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ABSTRACT. We consider small perturbations of a conformal iterated function system (CIFS) pro-
duced by either adding or removing some generators with small derivative from the original. We
establish a formula, utilizing transfer operators arising from the thermodynamic formalism a la
Sinai-Ruelle-Bowen, which may be solved to express the Hausdorff dimension of the perturbed
limit set in series form: either exactly, or as an asymptotic expansion. Significant applications in-
clude strengthening Hensley’s asymptotic formula from 1992, which improved on earlier bounds
due to Jarnik and Kurzweil, for the Hausdorff dimension of the set of real numbers whose continued
fraction expansion partial quotients are all < N; as well as its counterpart for reals whose partial
quotients are all > N due to Good from 1941.
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1. INTRODUCTION

We are approaching the close of a century of mathematics, following Hausdorff’s seminal work
[39], dedicated to a panoply of measure- and dimension-theoretic research regarding the intri-
cate fractal geometry of sets arising from classical Diophantine approximation and its manifold
avatars. Abram Samoilovitch Besicovitch and Vojtéch Jarnik were among the pioneers who first
broke ground at this fertile interface of algebra (number theory) and analysis (geometric measure
theory), and this paper is dedicated to the beautiful vistas exposed by their mathematics. Their
influential investigations have led to a blossoming area broadly known as metric Diophantine ap-
proximation, with several connections to classical number theoretic questions, as well as more
surprising links to mathematical physics, dynamical systems, fractal geometry, analytic combina-
torics, computer science, wireless communication, etc. — see [6,|7,(13}/23,,27,129,(33}/44,48,57,/62,
64,71,81,84] and the references therein for a sampling of such relationships.

We begin with a brief description of two theorems in this vein, which follow from our more
general results that are described in later sections. Recall (e.g., [56}77]) that an irrational number
x is called badly approximable if there exists € > 0 such that |z — p/q| > £/q? for any rational p/q.
To study Diophantine properties it suffices to consider irrationals in the open unit interval, and for
any irrational x € [0, 1] we may abbreviate its simple (or regular) continued fraction expansion as
follows

T = :[a17a27a37”']7

az + °.

where the sequence of positive integers a; = a;(x) are known as the partial quotients (or con-
tinued fraction entries/digits) of x. It is well-known ([77, Theorem 5F] or [[12, Theorem 1.9])
that z is badly approximable if and only if the partial quotients in its continued fraction expan-
sion are bounded. Thus given a finite subset I C N the set A; of all numbers in [0, 1] whose
continued fraction expansions have partial quotients that belong to I form a subset of the badly
approximable numbers. Such sets A; are Cantor sets that may be described as conformal iterated
function system (CIFS) limit sets [18,/66], or as cookie-cutter (Cantor) sets, after Dennis Sullivan
[4]. The study of their Hausdorff dimension has attracted the attention of several researchers
over many decades — for a small sampling of such work across a broad spectrum of fields see
[14,15L/17,[20-22/30,(34}/35//4143l45/|50-53,/59,(70] and the references therein. In contrast, es-
timates and rigorous dimension computation for Cantor sets that arise from infinite subsets I C N
(and the measure-theoretic study of limit sets of infinite CIFS, more generally) present a variety
of new challenges and there is plenty left to uncover in this vein, see [|19,31,/32}36,40,66,67,73]
for some progress in this vein.
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Perhaps the earliest paper on the Hausdorff dimension of continued fraction Cantor sets was
Jarnik’s paradigmatic [[49], in which he established that for every N > 8
— L < dimH(F<N) <1-— #
Nlog(2) — = 8N log(N)’
where dimy denotes Hausdorff dimension and F< y denotes the set of all numbers in [0, 1] whose
continued fraction expansions have partial quotients all < N. As a corollary Jarnik was able to
prove his seminal result on full Hausdorff dimension of the set of badly approximable numberﬂ
which may be described as an increasing union of the F<y sets.
Over two decades later in 1951, Jarnik’s student Jaroslav Kurzweil was able to improve the
former bounds in his doctoral work by proving [63, Theorem VIII] that
(1.1) - % < dimp (Fey) <1 — %
for N > 1000. This was the state of the art for the next four decades until the breakthrough work
of Doug Hensley who leveraged functional analytic technique to improve on Kurzweil’s result
by proving [45] (cf. [12, Chapter 5]) that

N 7t N2 N2
Note that is stronger than since .25 < 6/7% < .99, and also has an estimate on the
error term o(1/N).

Hensley’s haunting formula leads to some natural questions: what does the remainder
term O(1/N?) look like? Can it be written as ¢/N? + o(1/N?) for some coefficient ¢? And if so,
what does the o(1/N?) here look like: do more logarithms appear? The following theorem is an
example of our main result, Theorem applied to the sequence of sets (F<y):

Theorem 1.1. For each p > 1, the Hausdorff dimension of F<y can be estimated via the formula

log logP}(V)
(1.3) dlIIlH F<N =14+ ZZ i i Op (]Vp ,

where c; ; € R are effectively computable constants. Here O, means that the implied constant of O
may depend on p.

Note that by we have ¢;g = —6/72 and co; = —72/7% Our methods yield explicit
formulas for the subsequent coefficients ¢; ; (see Appendix [A| for some example computations),
but the formulas for ¢y o and further coefficients depend on a certain operator ) on the space of
Holder-continuous functions on [0, 1], defined in terms of the Gauss—Kuzmin-Wirsing operator L
(cf. Theorem [2.1)). This operator is given as a series and it appears to be quite challenging to give

Ljarnik’s result inspired a myriad extensions, see e.g. [5/26,/33}72,|76}|82].

2Hensley’s approach arose from a distinguished line of research on Gauss’s problem on the distribution of continued
fraction partial quotients by Kuzmin, Levy, Sziisz, Wirsing, Babenko, Mayer and several others, see Knuth’s [58, pp.362-
366] for a beautiful, albeit already dated, survey.
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. - . . def .
a closed formula for its value on explicitly given functions such as 1(z) = 1. In particular, the
precise formula for 3 in terms of () is quite complicated; see (A.2). However, the sequence of
coefficients (c; ;1) turns out to have a relatively simple expression:

9i—1 _ ;i=2 / @ (
1. il = ——————— | —= | .
14 e G} ] (w)

This includes the two coefficients ¢; o and ¢z ; computed by Hensley.

Our techniques can be used to estimate the Hausdorff dimensions of many different sequences
of sets coming from conformal iterated function systems, such as sequences of sets (F) where
each Fy is specified by restricting continued fraction partial quotients to lie in some set Exy C N,
such that the sequence of characteristic functions (1z, ) converges pointwise to some character-
istic function 1y (we denote such convergence by Ex — E). In some cases, the formula for
the Hausdorff dimension coming from Theorem ends up being much more complicated than
(1.3).

For instance, consider F% y, the set of elements of [0, 1] whose continued fraction partial quo-
tients are all > N. The earliest estimates on the dimension of F-y were obtained in the late
1930s by Irving John (Jack) Good. Good’s work [37,38], which was undertaken on Besicovitch’s
suggestion and awarded the prestigious Smith Prize at the University of Cambridge [3]], has since
inspired a wealth of research on the dimension theory of continued fraction Cantor sets. Good
proved that for N > 20

1 1 1 loglog(N —1

2 + 2log(N +2) — < dimp (Fon) < 2 Qgiogg(;g\f - 1))
Now applying our main result, Theorem to the sequence of sets (F> ) leads to the following
strengthening of Good’s result:

Theorem 1.2. For each p > 1, the Hausdorff dimension of F~y can be estimated via the formula

1 1 > & 1ogflog10g(N)
dimp(Fon) = = + ——— |logl log log 1 26 S 0BT)
() =+ ks o) - oo+ 323 el

(1'5) p—1 oo Jt+k

> log? log log(NN) <10g log(N)>
+ , +0,| —=———=
ZZ Z Z Cakt i log’ (N) logF log(N) P\ NPlog(N)

i=1 j=1k=—7 £=0

where ¢,y € Qand ¢; j 1.0 € Q are appropriate constants that can be computed explicitly. For example,
C1,1 = —1, C2,1 = 1, €22 = —1/2, C3,1 = —1, C3,2 = 3/2, C3,3 = —1/3, and C1,1,-1,0 = 1/2.

Outline for the sequel. In Section [2[we prove a general result in the setting of Banach spaces
that will introduce the key equation leading to (1.3) and (1.5). In Section 3| we introduce a class
of conformal iterated function systems that includes the class of Gauss IFSes, to which our results
will apply. In Section [4 we state our main theorem, of which Theorems [1.1] and [1.2] are special
cases. In Section [f] we prove this theorem, and in Section [9] we provide examples where the
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theorem applies, in particular Proposition 9.4/ which corresponds to the above theorems. Sections
and [8|contain auxiliary results necessary for these proofs and examples. Section[10|concludes
with some directions for further research. Finally, in Appendix[A]we compute the coefficients ¢;; 1
and ¢y appearing in Theorem 1.1

Conventions. We use the standard Landau notation O(-), ©(:), as well as writing A < B
when A = O(B)and A =x Bwhen B— A = O0O(X). If A < B < A, we write A < B. Recall
that Q[z] denotes the ring of polynomials in the variable = with coefficients in Q. All linear
operators between Banach spaces are assumed to be bounded. By default balls are closed, e.g.
Bc(0, 1)d§f{z € C: |z| < 1}, and we denote open balls with °, e.g. B2(0,1) déf{z € C:z| < 1}
Note that we use the Iverson bracket notation in several places in the text: [®] = 1 when ® is true
and [®] = 0 when @ is false. The notation Fj; represents the partial derivative of the function F
with respect to the ith coordinate. Similarly F};; denotes a double derivative achieved by taking a
partial derivative with respect to the ith coordinate followed by a partial derivative with respect

to the jth coordinate; and F|;;;, denotes a triple derivative, etc.
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2. AN ABSTRACT OPERATOR FORMULA

The idea for proving Theorem|[1.1]is to consider the Perron-Frobenius operators L, Ly : C([0, 1]) —
C([0,1]) defined by the formulas

> 1 1
@ Lf) - (i)
n§:1 (n+z)?" \n+z
2.2) =3 Ly (:2s)
= (n+a)PPn \nta

where dy is the Hausdorff dimension of F<y. Note that L is the well-known Gauss—-Kuzmin-
Wirsing operatmﬂ By well-known dynamical results (see , the definition 0y = dimy (F<x) can
be encoded as the assertion that the spectral radius of Ly is 1, which is furthermore equivalent

3The operator L is variously referred to in the literature as the transfer operator for Gauss’s continued fraction map, or
as the Perron-Frobenius, Ruelle-Perron-Frobenius, Ruelle-Mayer, or Ruelle operator, etc.
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to the assertion that Ly fixes a positive function gy and the dual operator L} fixes a positive
measure py. (Similarly, L fixes the positive function g(x) = 1/(1 + x), and its dual L* fixes p,
the Lebesgue measure on [0, 1].) We wish to convert this assertion into a formula involving Ly,
which in turn determines a relation between N and . To this end we introduce some notation.

Notation. Let B be a complex Banach space, let B* be its dual space, i.e. the Banach space of
all bounded linear functionals from B to C, and let £(5) denote the Banach space of all bounded
linear operators from 5 to B. Fix f € B and ¢ € B*. Then o f denotes the value of o on f, while
fo (which is our shorthand for f ® o) denotes the element of £(B) defined as (fo)f’ f (af")f.
Note that fo is a projection when of = 1. If of # 0, then (o f)~!fo is a projection, while if
of = 0, then fo is a nilpotent operator of order 2. If L € L£(B), then oL, is the element of 5*
defined by the formula (o) f dﬁfa(L f). The map L* : 0 — oL from B* to B* is called the dual
operator of L. However, we avoid using the notation L* in formulas, so we will write oL rather
than L*o. This notation is analogous to the notation used in matrix multiplication, with elements
of B, B*, and L(B) corresponding to column, row, and square matrices, respectively. In particular,
the associative laws

(oL)f = o(Lf), (fo)f' = f(af), o'(fo) = (o'f)o

all hold by definition. If L.f = f we call f a right fixed point of L, and if oL = o we call ¢ a left
fixed point of L (or equivalently, a fixed point of the dual operator L*).

Theorem 2.1. Let B be a Banach space. Suppose that L and L' in L(B) have respective right fixed
points g, ¢, and let . € B* be a left fixed point of L, such that pg, ng' # 0. Let

RYp - cgp € L(B),

where ¢ = 1/pg, and let
AL L erB),
and p(R) < 1, where p denotes the spectral radius. Also suppose that

(2.3) S IR A < 1.
n=0

Then

(2.4) D uAQA)Pg =0,
p=0

where ) def Yomr g R™ € L(B). Note that Q is well-defined since p(R) < 1.

Remark. The hypothesis that ¢’ is a right fixed point of L’ such that pg’ # 0 may be replaced by
the hypothesis that y is a left fixed point of L’ such that x'g # 0, with minimal changes to the
proof. (Both hypotheses are satisfied in our applications of Theorem [2.1])
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Proof. The idea is to start with the equation L'¢’ = ¢, expressing the fact that ¢’ is a right fixed
point for L/, then multiply on the left by a measure 1 to get a scalar equation, and finally rear-
range to get (2.4). Specifically, let

WE ST WL ey = 3 W(R+ A"
m=0 m=0

(We will show later that this series converges in *.) We have p/ = u+ p/(L' — cgpu) ,ﬁ and thus

pL —p' =L — (u+ /(L = cgp)) = (ep'g — D
Multiplying on the right by ¢’ and using the fact that ¢’ is fixed gives

0=u'L'g —p'g = (ct'g —1)(ug)
and thus since ug’ # 0,

[e.9]

pg=1/c=pg="> pR+A)"

m=0
Now by the distributive law > °_ (R + A)™ is the sum of all finite ordered products of R and A,
ie.

i (R+A)™ = i >~ RMAR™... R AR™ = i(QA)p_lQ.
m=0 p=1ni,...,np p=1

These three series all converge absolutely since

Z||R+AmH<Z Z |R™AR" ... R AR™||

p=1ni,..,n

< R" AP < oo,
_;C;)H H) Al OO

Note that this implies that the series defining n’ converges.
Thus, we have . .
pg =Y wQAYQg=pQg+ >  nQA(QAFQy.
p=0 p=0
Since g is a right fixed point for L, we have Rg = Lg — cgug = g — g = 0, and thus Qg = g.
Similarly, since p is a left fixed point for L, we have uR = 0 and pu@ = pu. Finally, using the
identities Qg = ¢ and pu(Q = p in the previous displayed equation, we derive (2.4). O

Remark. Since Rg = 0 and R = 0 (see the last paragraph of the proof above), it follows that for
all n > 1 we have

= (R+cgu)" = R" + (cgu)" = R" + cgp,

4Plugging in the formula 1'g = pg proven below, it follows that u’ is a left fixed point of L’. However, this fact is
irrelevant to the proof, except as an indicator that our choice of 4’ is not as arbitrary as it may initially appear to be.
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and thus

Q=TI+ (L"—cgp).
n=1

The idea of the proof of Theorem is now to apply Theorem with L as in and
L' = Ly as in (2.2)), and then to solve the resulting formula for . This determines the
sought-after relation between N and §y. We refer to the subsequent sections for details on how
this is implemented. The idea of the proof of Theorem is similar, except instead of taking L
as in (2.1I) we take Lf(z) = f(0), or equivalently L = hv where v is the Dirac point mass at 0
and h = 1 (the motivation for this choice will become clear in subsequent sections, in particular
Lemma [6.3] and Remark [9.2]).

In the case where L and L’ are Perron-Frobenius operators of similarity IFSes, reduces to
the Moran-Hutchinson equation for the latter IFS (assuming that for the former), see Proposition

(7.5

3. POINT-ACCUMULATING CONFORMAL ITERATED FUNCTION SYSTEMS

The sets F<y and F> y can be viewed as limit sets of certain conformal iterated function systems,
or CIFSes. CIFSes were introduced by Mauldin and Urbanski [66] (see Appendix [B| for their
definition), and their generalizations conformal graph directed Markov systems (CGDMSes) were
studied in [68]]. We will consider a certain class of CIFSes, which we define as follows.

Definition 3.1. Fix a quintuple (U, V, u, v, q) such that
e U C Ris a bounded open set containing 0;
e V C Ris a bounded connected open set;
e u: U x V — V is an real-analytic map such that
— the family of maps (u)scy defined by

Voz—ux) =ubzx) eV

is conformal and uniformly contracting (i.e. for each (b,z) € U x V, the map w;(x)
is a similarity whose dilatation constant |u;(z)| is < A for some uniform constant
A< 1), and
- Uperr us(V') is precompact in V; and
e v: U x V — R is a bounded real-analytic function and ¢ > 0 is a parameter such that for
albeUandz eV,

(3.1) up ()| = |b]7ev®).

Note that (3.1) implies that u( is constant; for convenience, in what follows we assume
that this constant is 0, i.e. that up(x) = 0 for all z. Formula (3.1I)) also implies that for all
x € V, q is the order of the analytic function b — u;(x) at 0.

Then if S C U \ {0} is a set whose only accumulation point, if any, is 0, then the family
of maps (up)pes is called a point-accumulating conformal iterated function system (PACIFS) over
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(U, V,u,v,q). For conciseness we will usually omit “over (U, V, u, v, q)” when referring to a PACIFS
(Ub)bes-

The limit set of the PACIFS (up)pes is denoted by Ag, and is the image of the projection map
7 2% SN v defined by the formula

m(w) = nh_{rgo Uy, O+ -+ 0 Uy, (T0),

where o € V is an arbitrary point. This limit exists and is independent of x( because the maps
(up)pes are uniformly contracting and V' is connected, and Ag C V because of the assumption
that ( J,c; up(V) is precompact in V.

Remark. Our results also hold in the following more general setting: U = Ule(Ui x {i}) UF,
where each U; is a bounded open subset of R% containing 0, F is a finite set, V is a bounded
connected open subset of R%, u, v are analytic on each U; x {i} x V and on each {b} x V forb € F,
and is replaced by the formula |u}, ,(7)| = |b|%evi(®) where b € U; and = € V. This can
be proven with only minor modifications (but notational complications) to the definitions and
proofs.

Remark. Our PACIFSes are not always CIFSes in the sense of [66]68], because they do not
necessarily satisfy the open set condition (OSC), see Appendix [Bl However, in Definition we
define the class of OSC PACIFSes, and these are CIFSes in the sense of [66,68].

3.1. Examples of CIFS that are not PACIFS. Though this paper is concerned with PACIFSes, we
include two non-examples for the benefit of our readers who are familiar with the well-studied
notion of CIFSes.

Example 3.2. Let C be the middle-thirds Cantor set, and let Z be the unique disjoint collection
of intervals such that
[0,1]\ C = | Int([).
IeT
For each I € Z, let uy : [0, 1] — I be the unique order-preserving bijective similarity between [0, 1]

and /. Then (uy)sez is a similarity IFS (and thus also a conformal IFS), but it cannot be realized
as a PACIFS. Indeed, if (up)pes is @ PACIFS then u;, — p uniformly for some point p (with p = 0
according to our convention), but if (I,,) is a sequence of distinct elements of Z, then the limit of
the sequence (uy,) can be any point in C, and in particular is not limited to a single point.

Example 3.3. For each n let u,, : [0,1] — [0, 1] be defined by

1+ z"

Then (uy,)n>1 is a conformal IFS, since the sequence (u,,) is bounded in the C? norm. However, it

cannot be obviously realized as a PACIFS, since this would require a finite-dimensional space U
to be able to parameterize the sequence (uy,).
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3.2. Symbolic and geometric Perron-Frobenius operators. For the remainder of this section,
we fix (U, V, u, v, q) and let (up)pes be a PACIFS as in Definition [3.1}

Definition 3.4. Fix s € R. If } , ¢ [b[%° < oo, we let L = E&S : C(¥) — C(X) denote the
symbolic Perron-Frobenius operator
(3.2) Ef(w)défZ‘ugow(w)‘sf(b*w),

besS

where * denotes concatenation, and we let
P = P(8,5) = log p(L)

denote the logarithm of the spectral radius of L. If > pes [b]9° = oo, then L is not defined and we
def

instead let P = + oo. Note that by (3.1), we have
(3.3) e” < ||IL|| =< [b]*,

beS

where the middle expression is interpreted as co when L is not defined. Here the implied constants
may depend on (U, V, u, v, q) but not on the PACIFS (up)pcs-

We now wish to recall several results from [68]. These results are generally stated for what
[68] calls CIFSes, and what we will call OSC CIFSes (because they assume the open set condition
in addition to conformality). Although PACIFSes are not necessarily OSC CIFSes, we can show
that they satisfy [68, §4.2: (4d),(4e)] in the definition of OSC CIFSes as well as parts of [68, §4.2:
(4a),(40)]:

(4a),(4d) Let X = {z € V : d(z,Ag) < ¢} for some sufficiently small £ > 0. This satisfies all desired
properties except connectedness.
(4c) Let W = V. This satisfies all desired properties except that the extension may not be
globally invertible (it is locally invertible).
(4e) By (3.1), this is true with « = 1.

These properties are enough to prove the following results for all PACIFSes. However, we note
that for our main example of Gauss IFSes, all conditions of the OSC CIFS definition are satisfied.

(A1) Convex and decreasing pressure function: P(S,-) is equal to the standard pressure func-
tion of (up)pes (cf. [68, (2.1) / pp.54-55 / p.78]) and in particular is convex and decreas-
ing [68, Proposition 4.2.8(b)]

(A2) Existence of eigenfunctions and eigenmeasures: for each s > 0 such that —co < P < +0o0,
for some 3 > 0 there exist a positive 3-Holder continuous function § = gs s € B = H’(X)
and a positive measure i = jigs € M4 (X) C B* such that

Lj=e"g and L =eln
see [68, Theorem 2.7.3 / 3.2.3 / 6.1.2 and Theorem 2.4.3]. Note that if P = 0, then
this means that § and Ji are right and left fixed points, respectively, for L.
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(A3) Spectral ga;ﬂ: with s, § as above, if ¢ = 1/pg, then
lePL" — cgalls < Cy"

for some C' < oo and v < 1 [68, Theorem 2.4.6(b)]. Here the notation || - || g means that
the operator norm is taken with respect to the space B = H’(X), rather than the space
C(%) that L was originally defined on.

(A4) Invariant measure: the shift map o : ¥ — ¥ defined by

olbxw) =w

has the invariant measure
v= CﬁMg,
where M7 denotes the operator of multiplication by g |68, Proposition 2.4.7].

For the purpose of later calculation, we define and compute the Lyapunov exponent of the
dynamical system (o, 7):

[ tog (a5 0 ()] di(w)
5.4 =5 [ togl(u e m(w)] ) dite)

bes

=—¢ P /2 Z |u, 0 m(w)|” log |uy, o w(w)| §(b*w) dfi(w)

beS

Note that x > 0, since |(u;')" o m(w)| > 1 forallw € X.
In what follows we will need a version of the Perron-Frobenius operator that operates on the

space of holomorphic functions on a complex neighborhood of Ag.

Definition 3.5. Let Uc, Ve C C be neighborhoods of S U {0} and Ag, respectively, such that V¢
is connected, and u,v can be extended to bounded holomorphic functions from Uc x V¢ to V¢
and to C respectively, such that the family of maps (up)pcy is still uniformly contracting. For
each s € R such that ), _¢[b[? < oo we consider the geometric Perron-Frobenius operator
L=Lg,:C(Vc)— C(Vc) defined by the formula

(3.5) Lf(z) % Y pes D) fouy(z),

besS

> We mean a spectral gap in the sense of [75]]. Indeed, let RYET — cef g7i. The inequality ||R"| < Ce’"~™ implies
that p(R) < efv < p(L), and conversely if p(R) < p(L), we may take v € e~ (p(R), p(L)), and then we have

|R™|| < Ce™~™ for some C. So the inequality
IR = [l L" — cgpill < Oy

is equivalent to the operator L having a spectral gap in the sense of [[75]: L has a simple isolated eigenvalue the
modulus of which equals p(L), and that the remaining part of the spectrum is contained in a disk centered at zero and

of radius strictly smaller than p(L).
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which we will consider throughout the paper. Note that L is related to the L by the semiconjugacy
relation

LO=T1IL,
where the operator II : Lip(Vc) — H?(X) defined by I1f = f o & is continuous but usually not
surjective.

Note that the following bounded distortion property holds: for alln € N, w € S™, and z € V¢,
we have
|v(w1,x) + v(wa, Uy, (X)) + ...+ V(Wn, Uy, O+ O Uy (:c))| <1.
This is because of the uniform contraction property of (up)pes, together with the Lipschitz conti-
nuity of v.
The arguments of [68, §2] can be easily adapted to the setting of (3.5)), yielding the following
results:

(B1) Spectral Radius: Due to the bounded distortion property described above, the spectral
radii of the operators and are both equal to e”.

(B2) Existence of eigenfunctions and eigenmeasures: If —oco < P < +o0, then there exist a
Lipschitz continuous function g € B = Lip(V¢) which is positive on Vg def Ve NR and a
positive measure u € M (V) C B* such that

Lg=ePyg and pL = e .

After renormalization, we have Il g = g and i II = y; in particular, u is supported on Ag.
(B3) Spectral galﬂz We have
le™ P L™ = egul < Cy"

for some C' < oo and v < 1, where ¢ = 1/ug, and || - ||; indicates that the operator norm
is being taken with respect to the space B = Lip(1¢), rather than the space C'(V¢) that L
was originally defined on.

(B4) Lyapunov exponent: Using the formulas LU =1L, 11 g=g,and p Il = pu, we get

x = —ce P pong,
where
def
(3.6) arf(z) = Y Juy(@)|*logluy(@)] f o up(x).
bes
In what follows we will need to consider the “unnormalized” Lyapunov exponent

%défcflepx = —payg > 0.

Now by (B3) we have
e "PIM — cqul

6See footnote |5|attached to (A3).
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uniformly, and since L preserves the space of holomorphic functions, it follows that g is holomor-
phid’]

Although (B3) is stated only for the Lipschitz norm || - ||;, for holomorphic functions it holds for
the sup norm || - || as well. Indeed, recall Cauchy’s inequality: for every bounded holomorphic
function f whose domain includes B¢(z, p) we have

1 . ,
3.7) 1O < 07 e

In particular, if K C V¢ is compact then |[f | K|1 < [|f|lco- Since Jyey us(Ve) is precompact in
Ve, it follows that | Lf||1 < || f]|e and thus

le™™ L™ — cguflloc < [l L7 f = cguflli < CY* HILL 1 S "1 flloo

and therefore we have
le™ L™ = egpllos S 2™
The value of s such that P(S,s) = 0 is particularly important, if such a value exists, hence we
make the following definition:

Definition 3.6 (Cf. [68, p.78 and Definition 4.3.1]). Given a set S C U \ {0} as in Definition
we call S as well as the associated PACIFS (uy)pecs regular if there exists 6 > 0 such that
P(S,6) = 0, and strongly regular if furthermore there exists x > 0 such that P(S,J — k) < +o0.
Equivalently, S is strongly regular if there exists s such that 0 < P(S,s) < +oc.

3.3. Bowen’s formula. In what follows we let
§ =65 inf{s €R: P(S,s) <0},

and we notice that P(S,dg) = 0 if and only if S is regular. If S is regular, we write Lg = Lg .
We also let
05 inf{s € R: P(S,s) < +o0}
and we note that S is strongly regular if and only if §g > Og.
Finally, for our last result we need to assume the OSC, which we define as follows:

Definition 3.7. A PACIFS (u;)pcs satisfies the open set condition (OSC) if there exists a connected
open set W precompact in V' such that:

o (uy(W))pes is a disjoint collection of subsets of 1;
e for each b € S, uy, is injective;

7A similar result was proven in [|68} Corollary 6.1.4], though the hypotheses and conclusion are somewhat different.
Note that the invariance hypothesis on U in [[68, Corollary 6.1.4] should be that each element of S can be extended to
a univalent holomorphic map from U to itself, rather than what is written there.
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e (Cone condition)ﬂ For every x € W, there exists an open cone of vertex z, angle v, and
altitude [ which is entirely contained in W, where 7,1 > 0 are constants.

It is easily verified (by letting X = W) that every OSC PACIFS is an OSC CIFS (as recalled in

Appendix [B).
For every OSC PACIFS, we have the following:

(A5,B5) Bowen’s formula: The Hausdorff dimension of Ag is
dimy (Ag) = ds,

see [68, Theorem 4.2.13]. Note that the pressure function P(S, ) appearing in the def-
inition of dg can be expressed as either P(S,s) = logp(L) or as P(S,s) = log p(L), so
this result can be thought of as being about both the symbolic and the geometric Perron—
Frobenius operators.

4. STATEMENT OF MAIN RESULT

Our main result is an application of Theorem to the situation where a PACIFS (up)pes is
being approximated by another PACIFS (u;)pcs/. Thus, we fix (U, V, u, v, q), and we let Uc, Ve C C
be as above.

In what follows all operators will be interpreted as acting on the Banach space B = H(V¢),
where H(V) denotes the Banach space of bounded holomorphic functions on V¢, endowed with
the sup norm.

Notation. Fix 5,8’ C U\ {0} and ¢ € R such that § > g, and let

def

0 =0(5)%sg — 0.

For each 7 > 0, we let
def i i
i = ni(S) = Z |b|q(6+9)b - Z |b|qw+9)b :
bes’ besS
Note that 7 is positive when S’ O S and negative when S’ C S, as long as S’ # S. Next, we

define

def
n= sup |b,
beSAS’

where SAS' % (S\S)U(S"\ S) is the symmetric difference of S and S’

Let M(A) denote the set of all multisets on a set A, i.e. finitely supported functions from A
to N. If I € M(A), then I(i) = n is interpreted as meaning “; is an element of I of multiplicity
n”. We denote the empty multiset by 0, and for each i € A, we denote the singleton multiset

8We note that this condition has become somewhat outdated and is not needed at all for the purposes of the current
paper, and is mainly included for eth benefit of those readers familiar with [66}(68]l. The definition of a CGDMS as in
[68] may be equivalently reformulated in a more elegant and transparent form - see, in particular, the work of the
fourth-named author with Janina Kotus [60, Chapter 10], which also includes a short proof of Bowen’s formula that is
independent of the cone condition.
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containing i by {i}, so that {i}(¢) = 1, and {i}(i') = 0 for i’ # i. Note that this implies that e.g.
i{j} denotes the multiset containing j with a multiplicity of i.
For I € M(N), we write
def . def sy def )
#(1)E Y 100), B(1) € Y il(i), = Tn®,

where the summations and product are taken over the finite set {; € N : I(i) > 0}. Finally, let

def  §u(0.2 def def
h(z) = 0, vf= £(0), L1 Ly,
~ def = m def ~
¢ =1/ vLih, E=¢€NFm -z
m=0
Remark. Since § > dg, we have P(S,d) < 0, or equivalently p(L;) = (59 < 1, where as before

p denotes spectral radius. It follows that ¢ = 0 if and only if P(S,d) = 0. Since § > dg, it follows
that ¢ = 0 if and only if both (a) § = d¢ and (b) S is regular.

Theorem 4.1. With notation as above, fix S C U \ {0} and 6 € R such that 6 > ds and § > Og.
Then there exist € > 0 and explicitly computable constants c; ;j, With co,0,0 = 0 and cop,1 = 1 such
that for all regular S’ C U \ {0} satisfying n, |0| < &, we have

4.1) 2= =0, where E=2(9) def Z i i Crjk nr6I gk,

I€M(N>q) j=0 k=0

Note that if ¢ = 0, then & = 1o and thus the right half of (4.1) can be rewritten as

= Z Z cr;nit?

TEM(N) j=0

(4.2)

[1]

where ¢y j = ¢(1iN.,),5,1(0)- In this case we have co1 = co,10 = —X < 0, where X is as in (B4), where
g, i are right and left fixed points of L1 normalized so that

(4.3) uwh=vg=1.
Moreover,
4.4 |C]7j7k‘ S 8_(2(1)+j+k).

Note that when ¢ = 0, this can be written as
(4.5) lerj| < e”EDOHO+I),

Remark. If we assume § > dg, then the hypothesis that § > O is satisfied if and only if either (a)
0g > Og (i.e. S is strongly regular) or (b) d > Jg.

Remark. It is natural to let § = limy_, ds5,, where Sy — S is a sequence such that this limit
exists, from which S” will be chosen. In this case, we automatically have |§| < ¢ for all N
sufficiently large, and § > g automatically due to semicontinuity of Hausdorff dimension for
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CIFS limit sets |68, Theorem 4.2.13]. Moreover, if S = @ but Sy # &, thend > 0 > —oo = dg, S0
the hypothesis § > O is satisfied despite the fact that S = & is not strongly regular (and in fact
is not regular at all).

Corollary 4.2. Fix S, § as in Theorem and let (Sn) be a sequence of sets. Suppose that for some
d € N, there exist a sequence (ty) in C? converging to 0, and functions F;, F,, € H(B) holomorphic
on a fixed neighborhood B of (0,0) € C4*1, such that for each N,

ni(Sn) = Fi(tn,0n), On =0(Sn), &(Sn) = Fi(tn,0n).
Furthermore, suppose that
IF|l < €'/, Ima[l < /2, and IFl < e/2,
where my(t, 0) = 0 is the projection onto the second coordinate, and ¢ is as in Theorem Then
E(SNy) = F(tn,0n)
where F' is a holomorphic function defined on B.
Proof. Define the function

oo oo
AP w2 () () L i | (Y

IeM(N>q) j=0 k=0 iel 1,5,k icl

Note that the bound (4.4) guarantees that the above series converges absolutely, since

< Z E—(E(I)+]+k (5/2)2(1)+j+k

1,3k icl (G Ry
— Z 1/2 I)+j+k
Ljk
(o] o0 o0 oo
:< (1/2)“) > (1/2y (Z 1/2) )
i=1 (=0 j=0 k=0
o0
=4]Ja-27)" <
=1

Therefore the series defining F' converges in H(B). By the definition of F', we have

F(ty,0n) = E(Sn).
(bx,On) = Z(SN)

Indeed,

F(ty,0n) = Z Cljk (H tNﬂN)) (6, ) - FE (6w, 0)

1,5,k el

- ch»ak (Hm (Sn) > V) E(SH)" = =(5n) O

1,5,k el

g
E
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5. SPECTRAL GAP IN THE CASE¢ > 0

To prove Theorem |4.1, we need to apply Theorem thus, given sets S, S’, we need to
produce operators L, L', satisfying the hypotheses of Theorem if S’ is a sufficiently close
perturbation of S, i.e. one for which 7,|0| < e as in Theorem When ¢ = 0 we can take
L = Lg and L' = Lg, since we have P(S,d) = 0 and thus by (B2) of Lg has right and left
fixed points. However, if ¢ > 0 then P(S,6) < 0 and thus L; = Lg s has spectral radius < 1 and
has neither right nor left fixed points. In this section we prove that there is another operator with
right and left fixed points, which will be suitable to plug in for L in Theorem Moreover we
prove that this operator has a spectral gap, guaranteeing that the series ) | R"| appearing in
Theorem converges.

Proposition 5.1. Let L; be an operator on a Banach space B such that p(L1) < 1, where p denotes
spectral radius. Fix h € B, v € B* such that vh > 0, and vL{*h > 0 for all m > 0. Then if we let

o0
QL &< 1/1Qih, L= Ly +hy,
m=0
def def

g = Q1h7 m = VQ17
then it follows that
Lg=gand ulL = p.
Moreover, there exist C' < oo and v < 1 such that for all n,

(5.1) IL" = cgpul| < Cy"

where ¢ 1 /pg. In particular, L has a spectral gap in the sense of [75]E|

Proof. We have

Lg=(Li+Cch)Qih =Y LTh+ChwvQih=Y Li'h=g

m=1 m=0
and similarly uL = p. Let apq1 = c¢vL{*h and b1 = ¢vL™h for m,n > 0, and let ap = 0 and
bp = 1. Then since L™ = (Lj + ¢ hv)™ is the sum of all n-fold ordered products of L; and ¢ hv, we

9See footnote 5| attached to (A3).
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have

bus1 = cvL"h = cv(Ly + chv)"h

_Z Z CvLT (Chy) L2 - - LT (Chw) L™ h

mi,...,m

Z (mz+1)

S Y [[enern

t=1 mi,...,mt =1
> mi=n—t+1

Together with the equality by = 1, this shows that the sequence (b,,) is the sum of the ¢-fold
convolutions of the sequence (a,,) over ¢ € N.

Now let A and B be the functions whose Taylor series coefficients are given by (a,,) and (b,),
i.e.

=3 amz™, B(z) = buz".
m=0 n=0
Then the convolution relation between (a,,) and (b,) mentioned above implies that
- 1
— t_
B) =3 4G = T

for all z in the radius of convergence of both A and B. Now by hypothesis we have A def p(Ly) <1,
and by definition of the spectral radius we have |a,,| Sm (A + €)™ for all € > 0. Thus the series
defining A converges in the open ball B(0, \™!) D Bc(0, 1). Moreover, by the definition of ¢ we
have f(1) = ), an = 1, and by hypothesis we have a; > 0 and a,,, > 0 for all m. We claim
that for all z € B¢(0,1), if A(z) = 1 then z = 1. Indeed, since |a,,2™| < a,, and ), ay, = 1, if
A(z) = 1 then we must have a,,2™ = a,, for all n. In particular a;z = a;, and since a; > 0 this
implies z = 1.
Next, we observe that

00 1 et € (g
def
= = - = - = > 0
Z Mm = r ¢ vQ@ih

It follows that B can be extended to a meromorphic function B = — on B&(0,A7!), and the
only pole of Bin Bc(0,1) is 1, where Bhasa simple pole of residue —r. So

B(z) = (2)

where E is a meromorphic function on Bg(0, A~!), which is holomorphic on a closed neighbor-
hood of Bc(0,1), say Bc(0,771)

1—2

=), rz", it follows from Cauchy’s
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inequality (cf. (3.7)) that
by — 1| < 7| B oo

Now
n—1 n—2n—i—2
L= (Ly+ch)" =L + Y Li@E)Ly '+ ) > Li(@hw) L2 (@hw) L]
i=0 i=0 j=0
n—1ln—i—1
Z Z cLZhbn i 11/LJ
=0 j5=0

and thus after setting b, = 0 when n < 0 and ||b|| = sup,, |b»|, we have

L7 = cgull = |IL" = rcgpull

=LY + Z Zz(bnfifjfl —r)LihvLj

i=0 j=0
o0 o ] )
<P+ D0 @ min (r+ [[bl], bo—i—j—1 — ) L5 - [|Aw] - | L7
i—0 j=0
m m . . . .
<7+ Z Z min(1, 7" ")t
=0 j—=0
<rT —1—22111111 = ™) min(1, i Tt
=0 5=0
. 2
=7"+ ( Z min(l,T’)) ™= n?rm,
it=—n

Thus for any choice of v in (7,1), we have that (5.1) is satisfied. This completes the proof of
Proposition O

6. PROOF OF THEOREM [4.1]

As before, recall that B denotes the Banach space of bounded holomorphic functions on V¢,
endowed with the sup norm. All operator norms will be taken with respect to B.

Let S, § be as in Theorem [4.1] Since § > Og, there exists x > 0 such that § — k > Og. Fixe > 0
to be determined. Now fix S’ C U \ {0} such that n, |6] < ¢, let

LY, +ch, LY Lg 500, L”defL55+9+chu

def
(6%

lef L// . L, ﬁdef

def

- L, A=L —-L=a«a+5.

Since S’ is regular and 6 + 6 = g/, we have P(S’,0 + 0) = 0 and thus L’ = Lg has positive right
and left fixed points ¢’ and ;' by (B2) of Here we call a function positive if it is uniformly
positive on Vg, and we call an element of B* positive if it arises from a nonzero nonnegative
measure supported on Vg. In particular, if f € B and o € B* are both positive then o f > 0.
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If ¢ = 0, then P(S,0) = 0 and thus L = Lg has positive right and left fixed points g and p by
(B2), and by (B3), there exist constants C' < oo and v < 1 such that [|R"|| = ||L" — cgul < Cy™
for all n, where R is as in Theorem On the other hand, if ¢ > 0, then the existence of such
g, 1, C,~ follows from Proposition [5.1] Either way, we get >_>° (| R"|| < C/(1 — ) < oo, so if

(6.1) A< (1=7)/C,

then the hypotheses of Theorem [2.1] are satisfied, and consequently (2-4) holds. We aim to show
that holds if ¢ is sufficiently small, while simultaneously developing the tools that will allow
us to reduce (2.4) to the equation = = 0, where = is as in (4.1)).

Remark. In the remainder of the paper we will assume that g, u are normalized as in (4.3)).
In what follows, the implied constants of asymptotics may depend on S but not on S’ or 6.
Lemma 6.1. If ¢ is sufficiently small, then for all i,
mi| < '
Proof. If ¢ < k, then

[l < D IO <y Y (bl

bESAS! beSAS’
< (Z |b[a(+0) 4 Z ‘b‘q(6+0)>
bes bes’
<0 <Z 1= 437 |b|q<5+9>> (since [f] < & < )
bes bes’
oy ( P(S0-r) | eP(S’,6+9)> (by (3:3))
= T]i

where the last asymptotic is true since P(S,0 — k) < +oo and P(S’,d + 6) = 0, the former being
true since we chose « such that 6 — k > ©g and the latter since S’ is regular and ¢ + 6 = §g,. O

Lemma 6.2. If ¢ is sufficiently small, then
(6.2) a=>) 0aj,
Jj=1
where a; € L(B) is the unique operator such that
1 / é I 1!
(6.3) ajf(z) = ﬁz up (x)[° log? [ul(z)| foup(z) Vf e B Vxe k.
" beS

The value of a;f(z) for x € Vg is obtained by replacing |u}(x)| by |b|?%e(®»®) in the above formula.
Furthermore,

(64) lagll S w7,
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Note that oy = L1, and that «; is as defined in (3.6]), with s = 4.

Proof. Indeed, fix f € B. For = € Vg we have

Z\Ub *(lup(@)|® = 1) f o up(x)

besS

J )
= Z 0—' |up ()|° log? |ub ()| f o up(x) (see below to justify interchange)

The assertion about the value of «; f(x) for 2 € V¢ can be obtained either by analytic continuation,
or by repeating the above calculation with the suggested substitution.
To demonstrate (6.4), we note that for all z € V¢,

1 ev xT j
o f ()] < ;,Z |60 2 Revb2) | g log [b] + v(b, 2)|” - | f 0 up(2)]
" besS

1 » i
< = > 1@l (—glog b + C)| ]
T bes

where C' = ||v|| + 2q(log ||U||)+. Here ||U|| = supyey |b], and (-)4 denotes the positive part.
Let w(b) = —qlog [b| + C > 0. Then

oyl < 5 Y00y = oo 3 e (O

" beS bes
S /ifj Z 67(67‘%)1”(1)) = Hfjep(sv(sf“i) S./ /ifj
besS

since P(S,0 — k) < +oo. Note that this calculation also shows that the interchange of summation
in the second equation of the first calculation is valid as long as ¢ < « (so that |0| < k). O

Lemma 6.3. Recall from Section |4|that £ = ng — ¢. If € > 0 is sufficiently small, then
B=Y mtBij—chv=Ew+ > nt B,

i, (4,4)#(0,0)
(6.5)
= éhV + Z C‘I'g GJ/BO,] + sze ﬁz,ja
i=1 j=0

where f3; ; € L(B) is defined by

. def rl11 9 i 9 g (64+0)v(b,x)
(6.6) Gl @)= ((%) (89) [e D ouil,
= Coeff (biﬁf ©@+0)0(b.2) £ 6 (2 ))
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Here Coeff(X, A) denotes the coefficient of a multinomial X in the power series expansion of A.
Furthermore,

(6.7) 181l < ppie@+ I

where py > 0 is small enough so that B¢ (0, pry) C Uc.
Note that 3y o = hv. This is in fact the reason that we defined &, v as we did.

Proof. Indeed, fix f € B. For all z € V we have

(B+Chv)f(x) = (Lsi 540 — Lssro)f(x)
_ Z ‘b‘q(6+0)6(6+9)v(b,x) fouy(z) — Z ‘b‘q(éw)e(&w)v(b,x) fouy(x)

bes’ bes

SRR DITCEAON ED SN DI
bes’ i, besS 2%

= Z ni6 Bi j f (). (see below to justify interchange)

.3
The last two equalities of follow from the definition of ¢ and the fact that 5y = hv.
To demonstrate (6.7), we plug in p = py and p = 1 into (3.7) (both with z = 0) for the
variables b and 6, respectively. This yields

18i.j f ()] < py* sup sup [e@TDVED) f oy ()
beUc |0|<1

< pﬁie(ﬁl)llvllnf”_

Note that by Lemma this calculation also shows that the interchange of summation in the last
equation of the first calculation is valid as long as ¢ < min(py, 1) (so thatn < py and || < 1). O

We now wish to prove a bound on [£|. By (6.4), we have ||| < |6], and by and Lemma
we have || — ¢hv|| < max(n, |0|), as long as € < min(k, py, 1)/2. Thus

IL'g = (g + &R = (L' = L — §hv)gll = [[(r + B — Ehw)g|| < max(n, |6)]).
Suppose ¢ > 0. Then since h > infy;, (h/g)g on Vg, it follows that
g+&h > <1 +inf(h/g) §> g-
Now since ¢ is uniformly positive on Vg, we have that
L'g > \g on Vg, where A = 1 + i‘%f(h/g) &+ O(max(n,6])).

Since L' and g are both positive, it follows that A\ < p(L') = 1. Thus { = O(max(7,|6|)), and the
case £ < 0 proceeds similarly. Let C' > 1 be the implied constant, so that

€] < C'max(n,|6]) < Ce.
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Definition 6.4. A series function is an expression of the form
(6.8) £ = (frin) = Ym0 1,
I7j7k

where f; ;. : Vo — C are holomorphic functions independent of # and ', and I, j, k are as in
(4.1). If £ is a series function, let
£SO R ]
1,5k
The set of series functions f such that |||f]|| is finite, which we denote as A, forms a Banach space
under the norm |||-|||. There is a natural projection map 7 : A — B defined by letting 7 (f) be

the value of the right-hand side of (6.8)). Note that 7 (f) depends on S’, while f (being merely a
formal expression) does not. Since 7, |0],|{| < Ce, we have

[l () < ]l

for every series function f. Finally, if f € B then we abuse notation and also let f denote the
series function f = 1gf°¢° f.

For I € M(N>1), let n;, 6, and £ denote the series functions given by the formulas
nr =01, 0 =no0'¢"1, € = not¢'1.

Then by replacing 77, 6, and £ by n;, 6, and £ in and (6.5)), we can construct operators «
and B3 on A such that 7(af) = af and n(Bf) = f forall f € B.
The corresponding operator norms satisfy

el < el S e/k = € and 1BIF < MBIl < e/pv = e,

as long as ¢ < min(k, prr,1)/2. Recall that A = o + 3, and let A f + 3. Then it follows from

the above inequalities that
A< lAl< e

Thus if ¢ is sufficiently small then holds, and thus so does (2.4). Moreover, if || A||| < 1/]Q]|,
then

STlla@ay|| <Al el - Al < oo,

p=0 p=0
50 > 20 A(QA)P € L(A). It follows that 3~ ° ) A(QA)Pg € A and thus

@D
2D ok

> — def i
> uAQAyPg=E E > crjrmitet
p=0

for some constants ¢ j , such that

ler ikl S (Ce)~CDHi+h) < ~(AD+I+k)

This demonstrates (4.4), and we have = = 0 by (2.4).
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Next we want to show that the coefficients of 1 and & are cp o = 0 and co 0,1 = 1, respectively,
and that if ¢ = 0 then the coefficient of 6 is ¢g 1 0 = —X, where ¥ > 0 is as in (3.4). Indeed, let
X =n v max(|0], [¢])?
and recall that A =x B means B — A = O(X). Then by (4.3),

pAg = pag + upg = Oparg + Ephvg +cOufong

4+ (=X +cpborg)d,

Al

which is what we wanted.

7. SIMPLIFICATIONS IN SPECIAL CASES

In some special cases, we can make some simplifications to (4.1]).

Proposition 7.1. Let S,§, S’ be as in Theorem Then (&.1)) can be simplified in the following
ways:

(i) If S = &, then (possibly after renormalizing g and ) we have o =0, L1 =0, Q1 =1, g=h,
u=v,c=c=1/vh, L=cgp, R=0, Q =1, and
(7.1) ==Y vph.
p=1
(ii) If v(0,-) = O, then B; ; = O for all i, j with j > i. If furthermore v(-,0) = 0, then vf3; ; = 0
for all i,j with j > 0. If both hypotheses hold, and in addition S = &, then c; ;1 = 0
whenever j > ¥(I) and (1, j) # (0,0). In particular, ¢, = 0 for all 1, j, k with j > X(I)
and k = 0, and for all 1, j, k with j > 3(i).
(iii) If v(0,-) = 0 and v(-,0) = O, then vf; jh = 0 for all (i,j) # (0,0). If furthermore S = g,
then cy jo = 0 for all I, j such that #(I) < 2.
(iv) If 6 = 0, then j3; 09 = B;,0h = 0 for all i > 0. This implies that cr o = 0 for all I, k such that
I#0.

Since (i) is a straightforward consequence of the definitions, we proceed to the proofs of (ii)-

(iv).

Proof of (ii). If v(0,-) = 0, then we can write v(b, x) = bw(b, x) for all b, z, for some holomorphic
function w. Thus for all 4, j, f, z with j > i,
1 . o
igf (z) = = Coeff (bl, VOO i (b 2 f o ub(x)) —0.
If furthermore v(-,0) = 0, then for 4, j, f with j > 0,

vBi;f = Coeff (b'67, OOV ®0) £(1,(0))) = Coeff (b7, f(uy(0))) = 0.
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If v(0,-) =0, v(-,0) =0, and S = g, then applying (i) gives us

A==+ > ntBij,

i=1 j=0
and
oo
pA =vp = Evhy + Znﬂ/ﬁi,o-
i=1
One proves by induction that for every p € N

5% #(I)—-1 oo
v =Y v+ Y YT Y ko
k=0 [eEM(Nsy) j=0 k=0

Then multiplying both sides of the above equation on the right by h and using leads to
crjk=0
whenever j > (/) and (I, j) # (0,0). O
Proof of (iii). If v(0,-) = 0, then h = 1. If furthermore v(-,0) = 0, then for all 7, j
vBi.ih = Coeff (biaj, e(5+9)”(b’0)]1(ub(0))> — Coeff(b'07,1) = [i = j = 0].

Here we use the Iverson bracket notation: [®] = 1 when & is true and [®] = 0 when & is false. By

(6.5), it follows that vSh = €.

If furthermore S = &, then combining with part (i) gives
E=(+ ) vpih,
p=2

while by part (ii), all terms 6°¢j3; o appearing in 3 vanish, and thus §3 is of the sum of terms with
factors ¢ and 7;. It follows that every term c;; n/07¢" appearing in the above series satisfies
#(I) + k > 2. In particular, if #(I) < 2 then ¢ ;o = 0. O

Proof of (iv). If § = 0 then L11 = #(S)1 and h = 1, and thus L1 = (#(S) + ¢)1. It follows that
#(S) + ¢ =1 and (after renormalizing) ¢ = 1. Now for all 4,

Biol(x) = Coeff (b, 01 oy () ) = Coeff(t',1) = [i = 0].

Now, the coefficient ¢y is the sum of all products of the form p3;, 0Q - Qp;, 09 such that
k=+#(:i,=0)and I(:) = #(¢ : ig = i) for all i. For each such product, either i; = ... =i, =0,
in which case I = 0, or there exists / = 1,...,p such that i, > 0, and either 3;, 0QB0,0 or 5,09
is a factor of the term in question. But since Q5po = Qhv = 1v and g = 1, both of these factors
vanish, and thus ¢7 o = 0. O

The next two propositions are proving slightly different things. Proposition [7.2| has the advan-
tage that it applies to perturbations of a similarity IFS with more than one element. Proposition
[7.4]has the advantage that it applies to a larger class of non-Gauss PACIFSes, such as those defined
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over the system (U, V,u,v,q) where U =V = (—-1/3,1/3), u(b,z) = 1%@’ v(b,x) = —2log(1 + z),
and g = 1.

In what follows, recall that Q[x] denotes the ring of polynomials in the variable = with coeffi-
cients in Q.

Proposition 7.2. Let S,0,S’ be as in Theorem and suppose that S is finite, (up)pcs consists
entirely of similarities, v(0,-) = 0, and Coeff(b’, uy(x)) € Q[z] for all i. Let
def
R= Q(As, Ap)[log(s), s 3]
where )\, is the contraction ratio of uy, ¢, = up(0), and the extensions are taken over all b € S. Then
crjk € Rforalll,j, k. In particular, if S = &, then ¢, € Q[6] forall I, j, k.

Proof. We claim that «, 3; ;, @ preserve R[z], and that x sends R[z] to R. Indeed, if fi(z) = 2¥,
then .
ajfr(r) = = Y A (EN + )" log? () € Ra]
" beS
and in particular Lfx(x) = oo fx(z) is a polynomial of degree k with leading coefficient a;, =

Y bes i)\’b”‘s € Q[A, AY], which by the Moran-Hutchinson equation (e.g. [47]) satisfies |ay| < 1
when k > 0. Since L = p, we have

k
phi = nLfy = appfr + Y ay) i fiv
k' <k
which, together with the equality 41 = 1 (cf. (4.3)), yields a recursive formula for pfj, proving
that ufr € R, and thus uf € R for all f € R[z]. Similarly, @ = QL + I — cgu and thus since

g:]l:foandc:lm
Qfs = aQfi + Y aQfi + fiu — fonf

k' <k
whicy yields a recursive formula for Q f proving that Q fi(z) € R[z|, and thus that @ preserves
R[z]. Now since v(0,-) = 0,
Bifile) = 3 o Coeff (67, (5-+ 6)") Coeff (1, 5w (b, ) ()
ir=0
where v(b,z) = bw(b, z) as above. Since Coeff(b’, uy(x)) € Q[z], we have Coeff(b’, uj(z)) € Q[z]
and thus Coeff(b’, e(®*)) € Q[z] for all i. Since ¢*(®*) = 1, the Taylor expansion of log(z) around
z = 1 shows that Coeff(b’, v(b, z)) € Q[z] for all i. Thus ; ; preserves R[x], which completes the
proof. O

Definition 7.3. Let R be a subring of R, e.g. Q. An analytic function f : U — R, where U is a
neighborhood of 0 in RY, is R-analytic if the coefficients of the Taylor expansion of f at 0 are all
in R.

10r¢ is easy to see that L1 = 1, so the normalization (4.3) guarantees g = 1.
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Note that R-analyticity is highly sensitive to the point that the Taylor series is expanded around;
if f is R-analytic then = +— f(z — a) may not be R-analytic even if a € R.

Proposition 7.4. Let S, §, S be as in Theorem and suppose that S = &, that v(0,0) = 0, and
that Coeff(biz*, uy(z)) € Q for all i, k. Then ¢y jx, € Q[8] for all 1,3, k.

Proof. By Proposition (ii), = =Y ,>1 ¥BPh. Thus, all coefficients c; j in (4.I) can be written
as linear combinations of expressions of the form v3;, ;, - - - B, j,h, where p > 1. In turn, we can

write
i
BZ-J:E E My, , fi-it ik
/=0 k=0
where

fi.j(x) = Coeff (b”gij e(5+9)v(b,x)) 7
or.f = Coeff (z*, f(z)),
Y o (x) = Coeff (b, uf (z))

Thus, all coefficients can be written as linear combinations of products of expressions of the form
oMy, , fo.m- Here we use the fact that oy = v and fyo = h.

To show that o; My, , fo.m € Q[6], first note that since u is Q-analytic and v(0, 0) = 0, it follows
that (b,z) — e*(®®) = £b~%; () is Q-analytic and sends (0,0) to 1; thus v is Q-analytic. Again
using the fact that v(0,0) = 0, it follows that (b,6,z) — e(®+v(®:2) is Q[§]-analytic. This shows
that f;,, and ¢; %, and thus My, fr.m, are Ql¢]-analytic, so oMy, fom, i-e. the ith coefficient of
ij’kfz7m’ is in Q[(S] ]

The next proposition is not strictly necessary for our purposes, but shows how our formula is a
generalization of the Moran—-Hutchinson equation.

Proposition 7.5. If (up)pecy consists entirely of similarities, then (4.1)) reduces to the Moran—Hutchinson
equation e’ = 1, where P’ = P(S', s). Specifically,

e —1

2 —el”

[1]

Proof. All the operators A = L,Q, R, o, ; ; satisfy A1 = [A]1 for some [A] € R, and the map
A+ [A] is a ring homomorphism. Similarly, if we write [o0] = o1 and [r1] = r, then we get

o _ A
. pz:;[ IAQUAL 5] = 7= Ay

since (4.3) implies [g] = [v] = 1. Moreover, since Lg = g, we have [L] = 1 and thus [R] = 0,
[Q] = 1. So [A] = [I/] — 1 = e””" — 1, which completes the proof. O



28 TUSHAR DAS, LIOR FISHMAN, DAVID SIMMONS, AND MARIUSZ URBANSKI

8. SOLVING (4.I): A MOTIVATING COMPUTATION

Although the proof of Theorem shows that (2.4) can be converted into the power series
equation (4.1)), there remains the question of how to solve this equation for 6, particularly since
n; and & both depend on 6. In some cases this is relatively easy, but in some cases more tools are
needed. In this section we develop a tool that will help us solve for # in the more difficult cases.

We start by considering a special case consisting of similarities, so that we can use the simpler
Moran-Hutchinson equation in place of (4.1). Namely, for each A\, B > 0 wth A + B < 1, we can
consider a similarity IFS on R consisting of two elements with contraction ratios A and B, with
distinct fixed points. For B small, this system is a perturbation of the system consisting of ony one
similarity contraction of contraction ratio A < 1. On the other hand, the dimension 6 of the limit
set of this IFS is given by the Moran—Hutchinson equation:

AN+ B =1.
We want to analyze the behavior of # when ) is fixed and B — 0. To this end, we note that
(8.1) B =1- X' =0f(9)
for an analytic function f depending on A such that f(0) = log(1/A) > 0. Taking logarithms yields
—C0 = log(0) + log f(0),

where here and in the rest of this section we use the notation
% —log(B) = log(1/B),
(8.2) D 1og(C) = loglog(1/B),
E % log(D) = logloglog(1/B).

We now follow the heuristic of changing variables in such a way so that the new variable is “closer
to being bounded from above and below” than the previous variable. Thus, let f 9 > 0. Then

v = —log(y/C) —log f(0) = D —log(v) — log f(6).
Let 3% D — . Then
B =log(D — B) +log f(0) = E + log(1 — 5/D) + log f(6).
Let o % 8 — E, and note that
(8.3) 0 =

Then

FE « D—-—F—«
(8.4) a = log <1—D—D> —logf<c>
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and thus

E 1 D
(85) Oé:F(D’D’C’a) )
where

F(z,y,z,w) def log(l — x — yw) — logf(z(l R yw))
This concludes our change of variables, and we have rewritten as (8.5).
Note that F'(0,w) = ay o _ log f(0) and F}4(0,w) = 0 for all w € R, and F is analytic on
a neighborhood of {0}® x R. Thus, ag — F(0,a9) = 0 and 8%[11} — F(0,0,0,w)] = 1. So by the

implicit function theorem, the equation w — F(w, z,y, z) = 0 can be solved analytically for w in

terms of (z,y, z) in a neighborhood of (0,0, 0). Since £, 5, £ — 0as B — 0, it follows that « can

be written as a power series in %, %, g whenever B is sufficiently small. By (8.3)), we have

oo oo Jj+k

1 E*
9:5 D—E—FZ Z ch,k,gm

§=0 k=—j £=0

The coefficients c;  , can be computed recursively using the formula (8.4).
The following lemma generalizes the above calculation:

Lemma8.1. If f : (a,6,¢) — f(a,0,¢) is analytic in a neighborhood of Ax{(0,0)}, with f(a,0,0) >
0 for all a € A C RY, then for all B sufficiently small and for all a € A, the equation

(8.6) BY = 0f(a,0, BY)

has a unique solution:

oo oo jtk Eg

1
(8.7) 0=5|D-E- YN fire(@) 5 pr

§=0 k=—j £=0
(cf- (8.2)) for some functions f; ;. ¢ analytic on a complex neighborhood Ac of A, such that

| fikell S o~ (G+k+0)

for some € > 0. If f is constant then
o~ k
1 E*
0=G|D-E=>.D crepr
k=0 £=0
and if f(a,0,0) = 1 then fyro(a) = 0 for all k. If f(a,0,0) = 1 and f is Q-analytic, then so are
Jik.e-

def

Proof. First note that if « is defined as the unique solution to (8.3), i.e. « = D — E — C6, then

B@ _ 6—(D—E'—a) _ Bea.



30 TUSHAR DAS, LIOR FISHMAN, DAVID SIMMONS, AND MARIUSZ URBANSKI

Thus, repeating the above calculations shows that the equation (8.6)) is equivalent to
E 1 D
=F - - =
« (a’D’D’C’O‘>’

F(a,z,y,z,w) %ef log(1 — 2 — yw) — log f(a, 2(1 — z — yw), ze").

where

As before, we have F(a,0,w) = ag(a) & — log f(a,0,0,0) and Fj5(a,0,w) = 0 for all w € R, and
F' is analytic in a neighborhood of A x {0} x R. So as before, by the implicit function theorem

the equation w = F(a,z,y,z,w) can be solved analytically for w in terms of (a,z,y,z) in a
DD
in H(Uc) whenever B is sufficiently small, for some complex neighborhood Ac of A. Applying

demonstrates (8.7).

If f is constant, then F'(a,z,y, z,w) is constant with respect to a, z, so « can be written as a
power series in %, %. If f(a,0,0) =1, then F(a,0,y,0,0) = 0, which implies that the solution of
w = F(a,z,y, z,w) vanishes on the line z = z = 0. It follows that f, ; o(a) = 0 for all . O

neighborhood of A x {0}, and thus « can be written as a power series in L with coefficients

9. GAUss IFS EXAMPLES

We now use Theorem to compute and estimate the Hausdorff dimensions of sets of the
form
Fg ={[0;n1,n2,...] : n1,n9,... € E}
where £ C N, and [0; n1,ne,...| represents the continued fraction expansion with partial quo-
tients ny, no, . ... To this end we define a tuple (U, V,u, v, q) as in Definition so that each set
E C N corresponds to an OSC PACIFS

S(E)Y (1/n:n e B}

whose limit setis Fg. Let U =V = (—¢,1+4¢) with 0 < ¢ < 1 and consider the mapu : UxV — V

defined by

det b
u(b, z) = 1+bz

This family is not uniformly contracting since «}(0) = —1, but after conjugating by e.g. the map
#(x) = 1/(1 + x), the family (¢ o up 0 ¢~ 1)pey is uniformly contracting, so the same results apply
as for OSC PACIFSes.

Lemma 9.1. For E C N, we have Agp) = Fg.
Proof. For each n € E we have u,,,(x) = 1/(n + ), and thus for each sequence ny,na, ...,
m(1/n1,1/ng,...) = [0;n1,ne,. ... O
Remark 9.2. We have
v(b,x) = —2log(1 + bx), q=2, h(z) = 1.

Note that v(0,-) = 0 and v(-,0) = 0 and that u is Q-analytic.
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If E =N, then § = 1, and since ph = vg = 1, we have g(z) = 1/(1 + z), and p is the Lebesgue
measure on [0, 1]. In this case, we have 1/c = pug = log(Q)H

In what follows we will consider various sequences of sets Fny — E (we recall that this notation
means that the characteristic functions converge pointwise). In each case we let S = S(F) and
S’ = Sy = S(EN). Similarly, we write

def def def .
5p = dg, SN = by s §= ngn oN,
o0

0 =6y —6, P(E,s) ¥ P(S(E),s), Fn® Py, = As,.

Note that
1
i = Z n2(0+0)+i
TLEEN—E
Our goal is now to express 7; in terms of N and 6, as well as information about the sequence
(En). To do this we consider various cases for the sequence (Ey).

9.1. Polynomial sequences. The two sequences considered in the introduction,
Exy={l,...,N} = E =N, Exn={N,N+1,..} 5 E=g,

share the property that the symmetric difference EAEy is a tail of N. Evidently, this means
we need similar methods to compute or estimate 7, in these two cases; specifically, we need the
Euler-Maclaurin formula. It turns out that the Euler—-Maclaurin formula is also useful in the more
general case where EAFEy is the tail of a polynomial sequence in N (and (Ey) is either ascending
or descending).

Theorem 9.3 (Euler—-Maclaurin formula, [|1,/65]]). Given natural numbers M < N and p, let f be
a p-times continuously differentiable function defined on [M, N|. Then
lp/2]
+ B D2 i— i—

where (Bl) is the sequence of Bernoulli numbers, and

<) [N ® ()] da
Rl <G8 [ 10 @)

For a > 0, letting f(z) = z~(17® and taking the limit as N — oo yields the following corollary:

Corollary. Fixp € N, C' < oo, and « > 0 such that |o| < C. Then for all N € N,

1 N P2 '
> s = S PN 1 0, (V)
n>=N 1=1

HNote that g is usually normalized so that ug = 1, i.e. g(z) =
more convenient.

W’ however, we find the normalization (4.3)
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where > can be taken to mean either > or >, with the + on the right-hand side depending on which
choice is made, and (Pii)izl is an explicit sequence of polynomials (with rational coefficients):
BE (—(1+ )
+ — i
Ple) ==, ( i—1
where we use the convention Bf = 1/2, By = —1/2 for the Bernoulli sequence. Note that P («) =
+1/2.

By taking a formal limit as p — oo we can think of this as an asymptotic expansion of the sum
Zn>N TLI%:
©.1) 3 LNt Z PE (o) NG+

. n-N nite o =1

where A =57 > a;r; means that for all p > i,

p—1
A= Z a;x; + Op(zp)

=10
However, note that the series (9.1) does not actually converge (due to the explosion of the se-
quence of Bernoulli coefficients (B;)2,).
Now let (s,,) be a sequence defined by a polynomial of degree d and leading coefficient a > 0,
say
sn=an® +bn?t + ..+ by).
Fix a > 0. Then for all n sufficiently large,

1 (I+bn . 4 b))/
8;1-&-06)/61 - q(l4a)/dp1+a Z nl—i-z-‘ra

for some entire functions f;, with fo(«) = a~(+a)/d Applying (9.1) shows that

—00

(9.2) Z ; —(1+a)/dN “ + Z fz —(i+c)

(1+a)/d
n=N S =

for some functions ﬁ holomorphic on C~ _;, where for each r € R,

C>rd£f{z € C:Rez >r}.

We are now ready to prove Theorems|[1.1]and [1.2]from the introduction:

215 the sequel, multiple summations are handled as follows: A = Zf‘: Z] _, aijziy; means that for all p > 4o,
q 2 jo,
p—1 g-1
A= Z aijziy; + Op(xp) + Oq(Yq)-
=10 0

=1ig j=J
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Proposition 9.4. Let (s,) be a polynomial sequence of degree d, let F' C N be an empty or strongly
regular set disjoint from {snr, Sar+1, - - -} for some M, and consider the following cases:

(/() EN:FU{SMv"‘7SN} %E:FU{SM7SM+17"‘}
) EN:FU{SN,SN+1,...}—>E:F

Note that § = lim §y = max(§g, 1/2d), and for convenience of notation write § = 2d§ — 1 > 0 and
0 = 2d6.

(i) Suppose § > 1/2d, i.e. 6 > 0. Then

—o0 =00 k—1

log
(9.3) dlmH(FN —5]\[—5—1— EO kgl EOC”” N1+k5 ,
i= J

with ¢ 1,0 = £1/X. (Here and hereafter + represents + in the case (\)), and — in the case
).) In the case (), if F = &, s,, =n, and M = 1, then (9.3)) reduces to (1.3).
(i) Suppose 6 = 1/2d, i.e. § = 0. Then

1

1
dimy (Fy) =0y = 24 7Adlo( N

loglog(NN) — loglog log(N)
(9.4)

%) oo jtk

log’ log 1 N)
+Z Z ZZ J”Nzlo(;g og log(

i=0 j=[i>0] k=—j (=0 N)log* log(N)

for some constants c; j ¢, where A =2ifc>0and A=1ifc=0. If F =ganda =1,
then ¢; j e € Q for all i, j, k,¢. In the case (\)), if F' = & and s, = n, then (9.4) reduces to
(1.5), and the constants cy, ¢ and c; ; ., have the values specified in Theorem

Parts (i) and (ii) imply Theorems|[1.1]and [1.2] respectively.

Proof. First we observe by direct calculation that for all IV, the sets {sys, ..., sy} and {sy, Sn+1,.-.}
are strongly regular. Since the union of two strongly regular sets is strongly regular, it follows that
E is empty or strongly regular, and the Es are strongly regular. Thus Theorem applies, and

(4.1) holds.
By (9.2), for all #/ > 0 we have

1
=t 5 6+0 =+ (1+di'+3+6)/d
n>=N ’VL n>=N Sn
N-(di458) 2o S
=t (+d +640)/d + (di' +5+0 N (i+di’+5+0)
©.5) di' +3+0 Zf(z )

=1

_ N-(+0) O L S O )(H)N‘i '=6=0

S FO@)N di' +9 >0,
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where Fi(i/) is analytic on Wd:efC>_t, where t = 6 if § > 0and ¢t = 1if 6 = 0. The reason
first term of the case i/ = § = 0 is positive is that in the case (], direct calculation shows that
§ = 6 > 1/2d and thus § > 0. In what follows we assume that ¢ < ¢, so that Bc(0,¢) C W.

It follows that
—00

(9.6) = N-#0E0 S g0 )N
i=dx(I)

with F") analytic on W, for all T € M(N) if § > 0 and for all I € M(Ns) if 5 = 0.
We now consider the two cases (i) and (ii).

(i) Suppose § > 0. Then since E is regular and § = 65, we have ¢ = 0 and thus (4.2)) holds.
Note that n < s’ < N~ and

|770| < N7(3+§) < N73/2

for all sufficiently large N. Let C' denote the implied constant. Then for all 7, j, by (4.5)
we have

e 67| < 87(2(1)+I(0)+j)CZ(I)+I(O)N*(d2(1)+(5/2)1(0))(E/Q)j
assuming N is sufficiently large. Now fix p, ¢ € N. Since

| 07| < N~ GOHO) - 5(1) > p
Cr.j _
PIITL= N-@2a-G0+H04)  1(0) > 4

as long as N is sufficiently large, by (4.2]) we have

Z ZCIJTIIGJ-FO( dp+N_(g/2)q>

Ie M(N) j=0
S(I)<p
1(0)<q

[I]

and by (4.5), for each I the function F;(6) def > j cl,jej is analytic on (a neighborhood
of) Bc(0,e/2) € W. Combining with and using the fact that no = 1, co,0 = 0, and

co,1 = —X gives
—00 — 00
=30+ Z co07 + 3 3 Fyp(0) N~
i=0 k=1
where the functions
= Y mFY
TeM(N
dz(1)<¢

#(I)=k



(i)

(9.7)
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are analytic on (a neighborhood of) B¢(0,¢/2). Thus, the equation (4.1) (i.e. = = 0) can
be solved for 0 as

— 00 —00

ZCO 39] + Z Z F; (0 exp k@log(N))N—(z‘-&-kE)

= =0 k=1

?
Letting v = N%0, we have

ZC J+1 N 35 — = L “92d(k log(N) —(i+kd)
0,j+17 +ZZsz+1 7 exp | —2d(k + 1) 7 v | N )

1=0 k=0

Solving for v in terms of N=!, N ~0 and N9 log(NN), and then multiplying by N -3 yields

—00 =00 k—1

1
0=2_ 2.2 ciki (ﬁma |

=0 k=1 j=0

Note that %CO,I,O = F()J(O) = F{O} (O)Fé{o})(O)C{O} = F({ H— = =1, so Co,1,0 = :|:1/X
In the case (), if F = &, s, =n,and M = 1,thend = § = 1 and thus § = 1, so

—00 1—1

log?
dimpy (F<n) —1+ZZCW g i
=1 j=0

This proves Theorem from the introduction. See Appendix [A| for the computation of
some of the coefficients ¢; ; in this case.

Suppose 6 = 0. Let £ = ¢~ HO/AN—0 /g _Gand 7= £ — € = ny — a~1H0/AN—0 /6. Then
by and (4.4), we have

1
3

(1]
Il

F0,¢, NN,

<.
Il
=)

where the Fjs are analytic on Bc(0,¢/2)2 C W x C2. (In fact, F; is a polynomial of degree
< ¢ with respect to its third input.) Next, observe that by (9.5) we have

TI—ZF Z+6’)

~

Since ¢ =77+ ¢ and N0 = o(1+0)/dg(z + €), it follows that

—00

(1
Il

Gi(6,E)N,
i=0
where the G;s are analytic on a neighborhood of (0,0). By direct calculation, we have
Go(0,0) = cop,0 = 0 and (Go)2(0,0) = co01 = 1. Thus, the equation (i.e. 2=0)
can be solved for &:

~ - -0 .
E—qiyaN T 5 Gi(O)N~?,
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where the @s are analytic on a neighborhood of 0, and by direct calculation, G;(0,-) =0
and thus G;(0) = 0 for all i > 0; similarly, Go(0) = 0 since G;(0,0) = 0. If ¢ > 0, then
by solving for N -6 using Lemma to solve for § (with a = N~1), and finally solving
for §y in terms of #, we complete the proof of (9.4). (Note that Lemma applies
to asymptotic expansions because it applies to the estimates of which the asymptotic

expansion is a limit.) The inequality j > [i > 0] corresponds to the fact that G;(0) = 0 for
log log ()

Ag log(N) :

So suppose that ¢ = 0. Then direct calculation gives G;(-,0) = G;(0,-) =0 for all i > 0,

and thus G(0) = 0 for such i. On the other hand, since § # & we have G},(0) = —cg1,0 =
X > 0. So (9.7)) becomes

NI =7 <a1/d>z +0> H, (H)N_Z>
1=0

for some analytic functions H;. By taking the square root, using Lemma to solve for
0/2, and solving for & in terms of 6, we complete the proof of ([9.4). The inequality
j > [i > 0] corresponds to the fact that G;(0) = 0 and CA};(O) =0foralli > 0.

Suppose that S = g and a = 1. Then since s,, € N for all n, we have by, ...,b; € Q and
thus for all i we have fi(z) € Q[z] and f;(x) € Q(z), with notation as in (9.2). It follows
that all F;s and FZ-(O)S are Q-analytic and thus by Proposition G, and G, are Q-analytic.
Since ¢ = 1/vh = 1, it follows that ¢; ;. € Q for all 4, j, k,¢. Moreover, by Proposition
(ii) and direct calculation we find that @0(-) = 0. Since a = ¢ = 1, it follows that

all 4, since 6 ~

where X = N~14°. The second part of Lemma now demonstrates (L.5).

We now wish to check that the values specified in Theorem are correct. By (9.8),
the coefficients c;, ¢ are the same as the coefficients arising from the equation N -0 -9,
so they can be computed explicitly from (8.4) without any operator calculations, and we
omit their calculation. On the other hand, since

—00
f(a,0,) =1+ Gi(0)a'
i=0
in Lemma/(8.1] we have
c1,1,-1,0 = —(log £)}12(0,0,0)
= —6/1(0) = (G1)|1(0,0) = Coeff (Nflg, 0070717/7\ + 6{1}7070771 -+ 0071709)
= Coeff (N~ (0 7) = —P}H(0) = —1/2.

This completes the proof. O

9.2. Quasi-geometric sequences. We can ask what happens in the cases () and (\)) of Propo-
sition when instead of being a polynomial sequence, the sequence (s,) is an exponentially
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growing sequence such as a geometric sequence or the Fibonacci sequence s,, = s,,_1 + $,_2 (ini-
tial conditions sy = 0, s; = 1). Recall that the nth term in the Fibonacci sequence is given by the
formula

(9.9 Sp = aA" (1 + bp")

where o = %, A=¢ = 1+2\/S, b= —1,and p = ¢/¢ = —¢ 2. The formula can also be used
to describe a geometric sequence, by letting a and A be integers and b = 0.

Proposition 9.5. Let (s,) be a sequence of positive integers defined by (9.9), with a > 0, A > 1,
b €R,and |p| < 1. Let F C N be empty or strongly regular and disjoint from {sps, Spr41, - - .} for
some M, and let Ex — E be as in (/) or (\)) of Proposition

@) If 6 > 0, then

(9.10) 0 = iiiz%m (k) N N

(i) If 6 =0, then
(9.11)

oo oo oo oo jt+k

1 1 _ log?log(IN)
=——— [log(N) — logl N = s
0 Alog(\) N 0g(IV) — loglog(NV +ZZZ Z chh’]kg 7 NilogF(N) |’

i=0 h=0 j=0 k=—j £=0

where A = 2if ¢ > 0and A = 1if ¢ = 0 (equivalently, A =2if FE = gand A = 11if
#(E) = 1). Moreover, ¢; j ., € R Q(X, p)[a, log(a),log()), b, log(p)] for all i, j, k. h.

Note that these formulas are exact and are not asymptotic expansions.

Remark. Proposition [9.5]can be generalized to the setting where is replaced by the formula

d
Sp = a\"” (1 + Z bz-,o?) .

i=1

This can be proven by making minor changes to the proof below.

Proof. As in the proof of Proposition for all N we observe by direct calculation that the sets
{sm,...,sn} and {sn,sn+1,...} are strongly regular, and thus since the union of two strongly
regular sets is strongly regular, it follows that F is empty or strongly regular and the Eys are
strongly regular, so Theorem applies and holds.
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Let w = 1 if (7] holds and w = 0 if (X)) holds. Then n; = +f,,(2(6 + 6) + i), where

ORI ST SR B (T

n>N4w n>N4w h=0
_ - —af 7Y\ n —a hyn __ - —af X h(Aiaph)N+w
—Z“@Jbzﬂf”—iﬂbﬁb_ww
= n>N+w h=0
- Z ft w )‘ aph)

where for each i > 0, fj, (o) = a=(5%)b" (lAi)\ap:)h is analytic on W = C.o4(p)/10g(0); Similarly,
fo.w is analytic on C-(. Note that since

@ . <|zr;h>h S <e<|zrh+ h))h

< e exp(|2|/h)" = "I,
we have |f;, ()| < C"*lel for some constant C > 1.
It follows that

R Frw(20)pMY 5 =i =0
Ym0 £fhw(2(6 +0) + NpMN 2040 >0

where as before, if § = i = 0 we use direct calculation to rule out the case (), allowing us to
conclude that the first term of the top case is positive, as well as to reduce this term using the
equality w = 0. Now since |5, (2(0 + 0) +i))| < C*" for all 0 sufficiently close to 0, there exists
a ball B centered at 0 satisfying the required bounds appearing Corollary [4.2|for the appropriate
functions F;, F,, where

i = £ fu (206 + 0) + 1) = AT2OTON NN

(AT20HON NN N if§ >0

ty = N
(260N AN oV E)if5 =0

Here £ % \—20N 15\2,920 — ¢, and we use the fact that ¢ = 0 when § > 0 to write ¢ in terms of ty, 0
in that case. Thus by Corollary[4.2] there exists a function f analytic on B such that 2 = f(ty,6).
(i) Suppose that 6 > 0. Then

[c < 2ENNe olNe o]

E=Fo0)+ > > D Frin(f) exp(—2kNO)A- 2N\ =N phN
k=1 i=0 h=0
o clENNe ClNe SN o]

—2ENO)Y | _opsn\ i N
S35 ) N o,

k=1 i=0 h=0 j=0
where (Fy ;) are analytic in a fixed neighborhood of 0, and Fy(0) = 0 and F}(0) =

co10 = —x # 0. Letting v = A\2°V¢, solving for ~, and then dividing by A**" yields
(19.10].
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(ii) Now suppose that § = 0. Then since dr < 0, we have #(F) < 1 and thus we are in the

case (N)). Now let 7 = £ — € = gg—a~20A~20N /(1 - A2, Since A2V = (1—\"2)(G+¢)
and ¢ = 7+ &, it follows that
E=3 Y Fal0. NN
i=0 h=0
for some analytic functions F;;, and by direct calculation we have F;((0,0) = 0 and
F,012(0,0) = co,0,1 = 1. Thus we can solve for ¢, which yields

)\729N 1—\ 20 B h
20108(\) (2910g ) C*‘ZE:EE:IQh '

=0 h=0

Note that F; ,(0) = 0 for all 4, h, since on a formal level, when § = 0, we have A2 =0
and thus n; = 0 for all ¢ > 0.

If £ = o then ¢ = 1, and thus Lemmaapplies (with 6 = 201og()\), B = ¢V, and
a= (AN, p")), yielding with A = 2. It can be shown using Proposition [7.2| that
Cihjkye € R for all k.4, h. This is because each function

def

FD0) Y 0020 + 1)

is R-analytic, or R-meromorphic if i = h = 0.

If #(F) = 1, then ¢ = 0, and since § = 0, by Proposition (iv) we have ¢7 g = 0 for
all I, k with I # 0. Moreover, I ((0) = —co,1,0 = X > 0. So by taking the square root of
the previous equation and letting § = #log()\), Lemma shows that holds with
A=1. O

9.3. Miscellaneous examples. In the next two examples we consider relatively simple sequences
(En) of two-element sets with dimension tending to zero, one where both generators tend to zero

and another where one of the generators is fixed. These examples illustrate the variety of behavior

that can occur when solving (4.1)).

Example 9.6. Let Exy = {N,N + 1} - F = &. Then

(9.12)

oo i—1

1
= 2logv) [ +§:§:N¢QJ

=2 j=1 log

for all N sufficiently large, where ¢; ; € Q[¢,log(¢)] for all 4, j, where qS (1—|—f )/2. In particular,

g7 log(¢)

2,1 1+¢2
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Proof. Since FE is empty and the Eys are strongly regular, Theorem applies and thus (4.1)
holds. Now ¢ = 1 and thus for all ¢,
1 CHE(N2_p1) i=0

(N + 1)i+20 + 1+ N-(i+20) F(N-(+20)) P> 0,

1 1
i = Nrit26 +

where F,, F are Q[¢]-analytic functions with F.(0) = F(0) = 0, F.(0) = 1 + ¢~2 > 0, and
F'(0) = 2. So ¢ = F,(N~2Y — ¢~1), and thus by Corollary for all N sufficiently large we have

Z2=GN"Lo,N 2 _p1

where G is analytic in a neighborhood of 0, G(0) = 0, and G|3(0) = F/(0)cop1 = 1+ ¢~ 2.
Moreover, by either Proposition [7.2|or Proposition[7.4} G is Q[¢]-analytic. Since S = @ and § = 0,
by Proposition solving = = 0 for N2 — ¢~! and then rearranging yields

N =¢ '+ N?9H(N"',N7'0)

where H is Q[¢]-analytic. Taking logarithms and dividing by —21og(N), we see that

1

= STog(® [log(¢) —log(1 + ¢N 20H(N~', N~10))].

By the implicit function theorem applied to the above equation treating #, N~!, and log(N)~! as
the basic variables, solving for § demonstrates (9.12). To see why the bounds on i and j follow,
note that if we substitute o = 260 log(/V) — log(¢), then in the resulting formula all terms are of
the form N ~log(N)~7 of with 1 < j <i— 1. An induction argument shows that these bounds

hold for all terms of the series representing «.
Now, ¢31 = —gb%H(0,0), and

Gni2(0) (¢~ 'F'(0))° CG2f1}10 492

G|3(0) F! (0) €0,0,1 1+ @72
where in the last step we use Proposition to ignore the other possible contributions to cy(13 1 -
The calculation is completed by observing that

H(0,0) =

vfB1,081,1h,

B1,1h(zx) = Coeff (b'0", e"(6:2)) = Coeff(b',v(b, z)) = —2a
vpr0B1,1h = —2 Coeff (b'9°, (004 (0)) = —2 Coeff (b',b) = —2. O

Example 9.7. Let Ey = {1, N} — E = {1}. Then
(9.13)
o oo jtk

1 log log log (V)
0 = ————— |loglog(N) — loglogl
Tlog(v) |08 108(Y) ~ logloglog(N) + Z D 2D Cukey; )

i=0 j=[i>0] k=—j £=0 log? ( )108“ log(N

for all N sufficiently large, and cp 00,0 = —loglog(¢) > 0. Notice that in the second summation,
we use the Iverson bracket notation: [®] = 1 when @ is true and [®] = 0 when @ is false.
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Proof. Since E and the Eys are strongly regular, Theorem [4.1] applies and thus (4.1)) holds. Now

1 —i nr—20
i = Z it2(040) NN
nebEN—FE

and since P(E,§) = P(FE,0) = log#(F) = 0, we have ¢ = 0. Thus by Corollary and
Proposition [7.1|(iv),

E=0F0)+ N 2F (N2 + N~ 20F(N~1, 0, N~2)

where [y, F1, F» are analytic in a neighborhood of 0 with F,(0) = co10 = X = x = 2log(¢) > 0
and F1(0) = cgp1 = 1 > 0. Solving = = 0 for N2 gives

N2 = 9(2log(¢) + g(N~1,0)) = 20(log(e) + (1/2)8g(N 1, 0))

where ¢ is analytic in a neighborhood of 0. Thus Lemma applies and we have (9.13)), with
0,000 = —loglog(¢). The i = j = 0 case of the summation is ruled out because of the factor ¢
appearing in (1/2)0g(N~1,6) above. O

10. DIRECTIONS TO FURTHER RESEARCH

This section concludes this paper by presenting a small sample of problems and research direc-
tions, which we hope will partially illustrate the wide scope awaiting future exploration.

We speculate that the key ideas behind our our basic perturbation result, Theorem might
apply more generally. For instance, it would be interesting to leverage our perturbation theorem
or some variant thereof to analyze other functionals that arise in the study of dynamical systems
and perturbations thereof.

With a view to developing asymptotic expansions that lie beyond the scope of this paper, here
are three concrete CIFSes for which our methods do not directly apply:

e The co-Cantor similarity IFS described in Example
e The CIFS u,, : x + (1 +2")27" for n € N, described in Example [3.3]
e The prime alphabet Gauss CIFS: u, : z + (p+ z)~! for primes p

It may be the case that it is impossible to develop an asymptotic expansion for the last example
above, which is an OSC PACIFS unlike the previous two examples.

It is natural to attempt a generalization of our results in where we studied alphabets
that were quasi-geometric (e.g. Fibonacci) sequences to the broader class of constant-recursive
sequences, i.e. sequences satisfying a linear recurrence with constant coefficients. One could
consider holonomic or P-recursive sequences, k-automatic sequences, or k-regular sequences.
It would be interesting to precipitate connections with ideas familiar to analytic combinatorics
and analysis of algorithms communities. Perhaps investigating the coefficient numerology in the
asymptotic expansions studied in this paper will lead more directly to such links.

Though the main applications in this article have emphasized the approximation of real num-
bers by rationals using the simple continued fraction algorithm, there exist several avenues of
active research inspired by this particular seam with a multitude of surprising interactions with
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dynamical systems and number theory. Dajani and Kraaikamp’s Carus monograph [25]] is a beau-
tifully written introduction to the ergodic theory of several numeration schemes and continued
fraction algorithms; and for higher-dimensional variants see [2}(8,(79,80]. It would be interesting
to leverage our techniques to study analogues of our results in any of these settings.

For instance, one could focus on any one of several existing families of piecewise smooth ex-
panding maps of the interval with infinitely many branches, e.g. those arising from the family
of Japanese continued fractions, named for Hitoshi Nakada, Shunji Ito, and Shigeru Tanaka — see
[11,[16,24,61]] for these systems and some variations. Furthermore, continued fraction algo-
rithms arising from study of geodesic flows on negatively curved surfaces [10,55]], and continued
fraction expansions over the field of Laurent series [9}/46,78,/85]] would be natural environs to
investigate analogues of our results.

To conclude, here are three scenarios to reconnoiter in the higher-dimensional setting:

e Find analogues of our results for complex continued fractions, where one studies the com-
plex analogue of the Gauss CIFS {u,, : z — (n + z)~! for n € N} on the unit interval, by
replacing N with the Gaussian integers with positive real part, and the unit interval with
B(1/2,1/2) C C. Such systems may be profitably studied within the broad framework of
conformal graph directed Markov systems (CGDMSes), see [[18] and its references.

e CIFS and CGDMS limit sets model several fractals that arise from Sullivan’s dictionary
[69,83] (see also [28, Table 1]), which translates between the study of Julia sets asso-
ciated with holomorphic and meromorphic iteration, and Kleinian limit sets associated
with actions of discrete subgroups of isometries of hyperbolic (negatively curved) spaces.
Exploring analogues of our results within this broad framework would be very interesting.

e Find analogues of our results beyond the conformal setting, e.g. for infinite self-affine
IFSes as studied by Jurga [541], or the broad class of examples studied by Reeve in [74].

APPENDIX A. COMPUTATION OF COEFFICIENTS

Although we do not state precise formulas for the coefficients c; ; ;, and ¢ ; appearing in Theo-
rem (4.1}, our proofs do facilitate the construction of such formulas. Namely, Lemmas [6.2] and
allow us to write o and /8 in terms of the secondary operators «; and 3; ;. Plugging these into
(2.4) gives the coefficients for the power series = in terms of (7)), 6, and &.

To illustrate this process, we compute Hensley’s coefficients ¢; o and cy; for the sequence of
systems Ey = {1,...,N} — E = N, and we show that the formula for ¢ in involves
Apery’s constant ((3) as well as the expressions

where the notation is as in and M, denotes multiplication by the function

o) = 2log(x).
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Note that it appears to be impossible to rewrite even the simplest of these expressions, vQh =
QL(0) =14 ,-1(L"1(0) — 1/1log(2)), in closed form. However, all of the expressions can be
approximated with arbitrary accuracy.

To this end, in what follows we let X = N~!log(/N). Note that since # = O(N~!), we have
cr;nr®? =xr 0 whenever #(I) + X(I) + j > k. In particular, the second-order approximation of
(12.4) is

pag + pfg + pAQAg = E=0.

Next we observe that ¢ o u(z) = log |uy ()| for all b, z. Thus since ¢ = 1, for all j > 1 we have

03 (@) = 5 S luh(alog? (o)) £ 0 () = 3~ [ (@)I(6 ) 0 w) = S LML)
" beS " bes )
SO
R T
pog = 7MLM¢9 MM
J! ; l(ig Z / 2" log? (z) dz
(_1)j/ n
_2jz z:: (n+1)7+1(5 = 4! o @]
- (—1)n - o
1)]2];:%(71—1—1)7“ = (=1)/22(1-277)¢(G + 1)
= (=12 = 1)¢(G + 1)
and thus

pag = Z 0/ pojg = Opong + 0 pasg = —((2)0 + 3((3)0°
7j=1

On the other hand, by direct computatiorF_gl we have

1
wBoog =1, pBo1g =0, uBiog = / —2z —1ldz = -2
0
and
N-(+20) - y—(2+20) 1 20log(N) 20 1 1
no = — - =St txvtsve =
X3 1426 2 x3 N N N 2N2x2 N
N —(2+20) 1
m =

5 2420 x¢ 2N?

13The second equality is guaranteed by Proposition ii).
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SO

139 = no(1Bo,09 + OpBo1g9) + m(pbi09)

Finally, since §y o = hv, ph = vg =1, and L = L, we have
HAQAg = (9uy + 1m0v)Q(OLMpg + moh).
Next we compute the first-order approximation of =:

—((2)0 + (=1/N)

—_
—
—

e
and so setting = = 0 yields § =x» —1/((2)N, giving Hensley’s first coefficient
c10 = —1/¢(2) = -6/

Plugging this into the above formulas gives

1 1 1 2 log(N) (3 2 3((3)) 1
= (E4+C2)0) = —— |-~ — = S =
) f g v v (ot )
1 1 1
This formula gives Hensley’s second coefficient co 1 = —2/¢?(2) = —72/7%: the next coefficient is
32 3¢3) 1 1
(42 =3+ e (e tv) @ (gt +h)

Notice that the four terms of (A.1I)) all appear in this formula.

A.1. Some further coefficients. It turns out to be possible to compute the coefficients ¢; ;1
directly without dealing with any coefficients ¢; ; such that j < i — 2. Namely, let us write A =, B
if '

—00 K3

B—AszpZZchlogj(N)

Ni
i=0 j=0

for some coefficients ¢; ;. We can think of this as saying that B — A is “formally O(N"?)”, in a
sense where N ~!log(V) is considered “small” but N~!log?(N) is not considered “small”.
Now (2.4) becomes

pag +pfg ===0.
Moreover, similarly to before we have pag =3 uaig = —((2)60. On the other hand,
1By = mopboog =m0 = —N"17
by the Euler-Maclaurin formula. Thus, (2.4) becomes

¢(2)0 = —N~U+20) — _N~lexp(—260log(N)).
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So we have —((2)N6 =2 F(2log(N)/¢(2)N), where
(A.3) F(z) =) ajx’ satisfies F(z)= exp(xF(x)),

i.e. F is the inverse of y — log(y)/y defined in a neighborhood of 0 and sending 0 to 1. It follows
that ¢; ;-1 = —(271/¢4(2))ai-1.

To compute a;, we first recall Cayley’s formula: the number of spanning trees on i points is
T; = i"=2. To produce a recursive formula for (7}), observe that to define a spanning tree on i
points, you need to define (a) a partition of the set of i — 1 points, (b) spanning trees on each
element of the partition, and (c) a root node in each of these spanning trees to connect to the
final node to form the overall tree.

Now compare the recursive formulas for (a;) and (7;):

EOICD NI D o | EIC

tEN™ k=1 PEP; AP
|t]+n=j
> I #AW)Tpa
PeP;,_1 AcP
where P, is the set of all partitions of {1, ...,n}. It follows that

0 = D1 (+1)y771

gt !

So , ,

2171 2-272

which is equivalent to (1.4) from the introduction.

APPENDIX B. DEFINITION OF A CONFORMAL ITERATED FUNCTION SYSTEM (CIFS)

We recall the definition of a conformal iterated function system (CIFS) due to Mauldin—-Urbarniski.

Definition B.1 (Cf. [66, p.6-7]). Fix d € N. A collection of maps (u,)q.cr is called a conformal
iterated function system (CIFS) on R? if:

1. E is a countable (finite or infinite) index set;

2. X C R?is a nonempty compact set which is equal to the closure of its interior;
3. Foralla € E, u,(X) C X;
4

. (Cone condition)
AMX N B(x,r))

inf 7

x€X,re(0,1) r >0,
where \ denotes Lebesgue measure on R%;

5. V C R?is an open connected bounded set such that d(X,R%\ V') > 0;

6. For each a € F, u, is a conformal homeomorphism from V' to an open subset of V;

7. (Uniform contraction) sup,cp sup |u,| < 1, and if E is infinite, lim,e g sup |u,| = 0;
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8. (Bounded distortion property) For alln € N, w € E”, and x,y € V,
(B.1) |z, (3)| =x Jug, ()],

where

Uy = Uy O+ O Uy, -

The CIFS is called an OSC CIFS if in addition it satisfies the open set condition (OSC), i.e. if the
collection (uq(Int(X)))qer is disjoint.
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