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ABSTRACT. We study the dimension theory for invariant measures associated to a new
class & of piecewise hyperbolic endomorphisms Fr on open sets in C2, associated to con-
formal Smale endomorphisms T (introduced in [17]). A significant example from this
class is a transformation F' which generates complex continued fractions with arbitrary
digits from an open set in C. The first coordinate map of Frp is only piecewise smooth
on countably many pieces, and its second coordinate map is holomorphic and generates
parametrized Julia sets Jp, in stable fibers. The conditional measures of equilibrium
measures are shown to be exact dimensional on these fiber Julia sets. We prove then a
global Volume Lemma for Fp which implies that projection measures are exact dimen-
sional on the global basic set Jr in C2. We obtain a formula for the dimensions of these
global measures, in terms of Lyapunov exponents and marginal entropies. The measures
associated to geometric potentials ¢ ; and their dimensions are studied in the end.
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1. INTRODUCTION AND OUTLINE.

We study the dynamics and dimension theory for several types of invariant measures
for a new class £ of endomorphisms £ on unbounded open sets in C2. In particular a
special endomorphism F' from & generates a new class of complex continued fractions
with digits being complex numbers from an open set in C. The non-smooth endomorphisms
Fr of this class £ are associated to Smale skew-product endomorphisms 7" over countable
shifts (introduced in [17]); the first coordinate map of Fr is only piecewise differentiable
on countably many pieces and non-conformal, while the second coordinate map consists of
holomorphic or antiholomorphic parametrized functions. Fr is also piecewise hyperbolic on
a non-compact set in C?. Using this method, for each endomorphism Fr from £ we obtain
a family of parametrized countably generated fiber Julia sets Jr,, where the parameter
w belongs to a symbolic space ¥ with countable alphabet I.

We show first that the projections of conditional measures of arbitrary equilibrium mea-
sures are exact dimensional on the fiber Julia sets Jr,,, and find their dimensions.

Then, we study the geometric properties and Hausdorff dimension for the global invariant
measures v on the global basic sets Jr in C2, formed by taking the union of all fiber
Julia sets of type {z} X Jr,, for z = 7(w), where 7 is a coding map. We prove that the
projections v of equilibrium measures to these global basic sets Jr are exact dimensional.
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Romania. Research of the second author supported in part by NSF Grant DMS 0400481.
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Moreover, we find the general formula for the Hausdorff dimension of v (and thus for
its pointwise and box dimensions), which involves the Lyapunov exponents and marginal
entropies. Global exact dimensionality is an important geometric property for these fractal
measures.

We introduce also a special endomorphism F' € £, which generates a new class of com-
plex continued fractions with digits from an open set in C. These are different from
the complex continued fractions with integer digits of [9]. The second coordinate map of
F' is holomorphic of two complex variables. We study the dimensions of projections of
equilibrium measures and the distribution of these complex continued fractions.

In general, for arbitrary endomorphisms Fr € £ and geometric potentials 7 with
associated measures v, on Jr,, we show that HD(vf,) = o, for pg -a.e w € X7, and
that 07, depends real-analytically on the parameter s. Also, we prove a Variational
Principle for dimension on the fiber Julia sets Jp,,.

Dynamics of endomorphisms and the dimensions of their invariant sets and measures were
studied for eg in [1], [5], [13], [12], [15], [17], [18], [21], [22], [23], to mention a few. Several
differences appear for the dynamics of non-invertible transformations, as compared to the
case of diffeomorphisms. In dimension theory, [20] Ruelle expressed first the Hausdorff di-
mension of an invariant repelling fractal set, as the zero of a pressure function. In [21], [22]
he showed also that for endomorphisms (i.e non-invertible maps) the local unstable mani-
folds depend on the prehistories of points, and studied invariant measures on the spaces of
prehistories. In [23] Young found a formula involving Lyapunov exponents, for the point-
wise dimension of a hyperbolic measure p (i.e g has only non-zero Lyapunov exponents)
invariant to a smooth diffeomorphism of a surface; this proves also the exact dimensionality
of the measure p. In [8] Manning found the formula for the Hausdorff dimension of an er-
godic f-invariant measure on the Julia set of an analytic endomorphism f on the Riemann
sphere P'C which is hyperbolic and has no critical points in the Julia set. Barreira, Pesin
and Schmeling proved in [1] a property of local product structure for invariant hyperbolic
measures under smooth diffeomorphisms, which allows to compute the pointwise dimen-
sion of the measure as the sum of stable and unstable pointwise dimensions. In [18] Pesin
studied Carathéodory constructions as a way to present uniformly many analytic concepts
such as dimension, entropy, etc, and investigated further applications of thermodynamic
formalism in dimension theory. In [12] Mihailescu studied the local behavior and dimen-
sion for conditional measures on stable manifolds for hyperbolic endomorphisms. In [5]
Fornaess and Mihailescu studied hyperbolic saddle sets of holomorphic endomorphisms on
P2C and estimated the pointwise dimensions of equilibrium measures using the number of
preimages. Also the dynamics of countable conformal iterated function systems and their
applications were studied for eg in [6], [9], [10], [11], [16]. There are several aspects for
countable iterated systems which are different from the case of finite iterated systems or
from the dynamics of smooth transformations. In [9] Mauldin and Urbariski studied the
countable system of complex continued fractions with integer digits (introduced in [6]) from
the point of view of Hausdorff and packing measures, and the Hausdorff dimension of their
limit set.
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In our current paper, we study a new class of endomorphisms on non-compact spaces,
denoted by &£ and their invariant measures. In particular, a class of complex continued
fractions with non-integer digits, different from the one in [9]. Our main results are Theorem
2.1 and its generalization Theorem 2.2, and Theorem 3.1 for global invariant measures of
Fr. In Corollary 3.2 we prove exact dimensionality of global invariant measures for the
map I which generates complex continued fractions with complex digits. In Corollary 3.3
we study geometric potentials ¢p ; for Fr and show that the dimensions of fiber measures
depend real-analytically on s, and prove a Variational Principle for dimension.

In general, we take a conformal Smale skew-product endomorphism 7' as in Definition
1.6, with alphabet £ =1 = N* x N*, and Y is the closure of a bounded open set in C and
for every w € X7 the set Y, is equal to Y. So the conformal contractions in fibers are

T,:Y »Y, weXf

AsY C C, the maps T,, are injective and holomorphic or antiholomorphic, for all w € ¥}.
Consider now the double representation in continued fractions for the irrational coordinates
of points in (1,00) x (1,00) given by,

7387 = (1,00) x (1,00),

7(w) = 7(((mo, no), (M1, m1),...)) = m(w) + ime(w), w € XF,

where,
1
w) :=my+ ————, and w):=ng+ ———
T (w) 0 m1+m21+,,, ma(w) 0 n1+n2~1i>...
Then, given the conformal Smale endomorphism T as above, the new endomorphism Fp
is defined on the unbounded open set (1,00) x (1,00) x Y C C?, such that if 2 = 7(w)

(which happens if Re(z), Im(z) ¢ Q) and if w € Y, then:
Fr:(1,00) X (1,00) X Y — (1,00) X (1,00) X Y,

({Rel(z)} + TmoT Tw(“’))a if Re(z) ¢ Q,Im(2) ¢ Q,2 = 7(w),
(1.1)  Fr(zw) =

(2,2, %) , if Re(z) € Q or Im(z) € Q,

where in general the fractional part of a positive number x is {z} := = — [z].
By Definition 1.7, £ is the collection of endomorphisms Fr for all conformal Smale
skew-products T' as above.

In case Y = B(1,1) is the closure of the open disk B(3,1) in C centered at (3, 0) and of

radius %, then for any w € X} we define the holomorphic map T, : Y — Y by:
1
Tw = =
(w) w+ 7(w)

We will show in Section 2, that the maps 7}, form a conformal Smale skew-product 7', and we
denote the coresponding endomorphism Fp by F'. This endomorphism F' generates our class
of complex continued fractions with complex digits, which are different from the complex
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continued fractions with integer digits of [9]. The fiber limit Julia set .J,, corresponds to a
countable system of holomorphic maps depending on w. In Theorem 2.1 we prove that the
projections of conditional measures of arbitrary equilibrium measures for the endomorphism
F, are exact dimensional on J, in stable fibers, and we find the formula for their Hausdorff
dimension. Properties of conditional measures on stable fibers of endomorphisms were
studied also in other settings (for eg in [12]). Then, in Theorem 2.2 we generalize this
result to arbitrary endomorphisms Fr from £.

In Section 3, in Theorem 3.1 we study the global endomorphism Fp associated to a
conformal Smale skew-product T'. If the complex coordinates of the map Fr are written
as Fopr = (Fra, Frrp), then Fr, is a piecewise differentiable and piecewise hyperbolic map,
on countably many pieces, and Fro(z,w) is a conformal map. We prove a global Volume
Lemma for the projection measures v on the product space (1,00) x (1,00) x B(3,1).

This is used to show that the measures v are exact dimensional on the global basic set
11

Jr C (1,00) x (1,00) x B(3,35). Moreover, in Theorem 3.1 we find the general formula
for the Hausdorff dimension of the measures of type v, which involves their Lyapunov
exponents and the marginal entropies.

The proof of the global Theorem 3.1 is rather complicated by the fact that the first complex
coordinate map Fr; is only piecewise differentiable on countably many pieces and it is
not conformal on these pieces. Moreover, the measure v can have non-equal Lyapunov
exponents along the axes in the z-plane. The second coordinate map Fr s is conformal and
the iterates coming from countably many n-preimages generate parametrized Julia sets
Jr. in the w-fibers. All these facts require a proof with several steps of the global Volume
Lemma, in which the generic points play an important role. Thus our setting and methods
here are different from those in [17]. In particular, in Corollary 3.2 we obtain the exact
dimensionality and formula for the dimension of global measures v on the fractal set of
complex continued fractions with complex digits.

Then, in Corollary 3.3 we study measures pr s associated to geometric potentials Vs,
and the measures vz  on Julia sets Jr,, associated to the endomorphism Fr. We prove
that for M;S—a.e w e X, v}, is exact dimensional on Jr,, and HD(v3,) = dp,. We show
that or 4 varies real-analytically with the parameter s. In the end, we prove a Variational
Principle for dimension on the fiber Julia sets Jr,.

Exact dimensionality of a measure is an important property, and if a measure is exact di-
mensional, then its various dimensions (pointwise, Hausdorff, box; for eg [4] for definitions)
do coincide ([23]). Notice that, differently from the setting of smooth diffeomorphisms
on compact manifolds of [1] and [23], in our setting the non-invertible transformation Fr
acts on a non-compact manifold, and it is only piecewise differentiable on countably many
pieces.

Let us now recall the notion of pointwise dimension for a measure, and that of exact
dimensional measure (for eg [18]).
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Definition 1.1. Let a measure p on a metric space X, and for a point x € X define the
upper pointwise dimension, respectively the lower pointwise dimension of p at x by

< 4 log p(B(z, 1)) 108 p(B(z, 7))
(p)(x) = hriljélp B T and 6(p)(z) = 111}1_}10111C T T—

If §(p)(x) = 6(u) (), then we say that the pointwise dimension of y ewists at x, and we
denote it by §(p)(x).

A measure | is called exact dimensional on X, if the pointwise dimension of u exists for
p-a.e x € X, and §(u)(+) is constant p-a.e.; this common value is denoted by d(p).

In the sequel, we will use the notion of Smale skew product endomorphism, introduced
and studied in [17]. Below are briefly recalled some notions, notations, and results. Let E
be a countable alphabet. Given 3 > 0, the metric dg on EV is:

ds((wn), (10)°) = exp(—Bmax{n >0: (0 < k < n) = wp = 71})
with the standard convention that e~ = 0. All metrics dg, 8 > 0, on EN are Holder
continuously equivalent and induce the product topology on EV. Let
YE = {(wn) : Vnen,wn € E}
The shift map o : £} — X} is defined by o ((wn)3°) = ((wn+1)5%), For every finite word
W= Wows - . . Wn_1, put |w| = n the length of w, and
W) = {7 € Z5, Viogjzn-1) 1 7 = wj}

is the cylinder determined by w. If ¢ : ¥} — R is continuous, define the pressure P (1)) by

o1

P(y) = Jinc}oﬁloguz exp (sup (S, ¥|)))

and the above limit does exist, since the sequence log Z‘w‘:n exp (sup(Snlphw]),n e N, is
subadditive. A function ¢ : 3F, — R is called summable if

> exp(sup(vlg)) < oo

eck

A shift-invariant probability Borel measure p on Y, is called a Gibbs state of 1), if there
exist constants C' > 1 and P € R such that

1 p(lw])
(12) O ) — Py =
for all n > 1, all words w of length n and all 7 € [w]. From (1.2) is easy to see that, if
1 admits a Gibbs state, then P = P(¢)). A measure which attains the supremum in the
Variational Principle is called an equilibrium measure for ¢ (compare also with [2], [7]).
Recall from [17] also some results from thermodynamic formalism of 2-sided shifts (X g, o)
on countable alphabets. Again F is a countable set. For 8 > 0 the metric dg on E% is

da ((wn) T2, (12)12) = exp(—Bmax{n > 0: Vyez|k| < n = wp = 74})

with e7>° = 0. All metrics dg, 8 > 0, on EZ induce the product topology on EZ. We set
Sp = {(wn)¥Z, w, € E,Vn € Z}

[oop)
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Holder continuity is defined similarly as before, for potentials ¢/ : ¥ — R. For any w € ¥
and —oo < m < n < 400, define the truncation between the m and n positions as:

Wl = WnWmtt - - - W
If 7 € X, let the cylinder from m to n positions,
[ = {w € Zp, wli, = 7[0}

The family of cylinders from m to n is denoted by C;. Let ¢ : ¥ — R be a continuous
function. Then the topological pressure P(1)) is,

(1.3) P(¢) := lim llog Z exp(sup(Snw\[w])),

n—,oo N,
[wlecy ™!

where the limit above exists by subadditivity. A shift-invariant Borel probability p on ¥g
is called a Gibbs measure of ¢ if there are constants C' > 1, P € R such that

I )
- C = St - P =€

foralln > 1,w € Xg. From (1.4), it follows that if ¢ has a Gibbs state, then automatically
P =P(v). As before, ¢ : X — R is called summable if

Zexp(sup(w\[e])) < 0
eclk

In [17] we proved the following results:

Proposition 1.2. A Hoélder continuous function 1 : X — R is summable if and only if
P(y) < oo.

Theorem 1.3. [17] For every Hélder continuous summable potential i : ¥ — R there
exists a unique Gibbs state iy, on X, and the measure fy, 1s ergodic.

Theorem 1.4 (Variational Principle for Two-Sided Shifts, [17]). Suppose that ¢ : ¥p — R
1s a Holder continuous summable potential. Then

sup {hu(a) + [ dp:poo ™t =p and /Q/Jd,u > —oo} =P) =hy,(0) + [ duy,
EE 2E
and iy s the only measure at which this supremum is attained.
Equilibrium states for ¢ are defined as before. Many examples of Holder continuous
summable potentials and their equilibrium measures for EMR maps (like the Gauss trans-

formation for continued fractions) were given in [17].
Consider now the partition of X into cylinders determined by the nonnegative indices:

P ={mlg"] :n € Bp} ={[w] 1 w € XE}

‘P_ is a measurable partition of Xg. If 1 is a Borel probability on > g, consider the canonical
system of conditional measures associated to the partition P_ (see [19]), denoted by

{ﬁTITEEE}
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Then 7" is a probability measure on the cylinder [7]5°] and we denote by 11, w € ¥1, the
conditional measure on [w]. The truncation map to non-negative indices is:

o X = Xk, mo(r) =T7|¢, T € X,

The system above {fi*,w € XL} of conditional measures is uniquely determined up to
measure zero by the property (see [19]) that, for all g € L'(u),

/EEgdu /ﬁ/ g dp® d(pomy ) (w).

Recall now the notion of Smale skew product endomorphisms from [17].

Definition 1.5. Let (Y,d) be a complete bounded metric space. For anyw € Xf letY, CY
be an arbitrary set and 1T, : Y, — Y,y a continuous injective map. Define

= wxY,CcXtxY.
E

wEEE

Define the map T : Y — Y by T(w,y) = (0(w), Tu(y)). The pair (Y, T : Y — Y) is
called a skew product Smale endomorphism if there exists A\ > 1 such that T is uniformly
contracting on fibers, i.e for all w € ¥}, and all yy,y, € Y,

(1.5) (T (), Tio(yr)) < A 'd(y2, 1)

For an arbitrary 7 € X let,

T = rloo T 7-'7—|<i01 @) TL—BO2 0...0 T[>, - YTBOn — YT|80

T

Then the sets (TT" (Yr\zon))zozo form a descending sequence, and diam (TT" (YT|3<>”)) < A *diam(Y).
But the space (Y, d) is complete, hence the set

ﬂ Tr (Yo, )
n=1

is a point denoted by 72(7). In this way we define the map

Define also the map 7 : Xp — 3Xf x Y by
(1.7) 7(1) = (7150, 72(7)),

and the truncation to non-negative indices by m : ¥g — X, m(7) = 7|3. Now for
arbitrary w € ¥ denote the 7y-projection in Y of the cylinder [w] C Xg, by

(1.8) I = To([w]),

and call these sets the stable Smale fibers of T, or the parametrized Julia sets.
The global basic set associated to T’ is:

(1.9) Ar=#(Ep) = | J {w} x L. c T xY,

w62+
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and is called the Smale space induced by T. The dynamical system on this global limit set,
T AT — AT,

is called the skew product Smale endomorphism generated by T : Y — Y.
We will work in the sequel with a certain type of Smale skew-product endomorphism:

Definition 1.6 ([17]). Assume now more about the spaces Y,,, w € ¥k, and the fiber maps
T, : Y, = Yy from Definition 1.5, namely:

(a) There is a closed bounded set Y C C s.t Int(Y)=Y and Y, =Y, for anyw € ¥ .

(b) Each map T, : Y — Y eatends to a C* conformal embedding from Y* to Y*, where
Y™ is a bounded connected open subset of C containing Y. Then T, denotes also
this extension and assume that the maps T, : Y* — Y™ satisfy:

(¢) Formula (1.5) holds for all y,,y2 € Y*, perhaps with some smaller constant A > 1.

(d) (Bounded Distortion Property 1) There are constants « > 0, H > 0 s.t Vy,z € Y*,

| log | T2,(y)| — log [T, (2)|] < Hlly — 2|

(e) The function ¥g > 7 — log|TL(72(7))| € R is Hélder continuous.

(f) (Open Set Condition) For every w € X3, and for all a,b € E with Ay, = Apsy = 1
and a # b, we have T,,(Int(Y)) N Ty, (Int(Y)) = 0.

(g) (Strong Open Set Condition) There exists a measurable function § : X}, — (0, 00),
so that for every w € F, J, N (Y \ B(Y,§(w)) # 0.

A skew product Smale endomorphism satisfying conditions (a)—(g) will be called in the
sequel a conformal skew-product Smale endomorphism.

Also without loss of generality we give the same name to the generalized conformal
skew product Smale endomorphisms of [17], namely endomorphisms which are coded by
endomorphisms as above on ¥} x Y.

We can now define formally the collection £ of endomorphisms Fr,

Definition 1.7. Denote by £ the collection of all endomorphisms Fr, defined by 1.1 for
all conformal skew-products Smale endomorphisms T from Definition 1.0.

2. CONDITIONAL MEASURES ON PARAMETRIZED FIBERS.

We start our investigation with the complex continued fractions generated by maps of
type z — ZJ%U), for arbitrary parameters w € C with both real and imaginary parts irrational
and larger than 1. Let X := (1,00) X (1,00) C C, and the countable alphabet

I =N"x N~
Define the coding map for continued fractions in X, for w = ((mg,ng), (my,n1),...) € X7,
(2.1) 78 o X,

7(w) = 7(((mo, no), (M1, m1),...)) = m(w) + ime(w), w € XF,
where,
1 1
T (w) :=mg + ————, and my(w) :=ne +
my + ma+t... n+ na+...
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Now consider the disk in C centered at (3,0) of radius 0.55, denoted by B(3,0.55), and
let the holomorphic contraction T,, : B(3,0.55) — B(3,0.55) defined by
1
z+ 7(w)
We see from above that T, is well defined and holomorphic and that it is a contraction,

with contraction factor independent of w € X}. Indeed, if we denote V := B (%, 0.55), and
z=x+iy €V, then z + 7(w) = v + m(w) + i(y + me(w)) = 2’ + iy, and

(2.2) T,(z) =

L e
Z+7(w) o2 +y? a2 Hy? 2 a4y
B x 1., Yy B 1 x’ 1 1-a 1
== 5 Ttz - a Ty T
2?2 +y? 20 (2P +y?)? P +y? 2P +y? 4 2 4y? 4

But now since z € V and m(w) > 1,m(w) > 1, it follows that 2’ € (0.95,00) and
"€ (0.45,00). Hence 2/* + y* > 1.1 and 1 — 2/ < 0.05, so

1—a 0.05
<
2 4+y? 11
Thus T,,(z) € V = B(},0.55), for any z € V,w € X}. Recall that the disk in C of radius %

1
< 0.55% — 1= 0.0525

centered at (3,0) is denoted by B(3, 3), and denote
11
Y =B
(5:3)

Let the contractions 1., w € Y7 only on Y. Since for any z € Y, Re(z + 7(w)) > 1, i

follows that T,,(z) € B(%,1). We define now for every w € Y7 and 7 € 3; with 7| = w,

n o __
71 __T;Eﬂ,oiTHfE()"'o ’ﬂ§%

T

272

Then define the parametrized Julia set J, corresponding to 7" from (2.2) and to any
w € X7, as the set of points in C of type

(2.3) Jo ={( Tz (), 7 € [w]}

This is similar to the case of expanding maps from one-dimensional complex dynamics ([3])-
The union in C? of the family of fiber Julia sets {7 (w)} x J, for w € X7, is called the
global basic set of F,

(2.4) = |J Fw}xd, cC

w62+

Recall now that my : X5 — E}r is the truncation of 7 € ¥ to 7|J°; also the projection 79
was defined in (1.6).

Theorem 2.1. Consider the above system of complex continued fractions given for every

w € X7 by the holomorphic map T, : B(;, %) — B(;, %) T.(z) = Z++(w) Let also ¢ : X —

R be a Holder continuous summable potential with equilibrium measure fiy.
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. Then., for mouply-a.e w € Z}.“, the ‘pm]:ection Tro«fly, of the conditional measure jiy) s exact
dimensional on J,, and its dimension is:

hlw (o)
X/hp

Proof. First we prove the uniform contraction for all the maps T,,,w € X7 . Indeed, T/ (z) =
—m, and write z + 7(w) = 4+ m (w) +i(y + m2(w)). But z > —0.05,y > —0.55, and
m(w) > 1, m(w) > 1 since mg, ng > 1, so

2+ 7 (W) = (2 + m(W)? + (y + mo(w))? > 0.95% + 0.452 > 1.1

Therefore for all z € V,w € X7, we have
T (2)| > V11>1

The advantage of letting T, on Y is that we have also Open Set Condition. Indeed, if
(mo,no) # (Mg, ng), then [B(3,3) +mo + ing] N [B(3,3) +m{ + iny] = 0. As the alphabet
I is N* x N*, the Julia limit set J, is not contained in the boundary of Y. Thus the Strong
Open Set Condition from the definition of conformal Smale skew products ([17]) is satisfied.
Now, we show that the Bounded Distortion Property (BDP) is satisfied. Let us mention
first that this follows from Koebe Distortion Theorem (for eg [3]). However we give also a
direct proof, in which the constants of distortion are obtained. Clearly 7! (z) = L

- (a7 (W))?
for any w € X}. For a fixed w € ¥}, denote by 7, + iy := 7(w) with 1,72 € R, and by
11,

flay) =log((w +m)* + (y+12)*), 2 = +iy € B(3,3)

Then ( ) ( )
2x +y 2(y +
Df(:L’, y) - ( 2 - 27 2 - 2)
(T +71)%+ (Y +72) @+7ﬂ4%y+%)

Now if z = = + iy € B( %) it follows that 0 < 2 <1 and —3 < y < < . Since 7,72 > 1,

(

(+7)*+ (y+72)? > (x + )% hence (zﬂlgﬁi@lW)Q < |17+71\ < 2. But since y + 72 > 3,
2
(g+%) < <4
(@+7)?+ Y +72)? 7 v+l
Hence we obtain the BDP, namely for any z,z" € B(3, 3),
(2.5) |log |T;,(2)| — log |To(2")] < 8|z — 2|

Also,

- I (n) — 7(w)
T (2) = Ty(2)| = |z+w() Z+ﬁ@ﬂ_|@+ﬁWD@+ﬁWD|

Therefore the system T, : B(3,3) — B(3,3) given by T,,(z) = Hﬁ;(w), w € Xf, forms a
conformal Smale skew product. We want to show now that 7" is a Smale skew product of
global character (for definition see [17]). Indeed for z € Y and w,n € 7,

1 1 |7(w) =7 ()]

Tle) =5 = |y ~ 27 m) — G+ A @)z + 7 )
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But since, w = (wp, w1, . ..) = ((mo, o), (M1, n1),...),and n = (o, n1, . ..) = ((mg, ng), (mh,n}), ...

with all m;, m;,n;,ni,i € N larger than or equal to 1, it follows that |z + 7(w)| >
1,|z 4+ 7(n)| > 1. Thus from the inequalities above,

(2.6) T (2) = Ty(2)] < [7(w) — 7 (n)]
Assume now that wg =19, ...,wr = M but w1 # N1, for some k > 1. Then,
1 _ 1
Myt Mgt

mi(w) —m(n) =

Notice now that, since m;,; + < mjp1 + 1 < 2mjyy for any j > 1, we have

mj+2+...
1 1 1
mj + ————)(mjy + ———) > mj(m; + —————
(3 ) s o) > iy )
mji+1 1
J ]+1+mj+1+'“— J ]+1+2

Hence as all m; are nonzero natural numbers, we obtain

1 1
2.7 m; + ———)(mjy + ——) >
( ) ( J mj+1+.-.)( J+1 mj+2+---)

DN o

Therefore from above,

(2.8) |m1(w) = ()] SQ'(\/g)k

We obtain a similar estimate for |7r2( ) — ma(n)]. But if wlk = n|k and wyy1 # Mrr1, then
dg(w,n) = B*, for the metric dg on X7, for B € (0, 1) fixed. Therefore from (2.8) and (2.6),
it follows that there exist constants C' > 0, 5 € (0, 1) such that

(2.9) |Tu(2) = Ty (2)] < Cdg(w,n)

Hence T is of global character, so from [17], T" is a Hélder conformal Smale skew product.
So the conclusion follows from Theorem 6.2 in [17].
O

In general, if Fr is associated to a conformal Smale skew-product 7', then for every
w € X7, let Jr,, be the associated fiber Julia set of Fr given by (1.8). Namely we have,

(2.10) Jrw = { () Tre(¥), 7 € [w]}

Then the following generalization of Theorem 2.1 to endomorphisms F7 from £ follows
similarly as above.

Theorem 2.2. Consider an endomorphism Fr associated to an arbitrary conformal Smale
skew-product T by formula (1.1). Let ¢ : ¥ — R be a Hélder continuous summable
potential, which has an equilibrium measure p, on X7 .
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Then, for moupiyp-a.e w € X}, the projection Troxfly, of the conditional measure fiy) of juy
on [w], is exact dimensional on the Julia set Jr, C C. Moreover, its dimension satisfies:

h’#w (U) )

HD(mroufiy) =
Xy

3. GLOBAL EXACT DIMENSIONALITY AND DIMENSION FORMULAS.

We now prove that the global projections v of equilibrium measures, are exact dimen-
sional for the endomorphism Fr € &, associated to a conformal Smale skew-product T' (as
in Definition 1.6), and we find their dimensions. Consider thus the spaces

X =(1,00) x (1,00) CC, and Y CC,

and given 7', let the skew-product transformation Fr: X xY — X x Y,
(3.1)

Fr(z,w) = ( !

1
(Re(2)}  {Im(2)}

Tw(w)>, 2 € X, Re(2) ¢ Q,Im(2) ¢ Q, z = #(w), w € Y,
and .
F(z,w) = (2,2, 5), if Re(z) € Q or Im(z) € Q.
Recall that for z € R, {2} := x — [z]. Using 7 from (2.1), we define the coding
Ty X XY =5 X xY,

(3.2) Ty (w,y) = (7F(w),y), (w,y) € xY
Recall also that we denoted the truncation to non-negative indices by

T X — X7, m(n) =nlg%, n € Xy,

and given the conformal Smale skew-product 7', there exists from (1.7) a coding map,

(3:3) *:3—= X7 x Y, ®(n) = (mo(n), #2(n)), n € Xy
Introduce also the projection
(3.4) mi N = X XY, mi=aqyom, w(n) = (x(n[g°), 72(n)),n € X

As I = N* x N*, denote the canonical projections on “coordinates” of points in X} by,
p1: X = 3, and py : XF — B,
where for any ((mqg,ng), (my,ny),...) € F, with m;,n; € N*, i € N,
(3.5) p1((mo,no), (Mmy,m1),...) = (Mo, m1,...), p2((mo,n0), (Mm1,n1),...) = (ng,n1,...)
If ut is a o-invariant measure on X1, denote the projection measures of ™ on X7, by
(3.6) 1 = prp’, and g = po.u™,

and call 1, s the marginal mesures of u. The entropies of iy, 1o with respect to the
shift on 3. are called the marginal entropies of u™".
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Since we work with continued fractions, define for n € N*, the contraction map,

(3.7) onz) = - i — ze[0,1)

Denote the coding pg : ¥f. — (0,1), as the representation in continued fractions,
1
(3.8) po(w) =

- 1
Wo + wi+...

, for w = (wg,wr,...) € B

For an arbitrary o-invariant measure p on Y7, denote by pu* := mo,.u on X7, and let puy, po
be the measures from (3.6) associated to pt.
Using (3.6) denote the marginal Lyapunov exponents of y* by:

(39) ) == [ loglel, (moo)] dus(€)

PN

)= = [ ozl (o0l dia(©

N
If ™ = 7o, is the projection of a measure p on 3; (as in the sequel), write also x1(u), x2(¢)

for x1(u), xo(u™) respectively.
Also define the Lyapunov exponent of the endomorphism 7' of (2.2) with respect

to a shift-invariant probability measure p on >; by,

(3.10) (i) == — / log T (#(n))| du(n)

If T is fixed, we will denote also x(u) for xr(u). We notice that x1(u™), xo(u™), x(u) are
all positive numbers. Also let

(3.11) A(p") = exp(—=xa(p")), Aeo(p") = exp(—xa(n™))

So A (pt), Aa(pt) € (0,1). If u™ = moup, write also Ay (p), Aa(p) for Aq(u™), Aa(u™).

We are now ready to prove the global exact dimensionality of the projection measure v
of an equilibrium measure u, for endomorphisms from the class £. If the endomorphism
Fr is associated to a conformal Smale skew-product 7', then for any w € 3} the fiber Julia
set was denoted by Jr,. Let Jr be the global basic set of Fr,

Jro= | J {Fw)} x Jr, CcC?
weE?

The following Theorem establishes exact dimensionality for v on the global Julia
(basic) set Jp, and gives the formula for its dimension.

Theorem 3.1. In the setting of Theorem 2.2 let the endomorphism Fr: X XY — X xY
of € associated to a conformal Smale skew-product T by (1.1). Let 1 : X; — R be a Holder
continuous summable potential with pu, its equilibrium measure on Y. Denote the measures

fiy, := (M)t 0on X7, and vy := gy on X XY

Let piy p, pi2, be the marginal measures puy, o from (3.6) associated to ug. Then:
a) The projection measure vy is exact dimensional on the global basic set Jp C C2.
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b) If M(py) < Aa(py), the pointwise (and Hausdorff) dimension of vy, is,

x2(py)

d(vy) = iy = Py (1~ m) P,
X2 (fty) X(ty)
¢) If M(pp) > Xa(py), then
X1 (py)
5(y) = huy = P, (1 — XZ(Hz)) hy,
v X1 () X (fp)

Proof. The general idea is to take first projections of the conditional measures of the mea-
sure p onto the fibers Jr,,w € X7 (defined in (2.3), then to look at the projections of v
on the first complex coordinate z. At the same time, the first complex coordinate map
Fi(z,w), of F(z,w), is only piecewise differentiable on countably many pieces and it is
not conformal on these pieces, and the measure p can have different Lyapunov exponents
X1(12), x2(1) in the two real directions in the z-plane. We will cover an arbitrarily small ball
B(z,r) with thin rectangles obtained as projections of n-cylinders [wy...wy,] X [0 .. 7]
from X7, and will estimate their number by looking at their interval projections onto the
first real coordinate. The number of such intervals which are obtained by projection, will
be estimated using the exact dimensionality and the formula for the Hausdorff dimension
of an invariant measure for a random countable iterated system from [16].
Then, we will prove a Volume Lemma in the z-direction, namely we will add the z-projection
measures of all the above rectangles in the z-direction, in order to estimate the measure of
B(z,r). This will give the exact dimensionality and the Hausdorff dimension of the projec-
tion of the measure v in the z-direction. Next we will prove a global Volume Lemma for v
itself, by adding the obtained dimension in z-direction with the dimension of projections of
conditional measures in w-fibers given by Theorem 2.1. This implies exact dimensionality
for v on X x Y and will give the dimension of v.

We now provide the complete proof, emphasizing below its main steps:

1. Codings, notations, and the measure T.

It will be more convenient to work on (0,1) x (0,1) instead of X, so denote

Z :=(0,1) x (0,1),

and consider the bijective transformation

11
Q:X_>Za Q(QT,y):(E,;), (xay) €X

Recalling the notation in (3.8), introduce then the coding map p: F — Z,
1 1

1 3
mo + —m1+... Un -+

1 ) = (PO(moyml, . -), po(no,nl, .. )),
ni+...

p((mo, no), (my,n1),...) = (

for every ((mq,no), (m1,n1),...) € XF. Let us denote also
Py : E;r XY — Z X Y7 pY(w7y) = (p<w)7y)
For the Holder continuous summable potential ¢ : 3; — R from above, define the measures:

(3.12) Vy 1= (py)*,u;r on Z xY, and Ty := p*,u:pr on Z
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Notice that (0 x idy ).vy = Uy.

In the sequel, we assume the potential ¢ is fixed, and drop the index ¢ from the
notations above. Thus we will denote p for pu,, v for vy, u* for ;L:Z, as well. Also write T
for Yy, pu1 for pug 4, po for po 4, and ¥ for 9.

Recalling(3.6) denote by ji1, p2 respectively the measures pu; , and ps, (associated to u:;)
Also recalling (3.9) and (3.10) we denote x; for x1(u;)), x2 for xa2(ss)), x for x(uy). And
from (3.11) denote similarly \; for )\1(;@), and \, for )\2(/1:;).

2. Past-independent potentials and the projection measure T;.

We observe now that from [2] and [17], there exists a past-independent Hélder contin-
uous summable function 9™, which is cohomologous to 1 in the class of bounded Holder
continuous functions, where by past-independent we mean that

U(n) =T (),
for any n,7 € ¥; with n; = 7}, for j > 0. Denote the restriction of ¢¥* to ¥ by U, Let
us now look at little closer at these two probability measures p on X7 and ™ on X} . Since

[ = [y = fyt, it follows from the Gibbs property that, for any integer n > 1 and for any
point ¢ € Y,

p([Go - - Gul) = exp(Suh™ () = nP(¥7)),

where the pressure P(¢") is taken with respect to the shift on 3;, and where the compa-
rability constants do not depend on n, (. .
But, on the other hand, if 45+ denotes the equilibrium measure of YT on X}, we have

from the Gibbs property that, for any £ € X7, any n > 1 and any ¢ € X; with (| = ¢,
the following estimate holds:

pge ([0 - &) = exp(S,dt (§) = nP (Y1) = exp(Sayh™(¢) — nP(¥™T)),

where now the pressure P(z/?*) is taken with respect to the shift on X}, and where the
comparability constants do not depend on n,{. But clearly P(¢1) = P(¢"). Hence from
the uniqueness of Gibbs measures for given Holder continuous summable potentials on 37,

(3.13) Toxfbyp = ,U;Z = Toxflypt = Hhoj+

Also, since (7,0, 1) is the natural extension of the system (X7, 0, ™) (or by using the
Brin-Katok formula and the estimates for the measure on Bowen balls)), it follows that

(3.14) Py = hy+
Now, consider the canonical projection on the X-coordinate
px X XY = X

Since by (3.12), T = (0 o px)«v = pupu™ on Z, we see immediately from the definition of
the pointwise dimension § that, if z = §(z,y) with (z,y) € X, then

(3.15) 6(T)(2) = 6((px)«v)(z,y)
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Recall that T is a measure on Z = (0,1) x (0,1), and denote its canonical projection in
the first coordinate on (0,1) by 1. Hence, in the notations of (3.5), (3.6) and (3.8),

(3.16) T1 = (po)spa

Since p* is o-invariant on X7, it follows that g, is o-invariant on 3.

3. Pointwise dimension for T;.

From the definition (3.8) of the map p, as the representation of irrational numbers as
continued fractions, we obtain that the measure Y is the projection on (0, 1) of an invariant
probability measure p1 on L., with respect to a countable iterated function system.
Therefore, by the main result in [16] (restricted to the case when the parameter space A in
that paper consists of only one point), it follows that the projection measure T is exact
dimensional on (0,1). Hence the pointwise dimension of T; is the same at Yi-a.e. point,
and this common value is equal to the Hausdorff dimension of Y.

Let us then denote the pointwise dimension of Ty by d;. But in our case there are no
overlaps in the countable iterated function system (open set condition for countable iterated
function system is satisfied). Thus, the projectional entropy of p; is the same as its usual
entropy hy,,. Hence from [16], it follows that for YTi-a.e. point z € (0,1), we have:

log Y1 (B(z,71)) Ty

4. Geometry in the z-direction, and generic points.
Let us assume first, as in part b) of the statement, that

Consider arbitrary numbers n > 1 and ¢ > 0, and define the Borel set C(n,e) C [0,1) by:

log T1(B(z, 1))

Tog € (6 —e,0 +¢),for 0 << Ay

C(n,e) :={z € (0,1),

From the exact dimensionality of T, it follows that for every € > 0 there exists an integer
n(e) > 1 and a positive function (-) with liné k(e) = 0, such that for every n > n(e),
E—
(3.19) T1(C(n,e)) >1—k(e)
We identify in the sequel the space X} with X, x 3. by the map ¥ : ©F — S, x 21,

(3.20) W(¢) = (w,m),

where for an arbitrary ¢ = ((mo, no), (m1,n1),...) € X7, write w = (mg,my,...) € X,
and n = (ng,ny,...) € Of..

Given the contractions ¢,,n > 1 from (3.7), and an arbitrary sequence of integers w €
Y., denote by

¢Z ::(bwoogbwlo"'o(ﬁnfl
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Now for arbitrary n > 1, € > 0, define the following Borel measurable set

(3.21)
At
A(n,e) == {(w,n) € T x If, |M — /wﬂmﬂ <e, and

[(6) (oo w)| € (/7079 %)) and [(¢7)' (poo”n)| € (VX279 TF9) 1 > )

Since put and py, pg are ergodic with respect to the respective shift maps, and using Birkhoff
Ergodic Theorem and (3.9), it follows that u*(A(n,¢)) is close to 1 for large n. Without
loss of generality we can assume that, for the functions n(e) and x(e) above, we have for
any n > n(e) the lower bound,

(3.22) pt(A(n,e)) > 1 — k(e).
Therefore if n > n(e) then,

p(pi(A(n,e))) > 1 —r(e)
Let us denote now by

C(n,e) :== C(n,e) N po(p1(A(n,e))) < (0,1)
Since by (3.16), T1 = pos«fi1, it follows from (3.19) and (3.22) that if n > n(e),
(3.23) T(C(n,e)) > 1 — 2k(e)
Now consider (w,n) € A(n, ) and its p-projection,
z = p(w,n) = (po(w), po(n)) € (0,1) x (0,1)

We want to estimate the measure Y(B(z, )\(21+6)”)), by covering a sufficiently large portion
of B(z, /\g1+6)”) with an optimal cover, consisting of p-projections of cylinders of type

[wh - - wi] X [ng - - )
The Y-measure of the projection of such a cylinder is equal to the p*-measure of the
respective cylinder [(wg,np) ... (w),n,)]. Thus it can be estimated by using the Gibbs
property of u. Then, we shall estimate the number of such cylinders in the optimal cover,
by looking at their projections on the first real coordinate, and we will take into account
also the bounded multiplicity of this cover.

From (3.20) we identify X7 with X, x 3{., and can consider without loss of generality
that ¢ is defined on 3. x Xf.. Since the IFS with contractions ¢,,n > 1 satisfies the
Open Set Condition, and by using the Gibbs property of ™, it follows that there exists a
constant C' > 0 so that for any n > 1 and any (&', 7) € X7,

T(p([(wo, 10) - - - (Wr 1)) =1 [(wo, m5) - - - (wi, )] €
(3.24) (St ) =n P )
< ( C

: C’eSnW(w’m’)—nP(W))

Introduce now for arbitrary n > 1, € > 0, the following Borel subset of (0,1) x (0, 1),
(3.25)

Q(n,e) = {z € Z, T(B(z,r) N p(A(n,))N(C(n,e)x(0,1))) > %T(B(z,r)), V0 << AL
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Denote the complement of Q(n,¢) in (0,1) x (0,1) by Q°(n,¢)). From definition, if z €
Q°(n, €), then 30 < r = r(2) < AS'T" so that:

(3.26) T(B(z,7)\ (p(A(n,e)) N C(n,e) x (0,1))) > %T(B(z,r))

In this case we can cover the set Q°(n, ) with balls of type B(z,7(z)) for all z € Q¢(n, &).
Then, from Besicovitch Covering Theorem applied to a bounded subset of Z = (0, 1) x (0, 1),
there exists a subcover with such balls for z € F, such that

Q°(n,e) C ngB(Z7 r(2)),

and the multiplicity of this subcover is finite and bounded above by a constant M which
does not depend on n,e. Thus from property (3.26) and the bounded multiplicity of F,
and using (3.19) and (3.22), it follows that,

T(2(ne)) < Y T(B(zr(2)) <2 T(B(z,1)\ (p(A(n,€)) N Cln,e) x (0,1)))

<2MY( U B(z,7(2))\ (p(A(n,€)) N C(n, ) x (0,1)))
<2MTY(Z\ (p(A(n,e)) N C(n,e) x (0,1)))
=2M (1 — Y (p(A(n,e)) N C(n,e) x (0,1))) < 4Mk(e)
Hence,
(3.27) T(Q(n,e)) > 1 — 4Mk(e)

Now we can do the same argument as before for the projection measure T; of T on the
first coordinate, i.e. T; = p1,. T, where p; denotes the projection on the first real coordinate.
Hence we obtain a Borel set 4(n,e) C (0, 1) with

T1(2(n,e)) > 1—4Mk(e),

14€)

and such that for any point = € Qy(n,e) and any 0 < r < X;‘ , we have:

(3.28) Ti(B(z,7) N C(n,e) Npi(p(A(n,€)))) > %Tl(B(x, r))
Denote in the sequel

(3.29) Q(n,e) := Qn, &) N p7 Y (n,e)

From above, since Y (p; Q4 (n,¢)) = T1(21(n,€)), it follows that

(3.30) T(Qn,e)) >1—8Mk(e)

Let us then take a point z € (n,e) and assume z = p(w,n). This means that for any
integer n’ > n,

(3.31) T(B(2,A8™)) < 20 (B(2,M79™) 0 p(A(n,2)) N C(n,€) x (0,1)))
So for any n’ > n, in order to estimate the Y-measure of the ball

B(z, X7y ¢ (0,1) x (0, 1),
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it is enough to consider only its generic points in the sense of (3.31). Let us take then a
point w € Bz, AS*E)” )N p(A(n,e)) NC(n,e) x (0,1), with w = p(w',n’). Then, from the
definition of Y as the projection measure p,u™,

Y(p(lwhy - - wd X [0 - -1]) = " ([wp - - ] X [ - )

For any j > 1 and any (w',n) € ¥ (recall that X is identified by ¥ with 3. x Z%.),
denote the projection of the associated j-cylinder [wp ... wj] X [15 ... 7] by:

(3.32) Rj(w' 1) = pllwp -] X [y - mj]) € (0,1) x (0,1)
Now let (w', ) € T with p(w', ') € p(A(n, )N C(n,e) x (0,1)). Hence for any n’ > n,
)

’ + !

n/
Next we use the definition of T = p,u* and the Gibbs property of u* from (3.24), together
with the above genericity of (w’,7n’) and the fact that

P(*) = By + / Byt

to obtain that for any (w',7') € A(n,e)) N p~1(C(n,e) x (0,1)) and any n’ > n,
1
C

where the constant C' > 0 does not depend on n,n’,w’, n'.
Recall now that z = p(w,n) = (z,y) € Q(n, ), and we want to cover the set

Bz, Ay A p(A(n,€)) N Cn, €) x (0,1),

with rectangles in (0,1) x (0,1) of type R, (w', '), with (&', ') € A(n,e) N p~1(C(n,e) x
(0,1)). But by definition,

R (') = po([wo - wir]) > po([y - - 7))
If (W,n') € A(n,e) N p~(C(n,e) x (0,1)), n' >n, and (2, ) := p(w',7), then by (3.21),
(3.34) B(z),e"X179) x B(z},e"29) ¢ Ry (W', n) C B(z),e” 1% x B(z}, e X249,

(3.33) e Mt < T (R (W', 1)) < Ce™™ Pt =2,

5. Estimates for the number of covering rectangles and Y.

Let us now cover the set B(z, Ay "7) 1 p(A(n,£)) N C(n,e) x (0,1)) with rectangles
Ry (w',n), with (W', 1) from a finite family G, such that the projections of these rectangles
on the first real coordinate intersect with multiplicity bounded by M; this is possible
by using the Besicovitch Covering Theorem. Denote the number of rectangles in G by
N(n',e); clearly N(n’,e) depends also on z. We want to estimate in the sequel this number
of rectangles N(n', ).

In order to do this, notice from (3.34) that the projection on first coordinate of an
arbitrary rectangle from G is a ball of some radius r, with all these radii r satisfying

rc ()\711/(1+5),)\111’(175)>
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Denote the projection on first coordinate of R,/ (w',n’) by D,/(w',7'), and denote by G;
the set of projections D,/(w’,n') for the rectangles from G. From construction, G; has
multiplicity bounded above by M. Since in any set D, (w',n') from G; there are points
from C(n,e) (by construction), and since Ay < Ay, it follows that there exists a constant
(denoted also by C') so that for every n’ > n,

1 n’ € n'(61—¢
(3.35) oM O Y (D (W, 1)) < CA} 09

From the definition of G; and (3.29), it follows that the sets D, (w',n') from G; cover
B(z, Xy )Y N C(n, e) N po(pi(A(n, €))). But from (3.28),

n/(1+e 1 n'(1+e
Ty(Blx, X )N Cln.e) N po(pa(Aln, £))) = S Ta(Blar, A )

Therefore from (3.35) and as x € C'(n,¢) and G; has multiplicity bounded by M, it follows
that

1 / / _ n' _ n'
oM CFIN( ) < A and 2007 CTIN (R g) > Ay Ot
So there exists a constant C; > 0 such that for all z € Q(n,e) and any n’ > n,
1 n’ e)\n'(—d1+e n'(61—e)—n' 3
(3.36) o OO < N(n! g) < CpAY O\ )
1

We now use this estimate on the number of rectangles N(n’, ¢), in order to estimate the

T-measure of the ball B(z, )\;/(HE)). From (3.31) it follows however that it is enough to
estimate the measure

T(B(z, )\gwe)n’ N p(A(n,e)) N C(n,e) x (0, 1))),

and to notice that the set B(z, A\ M p(A(n,€)) N C(n,e) x (0,1)) is covered with the
N(n',¢e) rectangles above from G. But the Y-measure of every such rectangle from the
cover G was estimated in (3.33). Hence there exists a constant Cy > 0 such that for any
point z € Q(n, ), and any integer n’ > n,

(3.37)

Ci)\;l'(fslﬁ))\?'(51+€)e—7"/(h#++8) < T(B(z, )\;l'(1+€))) < 02)\;'(51*5) )\711’(*51*5)6—71’(hu+ —€)
2

6. Volume Lemmas for the measures T and v.

Now, if > 0 is arbitrarily small, there must exist some large integer n’ > n such that

)\(2n’+1)(1+5) 1+€)

<r< A
This implies that,
B(z,)\gn’Jrl)(HE)) C B(z,1) C B(z,/\g/(HE))

But when n’ — oo, then we have r — 0, and viceversa. Hence if z € Q(n,¢), then from
(3.37) and the last two displayed estimates above, one obtains the following:
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(3.38)
log Ao(61 —¢) —log Ai(61 +¢) — h,+ +¢ < lim log Y(B(z,7)) <
log A\2(1 +¢) 0 log r
< log A2(01 +¢) —log A1 (61 —€) — hyr — €
- log A2(1 +¢)
But on the other hand, Q2(n,e) C Q(n+ 1,¢),n > 1, and thus from (3.30),

T(nng(n,e)) >1—8Mk(e)

Therefore, if we define the Borel set

1
Q:=nNn U Qn,—),
m

m>1n>1
then from the last displayed inequality, and since lin% k(e) = 0, it follows that T(2) = 1.
e—
In conclusion, from (3.38) and (3.17), the measure Y is exact dimensional and for all z € €,

5(T)(2) = lim (2B TBE) _ Py =l = 57)

r—0 log r o X2

Now we use the exact dimensionality of the projection measure T = p,u™ proved above,
and the exact dimensionality of the conditional measures on fibers from Theorem 2.2,
together with Theorem 8.7 of [17] applied to v. Recall that g = . Thus the measure
v = vy, is exact dimensional on X x Y. Moreover, from the last displayed formula and
(3.14), it follows that the Hausdorff (and pointwise) dimension of v is given by,

hy — hy, (1 — x2(p)
HD(v)=46(v) =94(T) + u _ " o Xl(#)) h, .
x(1) X2 (/) x (1)
The other case A\; > Ay is proved similarly. Hence we showed exact dimensionality of v

on X x Y and the formulas for HD(v), which concludes the proof of the Theorem.

O

In particular, Theorem 3.1 applies to the endomorphism F' determined by T of (2.2)
which generates complex continued fractions with complex digits. The first coordinate
map of F' is only piecewise smooth on countably many pieces, and its second coordinate
map is holomorphic of two complex variables. We obtain:

Corollary 3.2. Let X = (1,00)x(1,00), B(3,3) CC, and F: XxB(3,3) = XxB(3,3),
1 ?

1
F(z,w) = ({Re(z)} + Tm(2)} w—i—z)’ z€ X, Re(2) ¢ Q,Im(z) ¢ Q, weY,

and F(z,w) = (2,2,3) otherwise. Let ¢ : X; — R be a Holder continuous summable
potential, and ji, be the equilibrium measure of 1 on Xr. Denote the measures

/@ i= (7o) sty 0N XF, and vy = oy on X XY

Then, vy is exact dimensional on J C C?, and its dimension is given by the formula in
Theorem 3.1.
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In the end, we study a class of examples given by geometric potentials. Consider a
fixed conformal Smale skew-product 7" and the associated endomorphism Fr € £ given by
(1.1). Then we define the s-geometric potentials, for s > 0, by:

(3.39) Urs B = R, Yrs(n) = slog [T}~ (2n)|, for n € Xy

We show below that ir, is Holder continuous. By Proposition 1.2, ¥7, is summable if
and only if its pressure P(ir) is finite. In the sequel, we shall always assume that 7,
is summable. If 9 is summable on ¥; and Holder continuous, then by Theorem 1.3,
Y7 s has a unique equilibrium measure pp, on ;. If T'is fixed, we may drop 7' from the
notation of g, ;.

Denote also the fiber Julia sets by Jr,, for w € ¥F. Recall the definition of the Lyapunov
exponent x(pir,) from (3.10). Let the measure pi7. , := mo.pir,s be the canonical projection
of ps on X7 . For py -a.e. w € X7, let us also denote by v the 7p-projection on Jr,, of
the conditional measure y% , of yr on [w], namely,

V;’J,s = 7%2*/1;}}’,5
The next Corollary describes geometrically the fiber measures vz, and shows that their

dimensions dr s depend real-analytically on s. Moreover, it gives a Variational Prin-
ciple for dimension on the Julia sets Jr,.

Corollary 3.3. Let a conformal Smale skew-product T and the associated endomorphism

Fr defined in (1.1), and let {74 be as in (3.39). Then:

a) If Y7, is summable, then vg. is exact dimensional on Jr,, and for pg -a.e w € ¥,
h(ﬂT,s)
X(/’LT,S)

b) The dimension value drs depends real-analytically on the parameter s.
¢) For any w € X7,

HD(I/%S) = 6T,s =

HD(Jr,,) = supdr,

S

Proof. For part a), recall first from (1.6) that for T fixed as above and for any n € ¥,
7%2(77) = T”]‘iol ©) T77|302 o...,

where T,,(w) is the fiber map of T, and w = ((mg, ng), (m1,n1),...) € XF. Also, 7(n) =
(mo(n|6°), 72(n)), where T(w) = mg + m11+ +i(no + m}r) The Julia set Jr,, is equal to
fa([w]), w € XF. By (3.39) and Definition 1.6 it follows that ¢, is Holder continuous,

since the map n — 75(n) is Holder continuous on ¥;. Denote by

F(T)={t>0> sup sup |T},(¢)" < oo},

= west eiliv]

the set of s for which ¢ is summable. From Proposition 1.2, F(T) is exactly the set of
s for which P(¢rs) < 0o, and one can see that F(T) is an interval. For s € F(T'), since
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Y75 is summable and Holder continuous on ¥, then it follows by Theorem 2.2 that, for

w h s
piae. w e X, HD(Wg,) = ors = %

For part b), since urs is the equilibrium measure of ¢, we have P(¢r,) = h(urs) +

[ Yrsdurs. Thus h(prs) = P(Yrs) — [ rsdurs. But the pressure P(ir ) depends real-
analytically on s ([20], [21]). From the Ruelle formula for the derivative of the pressure

([21]), we have:
OP(¢dr,s + vipr,s
Tav vy )|v:0 _ /¢T78 djir.s

Hence the integral f Y7 sdurs, and from above also the entropy h(urs), depend real-
h(p,s)
x(k,s)

analytically on the parameter s. Thus from a), the dimension dr s = also depends

real-analytically on s.

For part c), we apply Theorem 7.2 of [17], since the uniform geometry condition is
satisfied. Hence for any w € X}, we have

HD(Jr,) =inf{s > 0, P(¢rs) < 0}
Let now € > 0 arbitrary, and from above there exists s = s(¢) > 0 so that P(¢r ) < 0 and
(3.40) s—e<HD(Jr,)<s
But P(¢rs) > P(¢r,) for any s’ < s from F(T'), and the pressure function s — P(¢r)
is Lipschitz continuous on F(7'). Hence there exists f(¢) < 0 with S(¢) —>00, so that for
E—

s = s(e) found above, P(yr ) > B(¢). Thus P(¢rs) = h(prs) — sx(urs) > B(e), and

o i) ()

X(pr,s) X(pr,s)
However from (3.10) and using the properties of 7" from Definition 1.6, it follows that there
exists xo > 0, such that x(urs) > xo for all s € F(T'). Hence from (3.40),

HD(JT,W) S S S 5T,s + |?‘
0
But §(¢) —>00, hence HD(Jr,,) < sup Ors. Since P(¢rs) = h(prs) — sx(prs) < 0 and

SeF(T)
by using (3.40), we obtain that,

5T,8 S S S HD(JT,UJ) +¢€
Thus from the last two displayed inequalities, HD(Jr,,) = sup{drs, s € F(T)}.
U

Remark 3.4.
1) If T is the special endomorphism in (2.2), giving the complex continued fractions with
complex digits, then the geometric potentials are

Ys(n) = =2slog |7(n|°) + 72(n)], n € Xy

This implies that in this case, Vs is summable on ¥; for any s > 1.
2) For T arbitrary, Theorem 3.1 shows that the measure vy s = T 15 exact dimen-
sional on Jp C C?, and it gives the Hausdorff (and pointwise) dimension of vr.
O
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