, 1), with w = ρ(ω′, η′). Then, from the
definition of Υ as the projection measure ρ∗µ

+,

Υ(ρ([ω′0 . . . ω
′
n′ ]× [η′0 . . . η

′
n′ ]) = µ+([ω′0 . . . ω

′
n′ ]× [η′0 . . . η

′
n′ ])

For any j ≥ 1 and any (ω′, η′) ∈ Σ+
I (recall that Σ+

I is identified by Ψ with Σ+
N∗ × Σ+

N∗),
denote the projection of the associated j-cylinder [ω′0 . . . ω

′
j]× [η′0 . . . η

′
j] by:

(3.32) Rj(ω
′, η′) := ρ([ω′0 . . . ω

′
j]× [η′0 . . . η

′
j]) ⊂ (0, 1)× (0, 1)

Now let (ω′, η′) ∈ Σ+
I with ρ(ω′, η′) ∈ ρ(A(n, ε) ∩ C(n, ε)× (0, 1)). Hence for any n′ ≥ n,

|Sn
′ψ+(ω′, η′)

n′
−
∫
ψ+dµ+| < ε

Next we use the definition of Υ = ρ∗µ
+ and the Gibbs property of µ+ from (3.24), together

with the above genericity of (ω′, η′) and the fact that

P (ψ+) = hµ+ +

∫
ψ+dµ+,

to obtain that for any (ω′, η′) ∈ A(n, ε)) ∩ ρ−1(C(n, ε)× (0, 1)) and any n′ ≥ n,

(3.33)
1

C
e−n

′(hµ++ε) < Υ(Rn′(ω
′, η′)) < Ce−n

′(hµ+−ε),

where the constant C > 0 does not depend on n, n′, ω′, η′.
Recall now that z = ρ(ω, η) = (x, y) ∈ Ω(n, ε), and we want to cover the set

B(z, λ
n′(1+ε)
2 ) ∩ ρ(A(n, ε)) ∩ C(n, ε)× (0, 1),

with rectangles in (0, 1) × (0, 1) of type Rn′(ω
′, η′), with (ω′, η′) ∈ A(n, ε) ∩ ρ−1(C(n, ε) ×

(0, 1)). But by definition,

Rn′(ω
′, η′) = ρ0([ω′0 . . . ω

′
n′ ])× ρ0([η′0 . . . η

′
n′ ])

If (ω′, η′) ∈ A(n, ε) ∩ ρ−1(C(n, ε)× (0, 1)), n′ ≥ n, and (z′1, z
′
2) := ρ(ω′, η′), then by (3.21),

(3.34) B(z′1, e
n′(χ1−ε))×B(z′2, e

n′(χ2−ε)) ⊂ Rn′(ω
′, η′) ⊂ B(z′1, e

n′(χ1+ε))×B(z′2, e
n′(χ2+ε)).

5. Estimates for the number of covering rectangles and Υ.

Let us now cover the set B(z, λ
n′(1+ε)
2 ) ∩ ρ(A(n, ε)) ∩ C(n, ε) × (0, 1)) with rectangles

Rn′(ω
′, η′), with (ω′, η′) from a finite family G, such that the projections of these rectangles

on the first real coordinate intersect with multiplicity bounded by M ; this is possible
by using the Besicovitch Covering Theorem. Denote the number of rectangles in G by
N(n′, ε); clearly N(n′, ε) depends also on z. We want to estimate in the sequel this number
of rectangles N(n′, ε).

In order to do this, notice from (3.34) that the projection on first coordinate of an
arbitrary rectangle from G is a ball of some radius r, with all these radii r satisfying

r ∈ (λ
n′(1+ε)
1 , λ

n′(1−ε)
1 )
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Denote the projection on first coordinate of Rn′(ω
′, η′) by Dn′(ω

′, η′), and denote by G1

the set of projections Dn′(ω
′, η′) for the rectangles from G. From construction, G1 has

multiplicity bounded above by M . Since in any set Dn′(ω
′, η′) from G1 there are points

from C(n, ε) (by construction), and since λ1 < λ2, it follows that there exists a constant
(denoted also by C) so that for every n′ ≥ n,

(3.35)
1

C
λ
n′(δ1+ε)
1 < Υ1(Dn′(ω

′, η′)) < Cλ
n′(δ1−ε)
1

From the definition of G1 and (3.29), it follows that the sets Dn′(ω
′, η′) from G1 cover

B(x, λ
n′(1+ε)
2 ) ∩ C(n, ε) ∩ ρ0(p1(A(n, ε))). But from (3.28),

Υ1(B(x, λ
n′(1+ε)
2 ) ∩ C(n, ε) ∩ ρ0(p1(A(n, ε)))) ≥ 1

2
Υ1(B(x, λ

n′(1+ε)
2 )

Therefore from (3.35) and as x ∈ C(n, ε) and G1 has multiplicity bounded by M , it follows
that

1

MC
λ
n′(δ1+ε)
1 N(n′, ε) < λ

n′(δ1−ε)
2 and 2Cλ

n′(δ1−ε)
1 N(n′, ε) > λ

n′(δ1+ε)
2

So there exists a constant C1 > 0 such that for all z ∈ Ω(n, ε) and any n′ ≥ n,

(3.36)
1

C1

λ
n′(δ1+ε)
2 λ

n′(−δ1+ε)
1 ≤ N(n′, ε) ≤ C1λ

n′(δ1−ε)
2 λ

−n′(δ1+ε)
1

We now use this estimate on the number of rectangles N(n′, ε), in order to estimate the

Υ-measure of the ball B(z, λ
n′(1+ε)
2 ). From (3.31) it follows however that it is enough to

estimate the measure

Υ
(
B(z, λ

(1+ε)n′

2 ∩ ρ(A(n, ε)) ∩ C(n, ε)× (0, 1))
)
,

and to notice that the set B(z, λ
(1+ε)n′

2 ∩ ρ(A(n, ε)) ∩ C(n, ε) × (0, 1)) is covered with the
N(n′, ε) rectangles above from G. But the Υ-measure of every such rectangle from the
cover G was estimated in (3.33). Hence there exists a constant C2 > 0 such that for any
point z ∈ Ω(n, ε), and any integer n′ > n,
(3.37)

1

C2

λ
n′(δ1+ε)
2 λ

n′(−δ1+ε)
1 e−n

′(hµ++ε) < Υ(B(z, λ
n′(1+ε)
2 )) < C2λ

n′(δ1−ε)
2 λ

n′(−δ1−ε)
1 e−n

′(hµ+−ε)

6. Volume Lemmas for the measures Υ and ν.
Now, if r > 0 is arbitrarily small, there must exist some large integer n′ > n such that

λ
(n′+1)(1+ε)
2 < r < λ

n′(1+ε)
2

This implies that,

B(z, λ
(n′+1)(1+ε)
2 ) ⊂ B(z, r) ⊂ B(z, λ

n′(1+ε)
2 )

But when n′ → ∞, then we have r → 0, and viceversa. Hence if z ∈ Ω(n, ε), then from
(3.37) and the last two displayed estimates above, one obtains the following:
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(3.38)
log λ2(δ1 − ε)− log λ1(δ1 + ε)− hµ+ + ε

log λ2(1 + ε)
≤ lim

r→0

log Υ(B(z, r))

log r
≤

≤
log λ2(δ1 + ε)− log λ1(δ1 − ε)− hµ+ − ε

log λ2(1 + ε)

But on the other hand, Ω(n, ε) ⊂ Ω(n+ 1, ε), n ≥ 1, and thus from (3.30),

Υ
(
∪
n≥1

Ω(n, ε)
)
≥ 1− 8Mκ(ε)

Therefore, if we define the Borel set

Ω := ∩
m≥1

∪
n≥1

Ω(n,
1

m
),

then from the last displayed inequality, and since lim
ε→0

κ(ε) = 0, it follows that Υ(Ω) = 1.

In conclusion, from (3.38) and (3.17), the measure Υ is exact dimensional and for all z ∈ Ω,

δ(Υ)(z) = lim
r→0

log Υ(B(z, r))

log r
=
hµ+ − hµ1(1− χ2

χ1
)

χ2

.

Now we use the exact dimensionality of the projection measure Υ = ρ∗µ
+ proved above,

and the exact dimensionality of the conditional measures on fibers from Theorem 2.2,
together with Theorem 8.7 of [17] applied to ν. Recall that µ = µψ. Thus the measure
ν = νψ is exact dimensional on X × Y . Moreover, from the last displayed formula and
(3.14), it follows that the Hausdorff (and pointwise) dimension of ν is given by,

HD(ν) = δ(ν) = δ(Υ) +
hµ
χ(µ)

=
hµ − hµ1(1−

χ2(µ)
χ1(µ)

)

χ2(µ)
+

hµ
χ(µ)

.

The other case λ1 ≥ λ2 is proved similarly. Hence we showed exact dimensionality of ν
on X × Y , and the formulas for HD(ν), which concludes the proof of the Theorem.

�

In particular, Theorem 3.1 applies to the endomorphism F determined by T of (2.2)
which generates complex continued fractions with complex digits. The first coordinate
map of F is only piecewise smooth on countably many pieces, and its second coordinate
map is holomorphic of two complex variables. We obtain:

Corollary 3.2. Let X = (1,∞)×(1,∞), B(1
2
, 1

2
) ⊂ C, and F : X×B(1

2
, 1

2
)→ X×B(1

2
, 1

2
),

F (z, w) =
( 1

{Re(z)}
+

i

{Im(z)}
,

1

w + z

)
, z ∈ X,Re(z) /∈ Q, Im(z) /∈ Q, w ∈ Y,

and F (z, w) = (2, 2, 1
2
) otherwise. Let ψ : ΣI → R be a Hölder continuous summable

potential, and µψ be the equilibrium measure of ψ on ΣI . Denote the measures

µ+
ψ := (π0)∗µψ on Σ+

I , and νψ := π∗µψ on X × Y

Then, νψ is exact dimensional on J ⊂ C2, and its dimension is given by the formula in
Theorem 3.1.
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In the end, we study a class of examples given by geometric potentials. Consider a
fixed conformal Smale skew-product T and the associated endomorphism FT ∈ E given by
(1.1). Then we define the s-geometric potentials, for s > 0, by:

(3.39) ψT,s : ΣI → R, ψT,s(η) := s log |T ′η|∞0 (π̂2η)|, for η ∈ ΣI

We show below that ψT,s is Hölder continuous. By Proposition 1.2, ψT,s is summable if
and only if its pressure P (ψT,s) is finite. In the sequel, we shall always assume that ψT,s
is summable. If ψT,s is summable on ΣI and Hölder continuous, then by Theorem 1.3,
ψT,s has a unique equilibrium measure µT,s on ΣI . If T is fixed, we may drop T from the
notation of ψs, µs.

Denote also the fiber Julia sets by JT,ω, for ω ∈ Σ+
I . Recall the definition of the Lyapunov

exponent χ(µT,s) from (3.10). Let the measure µ+
T,s := π0∗µT,s be the canonical projection

of µT,s on Σ+
I . For µ+

T,s-a.e. ω ∈ Σ+
I , let us also denote by νωT,s the π̂2-projection on JT,ω of

the conditional measure µωT,s of µT,s on [ω], namely,

νωT,s = π̂2∗µ
ω
T,s

The next Corollary describes geometrically the fiber measures νωT,s, and shows that their
dimensions δT,s depend real-analytically on s. Moreover, it gives a Variational Prin-
ciple for dimension on the Julia sets JT,ω.

Corollary 3.3. Let a conformal Smale skew-product T and the associated endomorphism
FT defined in (1.1), and let ψT,s be as in (3.39). Then:

a) If ψT,s is summable, then νωT,s is exact dimensional on JT,ω and for µ+
T,s-a.e ω ∈ Σ+

I ,

HD(νωT,s) = δT,s =
h(µT,s)

χ(µT,s)

b) The dimension value δT,s depends real-analytically on the parameter s.
c) For any ω ∈ Σ+

I ,

HD(JT,ω) = sup
s
δT,s

Proof. For part a), recall first from (1.6) that for T fixed as above and for any η ∈ ΣI ,

π̂2(η) = Tη|∞−1
◦ Tη|∞−2

◦ . . . ,

where Tω(w) is the fiber map of T , and ω = ((m0, n0), (m1, n1), . . .) ∈ Σ+
I . Also, π(η) =

(π0(η|∞0 ), π̂2(η)), where π̃(ω) = m0 + 1
m1+...

+ i(n0 + 1
n1+...

). The Julia set JT,ω is equal to

π̂2([ω]), ω ∈ Σ+
I . By (3.39) and Definition 1.6 it follows that ψT,s is Hölder continuous,

since the map η → π̂2(η) is Hölder continuous on ΣI . Denote by

F(T ) := {t ≥ 0,
∑
i∈I

sup
ω∈Σ+

I

sup
ξ∈π̂2[iω]

|T ′iω(ξ)|t <∞},

the set of s for which ψT,s is summable. From Proposition 1.2, F(T ) is exactly the set of
s for which P (ψT,s) < ∞, and one can see that F(T ) is an interval. For s ∈ F(T ), since
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ψT,s is summable and Hölder continuous on ΣI , then it follows by Theorem 2.2 that, for

µ+
T,s-a.e. ω ∈ Σ+

I , HD(νωT,s) = δT,s :=
h(µT,s)

χ(µT,s)
.

For part b), since µT,s is the equilibrium measure of ψT,s, we have P (ψT,s) = h(µT,s) +∫
ψT,sdµT,s. Thus h(µT,s) = P (ψT,s)−

∫
ψT,sdµT,s. But the pressure P (ψT,s) depends real-

analytically on s ([20], [21]). From the Ruelle formula for the derivative of the pressure
([21]), we have:

∂P (ψT,s + vψT,s)

∂v

∣∣
v=0

=

∫
ψT,s dµT,s

Hence the integral
∫
ψT,sdµT,s, and from above also the entropy h(µT,s), depend real-

analytically on the parameter s. Thus from a), the dimension δT,s =
h(µT,s)

χ(µT,s)
also depends

real-analytically on s.
For part c), we apply Theorem 7.2 of [17], since the uniform geometry condition is

satisfied. Hence for any ω ∈ Σ+
I , we have

HD(JT,ω) = inf{s > 0, P (ψT,s) ≤ 0}
Let now ε > 0 arbitrary, and from above there exists s = s(ε) > 0 so that P (ψT,s) ≤ 0 and

(3.40) s− ε < HD(JT,ω) ≤ s

But P (ψT,s′) > P (ψT,s) for any s′ < s from F(T ), and the pressure function s → P (ψT,s)
is Lipschitz continuous on F(T ). Hence there exists β(ε) < 0 with β(ε) →

ε→0
0, so that for

s = s(ε) found above, P (ψT,s) > β(ε). Thus P (ψT,s) = h(µT,s)− sχ(µT,s) > β(ε), and

δT,s =
h(µT,s)

χ(µT,s)
> s+

β(ε)

χ(µT,s)

However from (3.10) and using the properties of T from Definition 1.6, it follows that there
exists χ0 > 0, such that χ(µT,s) > χ0 for all s ∈ F(T ). Hence from (3.40),

HD(JT,ω) ≤ s ≤ δT,s +
∣∣β(ε)

χ0

∣∣
But β(ε) →

ε→0
0, hence HD(JT,ω) ≤ sup

s∈F(T )

δT,s. Since P (ψT,s) = h(µT,s) − sχ(µT,s) ≤ 0 and

by using (3.40), we obtain that,

δT,s ≤ s ≤ HD(JT,ω) + ε

Thus from the last two displayed inequalities, HD(JT,ω) = sup{δT,s, s ∈ F(T )}.
�

Remark 3.4.
1) If T is the special endomorphism in (2.2), giving the complex continued fractions with

complex digits, then the geometric potentials are

ψs(η) = −2s log |π̃(η|∞0 ) + π̂2(η)|, η ∈ ΣI

This implies that in this case, ψs is summable on ΣI for any s > 1.
2) For T arbitrary, Theorem 3.1 shows that the measure νT,s = π∗µT,s is exact dimen-

sional on JT ⊂ C2, and it gives the Hausdorff (and pointwise) dimension of νT,s.
�



24 EUGEN MIHAILESCU AND MARIUSZ URBAŃSKI
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