RANDOM NON-HYPERBOLIC EXPONENTIAL MAPS
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ABSTRACT. We consider random iteration of exponential entire functions, i.e. of the form
Cozm falz) := X € C, A € C\ {0}. Assuming that A is in a bounded closed interval
[A,B] C R with A > 1/e, we deal with random iteration of the maps f) governed by
an invertible measurable map 6 : 2 — ) preserving a probability ergodic measure m on
Q, where 2 is a measurable space. The link from 2 to exponential maps is then given
by an arbitrary measurable function 7 : Q — [A4, B]. We in fact work on the cylinder
space @ := C/ ~, where ~ is the natural equivalence relation: z ~ w if and only if w — z
is an integral multiple of 27i. We prove that then for every ¢ > 1 there exists a unique
random conformal measure v®) for the random conformal dynamical system on Q. We
further prove that this measure is supported on the, appropriately defined, radial Julia
set. Next, we show that there exists a unique random probability invariant measure p(*)
absolutely continuous with respect to v®). In fact u® is equivalent with v®. Then we
turn to geometry. We define an expected topological pressure EP(¢) € R and show that its
only zero h coincides with the Hausdorff dimension of m—-almost every fiber radial Julia
set Jr(w) C Q, w € Q. We show that h € (1,2) and that the omega-limit set of Lebesgue
almost every point in @ is contained in the real line R. Finally, we entirely transfer our
results to the original random dynamical system on C. As our preliminary result, we show
that all fiber Julia sets coincide with the entire complex plane C.
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1. INTRODUCTION

The study of the dynamics of entire transcendental functions of the complex plane has
begun with the foundational research of Pierre Fatou ([I4]) in the third decade of 20th
century. For some decades since then I. N. Baker ([4], [2] and [3] for example), was the sole
champion of the research in this field. The breakthrough has come in 1981 when Michal
Misiurewicz ([29]) proved that the Julia set of the exponential function C 3 z +— e* € C
is the whole complex plane C. This positively affirmed Fatou’s Conjecture from [14] and
opened up the gates for new extensive research. Indeed, the early papers such as [31], [20],
[28], [12], [13] have appeared. These concerned topological and measurable (Lebesgue)
aspects of the dynamics of entire functions. However, already McMullen’s paper [28] also
touched on Hausdorff dimension, providing deep and unexpected results. The theme of
Hausdorff dimension for entire functions was taken up in a series of papers by G. Stallard
(see for ex. [34]-[38] and in [39] and [40]). These two latter papers concerned hyperbolic
exponential functions, i.e. those of the form

Cozr— fa(z) ==X € C,

where A is such that the map f, is hyperbolic, i.e. it has an attracting periodic orbit.
Although it did not concern entire functions but meromorophic ones (tangent family in
fact), we would like to mention here the seminal paper of K. Baranski ([5]) where for the
first time the thermodynamic formalism was applied to study transcendental functions.
The papers [39] and [40] also used the ideas of thermodynamic formalism and, particularly,
of conformal measures. This is in these papers where the concept of a radial (called also
conical) Julia set, denoted by J.(f), occurred. This is the set of points z in the Julia
set J(f) for which infinitely many holomorphic pullbacks from f"(z) to z are defined on
balls centered at points f"(z) and having radii larger than zero independently of n. For
hyperbolic functions f) this is just the set of points that do not escape to infinity under
the action of the map fy. What we have discovered in [39] and [40] is that HD(J,.(f\)) <
2 for hyperbolic exponential functions f) defined above. This is in stark contrast with
McMullen’s results from [28] asserting that HD(J,.(fy)) = 2 for all A € C\ {0}. Note that
the set J.(fy) is dynamically significant as for example, because of Poincaré’s Recurrence
Theorem, every finite Borel fy—invariant measure on C is supported on this set. In addition
we proved in [39] and [40] that its Hausdorff dimension HD(J,(f))) is equal to the unique
zero of the pressure function ¢ — P(t) defined absolutely independently of J,.(f)).

The study of geometric (Hausdorff dimension) and ergodic (invariant measures absolutely
continuous with respect to conformal ones) properties of transcendental entire functions by
means of thermodynamic formalism followed. It is impossible to cite here all of them, we
just mention only [19], [23], [24], [26], [7] and [8]. Related papers include [33], [9], [6] and
many more.
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We would like to pay particular attention to the paper [41], where a fairly full account
of ergodic theory and conformal measures was provided for a large class of non-hyperbolic
exponential functions fy, namely those for which the number 0 escapes to infinity “really
fast”; it includes all maps for which A is real and larger than 1/e. Our current work stems
from this one and provides a systematic account of ergodic theory and conformal measures
for randomly iterated functions f,, where A > 1/e. The theory of random dynamical
systems is a large fast developing subfield of dynamical systems with a specific variety of
methods, tools, and goals. We just mention the classical works of Yuri Kifer, [16], [I7] and
of Ludwig Arnold ([I]), see also [I8]. Our present work in this respect stems from [22], [27],
and [25].

Our first result, whose proof occupies Section [3] is that if a sequence (a,)32; of real
numbers in [A, B] is taken, where A > 1/e, then the Julia set of the compositions

fan © fa,_1 0.0 fo, 0 fo, :C—C

is equal to the entire complex plane C. This is a far going generalization of, already
mentioned above, Misiurewicz’s result from [29]. In addition, our proof is a simplification
of Misiurewicz’s one, even in the autonomous (just one map) case. The above compositions
are said to constitute a non—autonomous dynamical system as the “rule of evolution”
depends on time.

Our main focus in this paper are random dynamical systems. These are objects lying
somewhat in between autonomous and non-autonomous systems, sharing many dynamical
and geometrical features with both of them. As in [I], [I1], [22], [26], and [27] the random-
ness for us is modeled by a measure preserving invertible dynamical system 6 : Q — €,
where (€, F,m) is a complete probability measurable space, and € is a measurable in-
vertible map, with #~! measurable, preserving the measure m. Fix some real constants
B> A>1/e and let

n:Q+—[A B]
be measurable function. Furthermore, to each w € €) there is associated the exponential
map f, == fyw) : C — C; precisely

Consequently, for every z € C, the map
Ao3wr— fn(w)(z) eC

is measurable. In order to avoid ambiguity and confusion about what is f, and what is

[, we assume without loss of generality that Q is disjoint from [A, B]. If however Q

happened to intersect [A, B], we could always replace it for example by € x {0} to achieve

the required disjointness. Another option: to introduce different letters/symbols for f,, and

Jn(w) would be just too cumbersome and would make the whole exposition less readable.
We consider the dynamics of random iterates of exponentials:

o= fon-1,0--0 fgpo f, : C — C.
The sextuple
f=(QFmo:Q—=Qn:Q—[AB];f,:C—C)
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and induced by it random dynamics
(fi:C—C)_, weq,

will be referred to in the sequel as random exponential dynamical system. Obviously, this
generates also a global dynamics (skew product) f: Q x C — Q x C defined as f(w,z) =

(0(w), fu(z)).
We define the equivalence relation ~ on the complex plane C by saying that Z ~ W if
there exists k € Z such that
Z —W =2mk.
We denote the quotient space C/ ~ by Q). So, @ is conformally an infinite cylinder. We
denote by 7 the natural projection 7 : C — @), i.e.,

m(Z) = [Z]

is the equivalence class of z with respect to relation ~. Since both maps f, : C — C
and mo f, : C = @, n € C*, are constant on equivalence classes, they canonically induce
conformal maps f, :  — C and

F,:Q— Q.

So, F;, can be represented as

-1
F,=mo fyom .

In Sections 4-11 we will be exclusively interested in the sextuple
F .= (Q,}",m; 6:Q0—Qn:Q—[ABF,: Q—>Q),
induced by it random dynamics
(F = Fpnry0- 0 Fpo0F,:Q— Q) weQ

and the global dynamics (skew product) F' : Q x @ — Q x @ defined as F(w,z) =
(O(w), F,(x)). All our technical work in Sections 4-11 will concern the sextuple F' acting
on the cylinder (). The main results for this sextuple will be obtained in Sections 8-11. In
Sections 12 and 13 we will fully transfer them for the case of sextuple

f::(Q,]—",m;Q:Q—>Q;n:Q—>[A,B];f,7:C—>C)

and induced by it random dynamics.

We now describe our results for the sextuple F. Let X = x ) and let 7 : X — € be
the projection onto the first coordinate, i.e., m (w, 2) = w.

Following [I1] we consider random measures (with respect to the measure m). Let
M,, € M(X) be the set of all non-negative probability measures on X that project onto
m under the map m; : X — €, i.e.

My ={p e M(X):pom ' =m}.

The members of M, are called random measures with respect to m. Their disintegration
measures f,, w € {2, with respect to the partition of X into sets {w} x C, are called fiber-
wise random measures, and frequently, abusing slightly terminology, these are (also) called
just random measures. We are interested in conformal random measures, their existence,
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uniqueness, and geometrical and dynamical properties. Such measures are characterized
by the property that

Vo (Fiu(A)) = A /A [(F)'[ .,

for m—a.e. w €  and for every Borel set A C @ such that F,|4 is 1-to—1,where \; :
2 — (0, +00) is some measurable function. Our first main result is about the existence of
conformal random measures. Indeed, we proved the following.

Theorem 1 (Existence of conformal measures). For everyt > 1 there exists v\*), a random
t—conformal measure, for the map F : Q) — Q).

The proof of this theorem is much more involved than its deterministic counterpart of
[41]; the whole Sections 5-8 are entirely devoted to this task. There are many reasons
for that. One of them, notorious for random dynamics, is the difficulty to control upper
and lower bounds of the measurable function \;. In the deterministic case there is just one
number e’® . Here, we have an apriori uncontrolled function );. We overcome this difficulty
by starting of with good class of random measures: the sets P and P of Sections 5-8. We
also must carefully control the trajectories of 0, the singularity of f° L for every n € [A, B
and points approaching these trajectories. This is the more difficult in the random case
that we now have the trajectory of 0 for every w € 2. There are more subtle and involved
issues.

We then turned our attention to the problem of F-invariant random measures absolutely
continuous with respect to the random conformal measure of Theorem [T This was done
in Section [9 Its full outcome is contained in the following.

Theorem 2. For every t > 1 there exists a unique Borel probability F—invariant random
measure p\) absolutely continuous with respect to v, the random t—conformal measure of
Theorem . In fact, p® is equivalent with v® and ergodic.

Note that in terms of fiberwise invariant measures, F-invariance of the measure p(¥) means
that

o Bt = )
for m—a.e. w € Q.
Note that we do not claim that the measure u® is absolutely continuous with respect to
any random t-conformal measure for the map F. We claim this only for the measure v*)
resulting from the proof of Theorem [I} i.e. Theorem The proof of Theorem [2|is done
“globally” and requires very subtle estimates of fiberwise random conformal measures of
various balls and inverse images of measurable sets under all iterates.

Turning to geometry, we have defined random counterpart of radial (conical) Julia sets
J;(w) and global radial Julia set J,(F). The precise definition is provided in Section [9] as
Definition (3l

This definition of radial sets differs a little bit from the standard one. What we mean
is that, when applied to deterministic systems, it produces the sets J. that are different
than, though contained in, those introduced in [39], comp. ex. [40], [41], [23], [32] and [24].
Therein one merely required that the sets N, (z, N) are infinite. For “truly random” systems
we do however need such a more involved definition, the one which naturally matches with
the random structure.
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With HD denoting Hausdorff dimension, we proved in Section [10| the following theorem
about the geometric structure of the random radial Julia sets J,.(w).

Theorem 3. Fort > 1 put

EP(t) :z/log)\wdm(w).

Then
(1) EP(t) < +oo for allt > 1,

(2) The function (1,4+00) >t — EP(t) is strictly decreasing, convex, and thus continu-
ous,

(3) lim;_,; EP(t) = 400 and EP(2)) < 0.
(4) (Bowen’s formula) Let h > 1 be the unique value t > 1 for which EP(t) = 0. Then
HD(J, () = b
for m—a.e.w € Q2.

A remarkable fact of this theorem is that the Hausdorff dimension of random radial Julia
sets J.(w), w € €, is expressed in terms (zero of the expected pressure EP(t)) that have
nothing to do with these sets. Another remarkable observation about these sets, is their
dynamical significance, which follows from the fact, which we proved, that

p(Je(F)) =1
for every F—invariant random measure on X.
As a matter of fact, we proved even more about geometry of random radial Julia sets
J;(w) than Theorem [3] Namely:

Theorem 4. The Hausdorff dimension h = HD(J.(w)) of the random radial Julia set
J.(w), is constant for m—a.e. w € Q and satisfies 1 < h < 2. In particular, the 2—
dimensional Lebesque measure of m—a.e. w € Q set J.(w) is equal to zero.

As its, almost immediate, corollary, we obtain the following result about trajectories of
(Lebesgue) typical points.

Theorem 5 (Trajectory of a (Lebesgue) typical point I). For m—almost every w € €2 there
exists a subset Q),, C Q) with full Lebesque measure such that for all z € Q,, the following
holds.

Vo >0 3n,(0) e NVn>n,() Ik =k,(z) >0
[F0(2) = Fguer (0)] <6 or |FJ(2)] > 1/6.

In addition, limsup,, .. k,(z) = +00.

(1.1)

As an immediate consequence of this theorem we get the following.

Corollary 6 (Trajectory of a (Lebesgue) typical point II). For m—almost every w € €2
there exists a subset QQ,, C Q with full Lebesque measure such that for all z € @, the set
of accumulation points of the sequence

(Fﬁ(Z))f:o

is contained in [0, +oo] U {—o0} and contains +oo.



RANDOM NON-HYPERBOLIC EXPONENTIAL MAPS 7

These last two properties are truly astonishing and were first time observed for the expo-
nential map C 3 z — ¢* € C in [31] and [20] and then extended to many other exponential
functions in [41]. Our approach to establish these two properties is different than those of
[31] and [20] and relies on investigation of h—dimensional packing measure Q).

As it is explained in detail in Sections [I2] and Section [I3] dealing with the sextuple
F .= (Q,}",m; 0:Q—=Qn:Q— [A,B];Fn:Q%Q)

and induced by it random dynamics (FJ} Q — Q)
with the sextuple

f=(Q,Fm0:Q—Qn:Q—[AB]f,:C—C)

ZOZO is entirely equivalent to dealing

o0

and induced by it random dynamics ( fr.C— C) —o» I the derivatives of the maps f7
are calculated with respect to the conformal Riemannian metric

|dz|/1z].

This metric pops up naturally in Section and coincides with the metric dealt with in
[23] and [24]. In Sections 12 and 13 we fully transfer all the main results proven for the
sextuple F' to the case of the sextuple f.

2. PRELIMINARIES

2.1. The Quotient Cylinder and the Quotient Maps. We define the equivalence
relation ~ on the complex plane C by saying that Z ~ W if there exists k € Z such that

7 — W = 2mik.

We denote the quotient space C/ ~ by Q). So, @ is conformally an infinite cylinder. We
denote by 7 the natural projection 7 : C — @, i.e., 7(Z) = [Z] is the equivalence class
of Z with respect to relation ~. Since both maps f, : C = C and 7o f,, : C = @ are
constant on equivalence classes, they canonically induce conformal maps f, : @ — C and
F,:Q — Q. So, F, can be represented as

_ ~1
F,=mof,on™ ",

precisely meaning that for every point in @, its image under o f, o 7! is a singleton and
the above equality holds. Although, formally, @ is the set of equivalence classes [z], we
shall often use the notation z € @), whenever this does not lead to a confusion.

We will also use occasionally the natural identification
Q~{ZeC:0<ImZ <27},
when this does not lead to a confusion. For z € () we denote
|z| :=1inf{|Z| : Z € 77 (2)}.
Similarly, for z € @ we denote by Rez the common value ReZ for Z € n7!(z).
We denote by Y, the set
Y :i={z€Q:|Re(2)| > M}.
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This set splits naturally as Y, UY,, ,where
Vi ={2€Q:Re(z) >M} and Y,,:={z€Q:Re(z) < —M}.
We also denote:
Qun ={z€Q :|Rez| < M}.
For positive variables A, B, depending on a collection of parameters, we write A < B if
there exists a constant C' independent of the parameters such that

A<C-B.
Similarly, we write A = B if B < A. We write
A=xB ifandonlyif A<B and A*» B.

2.2. Koebe’s Distortion Theorems. For every £ € C and every r > 0 let
B,r)={z€C:|z—-¢& <}
be the open disk (ball) centered at the point & with radius . We abbreviate

B(& 1) = B(& 7).

We record the following classical Koebe’s distortion theorems; for proofs see e.g., [15].

Theorem (Koebe’s Distortion Theorem). Let £ € C and let r > 0. Let g : B(&,r) — C be
a univalent holomorphic map. Then for every t € [0,1) and every z € B(&, tr) we have

1—¢ lg'(2)] 1+t

(L+6)3 7 g’ — (1 —1)*
tr ! tr ,

and

Theorem (Koebe’s 1/4 Theorem). Let & € C and let r > 0. If g : D(&,r) — C is a
univalent holomorphic map, then

o(z0,1) D (40 14O 7).

We shall often refer to these results as to standard distortion estimates. From now on
throughout the paper, for every ¢t € [0,1) we set

1 3
K; := max ki ,<1+t) >1
(1—1¢)3" 1—t

and

K = K.
We will often make use of Bloch’s theorem (for a proof see e.g., [15]), which does not require
the map to be univalent:

Theorem (Bloch’s Theorem). Let fID : C be a holomorphic map defined on the unit disc
D. If |f'(0)| = 1, then there is a region (open connected set) U C D which is mapped by f
univalently onto a disc of radius r > 1/72.
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3. JuLiA SETS OF NON-AUTONOMOUS ITERATIONS OF EXPONENTIAL MAPS

As in the introduction, for n # 0 we denote by f, : C — C the entire map defined by
fa(2) = ne”.
Fix two real numbers A < B with A > 1/e. Put
A = [A, BN

For every infinite sequence of numbers in [A, B], i.e., every element a = {ay, as, ...} of the
infinite product [A, B]Y, define the non—autonomous dynamical system by the following
formula:

f: ::fanofanflo"'ofazofal :C—C.

For every a € A the respective Fatou and Julia sets F, and J, are then defined analogously
as in the deterministic case:

I, = {z € C: f2?|v is normal for some neighborhood U of z}
and
Ja :=C\ Fa.
Denote by 0 : A — A the left shift, i.e., the map
o(ay,ag,a;s...) = (az,as,a4...).
Note that both these sets F, and J, are invariant by the dynamics. More precisely:
f;(Ja) = fa(Ja) C Joa) and f;(Fa> = fa(Fa) C Fo(a)

Our next theorem extends to the non—autonomous case the celebrated result of Michat
Misiurewicz (see [29]) which was conjectured by Pierre Fatou already in 1926 (see [14]).
The proof we provide is simple and it constitutes a substantial simplification also for de-
terministic maps.

Theorem 7. For every a € A, we have that
Ja = C.
The proof of Theorem [7| will consist of several lemmas.

Lemma 8. For everya € A,
Ja D R.

Proof. First, observe that if x € R, then
lim fi(z) — +o0.
n—oo

Now, if w € R\ Ja, then there exists a neighborhood V' C C of the point w in C such that
the family ( f:‘V)ZO:O is normal. So, since also fI'|grny — 00, as n — 0o, we conclude that
f2 converges to infinity uniformly on compact subsets of V' as n — oo. Remember that for

this specific family f, we have f, = f. So, if B(w,r) C V, then

2y = 0
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uniformly as n — oo. Thus, by virtue of Bloch’s Theorem, the image f(B(w,r)) contains
a ball of radius 27 for all n > 0 sufficiently large. This implies that there exists a sequence
of points z, € B(w,r), n > 0 large enough, such that

Tim [Re(f7 (2,))] = +o0.

and
Imf)(z,)) € m+ 27Z.

Then f!(z,) € (—o00,0) and, consequently, |f22(z,)| < B, where, we recall, B is the
number fixed, along with A, at the beginning of this section. Thus, f2|p(w, does not tend
to infinity as n — oo. This contradiction finishes the proof. O

As an immediate consequence of this lemma we get the following.
Corollary 9. If V C C is an open set and V N J, =0, then VN R = (. Furthermore,
(1) )
RO V) =9,
n=0

and, more generally,

(]EEJZR+kwi> Uf” V) =0.

The next lemma and its proof come as minor modifications from [29].

(2)

Lemma 10. For every z € C and every integer n > 1,

|(f2)'(2)] = [Imf(2)].
Proof. f,(2) = ne* = ne® cos y+ine® siny. Since |siny| < |y|, we thus have that [Imf,(2)] <
ne”lyl = 1f3(2)|[Im(2)]. So,

(3.1) [Im £, (2)]

Therefore,

e mpEl mgoE )]
Im 2)| = .
i = Tpe ] e 2] (e

<R RG] I falz)]
<R RG] fa2)]
= (/) ).

- [Imfa(z)]

O

Remark 1. The above computation, although very simple, reflects the following phenom-
enon: Denoting by H* and H™, respectively, the upper and lower half-plane, we see that
the branches f,- L of the inverse map are well-defined in H* and H~, and each of them map

IdZI

H* into H* or H~. Since the hyperbohc metric in H* is given by Tm(ay)» the inequality

(3.1]) just expresses the fact that f are contractions in the hyperbolic metrlc
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Lemma 11. If V C C is an open connected set and V C'V C C\ Ja, then there exists an
integer N > 0 such that for alln > N,

faavyc S:={z€C:|Im(z)| < 7}.

Proof. By Corollary @, for every n € N, either the set f"(V) is contained in S, or it is
disjoint from S. If f2(V)N.S = ) for infinitely many integers n > 1 then, using Lemma
and the Chain Rule, we conclude that

limsup (2 = +oo.

n—oo

This (using e.g. Bloch’s Theorem) implies that for infinitely many integers n > 1 the set
f2(V)) contains a ball of radius 2. So, for all such n, f2(V) N (Upez R + kmi) # 0. This
however contradicts Corollary [0, and we are done. O

Write S as S = ST U S~ UR, where
StT:={zeC:0<Im(z) <7} and S~ :={2€C: -7 <Im(z) <0}.

For a € A denote by g, the holomorphic branch of f;! defined on ST and mapping S*
into S*. More generally, for every n € [A, B], the map g, denotes the holomorphic branch
of f, ! mapping S into S*. Denote by p the hyperbolic metric in S¥.

Lemma 12. For every n € [A, B] and for all z,w € ST, we have that

(3.2) p(9y(2); gn(w)) < p(z,w).

Also, for every compact subset K C ST there exists k € (0,1) such that for every n €
[A,4+00) and for all z,w € K, we have that

(3.3) p(gn(2), gn(w)) < rp(z, w).
Proof. The formula (3.2) is a straightforward consequence of Schwarz Lemma. Since the

map g, : ST — S is not bi-holomorphic, it also follows from Schwarz Lemma that

(3.4) P(9y(2); gn(w)) < p(z,w)

whenever z,w € ST and 2 # w, and in addition,

: P(gn(2), gn(w)
(3.5) hinwi%p (o)

zZw

for every € € S*. In order to prove (3.3), fix o > m > A. Since g¢,,(2) = ¢y, (2) — log Z—f
and g, (w) = gy (w) — log 2, and since the metric p is invariant under the horizontal
translation, we have

<1

P(gng (Z)v In2 (w)) = P(Qm (2), Im (w>>

So, it is enough to check the estimate (3.3)) for f4. But this follows immediately from ((3.4)),
(3.5), and compactness of the set K. O

Lemma [I3] below will complete the proof of Theorem [7]
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Lemma 13. The interior of the set

A=) £(09)

18 empty.
Proof. Since
fa(ST)={2€ C:Im(z) >0}, fu(S™) ={z € C:Im(z) < 0},
and
fa(R) = (0, +00),
it follows that

(9 = (" (SHU) fa"(STUR.

We shall prove that the set (.~ fa " (ST) has empty interior; the set (), fa"(S7) can be
dealt with in the same way.
So, suppose that there exists V' C C, a nonempty, open, connected, bounded with

VeVa)faMsh.
n=0

Then, obviously, the family ( f§|v)zo:0 is normal. Now, fix a non-empty open connected set
W (e.g.: a disk) contained, together with its closure, in V. Put

d = dist(W,0V) > 0.
Let N > 1 be so large integer that

Now, seeking a contradiction, assume that there exists & € W such that for at least N
integers ny,...,ny > 0 we have that

fo() e {z€C:Imz>7/2}.

Then |(fm¥)(€)] > (r/2)Y, and again Bloch’s Theorem implies that f7(W) contains some
ball of radius 27. Since f"~ (W) does not intersect the Julia set Jyny, this is a contradiction,
as Jyng O R+ 2miZ.

We therefore conclude that the trajectory f2(z) of every point z € W visits the domain
{z € C:Imz > w/2} at most N times. For every integer k > 0 let

Wy :=Wn ﬂ [ ({z € C:Imz < w/2}).
n=k
Each set Wy, k > 0, is closed (with respect to the relative topology) in W and, as we have
just proved, that

G Wi, = W.
k=0
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Since W is an open subset of C, it is completely metrizable, and therefore the Baire Category
Theorem holds for it. Thus, there exits ¢; > 0 such that

W™ .= Inte(Wy,) # 0.
This means that for all integers n > q;, we have that
faW*) Cc{ze C:Imz < m/2}.
Since all sets f2(W*), n > 0, are open in C and contained in ST, we thus conclude that
(3.6) faW*)c{zeC:0<Imz < w/2}
for all integers n > ¢;. Consequently,
fa(W*)yc {z€ C:Rez >0}

for all n > ¢; + 1. Moreover, observe that there exists a constant M > 0 such that, if
Rez > M, Imz € (0,7/2), and f,(z) € S, n € [A, B], then

Ref,(#) > Rez + 1.

This, in turn, implies that if f2(W*)N{z € C: Rez > M} # 0 for some integer j > ¢, +1,

then the sequence ( fg|W*)ZO:q1 L, converges uniformly to co. But since then the sequence

(( my \W*)Zoqu ., also converges uniformly to oo, this possibility is again excluded by the
conjunction of Bloch’s Theorem and (3.6]).

So, we have concluded that

iAW)y c{z€C:0<Rez< M and 0 < Imz < 7/2}

o o .
is normal, its every subsequence

for all integers n > ¢;. Since the family ( fﬁ\w*)n:ql "
contains a subsequence converging uniformly in W* to some limit holomorphic function.
Since all the maps f”|w~, n > ¢; + 1, expand the hyperbolic metric p, there are no constant
limits of subsequences (f2* |W*)Zo:1 with values in S™.

So, let g be a non-constant limit of some subsequence ( [ |W*)ZO:1 converging uniformly.

Shrinking W* if necessary, one can assume that g(1¥*) is contained in some compact subset
K C S*. Putting

K:={ze€858":p(z,K) <1},
we see that there is ¢; > ¢ + 1 such that for every k > ¢
frEw) C K.

w

Note that K has finite hyperbolic diameter, in fact is compact, and put D := diamp(f( ) <
0o. Record that for all & > ¢o, we have that

ng __ Nk~ NEk—1 Ngg+1—Tgq gy
Ja¥ = fgmicia O O fpnama O fa.

Let z,w € W* with 2z # w. Then, using (3.3) and (3.2), we see that p(z,w) < ¥~ D for
every k > qo, which is a contradiction.

So, the sequence ( f;‘|W*)ZO:0 has no subsequence with a non—constant limit.

Since all limit functions of subsequences of the sequence ( f;‘|W*)ZO:0 with values in S*
have been also already excluded, we arrive at the following conclusion:
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For every 6 > 0 there exists an integer ny > 0 such that
fawsyc{zeC:0<Imz<0}nN{zeC:0<Rez< M}.
for every n > ny.

In order to complete the proof, we now shall show that the above is impossible. This
can be deduced immediately from the following lemma. Its proof is an easy calculation and
will be omitted.

Lemma 14. Let § > 0 be so small that (1 —§) > t. Then for every n > A and for every
z € C with cosImz > 1 — ¢, we have that

Ref,(z) > Re(z) + Ae(1 —§).
In particular, the map f, moves the region {z € S* : cosIlmz > 1—0)} by € to the right.
0

4. RANDOM EXPONENTIAL DYNAMICS AND RANDOM MEASURES IN ()

As in [1], [I1], [22], [26], and [27] the randomness is modeled by a measure preserving
invertible dynamical system
6:Q —Q,

where (2, F,m) is a complete probability measurable space, and 6 is a measurable invertible
map, with =1 measurable, preserving the measure m. As in the previous section, fix some
real constants A, B with A > 1/e. Let

n:Q+—[A, B]
be a measurable function. Furthermore, to each point w € () associate the exponential map

fo = fn(w) :C—C

given by the formula

fu(z) = n(w)e”.
Consequently, for every z € C, the map

Q>wr— fn(w)(z) eC

is measurable.
We consider the dynamics of random iterates of exponential functions:

o= fon-1,0--0 fgy0 f, : C — C.
The quintuple
(Q,F,m; 0:Q—Qn:Q— [A,B])
and induced by it random dynamics
(ffj :C — (C)Zo:07 w € €,

will be referred to in the sequel as random exponential dynamical system. As we have
explained it in the introduction, we will in fact do all of our investigations for the maps
projected to the cylinder (). More precisely, for every w € €2, we consider the map

—1
F,=mof,or,
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and the corresponding random dynamical system
El = Fyn-1,0---0Fp,0F,: Q — Q.

As it was indicated in the introduction, and explained in detail in Section [I2] and in
Section , this is entirely equivalent to dealing with the random dynamical system (f)
with derivatives calculated with respect to the conformal Riemannian metric

|dz|

|2

Recall from [I1] that a function g : Q@ x Q@ — C, g(w,z) = g,(2), is called a random
continuous function if, for every w € 2 the function

Q32— g,(2)eC
is continuous and bounded, and, in addition, for every z € () the function
Qo3wr— g(w,2) e C

is measurable. It then follows ( see, e.g., Lemma 1.1 in[I1]) that every random continuous
function is measurable with respect to the product c—algebra F ® B, where B is the Borel
o—algebra in (). Moreover, the map

Q3wr— ||gu]lee €R

is measurable and, m— integrable. The vector space of all real-valued random continuous
functions is denoted by Cy(2 x Q). Equipped with the norm

loll = / | gallsedim(w)

it becomes a Banach space.

The simplest example of such a random map is obtained just by putting Q := I1>°_[A, B,
equipped with some (completed) product measure, and putting, for w = (... 79_1,70, 71 - - .)
n(w) = 1.

Put

X =QxQ.
Denote by M(X) the space of all those signed measures v defined on the o-algebra F ® B
for which
lV||oo := esssup{|v,| : w € Q} < 400,
where v, w € €, is the corresponding disintegration of v and, for each w € €2 the number
|v,| is the total variation norm of v,,.

These measures, i.e. the members of M(X), can be canonically identified with linear
continuous functionals on the Banach space C(£2 x Q).

Let m : X — € be the projection onto the first coordinate, i.e.,

m(w, 2) = w.

Let M,, C M(X) be the set of all non-negative probability measures on X that project
onto m under the map m : X — Q, i.e.

My ={p € M(X):pom ' =m}.
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A map p:Qx B —[0,1], (w, B) — puw(B), is called a random probability measure on
Q if
e For every set B € B the function 2 5 w — p,(B) € [0, 1] is measurable,

e For m-almost every w € Q the map B > B — pu,(B) € [0, 1] is a Borel probability
measure.

A random measure g will be frequently denoted as {p, }weq or {ue : w € Q}.
The set M,,,(X) can be canonically identified with the collection of all random probability
measures on () as follows.

Proposition 15 (see Propositions 3.3 and 3.6 in[I1]). With the above notation, for every
measure 1 € M, (X) there exists a unique random measure { i, }weq on Q such that

/QXQ h(w, 2) dp(w, z) = /Q (/Q hw, 2) duw(Z)) dm(w)

for every bounded measurable function h : Q x QQ — R.

Conversely, if {i,wea 1S a random measure on Q, then for every bounded measurable
function h : Q x Q — R the function Q > w — fQ h(w, z)du,(z) is measurable, and the
assignment

FRB3>Ar— /Q/Q]lA(w,z)duw(z)dm(w),

defines a probability measure pu € M,,(Q).

Both sets M(X) are M,,, are equipped in [11] with a topology called therein as a narrow
topology. This topology is on M(X) generated by the following local bases of neighbor-
hoods of elements v € M(X):

Ugy,..gs(V) := {/L € M(X): ‘/gjdu - /gjdV‘ < 5},

where ¢i,...gr is an arbitrary collection of random continuous functions and ¢ is some
positive number. The space M,, is then endowed with the subspace topology of the narrow
topology on M (X). This topology is in general non—metrizable neither on M(X) nor on
Mm-

A subset R C M,, is said to be tight if for every € > 0 there exists M > 0 such that for
every v € R we have that

I/(QXQM) >1—c.
We recall Theorem 4.4 in [11]:

Theorem 16 (Crauel’s Prokhorov Compactness Theorem). A set R C M,, is tight if an
only if it is relatively compact with respect to the narrow topology. In this case, R is also
relatively sequentially compact.
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5. RANDOM CONFORMAL MEASURES FOR RANDOM EXPONENTIAL FUNCTIONS; A
PREPARATORY STEP

In this section, after short preparation, we define random t—conformal measures, and our
main goal in it is to prove their existence for every ¢ > 1. In order to do this we introduce
a subspace of random measures for our random dynamics of exponentials. After defining a
properly chosen convex and compact subset P C M,,, with respect to the narrow topology,
we will check that this set is invariant under an appropriate continuous map. The existence
of a random conformal measure will be then deduced from the Schauder—Tichonov Fixed
Point Theorem.

In this section, and in the next Sections [0}, [7}, [§] [0 we work with an arbitrary, but fixed,
t > 1. So, the space P and the estimates depend on t.

Definition 17. We define a family of operators L;,, t > 1, w € 2, by
Liw(9)(z):= > glw)-|[F(w) " €R,
wEFJl(z)

where g : @ — R ranges over bounded continuous functions. Note that the series above
converges indeed since ¢t > 1; this is not difficult to check and can be done in exactly the
same way as in [41], in fact it can be seen immediately from the formula below.

Furthermore, we define the global transfer operator £; on the space Cy(€2 x Q) as follows:
for (w,z) € X = Q x @ and a random continuous function g, we put

(L2)wg(2)) = Lig-1(g0-1) (7).

Note that £; does not act on the space Cp(2 X @), i.e. its image is not contained in
Cp(©2 x Q). The point is that for each w € €2 the function £; (1) is unbounded. However,
we shall check that for each random continuous function g : X — R and suitably chosen
family of random measures v, the integral

/ﬁt,w (gw)dVQw
is well defined. This will follow from integrability of the functions
Q32— L,(1)(2) €R,

w € Q, with respect to the measures vy,,. Verifying this will allow us to define formally the
measures L} Vp,, w € (), as

‘C;wl/@w(g) = /[’t,wgwdyew-
The random measure (Vw)we is then said to be t—conformal if

Q
E:,wojew) - )‘t,wVw

for m—a.e. w € Q, where \; : Q — (0, +00) is some measurable function. A straightforward
calculation shows that t—conformality is also characterized by the property that

Vo (F(A)) = Aru /A (F)'[ du
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for m—a.e. w € Q and for every Borel set A C @ such that F,|4 is 1-to-1, where A\; : Q —
(0,400) is some measurable function.

Our task now, in the upcoming sections, is to prove the existence of random t—conformal
measures for every t > 1. Let P C M,,. We want to define a map ¢ : P — M,, by the
following formula/requirement:

(5.1) @wu:gﬁﬁ%ﬁ

.., the measure ®(v) is the only measure in M,,, with disintegration ®(v), given by
. We look for a sufficient condition under which the map ® is well defined on P. We
first prove a technical lemma and then provide such sufficient condition in Proposition
following it.

Lemma 18. Fiz e > 0 arbitrary. Let C. C Cp(2 X Q) be the set of all random continuous
functions defined on € x @) that vanish in
Qx{ze€Q:Re(z) <loge}.
Then
Lig € Cp(2 x Q)
for each g € C..

Proof. In order to prove that £;g € Cy(€2 X @), we need to check

e measurability of the function Q 5 w — L, (g.,)(2), with fixed z € Q,

e continuity of the function @ 3> z — L ,(g.)(2) with fixed w € Q,
and finally,

e the bound

sl wdm(w) < oo
Recall the definition: ’
Liw(g)(2) = Y golw) - [Fl(w) ™",
weF;1(2)
The preimages w € F,!(z) can be easily calculated, using the equation n(w)exp(wy) =

z + 2kmi, so,
z + 2kmi
o - Log (227
n(w)
where we denoted by Log(Z) the only W € @ such that exp(W) = Z.
With z fixed, the measurability with respect to w is now easily seen from the above
explicit formula. Note also, that we can write even more explicitly:

nw)
(52) »th gw Z gw wk 2+ 2]{37'(‘2

Since t > 1, the above series of continuous funct1ons converges uniformly in a neighborhood
of any point z € @), z # 0, thus defining a continuous function. It remains to prove
continuity at 0. But, since we assumed that g € C., it follows that in a sufficiently small
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neighborhood of z = 0 the summand corresponding to the integer k = 0 vanishes, and the
sum in is taken only over all k£ # 0; then the previous argument, i.e. the one for points
z # 0 applies.

Finally, the formula also shows that in some neighborhood U. of O we have the

following bound:
t

n(w)
/:' w\Yw < a1 - ° w||oo
FATRIBIERD il e PN
k€EZ,k#0
while, outside U.,
n(w)
'C w\Yw < a7 -] w||oco
FRORICIED D P P
keZ
Thus, there exists a constant D, such that
1Lt w(9) oo < De - [|gw]|oo-
We conclude that £,9 = (£14,(9w))weq is a random continuous function. O

Proposition 19. Let P C M,,. Assume that there ezist p > 0 and a monotone increasing
continuous function ¢ : (0,p) — [0,+00) such that lim. o+ ¢(¢) = 0 and for each v € P,
every w € Q and € € (0, p) we have that

(5.3) /B(O )Etyw(]l)(z) dvg,(2) < ().

Assume also that there are constants P > p > 0 such that

(5.4) p< / Loo(1)(2) dvg(2) < P

for all v € P and each w € ().
Then, the map 2 > w —— L} Vo, given by the formula

(55) EZWV&U(Q) = Vo (‘Ct,wg)a

where g € Cy(Q), is well defined, making Ly Ve, a finite Borel measure on Q. Moreover,
the global measure
(5.6) Liv = (L] Vo)
is well defined and it belongs to M(X).
Furthermore, the map ®, given by , is well defined, meaning that

o The collection {®(v), }weq forms a random measure on Q; equivalently:

o O(P)C M,,;

e Furthermore, the map ® : P — M,, is continuous with respect to the narrow

topology on M,,.

weN

Proof. The first part of the proposition, i.e. the one pertaining to the formula (5.5)), is
immediate from ([5.4). Passing to the part pertaining to (5.6]), let v € P. First, we need to
check that for every random continuous function g : Q x @ — R, the function

A>wr— / gwd(ﬁfwl/gw) eR
Q
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is measurable. Equivalently, we need to check the measurability of the function:

(5.7) Q5w /Ew(gw) Q.

Since v is a random measure, for every random continuous function
h(w, z) = hy(2),

the function 2 > w — f h,dvg, € R is measurable. However, the function 2 > w ——
L:.(9.), particularly the function Q 3 w —— L, g,(1), is not a random continuous function.
This is so because the function Q@ > w —— L;,(g.) is unbounded unless g,(z) — 0 as
Rez — —o0.

In order to overcome this difficulty, we invoke Lemma [I§ Indeed, it follows from this
lemma that for every g € C. the function

Qo3w+— /ﬁt,w(gw) dvg.,

is measurable and finite. Since the constant function 1 is a pointwise limit of a monotone
(increasing) sequence of functions in C. (with € converging to 0), and since the integrals
f Ly ., (1)dvg, are uniformly bounded with respect to v € P, we conclude that the function

O>5wr— /Ew(ll)dygw

is measurable and bounded, as a pointwise limit of an increasing sequence of measurable
and uniformly bounded functions. In fact the monotonicity property (increasing sequence)
and boundedness were inessential in this argument, and the same reasoning shows that the
function

Qo>3w+— /ﬁw(gw)dygw

is measurable for every v € P and any random continuous function g : X — R. Measura-
bility of the function defined by (5.7)) is thus proved, and the part of (5.6)) is established.
Then, the assignment

CoA% Q)3 g (f ﬁawww)d%)
weN

fﬁtM(II.)dl/gw
defines a linear function from the Banach space C,(2 x @) into R, and moreover, by virtue
of (5.4), this function is continuous.

We thus conclude that ®(v) € M(X), and, since for each w € Q, (®(v))., is a probability
measure, we get that

d(v) € M,
i.e., ®(v) is a random probability measure.
In order to prove continuity of the map @, it is enough to show that the map

Pov— Liv e M(X)

is continuous with respect to the narrow topology.
So, let V'C M(X) be an open set, and assume that

vi=LrveV
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where v is some measure in P. We need to show that £~*(V) contains some neighborhood
of v in the narrow topology on M (X).

We can assume without loss of generality that V' is taken from the the local base of
neighborhoods of 7, i.e.

V:{ﬂEM:|ﬂ(gi)_ﬁ(gi)|<57i:17"‘k}

with some integer £k > 1, some d > 0, and ¢;, 2 = 1,2, ,..., k some functions from the space
Cy(2 x Q). Now, we can further assume with no loss of generality that £ = 1, so that

V ={ieM:|ilg) —v(g)| <}
where g is some function in C,(2 x @). Thus,
LN (V) = {peP: (L) —v(Lig)| <6}

By the assumptions of our proposition, imposed on ¢, there exists € > 0 so small that

(5.8) w(e)llgll < o/3.

Next, let h. : Q — [0, 1] be a continuous function such that

e h.(z) =1 whenever z €  and |Bexp(z)| < /2,
and
e h.(z) = 0 whenever z € @ and |Bexp(z)| > ¢.

Then, for every w € Q, the function L, (h.) is non-zero only in the ball B(0,¢). Define an
auxiliary function

g: = (1 —he)g.
Then g. € C./2p. Put
U:={peP:|u(lig:) —v(Lyg.) <5/3}.
Then, by Lemma (18] U is an open neighborhood of v in P. If u € U, then
1Linlg) — Liv(g)] < |Lip(g) — Lin(ge)| + [L5nge) — Liv(ge)| + [Liv(g:) — Liv(g)]-

The second summand is just equal to |u(Lig:) — v(L1g:)|, so it can be estimated above by
d/3. The third summand is equal to

/ /Q Lolhe - g) dvydm(w),

so its absolute value can be estimated above by

/ lgulloc / Low(he) dvodm(w) < / lgolloc / Lo (L) dvdm(w) < (o)l < /3,
Q Q Q B(0,¢)

where the second inequality sign “<” comes from and the third (last) one is due to
. Since p € P, exactly the same estimate applies to the first summand. Summing
up, we conclude that U C £;'(V). Since U is open in P, the proof continuity of £}, and
simultaneously of the whole Proposition is complete. [l

Our goal is to apply the general scheme described above, to a properly chosen set P.



22 MARIUSZ URBANSKI AND ANNA ZDUNIK

First, we fix a number

(5.9) ro € (0, %) |

Next, we formulate the following straightforward estimate. Its proof is omitted.

Lemma 20. There ezist constants D > d > 0 (depending on t > 1) such that, for every
w € Q and every z € Q,

d D
< Liw(1)(2) <

|Z’t_1 - - yzlt—l'

Put ¢ := d/2, where d comes from Lemma 20| For M, > 0 define the constants:

(5.10) C(Mp) = Mi_l
and
(5.11) o(My) = 2DC(My)

where D comes from Lemma 20

Definition 21 (Definition of the space P). Fix some ¢ > 1. Suppose that P C M,, is such
a set for which there exists My > 0, with ¢(My) > 0, and C(My) > 0 defined as in (5.10)),
(5.11)), such that the the following are satisfied:

(5.12) Vo(Qnp) > 1/2 forall w e,

(5.13) v, (Y < C(Mo)e%(l’t) for all w € 2 and all M > 0,
and, for every integer n > 0 the following Condition W, holds:
Condition W,,. For every w € Q and every j € NU {0} the following bounds hold:

(5.14) Voi(w)(Fgrts (B(FL(0),70)) < a5n(w) - by (),
where
(5.15) ajn(w) = (K - C(Mo))"[EZFH0)| 7" - [FZF2(0)[ 7" - -+ - [FIT(0)] ™,
aj,o(w) = 1,
and

(5.16) bi(w) = (f;—:;o

where F,;" is the holomorphic branch of F;", defined in B(F}7(0),r9) and mapping
F3(0) back to FZ(0).

) e(My) - C(Mo) - |FEH (0!t = IO,
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6. THE MAP ® 1s WELL DEFINED ON P

Our goal in this section is to show that if the constant My > 0, together with ¢(My) > 0,
and C(Mp) > 0 as in (5.11)), (5.10), is properly selected, then there exist numbers p > 0,
P > 0, and p > 0 and a function ¢(e) such that for any set P C M,, fulfilling the
requirements of Definition 21], the hypothesis of Proposition [I9 are satisfied. In particular,
the map ® is well defined on P. In the next section, we will show that

(6.1) ®(P) C P.

So, our strategy is to fix a non—empty set P C M,, fulfilling the requirements of Defini-
tion with some, undetermined yet, constant M, > 0, and to work out such sufficient
conditions for this constant that the hypothesis of Proposition will be satisfied, and
later, in the next section, to show that formula holds.

Now, given w € (2, we define a sequence of radii (rn(w))zo:l, converging to 0 as n — oo.

Put X
ra = raw) = Jro(|EL(O)]... [ FL(0)]) .

Then, by Koebe’s Z—}Theorem,
~ 1 _
By = F,"(B(F}(0),70)) D B (o, Zro(m(())| | E20)]) 1) = B(0,7,).

Lemma 22. Put s = 3t+7. Then there exist a constant C' € (0, +00), independent of M,
such that if v is any random measure in P, then for every radius r € (0,ry/4) we have that

(6.2) Vo(B(0,7)) < C - (ML )ner+2ys,

where ny, (1) is the unique integer n > 0 for which 11 (w) < r < rp(w).
Proof. Denote n,(r) by n. Using condition W,, we get

(63) o (BEL0), 70))) < o (@)ba().

Using this condition again one can easily deduce that

8

where the constants are independent of w,n and M,. Now, there exists an integer N > 1
such that for all n > N, all w € Q, and all r,;;(w) <r <1, (w),

Vo(B(0,7)) < v,(B(0,7,)) < agn(w)by(w) < Const(ME)" exp (FSH(O) (1— t)) :

Fn+1

e (5 %0-0) < (0RO RO RO) =<

If n < N, we still have (6.2]), by increasing the constant C' if needed. The proof is complete.
O

Lemma 23. We have that
1, (7) .
- =

r

lim
r—0 InIn

uniformly with respect to w € (0.
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Proof. As in the proof of the previous lemma put n := n,(r). Then we have

r Tn To

So, using F(0) = n(0*'w) exp (FF71(0)) > Lexp (FF1(0)), true for every k > 1, we get
that
1
ln; >Ind —Inrg+In|F,(0)] + -+ In|E"1(0))
>In4 —1Inrg + |E,(0)] 4+ ... [E"H0)| —n

> |F37H0)]

for all n large enough, and so, also for all n large enough: In ln% > In F"71(0) > n?, and
the lemma follows. 0

Lemma 24. There exist w > 2t + 7 and p € (0,7/4) (p depends on M) such that, for
every measure v € P, we have that

v,(B(0,r)) <r*
for allr < p and m-a.e. w € Q.

Proof. The estimate (6.2)) says that v, (B(0,7)) < C - (ME1)ne(M+2ps where s = 3t + 7 >
3t + 6 > 2t + 7. Thus, invoking Lemma [23| and the definition of r,(w), we see that the
required estimate follows, with u := 2t + 7. 0

For every € € (0,r9/4) let k(c) > 0 be the least non—negative integer k such that
Aexp (— My(k+1)) <e
Then, define the function @(¢)

(6.4) $(¢) := DB"**® Z exp (— Mo(t + 8)k),
k=k(e)

Conforming to our general strategy, thus aiming to apply Proposition |19, we shall prove
the following.

Lemma 25. If v € P, then for m—a.e. w € Q and every € € (0, p), we have that

(6.5) / L0u(1)(2) dvgal2) < 3(2).
B(0)
Proof. For every w € 2, let
B(w) =: {2z € Q: |z| <n(w)e ™}.
Partition the ball B(w) into annuli

w):={z€Q: n(w)e” FHDMo 2| < n(w)e F.
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We define k,(¢) > 0 to be the only non-negative integer such that ¢ € Py ) (w). Of course
k(g) < ko (¢). Therefore, using also Lemma [20] and Lemma [24] we can estimate as follows.

Lo 2)dvg,(2) < Lo dvg,(z 2|t tdl/gw
/( L)) <><Z/M,<n><>e <DZ/ o[t (2)

B(0,e) k=ku (c) Py
< DBt Z exp (Mo(t — 1)(k + 1))1/9w (Pk(W))
=ku(€)

< DB Z exp (Mo(t — 1)(k + 1)) B**"exp ( — Mo (2t + 7)k)
ke (€)

DB!+8 Z exp ((— Mo(t + 8))
k= (€)

< DB"*8 Z exp ( — My(t + 8))
k=k(e)

= @(e).
0
Since the function (0, p) 3 € — @(e) € (0, +00), is monotone increasing and lim, g+ p(g) =

0, there exists a monotone increasing continuous function (0, p) 3 ¢ — ¢(e) € (0, +00)
such that

pe) < ¢le)
for all € € (0, p) and
li .
g ele) =0

Therefore, as an immediate consequence of Lemma [25] we get the following.

Lemma 26. If v € P, then for m—a.e. w € Q and every € € (0, p), we have that
(6.6) / Ly,(1)(2)dve,(2) < (e).
B(0,¢)

In this Lemma, both p, and the function ¢(e) depend on the choice of My. As an
immediate consequence of this lemma and Lemma 20 we get the following.

Lemma 27. If v € P, then there exists P € (0,+00) such that for m—a.e. w € €, we have
that

(6.7) Vow (Lew1) = /Qﬁtvw(]l)(z)dygw(z) <P

and, again, the constant P depends on the choice of Mj.

Using Lemma [20] again, we will obtain a common, i.e. good for all w € €2, lower bound
on Vg, (ﬁtywll).
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Lemma 28. For every measure v € P the following holds:

c 1

(6.8) Vo (Leol) = /Q Lo E) 2 i = G

where, we recall, C(My) > 0 is of the form (5.10)), thus, satisfying in particular, (5.12)).
Proof. Using Lemma we obtain

1
Vo ('Ct,w]]-) > Vo (Q ) - mf Li,(1) > dvg,(Qn) - inf ¢

2€Q M, 2€Qu, 2|71 T Mt v

7. INVARIANCE OF THE SPACE P UNDER THE Map &: &(P) C P
Having Lemmas [25] 27, and [2§| proved, we can apply Proposition [19] and take all its
fruits. In particular, the measures £;v and ®(v) are well defined for all measures v € P.

Lemma 29. Ifv € P (thus, in particular, v satisfies (5.12)) ) then the measure ®(v) satisfies
the estimate (5.13)), with the constant

(DM{™ e+ C) = (D-C(My) + C),

where C' > 0 is some absolute constant, depending ont > 1 but independent of My. There-
fore, if My is sufficiently large, then the condition (5.13)) is satisfied.

Proof. We have
(Vi) = / L1o(Ly ) (2)dipu(2) =
- [ L@+ [ L) Gd)
|Rez|<eM/2

|Rez|>eM/2

< / Liw(Ly+)(2)dven(2) + vew({2 : [Rez| > MY sup L, (1)(2)
|Rez|<eM/2 !

|Rez|>eM/2

= 21 +22

It follows from Lemma that for z with [Rez| > ¢™/2, we have that £,1(z) < De’z 1)
and, consequently

(7.1) Sy < De'z 1),

Now, we estimate ;. For z = [a + bi] with |Rez| < eM/2, Lemma [20] yields:
Ly(1)(z) > dez ),

Also:

1 M(1— t)
(7.2) Et,w(]]-Y Z la + bi + 2kmi|]t — = e
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with another positive constant C', where the sum is taken over all such integers k for which
log |a + bi + 2kmi| — logn(w) > M. Therefore, we can write, for |z| < /2 the following
estimate for the summand I, with possibly modified constant C:

Lrw(Ly)(2) < Ce-t)

(7:3) L. -

or, equivalently,
(7.4) L1o(Ly2)(2) < CHU0L,,(1)(2).

We are close to the end of the proof of (5.13)). Using the lower estimate of Proposition ,
together with estimates ([7.1]) and (7.4), we can write

Cr () (Vi) < B + 5y < De¥ 070 4 ¥ 00 / L0(1)(2)dvg,
Q

= De7 (170 4 Cer (1) L* Vo (1L).
Now, using the definition of the map ®, we obtain

L (Vew)(y—&—) Mt—l
(1), (V) = =& <0
(V) ( M) ,C* VOUJ( ) — c
Since D and C' are absolute constants, and C(M,) — oo as My — oo, it is clear that for
all M, sufficiently large DC'(M,) + C < 2DC(My) = ¢(My). The proof is complete. O

De’z 070 4 Ce'z 070 = (DC(Mp) + C)e> 19,

At this stage of the paper we have all the constants of Definition 21| except M,. Now,
we will determine its value.

First of all, we require My to be large enough as to satisfy Lemma[29] Next, let us note
the following direct consequence of Lemma [29]

Corollary 30. If My > 0 is large enough, then for every random measure v € P (thus, in
particular, satisfying condition (5.12)) ), the measures ®(v),,, w € Q, satisfy the following:

@(V)W(YA};O) < 1/4.
From now on, we also assume that My > 0 is large enough to satisfy Corollary

Proposition 31. If v € P, then, for every 7 > 0, we have that
(D))o (B(EFL(0), 70)) < bj(w),

Kr . L (mg) g
bi(w) 1= Soe(Mo)C(Mo) - [EZFH(O)|' - e 5RO,

where

In other words, the measure ®(v) satisfies condition W.

Proof. Since
Fio (B(F2(0),79)) C B(FJTH(0), Kro| FZT(0)]).
and since
Kol FZTH(0)| < 1/2|F2FH(0)],
we conclude that
Fom(B(Fi(O): TO)) C YJ\—/iI_
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with M = 3| FZH(0)| = sReF711(0).
Now, using Lemma 29, i.e. using formula (5.13) that it yields, with M = 1|F7(0)],

and the fact that the image Fpi,(B(F%(0),7)) covers Y, at most %

every point in Fy;,(B(F7(0),10)) has at most w

estimate the measure L7 ,; v(B(F?(0),70)) as follows:

times, i.e.

preimages in B(F7(0),7y)), we can

EI,eMB(Fi(O)wo)Sc<Mo>eXp(1F”1<0><1 >) o) QK

4 21
K . 1
= (520 e(Mo) - |[FIH(0)] 7 - exp DFIN0) ) - [FZ (0
2 4
and, using in addition the lower bound provided in Proposition 28],
) Kr 1—t . - _
(P (v))gin,(B(EZ(0),79) < <2—7T°) c(My) - C(My) - exp( 1 Fgfl(O)) C|FITH0)

O

Proposition 32. If v is a random measure in P, then the measure ®(v) satisfies all the
conditions W,, n > 0.

Proof. Tt was proved in Propositionthat then ®(v) satisfies the condition Wy. So, below,
we prove that all the conditions W,,, n > 1, are satisfied. We estimate as follows:

L} piVoiriw(Fyl (B(FS(0),10))) =

09 w,*

= vy, | Logiol | - Fyl ()| dves
Vamw( H Fm’i,*(B(Ffﬂ(o,ro)))) /F(n1) (B2 (0).r0)) |(Fyra,) )] dvpsers(y)

09 +10 x
= |y~ v+, (y)
/ (n—j3) ( (Fn+j(0),7’0)) !

6J+1
< K| ) vy (F SV (B(ET 0, 0).

Thus, using the fact that £} ,(vg.)(1) > 1/C(Mp), known from Lemma , together with
the estimate W,, applied to the measure v, we get that

BV ) (Fpots . (BIELT(0),70)) < KC(Mo)|FJ ™ (0)| wigsney (Fp, 5, (BLELT(0), 7))
< KC(Mo)[FSH0) ™ aj41,n-1(w)bjs14n-1(w)
= K - C(Mo)|[FL™(0)| " a1 (w)bjsn(w)
— 5 [FEO) - g @)bya(w)
= @jn(W)bj1n(w).
Thus, the measure ®(v) satisfies all conditions W,,, n > 1, and the proof is complete. [
Before stating the next proposition, let us recall that the definition of the space P
depends on the constant M,, which we assumed to be large enough to for the hypotheses

of Corollary [30] to be satisfied. Proposition [33] below will impose one more condition on
M.
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Proposition 33. If My > 0 is large enough then for every v € P and m-a.e. w € €, we

have that

) < (C/C)Mgt_l(n(w))2t+7€Mot Z exp(—(2t + 7)]{3M0)(Mé_1)10gk+logMo+2 < 1/4’
k=1

O (v)u(Yyy

0

where the constant C' comes from Lemma[23
Proof. Given w € €2, we have
Fy(Yy,) =Bw ={z€Q:|z] < n(w)e Mo},
Note also that for every point z € B(w) the set
FJH(2) MYy,

is a singleton. Denote it by w and note that F/ (w) = 2.

Utilizing the annuli Py(w), introduced in the proof of Lemma and using Lemma 23]
we may assume My > 0 to be so large that, if z € P,(w), then ng,(|z]) < logk+log My —2.
So, applying and Lemma [22| we can thus estimate as follows:

[e.o]

1
Lvu(Viz) = v (Lo Z /P N ’thow_Z sup (L)

h—1 2€Pk(w)

< Cn(w)) et Z exp (— k(s — t) M) (M) (row () +2)
< Olafe))"'e 3 exp (= kls = M) (e

= C(n(w))?F7 Mot Z exp (2t + 7)kM0) (Mé_l)log Ftlog Mo,
Therefore, invoking now Lemma we get

O(1)y(Vyg,) < (C/e) B FTME M "exp (= (2t + T)kM,) (M~")'osktloeto < 1 /4,
k=1

the last inequality holding provided that M, > 0 is large enough. U

Now, fix My > 0 so large as to satisfy all the above estimates. Let us summarize the
above sequence of propositions:

e Let veP.
e Then Lemma [29 shows that ®(v) satisfies the estimate ([5.13)).
e Next, Corollary and Proposition guarantee that ®(v) satisfies condition ([5.12)).

e Finally, Propositions [31] and [32] guarantee that the conditions Wy, W1y, ..., W,,...
hold for ®(v).

The final conclusion of this section is thus the following.
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Proposition 34. If P is the set of all measures in M.,, satisfying the conditions of Def-
inition [21], with the appropriate constants My, c(My), and C(My), determined in the last
two sections, then

o(P) C P.

8. RANDOM CONFORMAL MEASURES FOR RANDOM EXPONENTIAL FUNCTIONS; THE
FINAL STEP

Since for every integer [ > 1, we have [My > M, Proposition |33| entails the following.

Proposition 35. If v € P, where P comes from Proposition then for every l € N, we
have that

(8.1) (®(¥)e)(Yiag) < S0

where

S(l) = (C/e) B> (Mpl)' ™™y " exp (— (2t + T)kMol) (M ~")'osk+os Mot

k=1

and

(8.2) lim S(I) = 0.
l—o0

If P is the set produced in Proposition , then we denote by P its subset consisting of
all those measures v for which

(8.3) vu(Ying) < S(1)

for m—a.e. w € ) and all integers | > 1. Because of Proposition [34]| and Proposition we
have the following.

Proposition 36. If P is the set produced in Proposition[3]], then
d(P)C P
and ) A
o(P) C P.
Proposition 37. If P is the set produced in Proposition then the set P is nonempty,

convex and compact with respect to the narrow topology on M,,.

Proof. First, we shall prove that the set P produced in Proposition [34]is non-empty. Indeed,
define v in the following way: for every w € () consider the set

Z = Quo \ U B 0).10)

Let v, be just the normalized Lebesgue measure on Z,. Since supp(v,) C @y, the
conditions ((5.12)) and (5.13) are trivially satisfied. Since, for every j € Z and every n > 0,

E,;m (B(F2M(0),m9) © B(F2(0),79),

07 w,*
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all the conditions W,,, n > 0, are also trivially satisfied. So v € P, hence P # (. Then
P # () because of the first part of Proposition

Convexity of P follows immediately from its definition. The uniform estimates provided
by formula and along with show that the family P is tight, thus relatively
compact according to Theorem [16]

Finally, the set P is closed with respect to the narrow topology on M,,, because for every
measurable set A C 2 x @ and all measurable functions g : Q — [0, +00), both the sets

{ve M, :v,(A) < g(w) forallwe Q}

and
{ve M, :v,(Ay) > g(w) forallw e Q}

are closed in M,,, with respect to the narrow topology. 0
Now, we can prove the main theorem of this section.

Theorem 38 (Existence of (w,t) conformal measures v,,). For every t > 1 there ezists a
random t—conformal measure v'Y) € P. Recall that t—conformality means that

(8.4) L (s)) = Nerll)
for every w € Q, where X, == L} Vﬁw( ).

Proof. Because of the second part of Proposition and because of Proposition , the
Schauder-Tichonov Fixed Point Theorem applies to the continuous map ® : P — P, thus
yielding a fixed point of ® in P. This just means that formula (8.4} holds. U

Also recall that a, very useful in calculations, property equivalent to (8.4]), which will be
frequently used in the sequel, is that

(8.5) VO (FL(A)) = Ao / ()] v

for every w € Q and for every Borel set A C ) such that F,,|4 is 1-to-1. By an immediate
induction, we then get for every integer n > 0 the following.

(8.6) VéB(F"(A)) = )\Zw/ }(Fﬁ)/‘tdyg)

for every w € Q and for every Borel set A C @ such that F,|4 is 1-to-1. Lemmas , and
can be now reformulate as follows. There are two constants 0 < p, P < 400 such that

for m-a.e. w € Q. Let us record the following property of the measure v®.
Proposition 39. For m—a.e w € Q we have that

supp(v)) = Q.

Moreover, for all numbers x > 0, R > 0, and ¢ € (0,1) there exists a constant §& =
&(z, R,e) > 0 and a measurable set Q(x, R,€) such that

m(Q(z,R,e)) >1—¢
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and for every w € Q(x, R, ) and every z € Q)., we have that
v (B(z, R)) > €.
Proof. Let z € Q), r > 0. We need to check that
v(B(z,1)) > 0.
Since J(f,) = C, there exists an integer n = n(w, z,7) > 0 such that f?(B(z,7)) NR # (.
So, there exists 2’ € B(z,r) such that f(z') € R. Since for every w € Q and every w € R,

lim (f5)"(w) = lim ff(w) = +oo,

and since each map f, is 1-to-1 on each open ball with radius 7, we first conclude that for
all integers k£ > 0 large enough

fu(B(z,1)) D B(f5(2'), 7).
Having this, using the above, we then immediately conclude that for given S > 0, we have
that

f5(B(z,1)) > B(f5(<),9)
for all integers k > 0 large enough. Then the sets f*+1(B(z,r)) contain annuli centered at

the origin with the ratio of the outer and inner radii as large as one wishes. These annuli
in turn will contain some set of the form

Qum, + 217,
where [ € Z. This yields
(8.8) FFY(B(2,7)) D Qu

for all integers £ > 0 large enough. On the other hand, if Vg)(B(z,r)) = 0 then, using
conformality of the measures v.,, v € €, i.e. using , we conclude that

Vi, (FE (B(2,7))) = 0.
This contradicts (5.12)) and (8.8)), finishing the proof of the first part of Proposition .

In order to prove the second statement first note that in view of its first part, we have
that for every radius r > 0 and m-a.e. w € Q,

(8.9) & (w) == inf {v,(B(z,7)) : 2 € Q. } > 0.
Now, fix a countable dense subset I' of (),. Then the function
Q3 wr— &w) == inf {v,(B(z,R/2)): 2 €T} € [0,1]
is measurable and
(8.10) Erpe(w) < Epw) < Erlw).
In particular £5(w) > 0 for m—a.e. w € Q. Therefore, there exists £ > 0 so small that
m((€5) 1€ +00) > 1—c.
Hence, taking

Qz, R,e) :=m((€x) 7 (€ +00))
and taking into account the right—hand part of completes the proof. 0
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Now we shall prove a lemma which is of more restricted scope than Proposition [39| but
which gives estimates uniform with respect to all w € 2. We will then derive some of its
consequences and will use them later in the paper.

Lemma 40. For every radius r > 0 there exists A(r) € (0,+00) such that
v (B(0,r)) > A(r)
for m—a.e. w € Q.

Proof. Proceeding in the same way as at the beginning of the proof of Proposition |39, we
conclude that there exists an integer k = k() > 0 such that

F£<B(07 T)) ) QMO

for m—a.e. w € . Because of the right hand side of (8.7)) and because of (5.12), we get
that

1
5s¢1@ﬂﬂaﬂ»sﬁ;/ |(FE)'|" dv® < PR(f£(0) w2 (B(0, 7).
B(0,r)
Hence,
1 __ —t
v(B(0,7) = 5 PH(f5(0)) 7 >0,
and the proof is complete. O

Corollary 41. For every r > 0 there exist r. > 0 and A*(r) > 0 such that
Vw(B(()? T) \ B(O? T*)) Z A*<T)
for m—a.e. w € €.

Proof. Fix v > 0 produced in Lemma . Take then 7, € (0,7) so small that 7 < $A(r).
It then follows from Lemma B0 and Lemma 4] that

o (BO.D\B(O, 1)) = vu(B(O,1) ~1a( BO,7.)) > Alr)~rt > Alr) 5 A(r) = SA(r) > 0

So, taking A*(r) := 1A(r) completes the proof. O
Corollary 42. For every M > 0 there exist M, € (M,+o0) and A_(M) > 0 such that
v (Yir \ Yir,) = A (M)
for m—a.e. w € Q.
Proof. Take M, € (M, +o00) so large that
Be ™M+ < (Ae™),,
where (Ae=), comes from Corollary . Using this corollary and the right-hand side of
again, we obtain
Fu(Yy \ Yy, ) D B(0, A=) \ B(0, Be™""+) > B(0, Ae™"") \ B(0, (4e~"),)
and

A (Ae™) < g (Fuo (Vs \ Yar,)) < Mo / [(F.)'| dve < PB'w, (Yi; \ Yir,).

Vi \Yar,
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Hence,
v (Yo \ Yy, ) = PTIBTIA* (Ae™),
and the proof is complete. 0

9. RANDOM INVARIANT MEASURES EQUIVALENT TO RANDOM CONFORMAL
MEASURES

From now on until explicitly stated otherwise, we fix ¢ > 1 and the random t—conformal
measure v = v with disintegrations (Vw)w . constructed in the previous section. Recall
that we denote

(9.1) At = L7 V0, (1)

Q

for all w € 2. We will also use the notation

n—1
noo._ .
)\t,w T H )\t,em-
J=0

We introduce normalized operators

~

Liw= N3 Liw and L}, = (X',) LY,
so that
Et,w(yﬁw) = Vy.
Our purpose in this section is to prove the following.
Theorem 43. There exists a random measure p, i.e. one belonging to M,,, such that
for all w € Q) the fiber measures p,, and v, are equivalent, and the random measure p is
F—invariant. The latter meaning that

poF~t =y,
or equivalently:
My © ngl = How
for m—a.e. w € Q.
The proof of Theorem 3] will follow from Proposition 52 We start with some estimates.

Fix some numbers u > 2t 4+ 7 and p > 0 satisfying Lemma Also, because of Lemma
there exists M; > M, large enough so that

1 1
(9.2) ];sup {L1(2): z€ Vg } < 3

The need for such choice of M; will become clear in the course of the proof of Proposition |51}
Note that there exists an integer N > 1 large enough that for all w

Q@ N U B(Fgfjw(o)ﬂ“o) = 0.

j=N+1



RANDOM NON-HYPERBOLIC EXPONENTIAL MAPS 35

Since also v,(Qa,) > 1/2 for m—a.e. w € Q, decreasing ry > 0 if necessary, we can assume
without loss of generality that 0 < ry < p and

<QM1 \ UB i 7’0)> >1/2

for m—a.e. w € €.

Lemma 44. Ifn > 0 s an integer and

(9.3) ACQup \ U B(F},,,,(0),70)

18 a Borel set, then

(9.4) Vo (FJ™(A)) < (M, 1o)venw(A),

w

where c¢(My,ro) > 0 is some constant depending on My and ro, but independent of w.

Proof. Notice that by partitioning the set

QMI\UB on—3w ) 7,0)

into a finite disjoint union of Borel sets with diameters smaller than ry/4, we may assume
without loss of generality that diam(A) < r9/4. Then we further notice that holomorphic
branches of FJ™, labeled as F;7 are well-defined on A, in fact on a ball with radius ro/2
centered at a point of A, with distortion bounded by K, meaning that

(@)
[(FL3) ()]

for all z,y € A. We have

(9.5) / £, (1)) (2) < sup (L2 (1)) voro(A).

In order to establish the upper bound for sup, (/jfw(ll)) notice that

( (QMl\UB on—iw (0), 7’0))) =

L7 ,(1)(2)dvgns(2)

/QMI\U] oB(Fi_, (0)r0))
> inf (£7,(1 ))ygnw<QM1 \ UB g 0),r0))).

Qnry iZ0
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Now, again by distortion estimates, there exists a constant ¢(M;,r9) > 0 such that

inf (£7,(1)(2) : 2 €Qur, \ UB 5rsu(0):70) ) =

(9.6)
> msup (ﬁ?w(l)( )iz €Qu \ U B i O)aTO))'
Thus,
B R L))
> %ﬁup (L1 = € Qan \ UB su(0):70))
= C(M—iro)sup <ﬁ?w(]1)( )iz € Qu \ U B(F,. ., 0)77’0)>’
(0.7) sup (£7,(1)(2) = € Qs \ U B(Fj.,,(0),70) ) < e(Mi, o).

So, inserting this estimate to (9.5), we obtain v, (F;"(A4)) < ¢(Mi,r9)vgn,(A), as required.
O

Givenw e Q,ne N, and 0 < j < N, set

Brg (W) := Fjuy,(0).
Now let
AC B(anj(w),ro)
be an arbitrary Borel set. Consider all connected components C' of F" (B (Bw(w), 7’0)).
We say that such a C' is good if there exists a holomorphic branch of F_" defined on
B(Bn,;(w),m0)) and mapping B(f,,;(w),r)) onto C. Otherwise, we say that C' is bad.

Note that C is bad if and only if 0 € fyri1,(EF(C)) for some 0 < k < n — 1. Equivalently,
C is bad if and only if C' is unbounded. Now, the set F"(A) splits into the disjoint union

F,"(A) = Fp(A) U FS2(A),

w

Where F%(A) is the intersection of F_"(A) with the union of all bad components of
(B (ﬁn]( ),70)) and F ¢(A) is the intersection of F;"(A) with the union of all good
components of F;"(B(Bn,;j(w),70))
The next lemma is proved in an analogous way as Lemma [44] with possibly modified
constant ¢(My,rg), still independent of w € .

Lemma 45. Ifw e Q, neN, 0<j <N, and A C B(ﬁn’j(u}),m) 1s an arbitrary Borel
set, then

Vy (F(;G(A)) < C(M17T0> Vgnw(A).
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In Lemma we will provide estimates for bad components of F_"(A). In order to do
this, we start with the following.

Lemma 46. There exits a constant v > 0 such that for all radii 0 < r < rg, all integers
n >0, and all m—a.e. w € Q, we have that

Vo(F, 5(B(0,7)) =17

Proof. First note that the only bad component of F,,", ,(B(0,r)) is of the form 7 o

fonia,,(B(0,7)) where the latter B(0,r) is considered as a subset of C, and 7 : C — @ is
the canonical projection. Thus,

(9.8) F.L o (B(0,r) =Y,

on—1w,B
for some M € [In(1/r) 4+ In A,In(1/r) + In B]. Next, using the estimate from Lemma
and ({8.7)), we easily conclude that for 0 < r < r(, we have that
(9.9) Vgn—1g, (Fejll_lw’B(B(O, r)) < Crtr* = Cr*

with some constant C' € (0,+00). Now, every component of FJz(B(0,r)) is of the form

F*_(n_l)(Y]\}) where F*_(n_l)(Y]\}) is some connected component of F~"~V(Y,). Let us
note that the set f,\ , ({Z € C:ReZ < —M}) is a union of (repeated periodically, with
period 27i) unbounded components, each being bounded by some curve of the form

for, ({Z €C:ReZ =—-M}).

9(n—2)y

Since the projection onto () identifies these components, the set

. ~1 -

Cu = Fypy (Yy) CQ

is connected, and the map F restricted to Cy, is infinite—to—one. Similarly, the set

-1 _

Fs, (Y7) D Cun

is connected, and the map Fyu-2),, restricted to C; is infinite-to-one.

Now, the holomorphic branches of F,, =2) are all well defined on C, and the restriction
of these branches to Cy; produces all bad connected components of F;"(B(0,r)), i.e., the
set F 5(B(0,7)). Denote

V() = Y7\ Yy, = { € Q: Rez € [-1,,—1]},
and partition the set C; into subsets C}' by defining
CY = {z € C1 : Imfyn,,(2) € [2km,2(k + 1)7)}.
Similarly, let
Chp = CunCy = {z€Cy:Imfyn,(2) € [2km,2(k + 1)7)}.
Then for each k € Z the function fsn-2, maps CF bijectively onto the region
{Z € C:ReZ < —1 and ImZ € [2km,2(k + 1)T)},

which we identify with Y;". Denote by G} the corresponding inverse map. Then the
holomorphic map
Z — Gi(2) = Gi(Z + 2kmi)
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is in fact defined and univalent on {Z € C: Re(Z) < —1}, and maps the region
{Z € C:Re(Z) < -1 and ImZ € [0,27)},

which we identify with Y;~, onto CF, while it maps the region
{Z € C:Re(Z) < =M and ImZ € [0,2m)},

which we identify with Y,;, onto C%,.
Still keeping the identification @ ~ {Z € C : 0 < ImZ < 27}, we thus see that the
inverse-image

Fon(B(0,r) = Fy ()

UUge GV,

keZ g

can be expressed as

where, the second union is taken over all holomorphic branches g of F|, =2) defined on Cy.
Since, as we see, each such branch g o G has a univalent holomorphic extension to the
whole left half-plane {Z € C : Re(Z) < —1}, we can use Koebe’s Distortion Theorem to
compare the measure v, (g o G(Y;™ \ Yi)) and v, (g o Gx(Y};)). Applying this theorem
separately for each composition g o G and then summing up, with using also (8.7, we

obtain that
vo(Fo " (Yiy)

vo(F P (A Y)) T
By virtue of and , this gives

v (B, 5(B(0,7))) = v (B, D (Vi) 2w (B, (Y \ Yr)

w

‘ |3 VG"*w(Y]\Z) .
I/en—lw (}/17 \ }/11)

’M|3ru—t
von—1,(Y7 \ Y1)

|M|3ru—t
T v, (YY)

The proof is now completed by invoking the bounds In(1/r) +In A < M <In(1/r) +1nB
along with Corollary [42| which gives

ve(Y7 \ Y ) = A_(1) > 0.

As a consequence of Lemma [24] Lemma and Lemma [46] we get the following.

Lemma 47. We have that
Vw(F;"(B(O,r))) <77

for every integer n > 0, all w € Q and every r € (0,19].
We shall prove the following.

Lemma 48. There exists 5 > 0 such that for every Borel set A C B(0,1¢) and all integers
n > 0 we have that

vo(FS " (A)) 2 Vg, (A).
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Proof. By Lemma [24] and Lemma 47| there exist constants C' € (0, +o0) and D € (0, +00)
such that
vo(B(0,1)) < Cr*
and
vo(F,;"(B(0,7))) < Dr.
for all r € (0, 7], almost all w €  and all integers n > 0. So, Since u > 6, given such ry,
w, and n, there exists r € (0,r] such that

Voo (A) = O,
Then,

Von (A)
C

v/6
v,(FT" (AN B(0,r))) < VW(FJ”(B(O,T))) <Dr"=D ( ) = DC_A’/GV%E(A),

while using , we get
Vo (F;"(A\ B(0,7))) < sup {EA?M(]I)(Z) :z€ A\ B(0,7)} vgnw(A\ B(0,7))

< sup {£7,(1)(2) 2 € Qur, \ J B6as (). 7o) b vra(4)

= (M, o) (A (A)
— o(My, ro)vgl (A).
Thus, the statement holds with 8 := min(v/6,1/2). O

Lemma 49. There exists > 0 such that, ifw € Q, j < N, n €N, and A C B(f,;(w),70)
15 an arbitrary Borel set, then

v (F5(A)) = v, (A).

0" w

Proof. Recall that the bad components of F["(B(f, j(w),r)) are all the connected com-
ponents of the set . .

F O (F,L, (B(Bay(w),m0))),
where Fe_nj_jw , is the branch of Fe_nj_jw mapping B(f,,j(w), ro) into B(0, 7o), and F5(A)) is

the union of all these components intersected with F™(A)). Since, using (8.7, we obtain
Von—iw(Fol, (A)) < max {K"(Fpes,) (0)]7'p" bgny,(A),

On—Jw,* — 0<k<N

we thus conclude the proof by applying Lemma 48| O
We summarize the above Lemmas [44], [45] 48], [49] in the following.
Lemma 50. There exists f > 0 such that for every Borel set A C Qg and for everyn > 0
Vi (F5™(A)) 2 v, (A),
The next proposition deals with sets contained in the complement of Q.
Lemma 51. There exists B > 0 such that for every Borel set A C Yy, and for everyn > 0
Va(F5 ™ (A)) 2 Vg (A).
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Proof. First, let us notice that using (9.2]) and the bounds on A, see , we can estimate
as follows.

Vgn—1,, 9" 1, /Et on— lw dl/gnu_,(Z)
(9.10) 1 ]
< Z—)sup {Lign-1,(1)(2)z € Yy, Jrpna(A) < §V9nw(A).
Write
Flti (A) = AtU Ay = (F.L(A) N Qar) U (Fh (A)\ Quny)
and

FymM(A) = Fy D (A) U E; D (A).

Using (9.10) and Lemma , we have, with some positive constant C; guaranteed by
Lemma B0

v, (FS(A)) < Cup o (A1) < O (F

i, (A) < 27°C1p,,(A),

while, again,
Fols (Ag) = Ay U Aoy = (F.L (A2) N Qar,) U (Fyla, (A2) \ Qun ),
and

F00(Ag) = F 72 (Agn) U FS 2 (Ayy),

w
where

1 1\?
-, An) € Svnosof(40) < <5> vina(A)

and, similarly,

1\ 2
Vgn—2w(A22) S (5) I/gnw(A).
Proceeding inductively we thus obtain the following splitting.

F"(A) = FJ("*”(Al) U wa(nﬁ)(z‘lm) U F;(”’3)(A221) U Fgl(Am...l) U Aga. 2,

w

where

1 k
V@"*kw<A22...l) S <§) Venw(A).

Since for all sets A 1 Lemma [50| applies, we conclude that
1 n
v, (FSM(A)) < Crvpn (A) 1 +277 42728 4. 27mB) o <§> Vgnes(A).

This ends the proof, with possibly modified constant ¢;, and the same § as in Lemmal50, [
We summarize the above lemmas as follows.

Proposition 52. There exist constants > 0 and C' > 0 such that if A C Q is a Borel set
then for every n € N and for m—a.e. w € €,

v (F;"(A)) < Crgn,(A).

Now we are position to prove the following.
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Theorem 53. For everyt > 1 there exists a random Borel probability F—invariant measure

pw = pu® absolutely continuous with respect to v\, the t-conformal random measure for
F:QxC— QxC, produced in Theorem[38. Furthermore,

p(A) = (" o FT(A))2,),

n=0

where Ug : U — R is a (fized) Banach limit on {«.

Proof. Tt is well-known in abstract ergodic theory that all assertions of Theorem[53] perhaps
except that u € M,,, would follow from uniform absolute continuity of measures (y o

F *”)Zoio with respect to measure v. In order to prove this uniform continuity, fix ¢ > 0

and su_ppose that A C Q x @Q is a measurable set such that v(A) < €% We then get for
every integer n > 0 that

WE ) = [ B (Ao )) A

Q
— [ ) dmle) + [ (B ) dme),
Q Qg
where
Oy = {w e Vgn(w)<A9n(w)> > E}.
But then

m(Qo) =m({w € Q: v, (Ay) >e}) <v(A)/e
So, applying Proposition [52], we get that

v(Fn(A) < XA L of <oy ot
€

and the required uniform absolute continuity has been proved. In order to see that u € M,,,
let I' be an arbitrary Borel subset of 2. Then

uL x ©) = £ ((v o F(I x ©))Zy) = La((w(67(D) x €))22)
= 05 ((m(6 (1)) = Lo (L)) = m(D).
This means that y € M,,, and the proof is complete. O

We can prove more about the invariant measure p(). Namely:

Theorem 54. Lett > 1. If v is the t-conformal random measure for F : QxC — QxC,
produced in Theorem then the Borel probability F—invariant measure p = pu® € M,,

absolutely continuous with respect to v¥) | produced in Theorem 15 11 fact equivalent with
(t)
v\,

Proof. To simplify notation, we write again v := v®. Since lim,,_,, £"(0) = +o0 uniformly
with respect to w € {2 and since each measure p,, is a probability one satisfying, by virtue

of F-invariance, g (Fi(A)) > pw(A) for every w € Q and every Borel set A C C, we have
that

1 ({Fe(0) = 0) =0
for m—almost all w € ). Therefore,

m (U {w} X {Ffn)(0) :n > 0}) =0

weN
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Hence, there exists R € (0,79/2) so small that

(U{W} X UB Fg-n () 0),2R)> <1/8.

weN

Hence, there exists a measurable set {2y C €2 such that

(9.11) m(Qp) > 1/2

and

(9.12) Lo (U B(Fj-0(,(0), 2R)> <1/4 forall w e .
n=0

Now, there exists a constant M > 0 so large that p(€Q x Yys) < 1/8, and therefore there
exists a measurable set €2y C )y such that

m(€y) > 1/4

and
po(Qrr) > 1/2 forall w e Q.

Combining this along with (9.12]), we conclude that there exists a > 0 and for every w € €
there exists

§w € Qu N <C\ U B(Fy (0),23))
n=0
such that

(9'13) Mw(B<€waR)) e

and the choice ; 3 w — &, is measurable. Let

= | J{w} x B(&.R).

weNy
Of course, p(I') > /8 > 0. We shall prove the following
Claim 1°: If A C T is a measurable set and v(A) > 0, then u(A) > 0.

Proof. Because of our definition of the set I, for every w € {2y, every integer n > 0, and
every £ € F,7 ) (&), we have that

Vo-n(w) (Fp iy e (A)) = /\e_nn(w)/A |(Fo e n( { dv,,
2 K_t)\g_fn(w) ‘ (ngfn(w))/(gﬂi Vw(Aw)a

while
Vo= (w) (Fe Z ( (&w; ))) < Kt}‘gnn |(Féz—n(w)),(fﬂ_ti(B(fw,R))-
Therefore,
Vw(Aw)

Von(w) (Fy ) ¢ (An)) = K 0pn (o) (Feﬁ(w),a(B(fw’R)))VW(B(&,,R))

2 K_Qtyé)*"(w) (Fg_l(w)é(B(gw, R)))Vw(Aw)
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Now notice that if .
Q, = {w € y,(Ay) > EV(A)} ,

then m(§2,) > 0.
Therefore, for every w € €., we get

Vo) (Fy i (A)) = D vomne (B (A))
SN ()

> leth(A) Z Vo—n(w )(Fg T}z(w) (B(£w7R)>)

=2
§EF, " ) (60)

> —K‘Qty(A)/ V(A)Wn (o) (Fy ) (B(&w, R))
- % K~y (A) (F—” ( U {w} x B(e.. R))) :

W
Finally, using (9.13)), we get
w(A) =t ((V(F(A)))io)

K™ 2y(A)lg <<y (F‘” < U {w} x B(gw,R)>>> )

= lK_%M ( U {w} x B(fw,R)> v(A) > %K‘ztow(A) > 0,

2
WEN

>

DO | —

and the Claim is proved. O

Now we conclude the proof of Theorem [54] So, let D C Q x C be an arbitrary Borel
set with v(D) > 0. Then there exist a measurable set s C  and 1 € (0,1/2) such that
m(£22) > 0 and for every w € Qy there exists z,, € A(0;2n,1/n), depending measurably on
w, such that

(9.14) V(Do N B(xy,n)) > 0.

Denote the ball B(z,,n) just by B,. From our hypotheses on the functions f,, w € €,
there exists an integer N > 0 such that

FXB(R)S ] Bla)

z€A(0;2n,1/n)
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for all w € Q, all n > N, and all z € Q. Since, m(21),m(Q2) > 0 and since the map
6 : Q — Q is ergodic, there exists n > N such that m (€, N67"(2s)) > 0. Then

and

F™I) > F" U {w}x B R
weNINI—(Q2)
> |J A{wyxB,o>  |J Aw}x(DuNB.).
we@"(Ql)ﬂQZ we@”(ﬂl)ﬁﬂg
Therefore there exists a measurable set H C I' such that
(9.16) FrH)= |J {w}x(D.nB,)CD.
wE@”(Ql)ﬂQQ
But then, because of (9.14) and (9.15)), we have that v(F™(H)) > 0. This in turn, by
conformality of v, yields v(H) > 0. Since H C T, it then follows from Claim 1° that

w(H) > 0. Hence, by virtue of (9.16)), we get that u(D) > F"(H) > u(H) > 0. The proof
of Theorem [54] is thus complete. O

We shall prove more about measures p: their ergodicity and uniqueness. This requires
some preparation.
As promised in the Introduction, we now give the definition of random radial Julia sets.

Fix (w,2) € Q2 x Q. Let N € N. Define N, (z, N) to be the set of all integers n > 0 such
that there exists a (unique) holomorphic inverse branch
FTB(F(2),2/N) = Q

of F" : ) — @ sending F'(z) to z and such that |F(z)| < N. Following a number theory
tradition, given a set A C N, we denote by p(A) and p(A) respective lower and upper
densities of the set A. Precisely,

p(4) = lim CH(AN{L2,.., N})

and )
p(A) = T ~#(AN {12, N})

n—oo
Having the above concepts introduced, we can now define random radial Julia sets, as
follows:

Definition 55 (Random radial Julia sets J,.(w)). We define
(9.17) Jo(w) :={z€Q: lim p(N,(z,N))=1}.
N—o00—
Jr(w) is said to be the set of radial (or conical) points of F' at w. We further denote:

T(F) = | J{w} x Jo(w),

weN
and call it the set of all radial points of F.
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This definition of radial sets differs a little bit from the standard one. What we mean
is that, when applied to deterministic systems, it produces the sets J, that are different
than, though contained in, those introduced in [39], comp. ex. [40], [41], [23], [32] and [24].
Therein one merely required that the sets N,(z, N) are infinite.

We will need some sufficient conditions for a point (w,z) to be radial. In order to
formulate it, we need an auxiliary subset N,,(z, N) of N,,(z, N). It consists of all integers
n > 0 such that for every integer 0 < k < n,

an 5 (w) (0) ¢ B(Fo’}(z),2/N) and |F(z)] < N.
Of course
(9.18) N,(z,N) C N,(z, N).
Also, n € N,(z, N) if and only if
FJ(2) € Qn

n

féU b (0, 2/N) = | B(E 400y (0),2/N).

k=0

and

Therefore, if we denote

() = u{w}x(@N\U (1t 02/)

weQ
and
Ni(z,N):={n>0: Fz) = F"(w,z) € J}(F)},
then
(9.19) N*(z,N) C N,(z, N).

The first significance of the set of radial points comes from the following.
Proposition 56. If u € M,, is F-invariant, then u(J.(F)) = 1.

Proof. By considering ergodic decomposition, we may assume without loss of generality
that measure p is ergodic. By virtue of (9.18) and (9.19) it suffices to show that

Jm () = 1

And indeed, let
IN(EF)" = (Qx Q) \ Jy(F)
be the complement of J5 (F) in Q x Q. Then

Ti(F)e = | J{w} x <YNU UB(Fekk (0 ),2/N)>

weN

and (J3(F)°)

~n— 1s a descending sequence of measurable sets with

(9.20) () 73 ()" = | J{w} x {F}i()(0) - k> 0}

weN
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But

<ﬂJN ) U {0w)} x {F}5,,(0) : k> 0}

weN

- U{@ Fektl%+1)(9(w))(0) k> 0} C ﬂ J]’([(F)C,

weN N=1

hence by ergodicity of p,

I (ﬂ J]*V(F)C> e {0,1}.

If the above measure is equal to zero, we are done. So, suppose that

(9.21) " (ﬁ J;V(F)c> ~ 1.

Then for m—a.e. w € (), say w € Q*, with Q* being #-invariant,

o ({Ff 1 (0) 1k = 0}) = 1.

But as p, 0 F;' = fig(), we then get that

poe) ({FEtn gy () 2 0}) = oy ({Fo (Fiay (0) 1 1 2 0}) )
> i ({Ff1(0) 1> 0}) = 1.

Hence, ju,(Fy-1()(0)) = 0 for all w € *. Proceeding in the same way by induction, we
deduce that

Hew (Fek—k(w) <O>) =0
for every integer £ > 0 and all w € Q*. Thus
po ({Ff 1 (0) 1 1= 0}) =
for all w € Q*. By (9.20) this entails

u (ﬁ J&(F)C) o,

contrary to (9.21]). The proof of Proposition [56|is complete. O

We now pass to consider random conformal measures and we do this with their relations
to the set of radial points. Let t > 1 and suppose we are given two t-conformal measures
v and v®. Denote by )\ ) and )\g) the corresponding normalizing factors coming from

the deﬁnltlon of a conformal measure. For every [ > 0 and w € () let

)\(1)
(9.22) Lw(l) =<n>1: )\(2) <[, CN.
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Let ) be the set of all points w € € such that the set L, (I) C N has positive upper density.

Finally let
Q = U Ql.
=1

We shall prove the following.

D and v? are given, then for every

Lemma 57. Ift > 1 and two t-conformal measures v
m-a.e. w € €1, the fiber measure VU(JQ)\JT(UJ) is absolutely continuous with respect to the fiber
measure VL1)| Ty (w)-

Proof. Fix an integer [ > 1 and then an integer ¢ > 1. By ¢—conformality and quasi

topological exactness of the map F': 2 x Q —  x @), each measure l/u(f), 1=1,2, w € Q,

has full topological support, i.e. it is positive on all non-empty open subsets of (). Therefore,
for every N € N, we have that
MY (W) = inf {yD(B(z, 4KN)™)) : 2 € Qn} > 0,
and the function
Qo3wr— Mﬁ)(w) € (0, +00)

is measurable. Hence, for every integer k > 1 there exists 55@,6 > 0 so small that

1)— % 1
m (MG (00 +00)) ) > 1= o

By Birkhoft’s Ergodic Theorem, for m—a.e. w € €2, say w in some f—invariant set ng,)k with
measure m equal to 1, we have that

i i)— i 1
(9.23) p (AV@)) = m (MQ (0 +00)) > 1= 5
where

AQuw) = {2 0:07w) € MY ( Qs +00)) } € N

Let (;, be the set of all points w € € such that the set 5(L,(1)) > 1/q. Of course
T
q=1

It therefore suffices to prove our lemma with the set Q replaced by leq. In order to do this
we shall estimate from above the limit

) B
Jim Vo(al)( (2,7))
=0 vy (B(z,7))
for all w € Q;, and all z € J,(w). So, fix N, > 1 so large that
1

(9.24) p(No(z,Ng)) > 1 — %



48 MARIUSZ URBANSKI AND ANNA ZDUNIK

It then follows from %lfKoebe’s Distortion Theorem, Koebe’s Distortion Theorem, and
t-conformality of measure vV that for every n € N,,(z, N,) N L, (1), we have that

(8o )OI )) <ol (P2 (B 1N))

< KD (1) (2)] vy (B(EZ(2),1/N,)) < KAD™(F2) (2)]

(9.25)

By the same token,
(9.26)

yg)(B(z )G \)) > ) (F52(B(F2(). (4K N,) ™))

K_t)\g)_n‘(Fﬁ)/(z)rtwgn)( (B(F2(2), (AKN) ™).

Vv

Now assume in addition that
w e 95\27(1.
Then, we deduce from (9.24)) and (9.23) that
_ 1
7 (Nw(z, N,) N Lo(l) N Agvg,q) > 0.
Therefore, for ever n € N, (2, N,) N L,(l) N Ag\g’q, we get that

v (B (z, ~|(F ) L y\(n
|

(027) 0 <B <21Ni : )S <K' (téj)( >(B(F£(z),<4KNq)*l))) Az””
< K'(ey

0) ()|
Fr)'(2))

-1
(qu 7‘1) l .
Consequently,

v (B(z,1)) < Za (B(z’%ﬁ(my@)‘l)) < KV )

lim im ENyq

0 U (Bz,7) ~ nee 1) (B ( i (F )'(""”_1) ) _

This implies that for each w € Q;, N Qﬁ&j,q, the measure v, )| J,(w) 18 absolutely continuous
with respect to VO(JI)| Jr(w), and the proof of Lemma |[57|is complete. O

Our ultimate theorem about conformal and invariant measures is this.

Theorem 58. Lett > 1. If v\ is the t-conformal random measure for F : Q1 x C % QxC,
produced in Theorem l then the Borel probability F—invariant measure p = pu® € M,,
absolutely continuous with respect to v®, produced in Theorem |53, is in fact

(a) Equivalent with v®

(b) Ergodic,

c) It is the only Borel probability F—invariant measure in M,, absolutely continuous
It 1s th ly Borel bability F—i ant n M,, absolutel ti
with respect to v,
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Proof. Ttem (a) is just Theorem In order to prove ergodicity of u, i.e. item (b) of
Theorem assume for a contradiction that there are two disjoint totally F-invariant
measurable sets A, B C €2 x C such that

0 < u(A), u(B) < 1.

Since 6 : 0 — 2 is ergodic with respect to measure m, we have that 0 < p,(Ay), tw(By) <1
for m—ae. w € 2. Therefore, also

0 < vu(Ay), u(By) <1

for m—ae. w € ). Define two random measures measures 74 and g by demanding that
their fiber measures 74, and Up,, are respective conditional measures of the measure v,
on the sets A, and B,. By this very definition both 4 and 7 belong to M,,,. It is easy to
verify that these two measures are also t—conformal with respective generalized eigenvalues
equal to

v,(Ay) Vy(By)
Mw =A———~ and Ap, = \,—F———.
Vw(AO(w)) Vw(BH(w))
But then A B
E e VA i
Vo (Apr () Vi (Bon())
for every integer n > 0. Therefore
Z,w o Vw(Aw) . I/W(Bgn(w)) < 1 1

)\%,w B Vw(Bw) Vi (Aan(w)) N Vw(BW) Vw (Aen(w))'
Now, since v(A) > 0, there exists € > 0 such that
m({w e Q:v,(Ay) >e}) > 0.

Denote this, just defined, subset of 2 by €2*. By Birkhoft’s Ergodic Theorem and ergodicity
of the measure m with respect to the map 6 : Q@ — Q, we have for m—a.e. w € , say
w e QF, that
p({n>0:60"(w) € Q*}) =m(Q) > 0.
For every k > 1 let
Qp ={weQ:v,(B,) > 1/k}.
Then Q, N QT C Qk/a c . Hence

U QLN e Q

k=1
Since also m(UZO:1 QN Q*) = 1, it thus follows from Lemma [57| that the fiber measure
UBwl|J,(w) is absolutely continuous with respect to the fiber measure 04|, () for m-a.e.
w € ). But because of Proposition [56{ and Theorem Vo(Jr(w)) =1 for m—a.e. w €
consequently Ug ., (J,(w)) = Vaw(Jr(w))) = 1 for m-a.e. w € 2. We thus obtained that
the fiber measure 7p,, is absolutely continuous with respect to the fiber measure 4, for
m-a.e. w € §). This contradicts the fact that A, N B, = 0 for m—a.e. w € Q, and finishes
the proof of item (b), i.e. ergodicity of the measure p.

The proof of item (c) is now straightforward. Assume for a contradiction that there exists
an F-invariant Borel probability measure on €2 x () absolutely continuous with respect to v
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and different from p. Then there also exists an ergodic measure n with all such properties.
But then by (a), 7 is absolutely continuous with respect to p. As both measures n and u
are ergodic, we thus conclude that g = n. This contradiction finishes the proof of item (c)
and simultaneously the whole proof of Theorem [58] O

As an immediate consequence of Proposition [56| and Theorem we get the following.
Corollary 59. For every t > 1 we have that v (J,.(F)) = 1.
As the last important fact in this section, we shall prove the following.

Proposition 60. For everyt > 1 the global Lyapunov exponent
o= [ 1og IR dw2) = [ tog]£2)] a2
QxQ QAxQ

is finite and positive.

Proof. We first note that
o = [ togl @ duw.2) = [ (logn(w) + Re(2)) du (e, 2).
QxQ axQ

Since log A < logn(w) < log B for all w € Q and since u® is a probability measure, we are
thus to show that

/ IRe(2)| dp®(w, 2) < +oo.
QxQ
In order to do this, we will provide sufficiently good upper estimates for ug)(Yﬁ) for all
M >0 and all w € Q. First, using (5.13)) and Proposition we have
v (F" (V) < (e(My))e™s 40

for every integer n > 0 and every real number M > 0. Second, by Proposition [52| again
and by Proposition [35| there are two constants D > 0 and v > 0 such that

v (" (Yap)) < De

for every integer n > 0 and every real number M > 0. Therefore,

VO (FTQx Vi) = / v (S (Vi) dmf(w) < ¢ (Mg)e™> (=
Q

w

and likewise,
v (F7(Q x Yy,)) < De ™M,
It therefore follows from Theorem [53| and basic properties of Banach limits that

(9.28) pD(Q x Y < C’B(Mo)fi%(l_t) and uY(Q xYy;) < De M,

Hence, by straightforward calculation:
| Re@] i, 2) < +cx.
axy;"
In the same way, based on the right—hand side of (9.28)), we get

/ IRe(2)| dp(w, 2) < +oo.
QxY~
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Since obviously,
| Re@)ldnw,2) <1
QxQ1

we thus conclude that

[Re(2)| dp” (w, 2) < 400,
QxQ
and the proof of finiteness of the global Lyapunov exponent x ) is complete.
So, we now pass to the proof that x,« > 0. The first observation is that for each w €
the set

D, :={z€Q:|Im(f.(2))| > 2}
is non-empty and open. Therefore (D) > 0, where
D := | J{w} x D,
weN

It thus follows from ergodicity of the global map F : Q x Q — Q x @) with respect to
p®) (Theorem [58)) and from Birkhoff’s Ergodic Theorem that there exists a measurable set
I' C Q x @ such that u®(T') =1 and

(9.29) lim 1#{o <j<n-1:Fi(2)e D} =u(D)>0

n—oo M,

for every (w, z) € . Since |(FF)'(2)| = | f*(2)] > |Im(f%(2))| for each k > 1, it follows from
Lemma , formula (9.29)), the Chain Rule, and the definition of the set D, that

1
lim inf — log |(F™)'(2)| > u® (D) log 2.

n—00
Since, by Birkhoft’s Ergodic Thecﬁem again,
Xt = lim % log |(F7})'(2)]
(in particular the limit exists) for u¥-a.e. (w,z) € Q x Q, we thus obtain that
X = 1 (D)log2 > 0,
and the proof of Proposition [60]is complete. 0
10. BOWEN’S FORMULA

In this section we prove a formula holds that determines the value of the Hausdorff
dimension of radial Julia sets. We refer to it as Bowen’s formula. Precisely, we prove the
following.

Theorem 61. Fort > 1 put

EP(t) :z/log)\wdm(w).

Then
(1) EP(t) < +oo for allt > 1,

(2) The function (1,4+00) >t — EP(t) is strictly decreasing, convez, and thus continu-
ous,
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(8) lim;_,; EP(t) = 400 and EP(2)) < 0.
(4) Let h > 1 be the unique value t > 1 for which EP(t) = 0. Then
HD(J,(w)) = h
for m—a.e.w € Q2.
The proof of this theorem will be deduced from a series of lemmas.

Lemma 62. £P(2) < 0.

Proof. Assume for a contrary that EP(2) > 0. It then follows from Birkhoff’s Ergodic
Theorem that

lim A7, = 400

n—oo
for m—a.e. w € 2, and in fact, the rate of divergence is exponential. Then using Defini-

tion (of the set J,.(w)), conformality of the measure v produced in Theorem , and

(2)

Koebe’s Distortion Theorem, we can write for m—almost every w € €2 and for v,;’— almost

every z € J.(w), every integer N > 1 and all n € N,(z, N), that

v (F 2 (B(F)(2),1/N))) < C(N)%diam%FJ(B(FLL(Z), 1/N))),

w,2

with some constant C'(N) € (0,+o00) depending only on N. Using Koebe’s Distortion
Theorem again, we thus conclude that

D(B(r) _

(10.1) lim inf 2

r—0 r

But since Leb(B(z,7)) = mr? for all » > 0 small enough independently of z, where Leb
denotes the 2-dimensional Lebesgue measure on @), formula ((10.1) implies (standard in

geometric measure theory, see e.g., Lemma 2.13 in [21] or [30]) that V£2)(Jr(w)) = 0. This

contradicts Corollary [59| and finishes the proof. OJ

Lemma 63. For everyt > 1 the expected pressure EP(t) is finite and the function
(1,400) 5t — EP(t) € R

18 convex, thus continuous.

Proof. First note that finiteness of the expected pressure follows immediately from the
bounds on A, provided in . The constants p, P in this estimate depend on ¢t but they
are independent of w.

Let us fix some t1,t, > 1 and a € [0, 1]. Put t3 = at; + (1 — a)te. We are to show that

EP(t3) < a€P(t1) + (1 — a)EP(ts).
For every w € 2 denote:
By = Qu, \ | J B(Fj.-,,(0),7m0),
jEN
with M; > 0 and ry > 0 produced in the course of the proof of Theorem . Increasing
M, and decreasing r( if necessary, we can assume that

(10.2) v (B,) > 1/2

"w
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for m—a.e. w € Q and for all t € {¢,t5,t3}. Since
lim F))(z) = 400
n—oo
uniformly with respect to w € 2 on RN,/ , and since each measure p,, is a probability one

satisfying, by virtue of its fiberwise F-invariance, pge)(Fi,(A)) > ., (A) for every w € Q
and every Borel set A C C, we conclude that

(10.3) PO (RN Quy,) =0

for m—almost all w € €). This is a stronger statement than the one obtained at the very
beginning of the proof of Theorem [54] Denote

E:={z € Qu, : [Im(z)| > ro}.
Obviously,
(10.4) E CE,

for each w € Q2. We conclude from ([10.3)) that if rq > 0 is small enough, then there exists
a measurable set ' C Q, with m(Q') > 0.999 and such that

p(E) > 0.999
for all t € {t1,19,t3} and all w € . It follows from and (9.7) that

) p—n
1 O (Fn(E,
(10.5) jrchaz<5_%ﬁ;i_l
)\t,w ’ VH”w (EUJ)

for all t € {t1,ts,t3} with comparability constants witnessing to the comparability sign “<”"
above being independent of w € Q and z € E,,. Because of ((10.2)), we have that

v (F(E)) _
Vpno(Es)

"w

(10.6) vW(EYE)) < vD(F;™E,)) < 2w (F"(E,)) <2

w

Our goal now is to find a lower bound for l/o(f)(F; "(E)), for some measurable set, with

positive measure m, of w’s and for a sequence of infinitely many n’s that may depend on
w. Put
A=Q xE.
Then
1D (A) > 0.999 - 0.999 > 0.99

for all ¢t € {t1, 2,13} Recall that
(10.7) HO(A) = 05 (WO (F(A))22)
Since
p ) (A) + p2(A) + p(A) > 2.97,
it follows from ((10.7) that
limsup (v")(F~"(A)) + v (F7"(A)) + v (F7"(A)) > 2.97

n—o0

So, we conclude that there exists an infinite set (nk):;l such that

v (F~"(A)) > 0.97
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for all t € {t1,1s,t3}. Using the fact that v (o *(E)) <1 for all w € , it is straightfor-

w

ward to conclude that for each such ny and all t € {t1,%5, 13},
m({we Q:v(F;™(E)) <0.1}) < 30
So, for each such n; there exists a measurable subset €2, C  with
m(2%) > 0.9
and such that
(10.8) v(F;™(E)) > 0.1

for each w € Q and t € {t1,ts,t3}. Next, put
0.- N Ue
meN k>m

i.e., €, is the set of all elements w € () that belong to )y for infinitely many integers k.
Arrange the set of these integers k into an increasing sequence (kj (w))jil We immediately
see that

m(£2) > 0.9.
By Birkhoft’s Ergodic Theorem a measurable set €),, C €2, such that

m () = m(Q2) > 0.9

and the limit

lim — log)\

n—oo N,

exists and is equal to EP(t) for all t € {t1,ts,t3} and all w € Q... For all w € Q,,, denoting
N, (w) by §j(w) for all integers j > 1, and using ((10.5)), (10.6), end ([10.8)), we see that

0.1 < £ (z) <2

=\ Si(w) T
t,w

for all t € {t1,ts,t3} and all w € Q. So, for all t € {t1,ts, 13}, all w € Q,,, and all z € E,,
we have that

(10.9) EP(t) = lim

k—o00 S; ((JJ) k—>oo sj(w)

log 5535“) (2).

A direct application of Holder inequality gives now the following:

. s5(w)
5P(t3) - ]liglo Sj(bd) IOg ‘CatlJr 1—a)ta, w(z)

sj(w

< Jlggo - <a log £}, (2) + (1 — a)log Etg " (z)>

. . . . s5(w)

= Jin O£ + (- o) e £

= a€P(ty) + (1 — a)EP(ts).

The proof is complete. 0

Lemma 64. The function (1,00) 3>t — EP(t) € R is strictly decreasing.
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Proof. Seeking contradiction suppose that
(10.10) EP(t) > EP(s)
for some 1 < s < t. It follows from Corollary[59, Theorem[58] Proposition[60} and Birkhoff’s

Ergodic Theorem, that there exist y > 0, an integer gy > 1, a measurable set 2y C 2 with
m(Q) > 1/2, and for each w € y, a measurable set JO(w) C J,(w) such that

v (P (w) > 1/2,
and
|(F2) (2)] = X"
for every w € €, every z € J%(w), and every integer n > qo. It furthermore follows from

Birkhoft’s Ergodic Theorem and ({10.10)) that there are an integer ¢; > qo, a measurable set
Q) C Qg with m(€Q;) > 1/4, and

3

>

€

)

< e%x(t—s)n'

>

€3

Sy

for every w € € and every integer n > ¢;. Fix such w € ©; and 2z € J°(w). By the
definition of J,.(w) there exists an integer N > 1 such that p(N,(z, N)) > 3/4. So, there
exist an integer N > 1 depending on w and z and an unbounded increasing sequence
(k)52 of integers > ¢; with lower density > 3/4 such that for every k& > 1 there exists a
holomorphic branch F;7* : B(F*(2),2/N) — Q of F7* that maps F*(z) back to z and

|5 (2)] < N.

By Birkhoff’s Ergodic Theorem and Proposition [39| there exist a measurable set {25 C €
such that m(€y) > 1/8 and

0"w € Q(N, (4KN)™",1/4)

for all w € Qy and a set of integers n > 0 of lower density > 3/4, where the set
Q(N ,(AKN)™1 1/ 4) comes from Proposition |39, Passing to a subsequence we may there-
fore assume that

0™ w € Q(N,(AKN)™',1/4)

for all w € €2y and every integer k£ > 1.
Using all the above, Koebe’s Distortion Theorems, conformality of the measures v and
v and at the end Proposition (the constant £ = £(N, (4KN)™,1/4) > 0 below comes
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from it), we obtain
v (Ble, WN)(Fp()17) v (EL (BUERH(2), N 7))
v (B, (AN)(FSH (2 17Y) — o) (Fo2s (B(FS (2), (AKN) ™))
Yy (BIFZ(2), N7)  ADk
Vo (BOFZ(2), (4K N)=1)) AL

< K7(F0) ()1

< K exp(x(s — tng) (Viky (BUEDH(2), (AKN) ™)) exp (%X(t B S)n’“)

1

::}{t—s -
e

-1

s — tm) (v (B(ED™ (), 4K N) ™))

1
<ETTK T exp (§X(5 - t)“k) :

Therefore

1
< &K lim exp <§X(5 - t)nk) =0.

k—o0
This, in a standard way, implies that

2 ( U {w} x Jf(w)> = 0.

weN
But, on the other hand, from the very definition of the sets {2y and J°(w), we have that

2 ( U {w} = Jf(w)> >1/8 > 0.

wEeN
This contradiction ends the proof of Lemma [64] O

Lemma 65. There exist constants C' > 0 and to > 1 such that for every t € (1,ty) there
exists M = My > 0 such that for every z € Qp and every w € €, we have that

C
Liw(Lgy)(2) =2 —-
t—1
Proof. Take an arbitrary point z € Qys, z # 0, and its representative in x + 1y € C with
y € (—m,m]. We assume that y > 0, the other case being treated identically. Then

1 1
1 _ > .
Loallou)®) = X Gty g 2 2 vy 4 2k

keK.

where K, is the set of integers k for which | log |z + iy + 2kmi| — log n(w)‘ < M,i.e.,
(10.11) log |z + iy + 2kmi| < M + logn(w)

and

(10.12) log |z + iy + 2kmi| > —M + log n(w).
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Let

AeM — M 1
10.1 K=——-————-.
(10.13) 2 2

A straightforward calculation shows that if 0 < k < K, then k satisfies inequality
for every z € Q. On the other hand, if —M + logn(w) < 0, then inequality holds
for every integer £ > 1. So, assuming that M > log B, which we do from now on, we will
have that holds for every integer k > 1 and every point z € (Q3;. Hence, for every

z € Qur,
{keZ:1<k<K}CK,.

Therefore,
(1014)  Lo(lg)@) > S ! Loy !
. tw\ L@ = =
v L (el +y+2km)t — @m) S (e 4 k>t
We are thus to estimate from below the sum Zf:_ol ﬁ with a = mg++2ﬂ The bound is
given by the integral
K
1 1 1 1

10.15 ds = -

( ) /0 (a+s)t T (at—l (a+K)t—1)
We now want to find M > log B so large that the estimate

1 11
(10.16) ————— < ——— or, equivalently, a+ K > 2r1g

(at+ &)1~ 241

holds. So, for (10.16)) to be satisfied it is enough to have K/a > P Assuming that

M > 3m, invoking the formula (10.13)) which defines K, and using the inequality 2ma <
M + 1+ 27, we see that for (10.16]) to hold it is enough to have tho following inequality:

(10.17) Al Moy
2M
A straightforward estimate shows that, if
2log2
t—1
and t is sufficiently close to 1, then , and, consequently, also holds. We can
this estimate

/K 1 1 1 1 or  \"!
> >
o (a+s)t —2(t—1)at"t = 2(t—1) \ M; + 3w

1 (2n)! M, \"' 1
t—1 2 M, + 3w MY

M t—1
t
(Mt + 377')

MZMtI:

Now, since M; > 3w, we have that

v

1
2
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for all t € (1,2]. Invoking the formula defining M, and using, in the last step, the inequality
x® > exp(—1/e) for all x € (0, 1]), we thus have for z € @y, that

1 @en-t 1 (-1t 1

> . . )
»Ct,w(]lQMt)(Z) = 1_1 4 (27T)t (2 log 2)t—1 = Ct -1
with .
C = Wexp(—l/e).

The proof is complete.

Corollary 66.
lim EP(t) = 4o0.

t—1+

Proof. Indeed, it follows from Lemma and (10.9) that for each ¢ > 1 and every M;

sufficiently large, there exists a sequence n; and a positive measure set €),, such that for
we N,z € E, CQyy

EP(f) = lim — log £2% (1)(2).

k—oo Nk
Obviously, one can take M; > M;, where M; comes from Lemma 65 Then, by applying
this lemma we obtain the required estimate. 0

As a consequence of the above lemmas and the last corollary, we get the following.
Corollary 67. There exists a unique value h € (1,2] such that EP(h) = 0.

Now, in order to conclude the proof of Theorem [61], we are only left to establish its item
(4). Towards this end, we shall prove the following auxiliary result.

Lemma 68. For every w € Q and every integer N > 2 there exists q(w, N) such that if
z€Qn and if q(w,N) <n € N,(z,N), then

(£2)'(2)] = 2.
Proof. Fix an integer N > 2. Notice that then there exists an integer gy > 0 such that
(10.18) FMR) C [4N, +00)

for all w € Q and all n > ¢qy. Now fix also w € . Assume for a contrary that there
exist a strictly increasing sequence (n;)72; of integers, all greater than or equal to gx, and
a sequence (z;)72; of points in @y such that

n; € Ny(z;, N) and |[(F')' ()] <2

for every [ > 1. Using compactness of Qny we can replace the sequence (n;)7°; by its
increasing subsequence for which there exist a point £ € (Qy such that

z € B(§,1/(16N1)).
It then follows from Koebe’s %fDistortion Theorem that

(10.19) B(¢,1/(16N)) C F, 7 (B(F (z),1/N))

w,2|



RANDOM NON-HYPERBOLIC EXPONENTIAL MAPS 59

now seeking contradiction assume that

fE(B(g27IN"Y) N (U]R—i—jﬂ) £

JET

for some integer £ > 0. Then for for every integer [ > 1,

fE(ES (B(E™ (=), 1/N))) N (UR+jm‘) £ 0.

JEL
Fix | > 1 so large that n; — k > qx + 1. Then invoking ({10.18)), we conclude that
B(FL (), 1/N) N AN, +o0) # 0.
Hence, F"(z) ¢ Qn contrary to the fact that n; € N,(z, N). So,

(10.20) SF;2 (B (), 1/N))) N (URJrjm') =0
JEZ
for every integer k > 0. Now, as at the beginning of the paper, keep S to denote the set
{z € C:|Im(z)| <7}
If the set
A (N)=={k>0: f5(B& 2N ")) NS =0}

is infinite, then lim; ., |(f7)/(¢)| = 4+o0 by lemma and the Chain Rule. This and ({10.20))
would however contradict Bloch’s Theorem, proving that the set A, (NN) is finite. But if
Ik (B(S, 2_4N_1)) NS # 0, then

(10.21) (B 27N ) s
by (10.20) again. Therefore, (10.34) holds for all but finitely many k’s. This however
contradicts Lemma [I3] finishing the proof of Lemma [68] U

Now, within the framework of Lemma [68] let go(w, N) denote the least number ¢(w, N)
produced by this lemma. We immediately observe the following.

Observation 69. For ecvery integer N > 2 the function
Q3w+ gw,N)eN
18 measurable.

Lemma 70.
HD(J,(w)) = h

for m—a.e. w € €.

Proof. The beginning of this proof is similar to the proof of Lemma [64] Tt follows from
Corollary (9] Theorem [58, Proposition and Birkhoff’s Ergodic Theorem, that there
exist x > 0, a measurable set Qy C 2 with m(€Qg) = 1, and for each w € 2y, a measurable
set J(w) C J,(w) such that

W) = 1
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and
1
(10.22) lim —log [(F")'(2)] = x
n—oo N,

for every w € Qg and every z € J°(w). It furthermore follows from Birkhoff’s Ergodic
Theorem that there exists a measurable set ; C Qg with m(£2;) = 1, and such that

1
(10.23) lim —log Ay, =0
n—o00 N,

for every w € Q. Fix such w € Q; and z € J%(w). Fix n € (0,1/2) arbitrary. By the
definition of J,(w) there exists an integer NN, > 1 such that

(10.24) p(Nu(z,Ny)) > 1 —n.
For every r € (0,1/N,) let k := k(2,7) be the largest integer n € N, (z, N,) such that
(10.25) F, M (B(F)(2),1/N,)) D B(z,7).

Let s = s be the largest integer > k + 1 belonging to N,(z, N,)). It follows from ((10.24)
that

k
(10.26) lim £ 7)
r—0 Sk(z,r)

>1—n.
Applying conformality of the measure ¥ and Koebe’s Distortion Theorem, we now con-
clude from ((10.25) and the definition of k that
v (Blzm) < v (F3E(B(FS(2), 1/N,)))
(10.27) < KM\ h\ (E)'(2)| " (B(FF(2), 1/N,))
< K"\ w h‘ (Fk) -

2)

(2)
On the other hand B(z,r) ¢ F_5(B(F5(z),1/N, )) But since, by ;-Koebe’s Distortion
Theorem,

F 5 (B(Fi(2),1/N,)) D B (z 1}(F5)’(z)]1N,;1> :
we thus get that r > 1| (F3)( \‘ N, '. Equivalently,
[(F2)' ()] < 4Ny
By inserting this into and using also the Chain Rule, we obtain
v (B(z,1)) < (4K N A | (Foh) (FE(2))|".

Equivalently,
log l/f,h)(B(z,r)) = log(4K'N,) _ log Aﬁ,h n hIOg | (f(f;?f)/(Ff(Z)H
log r - log r log r log r
(10.28) _ gk los(RN,) k Flog L,
log(1/7) k log(1/r )
k
o | (7324 (FA(=))|
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Now, Koebe’s Distortion Theorem yields

FoE(B(FF(2),1/N,)) € B(z K|(FF)'(2)] 7' N;Y).

n

Along with ((10.25]) and the definition of k this gives r < K‘ (Ff),(z)rl]\]n_l. Equivalently:

(10.29) —logr > log(N,/K) + log | (Ff)/(z)}
Therefore, invoking (|10.22)), we get that
_ k(z,1)

10.30 1 —— < 1/x.
(10.30 M Tog(/m) = /X
Also, formula (10.22)) along with ((10.26|) gives

.1 s—k\/ [ ok X __n
(10.31) lim - Yog | (F3) (FLG)| < 12 —x = 72

Inserting now ((10.30)), (10.23]), and ((10.31)) to (10.28]), we obtain

log i (B(z,r) _, (,__n \_1=2,
- I L—n

lim inf
r—0 log r

Since n € (0,1/2) was arbitrary, this yields
log v (B(z,1))

(10.32) lim inf > h,
r—0 log r

Therefore

(10.33) HD(J,(w)) > HD(Jf(w)) > h,

and one side of the equation from Lemma [70]is thus established.
For the opposite inequality set n := 1/4 and

N = N1/4.
By Lemma [68] Observation [69, and Proposition [39] there exists an integer ¢ > 1 such that
(10.34) m({w € Q: go(w, N) < ¢} NQN,1/N,1/8) > 5/8.

It therefore follows from Birkhoff’s Ergodic Theorem that there exists a measurable set
2 C Q such that m(£2) = 1 and

p({n>0:q(0"w,N) < g and 0"w e Q(N,1/N,1/8)}) >5/8
for all w € Q. Then
(10.35)  p(Nu(z, N)N{n>0:¢q(0"w,N) < g and §"w € Q(N,1/N,1/8)}) > 3/8.

Fix now an arbitrary element w €  and z € Jy(w). S There thus exists an integer [y > 1
so large that if [ is an integer > [y and if u; is the [th element of the set

No(z, N)yN{n=>0:q(0"w,N) < q and §"w e Q(N,1/N,1/8},

then l
— > 3/8.
Uy /
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So, applying Lemma [68 we thus get that
(10.36) [(FU) (2)| > 2V > 23w/8a
Let r; > 0 be the least radius such that

(10.37) F ;" (B(F2(2),1/N)) C B(z,m).

w

But, by Koebe’s Distortion Theorem, F;"(B(F!(z),1/N)) C B(z, KN7'|(Fu)'(z)|™");
hence

(10.38) r < KN7H(E") (2)] 71

Formula ((10.37)) along with Koebe’s Distortion Theorem and ([10.38]), and Proposition
(the constant & = £(N,1/N,1/8) > 0 below comes from it), yield

Vugh) (B(z,rl)) > I/gl) (F_“l (B(F;”(z), 1/N)))

w

> K| (F2Y ()] v (BUE (), 1)

(10.39) / L,
> K73 [(F) (=)
> (K2N)"EA S
Therefore,
(h) 2 1 u
(10.40) log v (B(z,1) _p, , hlos(N/K?) _log Ay &
log 1 log 7, log 7, log 1

Formula ([10.38]) equivalently means that
(10.41) —logr; > log [(F*)'(2)| + log(N/K).

Hence, invoking ({10.36[), we get that

3log?2

(10.42) —logr; > & w + log(N/K).

Inserting this to (|10.40)) and using (10.23)), we get

log v3"(B log v (B
hm lnf Ogl/ ( (Z7r)) S hm lnf Ogl/ ( (Z7 rl))
r—0 log r I—00 log 7

< h.

Therefore,
HD(J,(w)) < h,
and along with ((10.33]) this finishes the proof of Lemma . 0
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11. HAUSDORFF DIMENSION OF THE RADIAL JULIA SET IS SMALLER THAN 2

Lemma 71. Let (Y,§, 1) be a probability space and let T :' Y — Y be a measure preserving
ergodic transformation. Assume that ¢ :' Y — R is an integrable function with [ pdp = 0.
Assume further that there exist a set A € § with (A) > 0 and a constant C' > 0 such that
forally e A

sup{Skp(y)} < C.

k>1
Then for p-a.e. y € A the following implication holds:
(11.1) T"(y) € A = Spe(y) > —2C.

Proof. Assume that (11.1)) does not hold. Then there exists a measurable subset B C A
with u(B) > 0 and such that for every y € B there exists an integer n > 1 for which

(11.2) T"(y) € A and S,p(y) < —2C.

Replacing B by its subset, still of positive measure, we can assume that there exists an
integer k£ > 1 such that (11.2)) holds for integers n being the kth returns of y to A. Now,
let us consider the map TBk : B — B being the kth return from B to B. For p—almost

every x € B denote by np(z) the first return time of  to B and by ng)(x) the kth return
time of x to B. R
Kac’s lemma applied for the kth return map 7'®) and for the function ¢ thus gives

13) [ Spe@dn) =k [ Suee@di =k [ @) =o

Still for p—almost every x € B denote by nff) () the k-th entrance time of x to A and
notice an obvious inequality ng) (x) > n(:) (x). Writing

(8
Sngnw(w) = Sngw(x)@(fﬂ) + Snﬁé“)(x)—nﬁf)(ar)MT !

(),

we see that
Snw)(m)gp(m) < -20+C=-C
B

for pu—almost all z € B. But this contradicts ((11.3) and finishes the proof of our lemma. [J

In Section[L0]we proved that the dimension of the radial random Julia set J,(w) is almost
surely equal to the only value h such that the expected pressure at h, i.e.

EP(h) = /log Anwdm(w) = 0.

As in Section 9] we denote

hew '= Ahw = Ahbw " Angn—1e-
Our goal now is to prove that A < 2. The crucial technical ingredient is the following.

Proposition 72. For m—a.e. w € Q and for -

o
(11.4) lim inf L}E”))
r—0 r

almost every point z € () we have that

=0.
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Proof. We consider two separate cases.
Casel’. Partial sums

log A, = > log g

are bounded above for a measurable set of points w € ) with positive measure m. This
means that there exist a measurable set A C © with m(A) > 0 and a constant C' < 400
such that

(11.5) log A, <C

for all w € A. By ergodicity of the map F': 2 x Q — © x Q with respect to the measure
p" (see Theorem and by Birkhoff’s Ergodic Theorem there exists a measurable set
I € QxQ with (') = u™(T'}) = 1 and such that for every point (w,z) € I'; there
exists an integer ki(w,z) > 0 such that

(11.6) FRr@2(y 2y e Ax Q.
Fix an integer N > 1 and consider the set
Ax (Yo \ (Rx(-2,2))).
Since p*) (A>< (YJH\(RX (-2, 2)))) > 0, again by ergodicity of the map F' : Q2 xQ — QxQ
with respect to the measure u (see Theorem [58)) and by Birkhoff’s Ergodic Theorem there

exists a measurable set 'y C A x Q with u™(I'y) = ™ (A x Q) and such that for every
point (7,£) € T'y there exists an integer ko(7,&; N) > 0 such that

(11.7) FRESN (1 6 e Ax (Y, \ (R x (—2,2))).
In conclusion, there exists a measurable set I's(N) C Ty such that " (I's(N)) = 1 and
(11.8) FR@2) () 2) €Ty

for all points (w, z) € T'3(N). In particular ko (F*(“3)(w, 2); N) is well defined and finite.
For every point (w, z) € I's(N) set

(11.9) Un(w, 2) = ki(w, 2) + ko (FF @2 (w, 2); N).

Denote -
= () Ts(V)
N=1

p"M (Ts(00)) = 1
and the number £y (w, z) is well defined for all points (w, z) € I'3(c0) and all integers N > 1.
Fix such (w, z) and N. Then

Then

k2 (F’ﬂ(w ) (w,2); N)
ekl(u 2)

(11.10) log A\, Y% = log A1 + log A, > log \1?) — 20

by f and Lemma .

Now, since FfN(w’Z)(Z)) € Y]\J{H \ (Rx (—2,2)), the holomorphic inverse branch E @:2)
B(F2“9(2),2) = Q, sending F¥“)(2) back to z, is well defined,

(11.11) B(FY“(2),1) C Yy
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and, with a use of Koebe’s Distortion Theorem,
B (s JlE Y Q) € £ B (R e, 1),

Set

) = gl (Y @)

Then, using, (11.11]), (11.10)), and (5.13)), we get

v (B(z,7x(w, 2)) < v (F ™ (B(RN 7 (2), 1))

rh(w, 2) - rh(w, 2)

)\;iN W,z Kh| ZN (w, z))l(z)‘fhy(h) (B(FfN(w’z)(Z), 1))

9ON (@.2),

- rh(w, 2)
—An(w,z In (w2
(AR )Nl (w, 200 L (BFEY P (2),1)
rh(w, 2)

(4K)h)‘i:iN(w’z)V§Z)v<w e (B (FEN(M’Z)@)’ 1))
Yy)

< (4K>h 20)\ kl (w,2) ( ) (1— t)%

GEN(UJ z)
Since 1 — ¢ < 0, this yields

(R M (p
thh(z’T) < lim -~ ( }(LZ’TN(W’Z)) < (4K)"e2ON D0 (M) Tim 0% =0,
r—0 r N—oo TN(W,Z) ’ N—o0

Case 2. For m-a.e (w,2) € Q x Q

lim sup A\, = +o0.
n—oo

Let (w, z) be a point for which the above upper limit is equal to +o00. There then exists a
strictly increasing sequence (n] (w, z)) of positive integers such that

(11.12) lim A% = 4o0.

n—oo

Fix a radius 0 < s < min{1, p}/4, where p comes from Lemma 24| Fix an integer j > 1. If
B(ng(w,z)(z)’zs) N {F(;zkjiw,z)—k(o) ck=1,...n; — 1} =0,

then there exists a holomorphic branch F, .’ “2) defined on B(F"i“?)(z),2s) and sending
F.7’(z) back to z. Analogously as in the previous case, put

ri(w, z) == —‘(F”ﬂ(‘” ) (2)‘_13

Then by the same token as in the previous case, we get

) (B(z, r;(w, z))

—nj(w,z)  (h)
4K)" A
Ay S AT

(11.13) Q"j(wyz)w(B(FuCLj(w7Z)<Z)7T)) (4K) )\ n; wz).
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Finally, consider the case when the ball B (F nie Z)( ), 23) contains some point from the
set {F7 RO 1,...nj(w,z) — 1}. Fix such k € {0,...n; — 1} with the smallest
distance between F,’ (w’z)(z) and F;fogw’z)_k(O) in addition. Denote this distance by 2.
Then 2§ < 2s < p/2 and

B(Fr@)@)(2), 3) ¢ B(Fai“?7(0),33).
It thus follows from Lemma 24] that
v (B(Fr@A@ (2) 5)) <o (B(FR“Y70),35)) < 7 < ol

enj(w,z)w 9’” (w, z) 0k w

It also follows from the definition of 7 that there exists a unique holomorphic branch
Fw_,;”(w’z) defined on B(F"i“#)(z),27) and sending F,,’ (z) back to z. Analogously as in the
previous case, put

1 _
A = Fnj w z)
TJ <w7 Z> 4’ ’
Then, in the same way as (11.13)), we get
v (B(z, P 2) _

fh(w z)

Along with formula (11.12)), formulas (11.13]) and (11.14]) respectively imply that lim; . 7;(w, 2) =

lim; o0 7(w, 2) = 0 and

(11.14)

(4K)h)\h2a wz)A—h,/én)(w oL (B(Fﬁj(%z)(z),f)) < )\;’Zj(w,z)‘

(h)
lim inf = (B}EZ’T)) — 0.
r—0 T
The proof of Proposition [72|is complete. [l

Theorem 73. The Hausdorff dimension h = HD(J,.(w)) of the random radial Julia set
Jr(w), is constant for m-a.e. w € § and satisfies 1 < h < 2. In particular, the 2—
dimensional Lebesque measure of m—a.e. w € Q set J,.(w) is equal to zero.

Proof. The fact that the function 2 3 w +— HD(J,.(w)) is constant for m—a.e. w € ), and
the inequality h > 1 is just item (4) of Theorem

Because of Proposition [72] h-dimensional packing measure of @ is locally infinite for
m-a.e. w € . Since 2-dimensional packing measure is just the (properly rescaled) 2—
dimensional Lebesgue measure, it is locally finite. Thus h < 2.

O

As a corollary, we obtain the following result about trajectories of (Lebesgue) typical
points.

Theorem 74 (Trajectory of a (Lebesgue) typical point I). For m—-almost every w € € there
exists a subset Q, C Q with full Lebesgue measure such that for all z € Q,, the following

holds.
(11.15) V6 >0 3n.(0) € NVn > n.(6) Ik = kn(2) 2 0
| |F(z) — an k,(0)] <6 or |F](2)] > 1/6.

In addition, limsup,, ., k,(z) = +o0.
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Proof. For every w € €2, the set of points with trajectories described (|11.15)) contains the
complement of the radial set Julia set .J,.(w). So, now the first assertion follows immediately
from the last assertion of Theorem [73l The second assertion is obvious. U

As an immediate consequence of this theorem we get the following.

Corollary 75 (Trajectory of a (Lebesgue) typical point II). For m—-almost every w € 2
there exists a subset QQ, C Q with full Lebesque measure such that for all z € Q,,, the set
of accumulation points of the sequence

(F£<Z))f:0

is contained in [0, +oo] U {—o0} and contains +0oo.

12. RANDOM DyNAMICS ON THE COMPLEX PLANE:
THE ORIGINAL RANDOM DYNAMICAL SYSTEM f
In this section we will show that both random dynamical systems
fg = f@n—le'--Ofngfw:(C* — C*

and
Fl = Fpn-1,0---0Fy,0F,:Q — Q,

w € Q are conjugate via conformal (bi-holomorphic) homeomorphisms. Start with a single
exponential map f, : C — C given by the formula

fn(2) = ne*.

Let C* := C\ {0}. Since exp : C — C* is a quotient map and f, is constant on each set
exp !(z), z € C*, the map f, induces a unique continuous map

E,:C*—C*
such that the following diagram commutes

c I, c

exp exp
|
Cr— C
ie.
(12.1) Fn(exp(z)) = exp(f,(2)).
The map Fn can be easily calculated:
Fy(2) = exp(fy(exp™'(2))) = exp(n2).

Let H, : C — C be the similarity map given by the formula H,(z) = z/n. Then

(12.2) Fn o H,(z) = exp(n(z/n)) = exp(z) = %fn(z) = H, o f,(2).

This means that the maps Fn and f, are conjugate via H,. Consequently,



68 MARIUSZ URBANSKI AND ANNA ZDUNIK
Proposition 76. For every integer n > 1,
(12.3) F}oexp = expofy,

i.e. the following diagram commutes

and

(12.4) FyoH, = H,o f,

i.e. the following diagram commutes

We now pass to the non—autonomous case. This means that we fix an element a € [A, B]N
and we consider the non—autonomous compositions

f: ::fan71ofan720"'ofa1Ofao:C—>C'

and likewise with F*. Tterating (non-autonomously) (12.1) and doing straightforward cal-
culations based on ([12.2]), we get the following.

Proposition 77. For every integer n > 1,

(12.5) F) oexp =expofy.
and
(12.6) F: o Hy = H,, 0 f?(a)

We need two more “little” results. First recall that the map exp : ) — C* naturally
defined from the cylinder ) to C* is indeed well defined and is holomorphic:

Proposition 78. The map exp : Q — C*

(1) is a conformal/holomorphic homeomorphism;
(2) transfers the Euclidean metric on @ to the conformal metric on C*: |dp| := %

(3) conjugates Fn and F,, i.e.

F,oexp =expol, and
(4)
F} oexp = expoF}

for every integer n > 0. In other words, the following diagram commutes
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(3) ~

F) oexp =expoF}

for every a € [A, B|N. In other words, the following diagram commutes

Q —Q

expl lexp
Fn

(C* a (c*

Proof. Ttem (1) is obvious. In order to prove item (3), we calculate

exp(Fy([w]) = exp(m o f o} ([w]) = exp(m o fy(w)) = exp(fy(w) = Fn(2) = F,(exp([w]).
So,

exp ok, = Fn oexp.
Item (4) is a standard consequence of item (3). Likewise, item (5), follows by a straight-
forward inductive argument based on (3).

Now, we shall prove item (2). If [w] € @ and v is a tangent vector at [w] with Euclidean
length 1 then it is mapped by exp to a tangent vector at the point z = exp([w]), whose
Euclidean length is equal to | exp/([w]) = |z|. So, the conformal metric on C* which makes
the bijection exp : Q — C* an isometry is exactly the one

. ldz]

dp := .
P

13. RANDOM ERGODIC THEORY AND GEOMETRY ON THE COMPLEX PLANE:
THE ORIGINAL RANDOM DYNAMICAL SYSTEM [

We shall now transfer all our results concerning random conformal measures, random
invariant measures, Hausdorff dimension of fiber radial Julia sets, and asymptotic behavior
of Lebesgue typical points to the case of original random system

(Q,]:,m; 0:Q—Qn:Q— [A,B])
and induced by it random dynamics
(fi:C=C)_, weq,

given by the formula:

f:} f:fgn—le-"Ofngwa(C—>(C.
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Lemma 79. Fizt > 1. If v = (yw)w
conformal system

o 5@ random conformal measure for the random

Fl'iQ—Q, weQ, n>0,
with a measurable function \ : Q@ — (0, +00) and the standard Fuclidean metric, then the
random measure
U= (Vw oexp ! >w€Q
15 a random conformal measure for the random conformal system

FZL:(C*—HC*,wEQ, n >0,

with the same measurable function \ : Q@ — (0,+00) and the Riemannian metric p given
by formula (2) of Proposition . The converse is also true.

Proof. Using formula (5) of Proposition and, of course, the definition of the random
measure 7, we get for every w € 2, every integer n > 1 and every Borel set A C C* such
that the restricted map F'|4 is 1-to—1, that

p(F(A)) = v(exp™ (F(A))) = v(Fl(exp~'(A))))
- (Y| o, = /A | (F o expt | di,

(13.1) . L .
S ALCIRGACIERENS
— Agj/ [(F2)') da,
A
An analogous calculation gives the converse. 0

Lemma 80. Fix t > 1. Ifv = (Vw)weﬂ 1s a random conformal measure for the random
conformal system

F':C—C, we, n>0,

with a measurable function A : Q@ — (0,+00) and the Riemannian metric p given by
formula (2) of Proposition[78, then the random measure

U= (Dw o Hgflw)weg
1s a random conformal measure for the random conformal system
i C—C,we, n>0,

with the same measurable function A : Q@ — (0,4+00) and the same Riemannian metric p.
The converse is also true.

Proof. First note that if s € C* and H, : C — C is the map given by the formula
H(z) = s 'z,
then
(H) ()l = [H () 1 HY ()] - |2 =
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Using this formula, the definition of the random measure 7, and formula ((12.6)) of Proposi-
tion [77], we get for every w € 2, every integer n > 1, and every Borel set A C C such that
the restricted map f§ |4 is 1-to—1, that

Vgn+1, (fennw(A)) = Upny, (Hﬁnw (fglnw<A>)) = Ugny, (F:;L(Hw(A»
132 = [y = | Hodve,
_ / (f2.)']" da
[l

Now we pass to transferring of invariant random measures. This is even easier. We shall
prove the following two lemmas.

Lemma 81. If u = (,uw)
system

weq S an invariant random measure for the random conformal

Fl'iQ—Q, weQ, n>0,
then the random measure

fui=(nwoexp™) g

s an tnvariant random measure for the random conformal system

FV.C"—C,we, n>0,
The converse is also true.
Proof. The proof is an immediate consequence of Proposition [78] (5). O

Lemma 82. If i = (,&w)weQ 1s an nvartant random measure for the random conformal
system

F':C—C,wef, n>0,
then the random measure
fr:= (fu, 0 Hy1,) g,
s an tnvariant random measure for the random conformal system
f:C—C,weQ, n>0,
The converse is also true.

Proof. The proof is carried through by an explicate direct calculation based on formula

(12.6)) of Proposition [77]
flow © fe_wn = i o Hy, 0 fe_wn = flgny, © Hony, = fign+1,,.
0

As a consequence of the lemmas and Theorem [3§] along with Theorem 58, we get the
following.
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Theorem 83. For every t > 1 there exists a random t-conformal measure 0V, the one
resulting from Theorem (8.4, Lemma[79 and Lemma[80, for the random conformal system

f:C—C,we, n>0,

with with respect to the Riemannian metric p defined in item (2) of Proposition . This
means that formula (13.2)) holds.

Furthermore, there exists a Borel probability f-—invariant measure i = [ absolutely
continuous with respect to ). It has the following further properties.
(a) 4™ is equivalent to 0@,
(b) 4 is ergodic.

(c) (9 is is the only Borel probability f—invariant measure absolutely continuous with
respect to 01,

Turning to geometry, we now define random radial (conical) Julia sets on the complex
plane C for the random conformal system

fi:C—C, we, n>0.

These sets are defined analogously as the radial random sets for the random conformal
system F':

(13.3) Jo(f)(w) ={z€C: Nli_l)Iloog(Nw(z,N)) =1},

where N, (z, N) is the set of all integers n > 0 such that there exists a (unique) holomorphic
inverse branch

e s B(f5(2),2/N) — C
of f: C — C sending f'(z) to z and such that |F(z)] < N. The set J,(f)(w) is said to
be the set of radial (or conical) points of f at w. Based on the propositions proved in this
section, it is easy to prove that for every w € €,

(13.4) Jo(f)(w) = H,\ oexp (J.(07'w)).
Having this and all the propositions proved in this section, as an immediate consequence
of Theorem [61] Theorem [73] Theorem [74], and Corollary [75, we get the following.
Theorem 84. For the random conformal system

f:C—C,weQ, n>0.
we have that

(1) HD(J,(f)(w)) = h for m-a.e.w € Q, where h € (1,2) is the number coming from
item (4) of Theorem[61 In particular:

(2) The 2—dimensional Lebesgue measure of m—a.e. w € Q set J,.(w) is equal to zero.

(8) For m—almost every w € Q there exists a subset C,, C C with full Lebesgue measure
such that for all z € C,, the following holds.

V9 >0 3n.(0) e NVn>n,(8) Ik =k,(z) >0
f5(2) = fguna(O) <8 or |f5(2)] = 1/6.

In addition, limsup,,_, . kn(2) = +00. In consequence,
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(4) The set of accumulation points of the sequence

(fr(2)),

is contained in [0, +oo] U {—o0} and contains +oo.
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