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ABSTRACT. We deal with the problem of asymptotic distribution of first
return times to shrinking balls under iteration generated by a large gen-
eral class of dynamical systems called Weakly Markov. Our ultimate
main result is that these distributions converge to the exponential law
when the balls shrink to points. We apply this result to many classes
of smooth dynamical systems that include conformal iterated function
systems, rational functions on the Riemann sphere @, and transcenden-
tal meromorphic functions on the complex plane C. We also apply them
to expanding repellers and holomorphic endomorphisms of complex pro-
jective spaces.

One of the key ingredients in our approach is to solve the well known,
in this field of mathematics, problem of appropriately estimating the
measures of, suitably defined, large class of geometric annuli. We suc-
cessfully do it. This problem is, in the existing literature, differently
referred to by different authors; we call it the Thick Thin Annuli Prop-
erty.

Having this property established, we prove that for non—conformal
systems the aforementioned distributions converge to the exponential
one along sets of radii whose relative Lebesgue measure converges fast
to one.

But this is not all. In the context of conformal iterated function sys-
tems, we establish the Full Thin Annuli Property, which gives the same
estimates for all radii. In this way, we solve a long standing problem. As a
result, we prove that the convergence to the exponential law holds along
all radii for essentially all conformal iterated function systems and, with
the help of the techniques of first return maps, for all aforementioned
conformal dynamical systems.
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1. INTRODUCTION

In this paper we deal with asymptotic statistics of return times to shrink-
ing objects that are formed by ordinary open balls with radii converging to
zero. Let (T, X, u, p) be a metric measure preserving dynamical system. By
this we mean that (X, p) is a metric space and T: X — X is a Borel mea-
surable map preserving a Borel probability measure g on X. Given a set
U C X and z € X define

v(z) ;== min{n > 1:T"(x) € U},
and call it the (first) entry time to U. When z € U, this is called the first

return time.

The modern study of return times was initiated in the early nineties
by the seminal papers of M. Boshernitzan [2], and D. S. Ornstein and B.
Weiss [28]. They looked at return times to shrinking balls (Boshernitzan) or
to decreasing cylinders in a symbol space (Ornstein, Weiss). These papers
triggered a growing interest in the statistics of return times reflected in

numerous publications on the subject.
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This lead, amongst others, to the notions of the recurrence dimensions
in [4] or [37], the study of possible limiting distributions in [20], speed of
convergence, e.g. in [13]. One of the main avenues of study is the continuing
search for systems for which the return (and entry) times distribution tends
to the exponential law. By presenting the first general technique of proving
such convergence, it was shown in [17] that this should be the natural limit.

The early results focused on return times to cylinder sets. Passing to
balls introduces some, qualitatively new, geometric flavour. It however ush-
ers a considerable obstacle demanding to have a subtle upper estimates of
measures of shrinking annuli. Virtually every proof of convergence to the
exponential law requires that the measure of a thin annuli, of inner radii r
and outer radii r 4+ ", k > 1, are small compared to the measures of the
balls of radii 7. This assumption is either trivial to check (e.g. the invariant
measure is absolutely continuous) or very difficult to verify. In almost all,
known to us, papers such estimates are simply introduced as hypotheses, see
for example the assumption (A4) from [14], or the assumption (IV’) from
[36]. This notion is also essential while proving the Poisson law as we may
see in [35], where the entire Appendix A in is devoted to comments on this
problem. The first result in a non trivial case was proved to hold for SRB
measures of Henon-like maps by Chazottes and Collet in [5].

This property is easily checked for measures equivalent to the Lebesgue
measure or if the measure of every ball is bounded above by its radius raised
to the power larger than d—1, where d is the dimension of the ambient space.
It should be underlined that these measures were, essentially, the only ones
for which the required aforementioned property was known. Consequently,
the exponential limiting law for the return times all radii was known only
for such measures.

In the present paper we provide a fairly complete solution to the problem
of estimating the measures of thin annuli, getting two results: firstly, see
Theorem D and Section 3.3, we prove that it holds for conformal systems
and all radii, and, secondly, see Theorem C, for non-conformal ones, we
show that it holds along a very large set of radii. Up to our knowledge,
the present paper is the first one to tackle successfully the issue of proving

upper estimates of measures of thin annuli.

In what follows we denote the open ball of radius r > 0 centred at a
point z € X either by both B(z,r) or B,(z) depending on the context.
Recall that given a measurable set A with positive measure, we denote by
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1t4 the measure on A, given by the formula

_ 1(F)
where F' ranges over measurable subsets of A.
Our main motivation and the main goal in this article is to identify a
large class of systems and large classes of families of positive radii R =
{R, C (0,1]}, such that 0 € R,, which are defined for y-a.e. x+ € X, and

for which the following properties hold:

u({zexanmmu)>ﬁaggﬁ})—e%

for p-a.e. x € X, i.e. the distributions of the normalized first entry time

(1.1) lim sup =0

Rzor—0 t>0

converge to the exponential one law, and

(1.2)
1B, (z) ({Z € B.(2): Tp.(x)(2) > m}) —e

for p—a.e. z € X, i.e. the distributions of the normalized first return time

lim sup =0

Rz3r—0 t>0

converge to the exponential one law. Formulas (1.1) and (1.2) are equivalent
to saying that for every Borel set F' C [0, +00) with boundary of Lebesgue
measure zero, we have that, for py—a.e. x € X, both of the following hold:

(1.3) nmﬁwgexmgwwma@»eFD:/ktﬁ

Razor— F

(1.4) im  pp,.) ({z € B (2): 75, (2)p(B.(z)) € F}) = /Fe_t dt.

R;>r—0

Our large class of measure preserving dynamical systems is that of Weakly
Markov ones defined, somewhat lengthily but naturally, in Section 2. It is
motivated by the class of loosely Markov systems introduced and explored
in [42]. This class captures systems, not necessarily conformal, such as ex-
panding repellers and holomorphic endomorphisms of complex projective
spaces, but also conformal ones such as conformal graph directed Markov
systems, conformal expanding repellers, rational functions of the Riemann
sphere, and transcendental meromorphic functions. All this is described in
detail in Section 4 devoted to examples.

Having conformality in the system is not just to work in a more com-
fortable setting, but it does have seminal qualitative impact on the range
of radii for which our main theorems hold. They do hold for all radii. Up
to our best knowledge, this is the first time that for such general classes of
systems and invariant measures the convergence to the exponential law is

proved to hold along all radii.
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1.1. Subsets of radii. In what follows Leb denotes Lebesgue measure.
In this subsection X is an arbitrary set. We now describe several natural
classes of radii for which we will prove the aforementioned convergence to
the exponential law.
e The first class, denoted by F and called full, contains all families
{T, : x € X}, for which T, = (0, 7,] for some n, > 0.
e The next class, denoted by AF, called almost full, consists of all
families {T,, : « € X} for which Leb(T, N (0,7n,]) = n, for some
Mz > 0.
e The third class, denoted by D and called dense, contains the families
{T, : x € X} satistying
Leb(T, N (0, 7))

im =1 forall z
r—0 r

i.e., 0 is the density point of T},.

e The fourth class, super dense, denoted by SD. It is composed of all
families {7, : € X} for which, for every a > 0

Leb(T:0(0r]) _ ¢ ‘

lim =0 for all z.
r—0 ro

e Finally, the last class, called f—thick (for 5 > 0), and denoted by
BT contains all families {7} satisfying

Leb(Txn(0r]) _ ¢ ‘

llg(l) PTeY =0 for all z.

Trivially, for any 5 > 0,
FCAFCBFCSDCD.

1.2. Main results.

Theorem A. If X is a Borel subset of R and (T, X, p, p) is a Weakly
Markov system, then for every 5 > 0 there exists 5T = {T, : x € X},
a B-thick class of radii, such that for p—a.e. x € X

t
1.5 li ‘ X - _ — et
(15)  lim swpl({z € X 7m0 > s} ) —e

i.e. the distributions of the normalized first entry time converge to the ex-

=0,

ponential one law, and

(16) i oup s o ({2 € Bela) : .0 (2) > m}) e

i.e. the same convergence holds for the normalized first return time.

=0,
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Remark 1.1. In fact, as we prove, there are even larger classes of radii for
which Theorem A holds. See Theorem B and Remark 1.5.

We now introduce a crucial property of a measure, which we call the
Thin Annuli Property. We define and discuss it now in two steps.

Definition 1.2. A function x: (0,1] — R, will be called subpolynomial if

it is monotone nonincreasing, and for every ¢ > 0

(1.7) lim k(r)r® = 0.

r—0

Remark 1.3. Subpolynomial functions include all positive constant func-
tions and functions of the form x(r) = aIn”(1/7), for a, > 0.

Definition 1.4. Let p be a finite Borel measure on a metric space X. Let
R ={R, :x € X}, be a class of radii defined p—a.e. in X. The measure u
is said to have the Thin Annuli Property relative to R if for u—almost every
x € X there exists a subpolynomial function x, : (0,1] — R such that

. 1 (B(x, r 4 i)\ B(x, r)) B
(1.8) Rzlggl—m w(B(z,r)) B

We say that measure p satisfies the Thick Thin Annuli Property if for every
£ > 0 it has the Thin Annuli Property with respect to some [—thick class
of radii. We analogously define the Full Thin Annuli Property.

The two main ingredients of the proof of Theorem A, and important
results on their own, are the following.

Theorem B. Let (T, X, pu,p) be a Weakly Markov system. If the measure
1 has the Thin Annuli Property relative to some class of radii R, then both
(1.1) and (1.2) hold, i.e. the distributions of the normalized first entry time
and first return time converge to the exponential one law.

Theorem C. Every finite Borel measure p in a Euclidean space R?, satisfies
the Thick Thin Annuli Property.

Remark 1.5. In fact, Theorem C could be strengthened: see Theorem 3.7
along with Theorem 3.5, Definition 1.2 (and Remark 1.3), and Remark 3.8.

Of course, Theorem A is an immediate consequence of Theorems B and C.

The further natural question to ask is about the convergence to the
exponential law along a full class of radii. Because of Theorem B the answer
would be positive if we had a Weakly Markov system whose measure has
the Full Thin Annuli Property.
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We have discovered that this property is satisfied for a large class of
systems. The only additional requirement is for the system to be generated
by a countable (either finite or infinite) alphabet conformal iterated func-
tion system (IFS). This gives rise, via suitable inducing schemes, to several
classes of applications as it is shown in the last section.

All the definitions appearing in the following theorems are in Subsection
3.3. Here is the fourth main result, an achievement on its own.

Theorem D (see Theorem 3.15). If § = {¢.: X — X}eer is a confor-
mal geometrically irreducible IFS, then for every u € Mg, a large class
of measures containing many Gibbs/equilibrium measures of Holder contin-

uous summable potentials on the symbol space EN, the projection measure

pomt on Js has the Full Thin Annuli Property. In fact, the following holds
pont(B(z,r+1%)\ B(z,1))

i on1(B(x,1) =0 Jorpor

1

—-a.e. x € Jg.

We should immediately emphasize that in this theorem the conformal IFS
S is not required to satisfy any kind of separation condition, nor even
its weakest form known as the Open Set Condition. In other words, all
kinds of overlaps are allowed. Also, the measures © € Mg need not be
Gibbs/equilibrium states nor even shift-invariant. These measures are just
to satisfy two natural conditions formulated in Subsection 3.3. Theorem D
via Theorem B leads to the convergence to the exponential distribution
along all radii (full class) for all Weakly Markov systems generated by con-

formal IFS and Gibbs/equilibrium measures (now we do need them).

Theorem E (see Theorem 4.8). Suppose that S is a finitely irreducible
and geometrically irreducible conformal IFS satisfying the Strong Open Set
Condition. If f: EN — R is a summable Holder continuous potential such
that for some 8 > 0

(1.9) > exp (inf (f])) l60ll™* < +oo,

eclk
then the measure—preserving dynamical system (TS: Js — jg, ﬂf) 1s Weakly
Markov and satisfies the Full Thin Annuli Property. In consequence, the

exponential one laws hold along all radii.

We highlight again that the above theorem is very general and allows
us to prove, using a suitable inducing procedure, the exponential law for
several naturally occurring classes of conformal systems, as seen in Section 4

devoted to applications and examples.
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We end this introduction with a comment on the Weakly Markov sys-
tems. This concept captures and extends that of Loosely Markov systems
of [42], and of the earliest works on the subject such as [37]. One of the ad-
vantages of Weakly Markov systems is that no transfer operator is involved,
and merely the exponential decay of correlations is assumed, along with two
other standard hypotheses.

2. CONVERGENCE TO EXPONENTIAL DISTRIBUTION FOR WEAKLY
MARKOV SYSTEMS

In this section we do two things. First, we define the class of Weakly
Markov systems and then we prove Theorem B. We begin by recalling the
following standard definition:

Definition 2.1. For a finite Borel measure 1 on a metric space X, define
the lower and upper pointwise dimensions, denoted respectively by d, and
Eu, of the measure p by

c_lu(z) = li£r1_>iglf W7 Eu(z) _ hmj(l)lp W

Passing to the next concept we need, given £ € (0, 1] denote by H(X)
the vector space of all real-valued Hélder continuous functions on a metric
space (X, p) with exponent &, i.e. f € H(X) if f: X — R is bounded,
continuous, and ve(f) < 0o, where

velf) = it {I > 0: Yy ex [f(2) — fy)] < Hp(x.))}

The space H(X) is commonly endowed with the norm:

[l := 1[flloo + ve(f),

and then it becomes a Banach space.
Define further the first return of a set U to itself under the map 7" by

T(U) = glelcrfl v (x).

Definition 2.2. We will call a metric measure preserving dynamical sys-
tem (T, X, p, p), defined in Introduction, Weakly Markowv, if it satisfies the
following conditions (i) to (iii):
(i) Exponential Decay of Correlations: There exists v € (0,1) and C > 0
(in general depending on £) such that for all g € H¢, all f € L7 and
every n € N, we have

(2.1) [ (foT™ - g) = u(g) - n(H < Cy"[lgllendl1)-
(ii) For p—a.e. x € X, we have that 0 < d,(z) < d,(z) < +o0.
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(iii) X is a subset of a Euclidean space.

In addition, if measure p also has the thin annuli property relative to a
family R of radii, then we will call the system Weakly Markov with thin
annuli relative to R. If R is thick (resp. full) we will call the system Weakly
Markov with thick (rvesp. full) thin annuli.

Remark 2.3. The last assumption may be replaced by a so-called no small

returns property, i.e.

7 i ing 7 Br(®)
( )lr—>of —1In(r)

This changes the proof of Lemma 2.9 slightly. More precisely we need to

>0 for p-a.e x e X.

use it to get (2.6). This property has been proved to hold for many dynam-
ical systems; e.g. those considered in [37], and also, as it is easy to check,
it holds for open transitive distance expanding maps and measures p be-
ing Gibbs/equilibrium states of Holder continuous potentials. For further

information on this notion see for example [33] and the references therein.

Remark 2.4. As mentioned in the introduction, the second named author
introduced the concept of Loosely Markov systems in [42]. These systems
are required to satisfy (ii), a stronger version of (i), and a Weak Partition

Existence Condition, which implies (iii’), as it was observed in [42].

Remark 2.5. For some specific systems the exponential distribution of the
limit of return times has already been proved assuming only polynomial
decay of correlations. We however work in a very general setting, and our
method, suitable for such generality, does need faster, in fact exponential,

decay.

In order to prove Theorem B we will apply two theorems from [17].

Proof of Theorem B. Recall that (T, X, p,u) is a Weakly Markov system.
Let us start with some notation; we follow [17]. For a fixed set U C X let
us define

c(k,U)=py(tr>k)—p(r>k),
c(U) :=sup |c(k,U)]|.

keN

The first result from [17], valid in a fairly abstract context, is this:

Theorem 2.6. For a transformation T: X — X, preserving a probability

measure p on X, the distributions of both the first return time and first
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entry time differ from the exponential law by an expression which converges

to 0 if both p(U) and c(U) go to 0. More precisely, for entry time

" ({z €X: () > ﬁ}) et

and also for return time

wr ({zevimi) > b - e

where d(U) = 4p(U) + ¢(U)(1 —Inc(U)).

(2.2) sup

t>0

(2.3) sup

>0

< d(U),

The second theorem (also from [17]) gives an estimate on the value of ¢(U).

Theorem 2.7. With the transformation as above:

c(U) < ]%[ré% {ay(U) +bn(U) + Nu(U)}, where

ay(U) = py ({70 < N}),

Y

UNT NV — u(U)u(V
() = s s (7Y = ()] = gup [T )

where B is the o-algebra of Borel sets on X.

Remark 2.8. Note that for a fixed set U the number ay(U) grows to 1 as
N — +o00, whereas by(U) tends to 0 (provided that the system has some
mixing properties). The tricky part is to find a number N such that by has
already become small, but ay and N - u(U) have not grown too big.

The proof of Theorem B is a consequence of those two theorems and the

following lemma, which is our main technical result in this section.

Lemma 2.9. If a system (T, X, u, B, p) is Weakly Markov with Thin Annuli
Property relative to a class R = {R, : x € X} of radii, then for p—almost
all z € X and all radii r > 0 there are integers n,(x) > 1 such that

}}_r}(l) @nr(:v)(Br(x» = R,}grn—m bnr(x)(Br(w)) = }}_r)% n.(x) - p(B,(x)) =0
for p—almost all x € X.

Proof. We will write B, instead of B,(x), when dependence on z is clear.
Put
n, =n,(x) :== u(B,) "
Obviously, if # < 1 we get n, - u(B,) — 0 instantly. So it remains to find ¢
such that both a,, and b, will tend to 0.
The assumptions imposed on pointwise dimension imply that there exists
a set W C X, of full measure p, such that for all x € W

(2.4) 2@ <y (B, (x)) < rda@/?)
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for all radii 0 < r < p;(x) with a certain measurable, positive py—a.e. function

P1-
Now fix z € W and recall the definition of ay.

an(By) = ps, (18, < N).

We want to apply Lemma 42 from [34], but we need a small comment
(below). The lemma states that

. i <r 4 =
(2.5) lim pip, (2)(78.(@) <77%) =0

for p-a. e. . € X CR" and for all d < d,(z).

Even though the author assumes that d, = d, = const a.e. (and then
instead of d,(r) he writes dimy ), it is not used in the proof. The only
requirement is that d,(v) = R(x), which is given by Theorem 5 from [32].

Recall that 2 € W so the upper/lower pointwise dimensions are well
defined in z. Take A(z) > 0 so small that p(B,(z)) > r&@/26@) this is
possible because d,(r) < +oo. This means that pu(B,(z)) 0@ < p=du@)/2
and application of (2.5) proves that

(2.6) lim a,, (B,) = 0.
r—0

Note that our reasoning leading to this formula did not require any kind of
the thin annuli property at all. We did, however, use the fact that we are

in a Euclidean space.

Now we turn to the task of estimating b,, (B,(x)). For this we do need
and we do use the Thin Annuli Property relative to R.

First, let us define a family of Lipschitz continuous functions approxi-
mating a characteristic function on a ball; depending on: radius r > 0, real
number o > 0, and x € X, which will vary in the sequel. We define the

auxiliary functions

1 foro0<t<r
Q) = r(r ¥ —t) forr <t <r4r®
0 fort >r+r®

The approximating functions are

92 (2) = 6 (p(2, 7).

The Lipschitz constant of gﬁié) is bounded from above by r~“ as the metric p
is 1-Lipschitz. In particular their Holder norms (needed in the definition of

exponential decay of correlations) are bounded from above by (take £ = 1)
g le <1 +07" mr™®

for all » > 0 sufficiently small.
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Let &, : (0,1] = (0,+00) be the subpolynomial function resulting from
the Thin Annuli Property of the system (T, X, B, p) relative to R.

Fix € W and also respecting formula (1.8) of Definition 1.4. Fix small
r > 0 and a Borel set H. Put g, := ¢ and put f, := 15 . Note that
fr < gr. Then

(B, NT ™" (H)) — p(Be)u(H)| = |p(lg o T™ - f,) — p(lg)u(fr)] <
<|p(@uoT™ - f) = (a0 T - g:)| +
+ "U’(]lH o™ 'gT) - lu(]lH):u(gT)l + ‘M(HH)N(QT) - M(I[H)M<fr)|‘

So p(B;)by, (B,) is bounded by the supremum (over all Borel sets H C X)
of the sum of the three terms above.
The third expression bounding b, (B,) is estimated easily:

(B, + =) — u(B(x, 1))

This tends to 0 as R, > r — 0 because of the Thin Annuli Property relative

to R assumed to hold. The first term is bounded in the same way since

|ﬂ(]1H oM - fr) o :u(]lH oT™mr - gr)‘ < /L(gr) - :u(fr)'
Dealing with the second term we use the exponential decay of correlations:
(L o T™ - g,) — p(L)p(g,)| < Cypr™" = p(ly) < Cypr—r=).

The pointwise dimensions formula (2.4) gives n, = pu(B,)~? > r~%®)/2 and

w(B) (Mg o T - g,) — p(1g) ()

— (e he (r) In(r)—2d,.(x) In(r)+r

—0d,,(z)/2

S C,r,fnz(r)72gu(:p),yr e

—0d,,(x)/2 In(y)

The last term in this formula converges to zero as r — 0 once we know that

(2.7) lim i () In(r)r0%@/2 = o

r—0

which indeed holds because k, is a subpolynomial function. Thus,

(2.8) Rxharrn_m bn, (B,) = 0.
and this ends the proof of Lemma 2.9. U

The proof of Theorem B is complete. O
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3. THE THIN ANNULI PROPERTY

3.1. Thick Thin Annuli Property holds for Finite Borel Measures
in R4,

Our main result in this subsection is Theorem C. We will need several
technical auxiliary results, one of which, Theorem 3.7 is of high generality,
interesting in itself, and entails Theorem C. The following well-known result

comes from [4].

Proposition 3.1. Any Borel probability measure on R? is weakly diamet-
rically regular, i.e. for u—almost every r € R and every e > 0 there exists
0 > 0 such that for allO <r <6

(3.1) (B, 2r)) < p(B(x,r))r.

As a matter of fact, by carefully reading the proof of Proposition 3.1 pre-
sented in [4], one sees that the following strengthening of this proposition

can be can proved in a similar way.

Theorem 3.2. Assume that p is a Borel probability measure on R and fix
any € > 0. Then for p—a.e. v € R and every sufficiently small v > 0 (i.e.
0<r<d(x)andd(x) >0 p—a.e.) we have

(3.2) p(B(x,2r)) < logy**(1/r)u(B(w,7)).

Moreover, if s and r are such that [—logy(s)] = [—logy(r)] (i-e. for some k
we have 27871 <1 s < 27F) then

(3.3)

[~ logy(r)] ™ p(Blx,1)) < u(Bla,s)) < [~ logy(r)] ™ u (Blz, 7)) -

Remark 3.3. In fact, by taking different convergent series in their proof,

e.g. m as ar, we could improve the above estimate further (and therefore

in Cor. 3.9) to e.g.
1 (B(z,2r)) < logl(1/r) log?**(log(1/r))u(B(x, ).

Motivated by Theorem 3.2 and Remark 3.3 we introduce the following.
Definition 3.4. A non-increasing function G: (0, +o00) — (1, +00) satis-
fying
(3.4) G(r/2) <~G(r)

with some v € [1,2) and all » > 0 small enough, is called a doubling bound
for a Borel probability measure p on R if for p—a.e. x € R?, all sufficiently
small 7 > 0 (i.e. 0 <7 < é(x) and §(z) > 0 p—a.e.), we have that

(3.5) p(B(z,2r)) < G(r)u(B(z,r)).
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With this definition Theorem 3.2 can be reformulated as follows.

Theorem 3.5. For every € > 0 the function
(0,+00) 3 r —> max {0,log3"*(1/r)},

(in fact any function of Remark 3.3) is a doubling bound for any Borel

probability measure 1 on R,

Definition 3.4 and Theorem 3.5 will lead us to the following crucial tech-

nical estimate on the measures of annuli.

Lemma 3.6. Let r,: (0,1] — R be subpolynomial functions such that

(3.6) Ky = iflf } Ke(r) >1  for every x € R%
re(0,1

If uu is a Borel probability measure on X = R%, then for u—a.e. v € X and

every A > 0 the set of those radii v > 0 for which

(B, r 4 r=®)\ B(z,r))
p(B(z,r))

has zero density at the point r = 0. In other words, if we denote by Z,(A)

the set of all radii v > 0 that satisfy (3.7), then

. U(Z,(A)N[0,r])
(88) =50

Moreover, let G be a doubling bound almost everywhere for u. Then the

(3.7) > A

=0, where [ s Lebesque measure on R.

following, more precise estimate holds:

2
(3.9) (N0 < Ty mar A"

(M) In G(7).

Proof. The first observation is that (3.8) follows from (3.9). Indeed, it suf-
fices to take G(r) = r~* for some « € (0,1). We are therefore to prove (3.9)
only. We do it now.

G is a doubling bound, so there exists a Borel set Y C R¢ with u(Y) =
such that for every z € Y there exists d, > 0 such that for all r € (0,20 )

(3.10) w(B(z,2r)) < G(r)u(B(z,r)).
Fix any x € Y. Then fix r € (0,J,) and n > 0. There exist an integer n > 1,
and a sequence of n radii r; € (0,0,) N Z,(A), j =1,2...,n such that

(r2)

(3.11) 7 < <A <y <UD < < <) < 2

and

(3.12) l ((Zx( [r, 27“) LnJ [rj,rj + 7 7‘]))> <n.

Jj=1
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In particular the annuli defined by radii r; do not intersect. Since r; € Z,(A)

forall j =1,2...,n, for any 1 < p <n, we have that

o (B(:z:, rp+ r;z(r"))>
pu(B(x,rp))

Using this estimate n times we arrive at

i (B(x,?“l —i—rfw(m))) - w(B(x,rs))

(3.13) >1+ A

p(B(x,r)) < p(B(x,m)) <

1+ A = 1+A
o n(Blar) _ p(Bla,2r)
- (1+A" — (1+A"

Applying further (3.10) yields

p(B(x,r))G(r)

W(B(r, ) < BT

This shows that

. : InG(r)
14 > (1+A)" h : < —
(3.14) G(r) > (1+ A)", giving the estimate: n < (L + 4)

Now divide the interval [r,2r) into subintervals of length (2r)%=(>"). Define

for all £ > 1 until (k + 1)(2r)"=) > 2r,
Observe that r;”(r”) < (2r)%=(") since r, < 2r and the function k, is

(Tp))

nonincreasing. So, if r, € I; then the interval [rp, T is contained

in [k U Ik—&-l‘
Thus, the union

U |:7’j7 r; + r?"(rj))
j=1

2In G(r)

is contained in a union of at most 2n < intervals of the form Ij,. So

In(1+A)
(3.15)
" o o om 2InG(r) 2 ro (20
j=1

Along with (3.12), this gives

(Z:(A)N[r,2r]) <n+ 2r)" =) In G(r).

2
In(1+ A)(

Since 1 > 0 was arbitrary, this in turn gives

U(Zs(A) N [r,2r]) < (2r)=" In G(r).

In(1+ A)
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By summing this estimate and recalling that the function k, is monotone

decreasing while the function G satisfies (3.4), we get

1(Z.(A)N[0,7]) < i:z (ZAA) N [2% %D

Jj=1
2 > .
< Ko () E j—1

2
= =) n G (r). O
(EDEET

As a consequence of this lemma we get the following first main result of

this section.

Theorem 3.7. Let g: Ry — Ry be a function such that lim,_ g(r) = +00
and for every o > 0, every s > 0 sufficiently small, and every 0 <r <'s

9(r) o (2)".

g(s) = \r
Let . be a Borel probability measure on X = R? and let G be a doubling
bound almost everywhere for u. For every x € RY let k, : (0,1] — (1, +00)
be a subpolynomaial function such that
(3.16) K, = rel%gl) K (r) > 1.
Then the measure p has the Thin Annuli Property with respect to some class
of radit R = { Ry }zex for which

‘Z(Rw:(o,r]) 1

. 1- .
(3.17) Rzg«nao g(r)re=0=11n G(r) 0

In addition, the subpolynomial functions witnessing this Thin Annuli Prop-

erty are just the functions k, introduced above in the hypotheses.
Proof. We first shall prove the following.
Claim 1°: There exists a constant @ > 1 such that
g(r)r =M 1nG(r) < Qg(s)s™® In G(s)
for every s > 0 sufficiently small and every 0 < r < s.

Proof of Claim 1°. The formula of this claim is equivalent to the following:

g(r) . InG(r) < gt (s)
g(s) InG(s) = “rreln)’
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Since the function k, is monotone decreasing, we have that

5\ Ea s\ Fals)  gha(s)
() =G ==w
r r rha(r)

It therefore suffices to show that

And in order to have this it suffices to know that

b DL e RO (1)

The former follows directly (for s > 0 small enough) from our hypotheses

while for proving the latter fix a unique integer & > 0 such that 2%r < s
and 2511 > 5. Then

G<7’) S ’yk+1G(2k+1T> S ’}/kJrlG(S).

Therefore InG(r) < (k+1)Invy + In G(s). Hence

lIlG(T) k+1
InG(s) — sl+lhn VIHG()

Thus in order to have (3.18) it suffices to know that

k+1 le k

141 < Q. obnk,
Y B

But as inflnG > 0, this inequality clearly holds for a sufficiently large
constant () > 1, all integers £ > 0 and all s > 0 sufficiently small. The
claim is proved. O

Passing to the actual proof of Theorem 3.7, we note that by Lemma 3.6,
the estimate (3.9), and by the fact that g(r) — oo as r — 0, there exists
(rn)22;, a decreasing sequence of positive radii converging to 0 such that

(3.19) W Z,(1/n) N [0,7]) < 27"Q 'g(r)r™ In G(r)

for all integers n > 1 and all radii r € (0,7,]. For z € X define

U 1/” rn-i—la Tn]

n=1
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and then R, := (0,1)\ Z,. For every r € (0,7;] let n = n, > 1 be the unique
integer such that r,,; < r < r,. Using Claim 1°, we then estimate

o

UZ:0(0.0]) = D UZe O (rrgrsma]) + 1(Z0 N (P, 7])

= > UZo(1/k) O (rrsr,i]) + 1L Za(1/0) O (P, 7))

k=n+1

< Z 2_kQ_1g(rk)rZ””(r’“) InG(ry) +2_"Q_1g(r)r“”(r) InG(r)

k=n+1

<Q i 2"“@‘19(7")7”“(”) InG(r) + 2_"g(7“)r’“(’") InG(r)

k=n-+1

= Z 27k g(r)r=MInG(r) = 27 g (r)r=") In G(r).
k=n,
Therefore, since lim,_gn, = +00, we get that

(7, , Do
lim (Z: 0 (0,7]) < lim2 ™! = 0. O
r=0 g(r)rf=) In G(r) — r—0

Remark 3.8. Note that any iterate of the logarithmic function,
g(r) = (1/r), keN,
satisfies the hypotheses of Theorem 3.7.

Taking g(r) = Inln(2), G(r) = log3**(1/r) and k,(r) = In’(1/r) + 1,
and, using also Theorem 3.5, we get the following.

Corollary 3.9. Every finite Borel measure p on R for every B > 0
has the Thin Annuli Property with respect to some class of radii R(B) =
{R:(8)}zex satisfying

URs(B)N(O0r]) _ ¢

3.20 lim =0
(3.20) Ry(8)3r—0 0’ (1/1) InIn(1/r)

Ending this part we observe that this corollary directly entails Theorem C.

3.2. Conformal Graph Directed Markov Systems and Conformal
Iterated Function Systems: Short Preliminaries. This subsection has
a preparatory character. It is needed for us in order to be able to formulate
and to prove the main result, Theorem 3.15, of the next subsection. It estab-
lishes the Full Thin Annuli Property for essentially all conformal countable
alphabet Iterated Function Systems. These iterated function systems will
show up in later (applications, examples) sections too. There we will need

them as our tool to prove the Full Thin Annuli Property for many other
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conformal dynamical systems such as conformal expanding repellers, ratio-
nal functions of the Riemann sphere, and large subclasses of transcendental
meromorphic functions from the complex plane to the Riemann sphere. An
intermediate convenient tool, also interesting on its own, is that of (confor-
mal) graph directed Markov systems introduced and systematically studied
in [26]. These are considerable but quite natural generalizations of (confor-
mal) countable alphabet iterated function systems.

Passing to strictly mathematical terms, let us define a graph directed
Markov system (abbr. GDMS) relative to a directed multigraph (V, E|i,t)
and an incidence matrix A. As was indicated above, such systems were

introduced and studied at length in [26]. A directed multigraph consists of

e A finite set V' of vertices,

e A countable (either finite or infinite) set F of directed edges,

e Amap A: E x E — {0,1} called an incidence matriz on (V, E),
e Two functions i,t : E — V, such that A,, = 1 implies ¢(b) = i(a).

Now suppose that in addition, we have a collection of nonempty compact
metric spaces { X, }yey and a number X € (0, 1), and that for every e € E,
we have a one-to-one contraction ¢, : Xy) — Xj) with Lipschitz constant
< A < 1. Then the collection

S = {de : Xie) = Xi(e) }eer

is called a graph directed Markov system (or GDMS'). We now describe the
limit set of the system S. For every n € N let

Ey={we k" :V1<j<n—1) Ay, =1},
and let EY be the set consisting of the empty word. Then let

(3.21) Ey = ES

n=0
and
EY :={w € EY : every finite subword of w is in E%}.

We use the commonly accepted symbol o for the shift map on EY. More
precisely, o : EN — EN is defined by the formula:

0((%)211)) = (Wnt1)mzr-

The space EY is forward invariant with respect to the shift map o: EN —

EN ie. J(Eff) C E and we frequently consider also the dynamical system

o: BY — EY.
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The union defining £% in the formula (3.21) is disjoint and for every w € E%
we denote by |w| the unique integer n such that w € E%; we call |w]| the
length of w. For each w € EY and n € N, we write

Wy = wiwsy . .. wy, € EY.

For each n > 1 and w € E%, we let i(w) = i(wy) and t(w) = t(wy,), and we
let

G = Gy 0 0 Py, T Xy(w) = Xi(w)-
For w € EY, the sets {¢,, (Xt(wn))}n21 form a descending sequence of

nonempty compact sets and therefore (N, 5, @uf, (Xi(w,)) # 0. Since for every
n>1,

diam (@, (Xiw,))) < A" diam (X)) < A" max{diam(X,) : v € V},

we conclude that the intersection

() dut. (Xewn)

neN
is a singleton and we denote its only element by m(w). In this way we have
defined a map

T:EY — H Xy,
veV

where [], ., X, is the disjoint union of the compact sets X, (v € V). The

map 7 is called the coding map, and the set
J=Js=m(EY)
is called the limit set of the GDMS &. The sets
Jo=n({w e B i) =v}) (veV)
are called the local limit sets of S.

We call the GDMS § finite if the alphabet FE is finite. Furthermore, we
call § mazximal if for all a,b € E, we have A, = 1 if and only if ¢(b) = i(a).
In [26], a maximal GDMS was called a graph directed system (abbr. GDS).
Finally, we call a maximal GDMS § an iterated function system (or IFS) if
V', the set of vertices of S, is a singleton. Equivalently, a GDMS is an IFS
if and only if the set of vertices of § is a singleton and all entries of the

incidence matrix A are equal to 1.

Definition 3.10. We call the GDMS § and its incidence matrix A finitely
(symbolically) irreducible if there exists a finite set A C E% such that for
all a,b € E there exists a word w € A such that the concatenation awb is
in F%. S and A are called finitely primitive if the set A may be chosen to
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consist of words all having the same length. Note that all [F'Ss are finitely

primitive.

Intending to pass to geometry and following [26], we call a GDMS con-
formal if for some d € N, the following conditions are satisfied:

(a) For every vertex v € V, X, is a compact connected subset of RY,
and X, = Int(X,).

(b) There exists a family of open connected sets W,, C X,, (v € V) such
that for every e € F, the map ¢, extends to a C! conformal dif-
feomorphism from Wy into Wy with Lipschitz constant bounded
above by some number A < 1.

(c) There are two constants L > 1 and o > 0 such that for every e € £
and every pair of points z,y € Xy,

|9 (y)]
|0e ()]

where |¢/ (x)| denotes the scaling of the derivative, which is a linear

-1

< Llly — x[|*,

similarity map.

Remark 3.11. If d > 2 and a family S = {¢. }.cp satisfies the conditions
(a) and (b), then it also satisfies condition (¢) with @ = 1. When d = 2
this is due to the well-known Koebe’s distortion theorem. When d > 3 it
is due to [26] depending heavily on Liouville’s representation theorem for
conformal mappings, see [18] for a detailed development leading up to the
strongest current version. If d = 1, condition (c) is only automatic if the
alphabet F is finite and all contractions ¢, are of C''*¢ class.

Remark 3.12. We do emphasize that, unlike to [26], in the above definition,
and in all the results of this section, we do not need and we do not require

any separation condition whatsoever. In particular even its weakest form
o (Int(X)) N ¢y (Int (X)) = 0.
for all a,b € E such that a # b, known as the Open Set Condition, is not

assumed to hold. We also do emphasize that we do not impose any form of

boundary regularity, in particular no Cone Condition of [26].

3.3. Full Thin Annuli Property holds for (essentially all) Confor-
mal IFSs. In this subsection we establish the Full Thin Annuli Property

for a large class of conformal countable alphabet IFSs.
S = {Qﬁe X = X}e€E7
where X C R4, d > 1.
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Definition 3.13. We say that the system & is geometrically irreducible if
the limit set Js is not contained in any proper, i.e. of dimension < d — 1,
real analytic sub-manifold; precisely: is not contained in a conformal image

of any affine hyperspace or geometric round sphere of dimension < d — 1.

Throughout this whole Subsection 3.3 we assume that the system S is
geometrically irreducible. For the sake of brevity we denote

D(w) = diam(6,(X))

for all w € E*. The Bounded Distortion Property tells us that

(3.22) Q 'D(w)D(1) < D(wt) < QD(w)D(7)

for all w,7 € E* and some constant () > 1. In this section we consider
a (really large) class, called Mg, of Borel probability measures p on the

symbol space EY, determined by the following two requirements:

(A) Weak Independence:
P p([whd[r]) < pllwr]) < Pulw)ud[r])

for some constant P > 1 and all w, 7 € E*.

. p(le])
(B) There exists 5 > 0 such that ; diam® (6, (X)) < +o00.
Remark 3.14. All Gibbs measures, on the symbol space EY, introduced
and considered in [25] are weakly independent, i.e. enjoy the property (A).
It is easy to have abundance of measures satisfying the property (B); among
them are the Gibbs states of all (geometrically most significant) potentials
EN 3w tlog |gb£ul(7r(0(w)))‘ € R, where ¢ > 0 is sufficiently large.

The main result of this subsection follows.

Theorem 3.15. If S = {¢.: X — X}ecr is a geometrically irreducible
conformal IFS, then for every u € Mg the measure o w1 on Js has the
Thin Annuli Property with k = 3 (in fact this is true for any k > 1). In
other words:
i 0 7V (B(z,r + %)\ B(z,1))
=0 pom ! (B(z,r))

=0 pom ta.e.

In order to ease notation, let us denote by R(x,r,r®) the annulus centred

at x with inner radius » > 0 and outer radius r + 73, i.e.
R(z,r,7%) := B(z,r + 1)\ B(z,7).

The proof of Theorem 3.15 consists of several steps listed below, and it has

been strongly influenced by the techniques of [7]. For the sake of brevity we

denote fi := pomr L
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Lemma 3.16. There exist constants p > 0, H < oo and a finite set F' C E*
such that for any x € Js, any radius 0 < r < p, and any finite word w € E*,
with diameter D(w) > Hr?, there exists a word T € F such that w([wT])
does not intersect R(z,r,r%). In symbols:

m([wr]) N R(x,7,7) = 0.

Lemma 3.17. There exist « > 0, C' < 00, p > 0 such that for all0 < r < p,
r € Js and any finite word w € E*, with diameter D(w) > r?, we have

(3.23) i (w] Na Rz, 7, r?))) < Cr®p(w)).
Lemma 3.18. For any numbers 0 < A < B define the set
(3.24) Ty = {w € E": Veen D(w|i) & (A, B)} .

Then there exists C < oo for which u(T%) < C (%)ﬁln (demX) " where 3 is

the constant from condition (B) from the definition of the space Mp.

Lemma 3.19. Let v be an arbitrary Borel probability measure defined on
some bounded Borel set X C R?. Let F be a measurable subset of X. Define

(3.25) S(F,c,p) ={x e X:v(B(z,p) N F) > cv(B(z,p))v(F)}.
Then for any numbers c¢,p > 0 we have v(S(F,c,p)) < M/c, where M is

some constant depending only on the space X.

Proof of Lemma 3.16. Assume without loss of generality that £ = N. Seek-
ing a contradiction suppose that there exist a sequence (r,)>%, N\, 0, a
sequence z, € Js, n € N, and a sequence of finite words w™ € E* with
diameters satisfying

(3.26) D(w™) > nr?

such that for every 7 € {1,2,...,n}" the cylinder m([w™7]) intersects
R(xp,rn,73). Let us denote

Ry := R(xp,r,73) and S, :=0B(x,,1,) = {x € R : ||z — 2,|| = rn}.

Take then any sequence of similarities T},, n > 1, for which 0 € T, (7 ([w™)]))
and |T!| = (D(w™))~! for all n > 1. Note that (T, 0 ¢,m )2, is a bounded
equicontinuous sequence of conformal maps with derivatives uniformly
bounded from above and uniformly separated from zero. Actually, in di-
mension d = 1 the conformality is not needed, making the proof easier.
Applying Ascoli-Arzela Theorem and passing to an appropriate subse-
quence we will have that the sequence (T, o ¢ )22, converges uniformly
on X to a conformal map U : X — RY. Now, working with the one-point

(Alexandrov) compactification RY of RY, with oo as the compactifying point,
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endowing R with spherical metric, and then the collection Ky of non-empty
compact subsets of R? with the corresponding Hausdorff metric dy, we see
that the collection I' of all geometric spheres of R?, including the spheres
containing infinity (hyperplanes) and singletons, forms a compact subset of
KCq. Since T,(S,) € T', passing to a subsequence, we can therefore assume
without loss of generality that T,,(.S,) converges in the Hausdorff metric dy
to some element Q) € I'.

Depending on actual sizes of D(w™), the limit object ) may be ei-
ther a sphere — the case if D(w™) =< r,, a point in R? — the case if
D(w™)/r, — 0o, or a hyperplane in R? — which is so if D(w™)/r,, — 0. In
all three cases the ratio of the outer and inner radii of the annulus 7,,(R,,)

3
converges to one, as ”;7" — 1 when r — 0.

In the first two cases, this immediately proves that also lim,, ,, T,,(R,,) =
Q. In the third case, we need to use additionally (3.26), to conclude that
both spheres bounding the annulus R(z,,7,,m, + 73), after rescaling by
(D(w™))~! < —L; tend to the same hyperplane in R?.

So, finally, in all three cases we may conclude that

(3.27) lim T,,(R,) = Q.
n—o0
Observe also that by Definition 3.13 for every M € T" there exists a point
wy € Js such that dist (war, M) > 0. Writing the wy-1g) = 7(§) € Js,
¢ € EN, we have that
dist (x(€),U™1(Q)) > 0.

We therefore conclude that there exists £ > 1 such that
(3.28) dist (7([¢]4)), U™1(Q) > 0.

Consider now only integers n > k so large that all letters forming |, belong
to {1,2,...,n}. By our contrary hypothesis

G (De1,. (Js)) N Ry = ime, (Js) N Ry # 0.

Fix an arbitrary z, € Js such that gbw(n)ﬂk(zn) € R,. Passing to a subse-
quence we may assume without loss of generality that lim, ,, 2z, = 2 € X
for some point z € Js. Then, invoking also (3.27), we get that

Tim T, 0 ¢ (¢, (2)) = Ul (2)) € Q.

Hence ¢¢, (2) € U1(Q), and as ¢¢, (2) € m([¢|x]), this contradicts (3.28)
and finishes the proof of our lemma. O

Proof of Lemma 3.17. Take p, H and the set F' given by Lemma 3.16. First

of all, observe that, because the lengths of all words in F' are uniformly
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bounded above, by taking an iterate of the system S we may assume that
F C E (instead of F*). Fix z € Js, 0 < r < p, and denote R := R(x,r,13).

We will in fact prove a stronger fact; namely that with no restrictions
on D(w)

3\ @
(329) u(ne () < (555 (i,
for all w € E*. This will trivially prove the lemma as its hypotheses require
that D(w) > r2. So, we now focus on the proof of (3.29). First note that
if D(w) < Hr?, then inequality (3.29) is trivial. Also for all n > 1 big
enough and all w € E™ we have D(w) < Hr®. Now let us work from the
bottom upwards. Take a cylinder [w] such that (3.29) is already proven for
all subcylinders |we], e € E. We have
p(l] N (B) = 3 u(lwel N7 (R)).
ccE

Applying Lemma 3.16, we may drop at least one element of this sum, say
be F, to get

E>a#b
HE O\ e (i)
SE%(D(W)) o) = ()" 2, Ty

where we used the estimate (3.29) for every cylinder [wa]. In order to prove

the required inequality we need to have

s plea) ) _ g gl
(

E3a#b D(wa))* = (Dw))* = (D(w))™

where the equality sign trivially holds. Simplifying this gives

> ((BE2) 1) s < (et

E>a#b

Applying Bounded Distortion Property (3.22) and Weak Independence of
i, i.e. condition (A), we see that it is thus enough to prove that

—QD(W) a— w a “u(w
> (P24 1) utlehu(a) < P~ bl

E>a#b

Recall that b was chosen from a finite set so P~24([b]) is bounded away from
zero, say P~2pu([b]) > ¢ for some fixed § > 0. Simplifying again, we see that

2 ((D%))a - 1) p([a]) < 6.

E3a#b

it is enough to prove
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Therefore, it is enough to have

> A Qe X ()

E>a#b E3a#b

But since, by Assumption (B), the series on the left-hand side of this formula
converges for all @ > 0 small enough. Its sum tends to > ..., p([a]) as
a — 0 and using a dominated convergence theorem we get that this formula
will hold for all & > 0 small enough. Thus the proof is complete. Il

Proof of Lemma 3.18. First, divide T into disjoint subsets (for k = 0,1...)
TR (k) ={w € E": D(wlps1) <A< B < D(wlk)} -

For any cylinder D(w|;) < A¥diam(X), so for any n > N := log, (52~)
we have D(wl,) < A and T (n) = 0. This allows us to write

(3.30) wTR) <> pn(Ti(n).

Now, fix 0 < k < N andw € EN.If D(w|,) < B, then pu (T (k) N [w|s]) = 0.
If D(w|x) > B, then

p(TER) N wl]) = p((wlke)),

where the sum is taken over those e € E for which D(w|e) < A. Applying
the Weak Independence of p, i.e. condition (A) and Bounded Distortion
(3.22), we further get

p(TRE W) < Y Pu(Whe(a) < Y Pu(wld)u(a),

D(wlra)<A Q' D(wlr)D(a)<A

and using the fact that D(w|y) > B, this gives

(3.31) w(TE k) VW) < Po(fwl)) Y wla)).

By Assumption (B) we may write:

o plla) p(fa) )
+00 > 7 = GEZE D(a)’ > D(a);;A/B D(a)? = paj<ons (@A/B)
B \8
= 3 wlla(5g) -

D(a)<QA/B

Combining this estimate with (3.31) gives

p (TR0 N el]) < Pueld) - 2(%)
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and summing over all cylinders [w];], this gives u(T%(k)) < C(A/B)? with
some constant C'. Finally applying (3.30), we get

A ANB
T%) < log, ( )-c(5) 0
WT) < loes \ X B
Proof of Lemma 3.19. Set S := S(F, ¢, p). By Besicovitch’s Covering The-
orem there exists a covering of S with balls B(x;, p), i € I, all centred

at S, with finite multiplicity My depending only on the dimension d. The
following estimate uses first, the definition of S and then the multiplicity,
bounded by My, of the covering.

v(S) < ZV<B(LCi,p)) < Z V(B(Zj;(;?)ﬂ F) < ]\lezl(?];) _ %' -

i€l il

In the final proof of this section we also use Proposition 3.1 (proved in
[4]). Recall that it is an immediate consequence of, much stronger, Theo-

rem 3.2.

Proof of Theorem 3.15. We will show that for i almost every z € Js and
all sufficiently small radii » > 0 we have that, for some v > 0,

(R (z,r,7°)) < Cp(B(x,7))r.
First, using notation from Lemmas 3.18 and 3.19 define T, := Tf::, n>1
and denote T, = 7(T},). Put

S, = S(T,,n%4-27").

Lemma 3.19 gives that fi(S,) < M/n? and so Y i(S,) < co. Thus the
Borel-Cantelli Lemma applies to tell us that for f almost every x € Jg
there exists an integer K (x) > 1 such that x ¢ Sy for all £ > K(z). Fix
x € Js with such property, i.e. an arbitrary x produced by the Borel-Cantelli
Lemma. For any n > 1 define the set
(3.32) Cp={lw] € E*: D(w) <27" < D(w|w-1)} -
Now, take any 0 < r < 2= K@)+ Define n > 1 so as to satisfy the inequal-
ities 277! < < 27" Then
(3.33) n > K(x).
Denote the annulus R(z,7,7%) by R and cover 7—!(R) by cylinders from C,,.
We estimate the measure

A(R) = por '(R) <) "u(lw]na'(R))
[w]

IN
=
£
D
3
L
=
_I_
=
5
D
N
L
=
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* indicates that the corresponding sum above is taken over all

where the
cylinders [w] € C,, intersecting 7~ (B(x,r +1?)). Recall that for such cylin-
ders D(w) < 2r, and as r +r3 < 2r, the cylinder [w] is contained in the set
7Y B(x, 47’)). So
I< ) pu(w) < p(Tona  (Bla,4r))) < p (T, na '(B(x,4-27"))) .
[wICTy

Now, first straightforward from the definition of S,,, and from the fact that,
because of (3.33), z ¢ S, then by applying Lemma 3.18, we get that

I <n’u (W_I(B(Jf, 4 - 2_71))) ()
—n\ P iam
< n2ﬂ (B(:B,4 . 2—")) C <;l—n> In <d 4nX)
< n?jt (B(z,4-27)) - Cn2 7
< Cji(B(x,8r) r?

with appropriate constants C and C.
Finally, we apply the estimate of Proposition 3.1 with e = 5/4 to get

I < Cu(B(z,r)r=r’? < Cpu(B(x,r)) rP/*
which completes the estimate of the first sum, i.e. the one labelled by I.
Now, observe that if [w] T}, = (), then D(w) > 47" > r? and so we may
first apply Lemma 3.17, and then Proposition 3.1 with € = a//2 to estimate

as follows:

< > Crop(w]) < Croj(B(, 4r))
[W]NT =0
< Croa(B(z,r))r—s < Cre/?u(B(z,r)).
This completes the upper estimate of I and finishes the entire proof. [

4. APPLICATIONS AND EXAMPLES: EXPONENTIAL ONE LAWS

Let us start by noting that all our examples are in Euclidean spaces,
so the assumption (iii) is always satisfied. In fact, one can prove that so is

(iii"), but we do not need it here.

4.1. Expanding Repellers. In this subsection we deal with the class of,
not assumed to be conformal, expanding repellers. The main result of this
short subsection is Theorem 4.5. It was proved in [34] (see also [31] for its
random counterpart) with the extra hypothesis that a sufficiently strong
version of the thin annuli property holds. The main point in our approach
is that we do not assume any form of thin annuli property. We proved it: this
is Theorem C. Because of the aforementioned papers, having Theorem C,
we could have actually skipped the actual proof of Theorem 4.5, merely
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referring to them. We however provide it as a prelude to more technically
involved further sections, for the sake of completeness, convenience of the
reader, and because this proof is quite short.

In what follows we will need the classical concepts of topological pressure,
variational principle, and equilibrium states. We bring them up now. Let
X be a compact metrizable space, T: X — X be a continuous map, and
¢: X — R be a continuous function. We denote by P(y) its topological
pressure with respect to the dynamical system given by 7', see for example
[30] for the definition and properties. One of the most important of these
properties is the following formula, commonly referred to as the Variational

Principle.

(1.1 Ple) =sup {(7) + [ o}

where the supremum is taken over all Borel probability T—invariant mea-
sures on X. Any measure for which the supremum is attained is called an
equilibrium state of .

We now provide the definition of expanding repellers.

Definition 4.1. Let U be an open subset of R, d > 1. Let J be a compact
subset of U. Let T : U — R? be a C'**differentiable map. The map T is
called an expanding repeller, if the following conditions are satisfied:
(1) T(J) = J,
(2) for every z € J the derivative T7(z) : R? — R? is invertible and the
norm of its inverse is smaller than 1.
(3) there exists an open set V such that V C U and

J= ﬁ T="(V).

(4) the map T'|;: J — J is topologically transitive.

Note that T is not required to be one-to-one; in fact usually it is not. Abusing
notation slightly we refer to the set J alone as an expanding repeller. In order
to use the uniform terminology we also call J the limit set of T

One of the basic concepts associated with expanding repellers is this.

Definition 4.2. A finite cover R = { Ry, ..., R,} of X is said to be a Markov
partition of the space X for the mapping T if the following conditions hold.
(a) Ry=IntR; foralli=1,2,...,q.
(b) Int R, NInt R; =0 for all i # j.
(c) mtR,NT(IntR;) #0 = R; CT(R;) foralli,j=1,2,...,q.
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The elements of a Markov partition will be called cells in the sequel. The
existence of Markov partitions is guaranteed by the following theorem whose

proof can be found for instance in [30].

Theorem 4.3. Any expanding repeller T: J — J admits Markov partitions
of arbitrarily small diameters.

Another crucial theorem about expanding repellers is the following, see
[30] for a proof.

Theorem 4.4. If T: J — J be an expanding repeller and ¥: J — R is a
Holder continuous potential, then there exists py, a unique equilibrium state
for 1 with respect to T

The equilibrium state 1, is also a unique Gibbs state of . A definition
of them can be again found in [30]; we will not need it here. We are now

ready to state and prove the main result of this subsection.

Theorem 4.5. Let T': J — J be an expanding repeller, let v: J — R be
a Holder continuous potential, and let p, be the corresponding equilibrium
(Gibbs) state. Then the measure—preserving dynamical system (T, ,qu) is
Weakly Markov. In particular, the exponential one laws of Theorem A hold.

Proof. We shall check that the system satisfies the requirements of Defini-
tion 2.2 defining Weakly Markov systems. Property (i) of this definition for
the dynamical system (T, /) has been proved in [30]. Property (i) also
has been proved therein. As mentioned, (iii) will be always satisfied in our
examples. Il

4.2. Equilibrium Measures (States) for Holomorphic Endomorphisms
of Complex Projective Spaces. Let f : P¥ — P* be a holomorphic en-
domorphism of a complex projective space P¥, k > 1, and let J(f) be the
Julia set of f, which is commonly defined to be the topological support
of the (unique) Borel probability f—invariant measure of maximal entropy.
Generally, this system is not conformal, although sometimes it is, for ex-
ample if £ = 1, the case dealt with in Section 4.6. Let ¢ : J(f) — R be a
Hoélder continuous function. It was proved in [43] that if

sup(p) — inf(p) < Ky,

where 0 < ry < logd is some constant depending on the map f, then ¢
admits a unique equilibrium state p, on J(f). Further strong stochastic
properties of the measure ju, were established in [40]. A potential ¢ satis-

fying the above condition is called admissible.
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Now, we shall prove the following main result of this section.

Theorem 4.6. Let f : P* — P*, k > 1, be a holomorphic endomorphism of
a complex projective space P¥ of degree d > 1. Let ¢ : J(f) — R be an admis-
sible potential, and let yu, be its unique equilibrium state. Then (J(f), f, 11,)
forms a Weakly Markov system. Consequently, Theorem A holds for this

system.

Proof. We shall check that the system satisfies the requirements of Defini-
tion 2.2 defining Weakly Markov systems. Item (i) of this definition follows
from Theorem 7.6 in [40]. Item (ii), i.e. positive lower pointwise dimension,
can be deduced from much more precise estimate of the lower pointwise
dimension of some f—invariant Borel probability measures obtained in [12],
Theorem A. Indeed, note that the hypothesis of this theorem,

h(f) > (k—1)logd,

is fulfilled for our system since,

hy, (f) + / pdu, =P(p) > hn(f) + / @dm > klogd + inf(y)
J 7
> klogd + sup(p) — logd
=supp + (k — 1) logd,

where we denoted by m the measure of maximal entropy of f. Hence,

hy, (f) > (k—1)logd + (sup(¢) — /sodugo) > (k—1)logd,
as required. 0

4.3. Conformal Graph Directed Markov Systems and Conformal
IFSs. Entering this subsection we start to deal with conformal systems. The
ultimate difference between the examples to follow and those considered in
the previous sections is that now we will be able to establish the convergence
to the exponential one law, i.e. formulas (1.1)—(1.4) for Full classes of radii
and not merely S—Ultra Thick ones. Up to our best knowledge, this is the
first time that the convergence to the exponential law is proved to hold for
so general systems and measures along all radii.

In this subsection we apply our results about the exponential distribu-
tion of statistics of return times, namely Theorem B for Weakly Markov
systems and also the thin annuli property (Theorem 3.15, the same as The-
orem D from the introduction) for conformal IFSs to obtain Theorem 4.8
(the same as Theorem E from the introduction), i.e. the statistics of ex-

ponential one law for dynamical systems naturally induced by conformal
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GDMSs, in particular by conformal IFSs. So, let
SZ=:{¢62_XQE)—$.X¥@)263€ EG

be a conformal GDMS as defined in Section 3.2 and let A: E x E — {0, 1}
denote its incidence matrix. We assume throughout the subsection that A
(and so also S) is finitely irreducible. This time we however assume in ad-
dition that the Open Set Condition, in fact the Strong Open Set Condition
of [26] holds. The Open Set Condition means that

(4.2) o (Int(Xia))) N b (Int( X)) =0

whenever a,b € E with a # b. By a standard induction this condition
implies that

(4.3) G (Int(Xiy(w)) N b7 (Int(Xyr))) =0

whenever w and 7 are any two incomparable words in E%. The Strong Open

Set Condition requires that in addition
Js N Int(X) # 0.

Now let f : EY — R be a Hélder continuous function, called in the sequel
potential. We assume that f is summable, meaning that

Zexp (sup(fljg)) < +oo.
eck

It is well known (see [26] or [25]) that the following limit

P(f) := lim llog Z exp (sup(f|w)))

n—oo M,
wekY

exists. It is called the topological pressure of f. It was proved in [25] (cf.
[26]) that there exists a unique shift-invariant Gibbs/equilibrium measure
g for the potential f. The Gibbs property means that

L sl
S S (5 S - P =

with some constant C; > 1 for every w € FY and every integer n > 1, where

here and in the sequel throughout this subsection

n—1

5u(9) = gulw) == Y goo’

J=0

for every function g : EY — C. Let us record the following basic properties
of the Gibbs state fif.
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Fact 1. If the matriz A is finitely irreducible and if f : EYY — R is a
summable Holder continuous potential, then the unique Gibbs state piy is
ergodic and its topological support is equal to EY. In addition u; enjoys the
Weak Independence Property (A).

Ergodicity has been proved in [26] while the Weak Independence Property
(A) follows immediately from the Gibbs property.

Following [42] we introduce the set

jg = Jg\ U qZSw(aXt(w)).

weE?
We define
EO§ = ng (J )
and notice that for every z € Jg there exists a unique w(z) € EY such that
z = m(w(2)).
Moreover, w(z) € EY and we simply denote it by 7—*(z). Note that
o(EY) c B
and this restricted shift map induces a map Ty : js — js by the formula
Ts(z) =moo(n(2)) € Js,
so that the diagram ) )
EY —7— EN
wl lﬂ
Js — Js
commutes and the map 7 : E'§ — jg is a continuous bijection. The map

Ts : jg — js is the main object of our interest in this subsection. Following

notation of Section 3.3 we denote

fif == g0 7T§1.

The following observation we deduce directly from Fact 1.

Observation 4.7. Suppose that S is a finitely irreducible conformal GDMS
satisfying the Strong Open Set Condition. If f: EY — R is a summable
Holder continuous potential, then

pr(EY) =1 and fg(Js) = 1.
Moreover, the projection : Eo’ﬁ — Js establishes a Measure—preserving So-

morphism between measure—preserving dynamical systems (0': Eoﬁ — Eﬁ, Mf)
and (TSZ JOS — jg,ﬂf).
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We shall prove the following.

Theorem 4.8. Suppose that S is a finitely irreducible and geometrically
wrreducible conformal GDMS satisfying the Strong Open Set Condition. If

f: EY — R is a summable Holder continuous potential such that
(4.4) > exp (inf (flig)) 164117 < +o00
eck

for some 8 > 0, then the measure—preserving dynamical system (Tg :Js —
js, /lf) is Weakly Markov and satisfies the Full Thin Annuli Property. In
consequence, the exponential one laws of (1.1) and (1.2) hold for the dy-
namical system (TS : jg — jg,/fcf). Precisely,

jis ({z € X1 7p,0m(2) > m}) — et

for p—a.e. x € X, i.e. the distributions of the normalized first entry time

(4.5) lim sup =0

r—0 >0

converge to the exponential one law, and

[1£B,(x) <{2 € By(2): T,(x)(2) > m}) —e!

for p—a.e. x € X, i.e. the distributions of the normalized first return time

(4.6) limsup =0

r—0 +>0

converge to the exponential one law.

Proof. Property (i) of being Weakly Markov (i.e. of Definition 2.2) for the
dynamical system (o : EN — EN #) has been proved in [26]. For the
dynamical system (T S jg — js, i f) it then follows from the fact that the
projection 7s : EY — Js is Hélder continuous. Property (ii) has been also
proved in [26].

Since, see Theorem 3.15, measure fi¢ satisfies the Full Thin Annuli Prop-
erty for IFSs, we are done in the case when § is an [FS. In the general case
we need an inducing argument. We only need to show that /i, satisfies the
Full Thin Annuli Property. Fix a € F arbitrary and consider the following
collection of A-admissible words.

E, = {7‘ € By 1 = a, Vock<|r| Tk # 4, Ar o= 1}'

This gives rise to the following system of conformal uniformly contracting
maps

Sa = {brlouxua) * Pa(Xit@) = ba(Xi(w)) }-
It is evident that £ C £% and that S, forms a conformal IFS whose limit
set is contained in Js N ¢, (Xt(a)); in the same vein the first return map
04 : [a] — [a] is canonically isomorphic to the full shift from EY to EN.

Moreover, the conditional measure fi, ¢ on [a] is the only Gibbs/equilibrium
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state of the shift map o, : [a] — [a] and the Holder continuous summable
potential

Ea 3 wr— Sy f(w) = P(f)lwn]| €R,
where |w;| maintains its original meaning as the length of a word in E?
and S|, f denotes a Birkhoff’s sum with respect to the original shift map
o : BY — EY. Tt therefore follows from the already proven cases of [FSs that
[a ¢ satisfies the Full Thin Annuli Property. Since, by Poincaré Recurrence

Theorem,
117 (Pe(Xie)) N Js.) = g (de(Xie)))
and since
B(z,7) C Int (¢r-1(5)(Xe(r1(29))) € Sn1(2) (Xr1(2)
for all radii 7 > 0 small enough, we therefore conclude that s itself has the
Full Thin Annuli Property. The proof is complete. Il

Remark 4.9. Note that if the system S of Theorem 4.8 is finite, then
the hypothesis (4.4) is automatically satisfied and can be removed from its

assumptions.
Now we will pass to deal with measures that are of more geometric flavor.

Definition 4.10. We say that a real number s belongs to I's, if
(47) DIl < +oo.

eck

We define the function ¢ : EYf — R
((w) = log |, (ms(o(w))].
For every t € R we consider the potential
t¢: By — R.
Furthermore, we set

P(t) := P(t().

Let us record the following immediate observation.

Observation 4.11. A real number s belongs to Us if and only if the Hélder
continuous potential sC : EY — R is summable.

We recall from [23] and [26] the following definitions:
vs:=1infTs = inf{s eR: Z |on]]2, < —I—oo}.

eck
Note that if the alphabet E is finite, then s = —oo and if E is infinite,
then vs > 0. The proof of the following statement can be found in [26].
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Proposition 4.12. If S is a finitely irreducible conformal GDMS, then for

every s > 0 we have that
I's={seR:P(s) < +o0}

In particular,

vs =1inf{s € R: P(s) < +o0}.
For every t € I's we abbreviate

Ht 2= Hic-

As an immediate consequence of Theorem 4.8 we get the following.

Corollary 4.13. Suppose that S is a finitely irreducible and geometrically
wrreducible conformal GDMS satisfying the Strong Open Set Condition. Fix a
real number t > vs. Then the corresponding measure—preserving dynamical
system, (Tg : jg — jg,ﬂt) is Weakly Markov and satisfies the Full Thin
Annuli Property. In particular, the exponential one laws of (1.1) and (1.2)
hold for the dynamical system (Tg : JOS — jg,/lt).

Remark 4.14. Recall that if the system S of Corollary 4.13 is finite, then
vs = —oo and the hypothesis t > 75 is automatically fulfilled.

Remark 4.15. In the setting of Corollary 4.13, let hs be the Hausdorff
dimension of the limit set Jgs. It is known, see [26], that then Hy4(Js), the
hs—dimensional Hausdorff measure of Js is finite while the corresponding
packing measure P, (Js) is positive. If either one of these two measures is
both finite and positive, then this measure is equivalent to the measure i
(which then does exist!) with uniformly bounded Radon-Nikodym deriva-
tives. Thus the Full Thin Annuli Property holds respectively for Hj, or
Pjs (or both) restricted to Js. This is always the case when the system S
is finite. Note also that if u is any finite Borel measure satisfying Ahlfors
property with exponent h > d — 1, then, as a straight volume argument
shows, this measure satisfies the Full Thin Annuli Property at each point

of its topological support.

Since, as it is well known, the harmonic measure of the limit set of a finite
conformal IF'S which satisfies the strong separation condition, is equivalent,
with uniformly bounded Radon—Nikodym derivatives, to a Gibbs/equilib-
rium measure, as an immediate consequence of Theorem 4.8, we get the

following.
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Corollary 4.16. Suppose that S is a conformal IFS in the complex plane
C satisfying the Strong Separation Condition. Then the harmonic measure
of its limit set satisfies the Full Thin Annuli Property.

In fact this corollary is a consequence of Theorem 4.8 under the additional
assumption of geometrical irreducibility. In the real-analytic case, still IF'S,
it follows, from easy to prove, upper estimates of the harmonic measure of
a ball by its radius raised to some positive power.

4.4. Conformal Parabolic GDMSs. In this subsection, following [24]
and [26], we first shall provide the appropriate setting and basic proper-
ties of conformal parabolic iterated function systems, and more generally
of parabolic graph directed Markov systems. We then prove for them the
appropriate theorems on convergence to the exponential law.

As in Section 3.2 there are given a directed multigraph (V, E,i,t) (E and
V both (!) finite), an incidence matrix A : E x E — {0, 1}, and two func-
tions i,t : £ — V such that A, = 1 implies #(b) = i(a). Also, we have
nonempty compact metric spaces {X,},ey and their respective bounded
connected neighborhoods W,,, v € V. Suppose further that we have a col-
lection of conformal maps ¢, : Xy = Xj(), € € E, satisfying the following

conditions:
(1) Open Set Condition: ¢;(Int(X)) N ¢;(Int(X)) = 0 for all i # j.

(2) |¢i(x)| < 1 everywhere except for finitely many pairs (i,z;), i € F,
for which z; is the unique fixed point of ¢; and |¢;(x;)| = 1. Such
pairs and indices ¢ will be called parabolic and the set of parabolic
indices will be denoted by 2. All other indices will be called hyper-
bolic. We assume that A; = 1 for all 7 € Q.

(3) Vn > 1 Vw = (wy, ...,w,) € £} if w, is a hyperbolic index or w,_; #
Wy, then ¢, extends conformally to an open connected set Wy(.,,) C

R? and maps Wiw,) into Wie,y.

(4) If i is a parabolic index, then (1, 5o ¢ (X) = {;} and the diameters
of the sets ¢;» (X) converge to 0.

(5) ds < 1Vn > 1Vw € E7% if w, is a hyperbolic index or w,_1 # wp,
then

0Ll < s.
We call such a system of maps
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a subparabolic iterated function system. Let us note that conditions (1), (3),
(5) are modeled on similar conditions which were used to examine hyperbolic
conformal systems. If Q # (), we call the system {¢; : i € E'} parabolic. As
declared in (2) the elements of the set £\ (2 are called hyperbolic. We extend
this name to all the words appearing in (5). It follows from (3) that for every
hyperbolic word w,

b0 Wiw)) C Wiw)-
Note that our conditions ensure that ¢;(x) # 0 for all i € F and all z € Xy;).
It was proved (though only for IFSs but the case of GDMSs can be treated
completely similarly) in [24] (comp. [26]) that
(4.8) Tim. Sup {diam (¢, (Xi(w)))} = 0.

As its immediate consequence, we record the following.
Corollary 4.17. The map m: EY — X =, o,

{m(@)} = () bur (X)),

n>0

Xy,

1s well defined, i.e. this intersection is always a singleton, and the map 7 is

uniformly continuous.

As for hyperbolic (attracting) systems the limit set J = Jgs of the system
S = {¢e}ece is defined to be

Js :=7n(EY)
and it enjoys the following self-reproducing property:

J = ¢().

eck
We now, following still [24] and [26], want to associate to the parabolic
system § a canonical hyperbolic system S*. The set of edges is this.

E,={i"jin>1,i€Q, i£j€E, Aj=1}U(E\Q) C E}.
We set
V. =t(F,) Ui(E,)
and keep the functions ¢ and 7 on FE, as the restrictions of ¢ and 7 from
E%. The incidence matrix A, : F, x E, — {0,1} is defined in the natural
(the only reasonable) way by declaring that A, = 1 if and only if ab € E7.
Finally
S* = {¢e : Xt(e) — Xt(e) ec E*}

It immediately follows from our assumptions (see [24] and [26] for details)
that the following is true.
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Theorem 4.18. The system S* is a hyperbolic conformal GDMS and the
limit sets Js and Js« differ only by a countable set.

We have the following quantitative result, whose complete proof can be
found in [1].

Proposition 4.19. Let S be a conformal parabolic GDMS. Then there exists
a constant C' € (0,400) and for every i € ) there exists some constant
Bi € (0,+00) such that for alln > 1 and for all z € X; := U;cp 1y ¢5(X),

L s i
C™n #i <|pm(z)] <Cn @ .

In fact we know more: if d = 2 then all constants 5; are integers > 1 and if

d > 3, then all constants [3; are equal to 1.

Let
B = fs:=min{F; : i € Q}.

Passing to equilibrium/Gibbs states and their escape rates, we now describe
the class of potentials we want to deal with. This class is somewhat narrow
as we restrict ourselves to geometric potentials only. There is no obvious nat-
ural larger class of potentials for which our methods would work and trying
to identify such classes would be of dubious value and unclear benefits. We
thus only consider potentials of the form

EY dwr G(w) i=tlog|gl, (rs(oc(w)))] €R, t>0.

We then define the potential ¢/ : £ — R as

¢ (i"jw) = ZQ (i"jw)), 1€Q, n>0,j#i and "jw € E5..

We shall prove the following.

Proposition 4.20. If S is a finite conformal parabolic GDMS, then given
t > 0 the potential (; is Holder continuous. Moreover, this potential is

summable if and only if

B

t>—r0.
p+1

Proof. Holder continuity of potentials ¢}, ¢ > 0, follows from the fact that
the system S* is hyperbolic, particularly from its distortion property, while

the summability statement immediately follows from Proposition 4.19. [

B
B+1

state for the potential ¢; with respect to the shift map o, : ES%. — E25..

So, for every ¢t > we can define p; to be the unique equilibrium/Gibbs
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We know that u; gives rise to a Borel o-finite, unique up to multiplica-
tive constant, o-invariant measure p; on EY°, absolutely continuous, in fact
equivalent, with respect to y;; see [26] for details in the case of t = bg = b=,
the Bowen’s parameter of the systems S and S* alike. The case of all other
t > -2 can be treated similarly. Tt follows from [26] that the measure i is

B+1
finite if and only if either

(a) t € (%,b‘g) or

(b) t =bs and bs > ,82_-51

The main result of this subsection is the following.

Theorem 4.21. Suppose that S is a finite irreducible and geometrically
wrreducible parabolic conformal GDMS satisfying the Strong Open Set Con-
dition. Fix a real number t for which one of the conditions (a) or (b) above
holds. Then the corresponding measure—preserving dynamical system (T S
jg — jg, [Lt) satisfies the Full Thin Annuli Property and the exponential one
laws of (1.1) and (1.2) hold for the dynamical system (Tg :Js — Jog,ﬂt).

Proof. The proof consists of the following three ingredients. The first one is
that the induced system S&* with the measure pf satisfies all the hypotheses
of Corollary 4.13. The second one is that the measure—preserving dynamical
system (TS* : JOS* — JGS*, iy ) forms the 1st return time map of the measure—
preserving system (Tg : jg — jg, ,&t). The third one is that, according to
one of the main results of [17], if the 1st return time map of a measure-
preserving dynamical systems satisfies the exponential one laws of (1.1) and
(1.2), then so does the original system. O

We would like to remark that Theorem 4.21 covers such examples as
Parabolic Cantor Sets (see [41]) Apollonian packing system (see [26]), and
finitely generated Schottky groups with some generating ball tangent to each
other, Farey map, and much more. More information about these systems

can be found for example in [26].

We would like however to single out one class of parabolic systems,
namely parabolic rational functions. These are defined as rational functions
of the Riemann sphere whose restrictions to their Julia sets are expansive
but not expanding. Equivalently (see [10]), those whose Julia sets contain
no critical points but do contain rationally indifferent (parabolic) periodic
points. Such rational functions admit Markov partitions with arbitrarily
small diameters (see [10] again). Thus, these can be viewed as finite para-

bolic conformal iterated function systems. Let f : C — C be such a function.
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Let hy be the Hausdorff dimension of the Julia set J(f) of f. Let p > 1
denote the maximal number of petals around parabolic periodic points of f.
It coincides with the number 5 of the above mentioned parabolic iterated
function system. Suppose that
2p

p+1

We know from [10], [11], and [1] that if (4.9) holds, in fact if Ay > 1,
then the hg-dimensional Hausdorff measure of J(f) is positive and finite.

(49) hf >

Furthermore (see the same three papers), still assuming (4.9), there exists
then a unique probability f-invariant measure absolutely continuous, in fact
equivalent, with respect to this Hausdorff measure. This invariant measure
coincides with the measure fi,, obtained from the parabolic conformal iter-
ated function system generated by the above mentioned Markov partition.
Therefore, Theorem 4.21 entails the following.

Theorem 4.22. Let f : C—Cbhea parabolic rational function whose Julia
sets is not contained in any real analytic curve. Assume also that (4.9)
holds. Then the measure fi,, satisfies the Full Thin Annuli Property and
the exponential one laws of (1.1) and (1.2) hold for the dynamical system

(f = J() = T(f)s funy ) -
Remark 4.23. A classical example to which Theorem 4.22 applies is the

polynomial Cozm— 22+ %.

Remark 4.24. The obvious analogue of Theorem 4.22 holds for all ¢ €
(1%, hf>. Note however that this case is also covered by Subsection 4.6.

4.5. Conformal Expanding Repellers. Now let us formulate the defi-
nition of a conformal expanding repeller, the primary object of interest in

this subsection.

Definition 4.25. Let U be an open subset of R?, d > 1. Let J be a compact
subset of U. Let T : U — R? be a conformal map. The map 7 is called a
conformal expanding repeller if the following conditions are satisfied:

(1) T(J) = J,
(2) [T > 1,
(3) there exists an open set V such that V C U and
J=T(V).
k=0

(4) the map Tj; : J — J is topologically transitive.
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So, a conformal expanding repeller is an expanding repeller of Subsection 4.1
for which the corresponding map 7' is not merely smooth but conformal.
Typical examples of conformal expanding repellers are provided by the fol-

lowing.

Proposition 4.26. If f : C — C is a rational function of degree d > 2,
such that the map f restricted to its Julia set J(f) is expanding, then J(f)

15 a conformal expanding repeller.

Theorem 4.27. Let T: J — J be a conformal expanding repeller such that
J is not contained in any real analytic submanifold of dimension < d — 1.
Let vp: J — R be a Hélder continuous potential and, see [30], let ., be the
corresponding equilibrium (also frequently referred to as Gibbs) state. Then
the measure—preserving dynamical system (T: J = J, ud,) 1s Weakly Markov
and satisfies the Full Thin Annuli Property. In particular, the exponential
one laws of (1.1) and (1.2) hold for the dynamical system (T: J — J, ,u@.

Proof. The dynamical system (T J = uw) is Weakly Markov because
this property was established in Theorem 4.5 for all expanding repellers. For
the Full Thin Annuli Property we use again the Markov partitions discussed
in Subsection 4.1. So, let

R ={Ri,...,R,}

be the Markov partition considered therein. We now associate to R a finite
conformal graph directed Markov system. The set of vertices is equal to R
while the alphabet E' is defined as follows.

E={Gj)e{l,2....¢} x{1,2...,¢} : Int R, N T(Int R;) # 0}.
Now, for every (i,j) € FE there exists a unique conformal map Tfjl :
B(Rj,6) — R? satisfying

T,/ (R;) C R;.

Define the incidence matrix A: E x E — {0,1} by

o
Define further

t(i,j) =4 and (i, j) =1.

Of course,

Sr =A{T;; : (i.j) € B}
forms a finite conformal directed Markov system, and Sk is irreducible since
the map 7" : J — J is transitive. In addition, S is geometrically irreducible
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because J is not contained in any any real analytic submanifold of dimension
< d — 1. Define the potential 1& : B — R by

1& = w(ﬂ'&z)'
The potential 1& is Holder continuous as a composition of two Holder con-
tinuous functions; Holder continuity of ms, with the standard metric on
the symbol space follows immediately from the expanding property and a
detailed proof can be found e.g. in [30]. Moreover, it is known (see [30]) that

flp = Ly 0 g
Therefore, the Full Thin Annuli Property of p, follows from Theorem 4.8;

remember that this is not a property of a system but of a measure. The

proof is complete. O

Remark 4.28. Since, every conformal expanding repeller T : J — J admits
a finite Markov partition (see Theorem 4.27), the proof of this theorem
shows that Corollary 4.13 and Remark 4.15 now apply, the latter for IFSs
with finite alphabets. These two thus yield the Full Thin Annuli Property
of HD(.J)-dimensional Hausdorff measure of J.

4.6. Equilibrium States for Rational Maps of the Riemann Sphere
C and Hélder Continuous Potentials with a Pressure Gap.

Let f: C — C be a rational map of degree larger than 1. Denote by
J(f) its Julia set. Let ¢: J(f) — R be a Holder continuous function. As
in previous subsections keep P(¢) to denote its topological pressure with
respect to the dynamical system generated by the map f : J(f) — J(f).
M. Lyubich proved in [22] that in our context of rational functions each
continuous function admits an equilibrium state. It was shown in [9] that if

¢ (being Holder continuous) has a pressure gap, i.e. if

P(p) > %sup(SnsO)

for some integer n > 1, then there exists a unique equilibrium measure for
¢ which we again denote by fi,.

In [39] several strong stochastic properties of this equilibrium measure
tt, have been deduced from a special inducing scheme. The induced map
forms a conformal Iterated Function System, satisfying the Strong Separa-
tion Condition, in particular the Strong Open Set Condition. Now we shall

prove the following main result of this section.

Theorem 4.29. Let f: C — C be an arbitrary rational map of degree

larger than 1 whose Julia set is not contained in a real analytic curve (this
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is always the case if for instance HD(J(f)) > 1). Let ¢: J(f) — R be a
Hoélder continuous function with a pressure gap. Then (J(f), f, 1,) forms a
Weakly Markov system with the Full Thin Annuli Property. Consequently,
the exponential one laws of (1.1) and (1.2) hold for the dynamical system

(T J(f) = T(f)s o) -

Proof. In order to check that the required properties hold, we refer to appro-
priate results in [39]. The argument for the dynamical system (7" : J(f) —
J(f), ”90) to be Weakly Markov is actually the same as the one presented
in the proof of Theorem 4.6. It is exactly the same for item (i) while the
argument for item (ii) is simpler; it holds in the current one-dimensional
setting, since the limit under consideration exists p,—a.e. and is equal to
the Hausdorft dimension of the measure 1, which is a positive number.

The Full Thin Annuli Property is a consequence of the above-mentioned
fine inducing procedure, see [39], Section 3. We follow the notation of [39],
especially Section 8 of this paper. The fine inducing construction leads to a
conformal IFS; satisfying the Strong Separation Condition, and such that
the limit set of this system is of full y, measure. We denote this system
by §. We recall briefly the way this induced system is constructed. For a
properly chosen topological disc U, the system § is defined by a family of
conformal univalent homeomorphisms ¢, : U — D,, e € E, where E is some
countable set and D, C U for every e € E. Each map ¢., e € E, is just, a
suitably chosen, holomorphic branch of the inverse of some iterate of f, say
fNE mapping U onto D.. As usual, denote the corresponding projection
from EN to C by ms. The iterated function system S, together with the
summable Holder potential

? = Sn@eporns —P(p)N(e): BN - R,

arising naturally from the inducing procedure, admits an (invariant) equi-
librium state which is equivalent to the initial measure p,. We claim that
the IFS S together with the (induced) potential @, satisfies the hypotheses
of Theorem 4.8, with f therein being replaced by ». We shall sketch the ar-
gument here, referring to appropriate estimates in [39]. The estimate which

we need to verify the assumption of Theorem 4.8 is the following (see (4.4))

(4.10) > "exp (inf (Zl)) 1164127 < +o0

eck

with some 8 > 0. Note, however, that exp (inf (@\[e])) is multiplicatively

comparable to p,(D.) independently of e, and, consequently, in order to
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verify (4.10), it is enough to check that
(4.11) /|F,|Bdl’w < oo for some f >0,

where the map F is defined on each set D, just as (¢.)~!. This can be easily
done by using the estimates provided in [39]. Indeed, by the definition of F
and the system S, we have that F|p, = fN(|p, . Moreover, the estimates
in [39] (see e.g. the formula (3.1) in [39]) show that

(U p)ca

e: N(e)>n
for every integer n > 1 and some v > 0. Using the trivial estimate |F’| <
|||V, (4.11) follows immediately. Finally, the system S is geometrically
irreducible since the Julia set is not contained in any real analytic curve.
Therefore, we are in position to apply Theorem 4.8, and the measure p,,

has the Full Thin Annuli Property. The proof is complete. U

4.7. Dynamically Semi—Regular Meromorphic Functions.

Let f: C — C be a meromorphic function. Let Sing(f~1) be the set of
all singular points of f~!, i.e. the set of all points w € C such that if W
is any open connected neighborhood of w, then there exists a connected
component U of f~!(W) such that the map f: U — W is not bijective. Of
course, if f is a rational function, then Sing(f~!) = f(Crit(f)). Define

PS(f) == f"(Sing(f ™).

The function f is called topologically hyperbolic if
dist guena(Jr, PS(f)) > 0,
and it is called ezpanding if there exist ¢ > 0 and A > 1 such that

(f")(2)] = eA”

for all integers n > 1 and all points z € J;\ f~"(00). Note that every topolog-
ically hyperbolic meromorphic function is tame (see definition before The-
orem 4.32). A meromorphic function that is both topologically hyperbolic
and expanding is called hyperbolic. The meromorphic function f: C — C
is called dynamically semi-regular if it is of finite order, commonly denoted

by py, and satisfies the following rapid growth condition for its derivative.
(412) P2 A+ DD A+ ), 2 ey,

with some constant x > 0 and «y, s such that as > max{—ay,0}. Set

Q= Q] + Qas.
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Let h: J; — R be a weakly Hélder continuous function in the sense of [27].
The definition, introduced in [27] is somewhat technical and we will not
provide it in the current paper. What is important is that each bounded,
uniformly locally Hélder function h: Jr — R is weakly Holder. Fix 7 > ao
as required in [27]. For t € R, let

(4.13) Uy = —tlog|f'|, + h

where |f’(2)|, is the norm, or, equivalently, the scaling factor, of the de-
rivative of f evaluated at a point z € Jy with respect to the Riemannian
metric
|dr(2)| = (1 + |2])7"[d].

For any t > pg/a let Ly : Cyp(Jy) — Cy(Jy) be the corresponding Perron—
Frobenius operator given by the formula

Lig(z)= Y glw)e™.

wef~1(2)
The hypothesis ¢ > py/a guaranties that the series
> W)t
wef1(2)

converges uniformly on Jf, and, in particular, the linear operator L; :
Cy(J¢) — Cy(Jy) is well defined and bounded. It was shown in [27] that, for
every z € Jg, the limit

1
lim —log £:1(z)

n—oo N

exists and takes on the same common value, which we denote by P(¢) and
call the topological pressure of the potential ;. The following theorem was
proved in [27].

Theorem 4.30. If f : C — Cisa dynamically semi-reqular meromorphic
function and h : Jp — R is a weakly Holder continuous potential, then for
every t > pr/a there exist uniquely determined Borel probability measures
my and py (which do depend on the function h too, even though this is not
explicitly indicated) on Jy with the following properties.

He O.f_l = Hi; fwt d:ut > —oQ, and hﬂt(f) + f”vbtdﬂ't = P(t)

d) The measures p; and m; are equivalent and the Radon—Nikodym
H Y
derivative % has a nowhere-vanishing Holder continuous version

which 1s bounded from above.
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Item (a) (along with (d)) essentially means that m; and p, are Gibbs states
of the potential v, while items (b) and (c) mean that p; is an equilibrium
state for the potential ¢);. We shall prove the following.

Theorem 4.31. Let f: C — C bea dynamically semi-reqular meromorphic
function whose Julia set is not contained in a real analytic curve (this is
always the case if for instance HD(J;) > 1). Let t > py/a, and let h: Jp —
R be a weakly Holder continuous potential. Then the measure—preserving
dynamical system (f :C— @, ,ut) is Weakly Markov and satisfies the thin
annuli property. In particular, the exponential one laws of (1.1) and (1.2)
hold for the dynamical system (f :C— ((A:, ut).

Proof. Property (i) of being Weakly Markov (i.e. of Definition 2.2) for the
dynamical system (f : C — C, 11¢) has been proved in [27] as Theorem 6.16.
Property (ii) is a part of Theorem 8.1 therein.

We are thus left to prove the Thin Annuli Property. As in the case of
conformal graph directed Markov systems it will be based on an inducing
argument. The point is that one can construct conformal IFSs having any
given non-periodic recurrent point of the Julia set in the interior of its seed
set. We formulate the appropriate theorem in a more general setting which
does not enlarge the volume of our considerations. Following [29] and [38§]
we call a meromorphic function f: C — C tame if

JHNPS(f) # 0.

The following theorem was proved in [8].

Theorem 4.32. Let f : C — C be a tame meromorphic function. Fix a

non-periodic point z € J(f)\ PS(f), k > 1, and K > 1. Then for all

A > 1 and for all r > 0 sufficiently small there exists an open connected set

V =V(z,r) C C\ PS(f) such that
(a) If U € Comp(f~™(V)) and UNV #£ 0, then U C V.
(b) If U € Comp(f~™(V)) and UNV # 0, then for all w,w’ € U,
|(f™) (w)|
() ()l 2 A and o= < K.
|(f) (w")]
(¢) B(z,r) CU C B(z,kr) C C\ PS(f).
Each nice set canonically gives rise to a countable alphabet conformal iter-
ated function system in the sense considered in the previous sections of the

present paper. Namely, put

Comp, (V) = |_J Comp(f (V).
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For every U € Comp, (V) let 7(U) > 1 the unique integer n > 1 such that
U € Comp(f~(V)). Put further

ov=fo "V U

and keep in mind that
ou(V) =U.

Denote by Ey the subset of all elements U of Comp, (V') such that

(a) gu(V) CV,

d) fFUYNV =0 forall k=1,2,...,7(U)— 1.
The collection

Sy i ={¢y: V -V}

of all such inverse branches forms obviously a conformal iterated function
system in the sense considered in the previous sections of the present paper.
In other words, the elements of Sy are formed by all holomorphic inverse
branches of the first return map fy: V. — V. In particular, 7 (U) is the

first return time of all points in U = ¢y (V) to V. We define the function
Ny: EY — N by setting

Ny (w) = 1y (w1).
Let my: EY — C be the canonical projection induced by the IFS Sy . Let
Jv =Ty (E‘I\/I)

be the limit set of the system Sy . Clearly Jy, C J(f). It is immediate from
our definitions that

Tv(r(w)) = Ny (w)
for all w € EY. It is a general fact from abstract ergodic theory that py v,
the conditional measure of pu; on V' is fy—invariant and ergodic. It is clear
that yu v is the (only) equilibrium state of the Holder continuous summable

potential
Uy =y — Py« Jv = R,

where .
Ty (z)—1
Py (z) = § Py o f(x).
j=0

Since the point z is recurrent, z € Jy,, and since z € V, the Full Thin Annuli
Property of measure p; will follow from Theorem 4.8 provided that condition
(4.4) and geometric irreducibility are verified. But the former follows from
the assumption that ¢ > ps/a while the latter holds since the Julia set is

not contained in any real analytic curve. O
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