CRITICALLY FINITE RANDOM MAPS OF AN INTERVAL
JASON ATNIP AND MARIUSZ URBANSKI

ABSTRACT. We consider random multimodal C® maps with negative Schwarzian deriva-
tive, defined on a finite union of closed intervals in [0, 1], onto the interval [0, 1] with the
base space €2 and a base invertible ergodic map 6 : 2 —  preserving a probability measure
m on ). We denote the corresponding skew product map by 7" and call it a critically finite
random map of an interval. We prove that there exists a subset AA(T) of [0,1] with the
following properties:
(1) For each t € AA(T) a t—conformal random measure v, exists. We denote by A ., «
the corresponding generalized eigenvalues of the corresponding dual operators £
w € Q.
(2) Given t > 0 any two ¢t—conformal random measures are equivalent.
(3) The expected topological pressure of the parameter ¢:

EP(t) ::/log)\t,,,wdm(w).
Q

is independent of the choice of a t—conformal random measure v.
(4) The function

*
t,wr

AA(T)>t— EP(t) e R
is monotone decreasing and Lipschitz continuous.
(5) With by being defined as the supremum of such parameters t € AA(T) that EP(t) >
0, it holds that
EP(br) =0 and [0,br] C Int(AA(T)).
(6) HD(J,,(T)) = br for m—a.e w € Q, where J,(T), w € Q, form the random closed set

generated by the skew product map 7.
(7) br = 1if and only if [Jpcg A = [0, 1], and then J,(T) = [0,1] for all w € Q.
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1. INTRODUCTION

This paper has three primary sources of motivation: random dynamical systems, smooth
multimodal maps of an interval with negative Schwarzian derivative and conformal dynam-
ical systems. The general idea behind random dynamics is that one considers a generalized
skew product map. More precisely,

e a probability space () is given with a probability measure m,

e an ergodic invertible measurable map 6 : 2 — () preserving measure m is given,

e for every w € Q) a closed subset J,, of a complete metrizable space X is given,

e for every w €  a continuous map 715, : J, — Jpw) is given. Moreover the map
Q> w+— J, is aclosed random set, i.e. it satisfies a certain measurability condition
which we will describe later.

Then the induced map
T:7:=J{w}xZ—>J,

T(w,z):= (H(w),Tw(x))

is called the corresponding generalized skew product map or a random dynamical system.
In order to see randomness more clearly, consider the maps

T:} = T@nfl(w) O T9n72(w) o.. .Tg(w) oTly, : J, — j@n(w).

One can view this composition scheme as iterating randomly the maps T, according to
the random process governed by the measure preserving ergodic map # : 2 — €. This is
“particularly random” when 6 is a Bernoulli shift, which essentially means that the maps
T, form an independent and identically distributed sequence of random variables. The
general task of random dynamical systems is to search for probability measures pu on J

whose marginal is equal to m, i.e.
—1
vomg =m,
where

Ta: 2 x X — Q
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is the projection onto the first coordinate. One typically looks for such measures with some
prescribed dynamical, stochastic, or geometric properties, and then one studies them.

More on the abstract setting of random dynamical systems can be found in [1, [15], [16],
[20]. We also recommend the little, well written, book of Hans Crauel [11]. Additional
papers on random dynamics, somewhat related to our current work include [2]-[7], [12],
[14], [15]-[19], [20], [22], [28] and [29]. This list is not by any means complete. Our approach
to randomness stems from [22].

Our second motivation, deterministic iteration of smooth multimodal maps of an interval
with negative Schwarzian derivative, also has a long history and forms a well established
fully developed sophisticated theory. It all began with the seminal paper [24] of Michal
Misiurewicz in 1981 and has been rapidly developing ever since. A good, reader friendly
introduction to this theory can be found in the classical book [10] by Pierre Collett and
Paul Eckmann. A full systematic exposition is available in the book [23] by Wellington de
Melo and Sebastian van Strien. Given a C® map f, the Schwarzian derivative S(f) of f is
given by the formula

B f// / 1 f// 2 B f/// 3 f// 2
s0=(7) =2(5) -7 -:(7)

The key feature of negative Schwarzian derivative S(f) is that it entails a bounded distor-
tion property almost as strong as the Koebe’s Distortion Theorem for univalent holomorphic
maps on the complex plane C. This is the most important property due to which the above
mentioned theory of deterministic maps of an interval works so well, and due to which our
treatment of random maps with negative Schwarzian derivative was possible. We describe
it now.

The probability space €2 endowed with the #-invariant probability measure m is as above.
Given a finite collection G of closed subintervals of the unit interval [0, 1] with mutually
empty interiors, the set M, with full notation of Section denoted by M(G; K, A,7), is
a collection of C® maps with negative Schwarzian derivatives, from the intervals in G onto
[0, 1] satisfying some mild natural uniformity conditions. We iterate these maps randomly.
More precisely,

Qo3wr+— T, € M(G;k, A7)

is a measurable map in the sense of Crauel [I1]. We cannot iterate these maps yet as
described above. This would be actually possible if we demand that the union of intervals
forming G is equal to the whole interval [0,1]. But we do not assume this. We allow this
but are far from assuming this. Then already the first iterate T, (z), = € [0, 1], may not
be well defined. We therefore define the random closed sets 7, (T") as the sets of all points
x € [0,1] for which all iterates T?(x), n > 0, are well defined, i.e. they belong to elements
of G. Then we have a good map

T:J(T) = | {w} x Tu(T) — J(T).

We call this map a random critically finite map of the interval [0,1]. Our primary goals
in this paper are twofold. To investigate the existence, uniqueness, and properties of
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random conformal measures for 7' and random 7—invariant measures (both with marginal
m) absolutely continuous/equivalent with respect to conformal measures.

A random measure v = v; on J(T) is called t—conformal if there exists a measurable
function A : 2 — (0, 00) such that

(1.1) o (T A) = A, [ T2 do,

for every special set A C J,(T) and m-a.e. w € Q, and also

n(TA) = [ |

for every w € €, every A € G and every Borel set A C [0,1]. We call the former prop-
erty throughout the paper, t—Fconformal while the latter t-Bconformal. Quite frequently,
in random (and deterministic as well) dynamical systems both ¢—Fconformality and ¢
Bceonformality are equivalent. But here, because of the existence of critical points of the
maps T, the situation is much more subtle. We fully settle (see Corollary the relation
between Fconformality and Bconformality of critically finite maps in Section [§| entitled
“t—Fconformal, t—Bconformal, and t-conformal Measures”. The existence of t—conformal
measures is one of the major issues in our paper, one which however, trivially disappears
if the union of the elements of G is the entire interval [0, 1] and one is merely interested in
1—conformal measures. Lebesgue measure on [0, 1] makes it then. We do deal with non-
trivial conformal measures. In order to present our corresponding result meaningfully, we
need some further definitions; they will be needed to formulate some other major theorems
as well. We introduce some technical condition (see Definition and denote by AA(T)
the set of all parameters ¢ > 0 that satisfy it. We prove (see Theorem that

t
dl/g(w)

For each t € AA(T) a t-conformal random measure v; exists.
and
Given t > 0 any two ¢t—conformal random measures are equivalent.

But this is not the end of this issue. We investigate the structure of the set AA(T)
further. Indeed, for every t € AA(T), we introduce the expected topological pressure of
the parameter ¢:

EP(t) = / log A yodm(w).
Q

We show that this number is independent of the choice of t—conformal measure v. We prove
that that the function

AA(T) >t — EP(t) € R

is monotone decreasing and Lipschitz continuous. We define by as the supremum of such
parameters t € AA(T) that EP(t) > 0. We show that

EP(by) =0 and [0,br] C Int(AA(T)).
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The construction of t—conformal measures for ¢ € AA(T) is technical and involved.
First we truncate the original system 7' by defining some sequence J®(T), k > 1, of
T—invariant closed sets whose points, under iterates of T, omit some appropriate neigh-
borhoods of zero. These neighborhoods are constructed in such a way that the maps
T| 701 : TEN(T) — JE(T), k > 1, satisfy all the requirements of the distance expand-
ing random maps considered in [22]. In particular, we get the corresponding t-conformal
measures V,gt), k > 1, for the system T'| ;u) (r)- We finally show that any weak limit in the

narrow topology, in sense of [11], of the u,ﬁt), k > 1, is a t—conformal measure for the map

T:J—=J.

Now, we pass to T-invariant measures absolutely continuous with respect to conformal
measures. We prove the following.

Theorem 1.1. For every admissible parametert > 0, i.e. belonging to AA(T), there exists
a unique T—invariant random measure on J(T') absolutely continuous with respect to v;.
In addition p; is equivalent to vy and ergodic.

We construct the measure v, globally as a weak limit, in the narrow topology, of ergodic
averages of the measures v, o T7", n > 1. A technical reasoning then shows that g, is
equivalent ot v, ergodic and unique. The last property, in particular, is obtained by making
use of the above mentioned fact, that any two t—conformal measures are equivalent.

Our third main theme in this paper is the question of what is the value of Hausdorff
dimension of the fiberwise sets J,(T"), w € €. It follows immediately from ergodicity of
the map 6 : Q — Q that the function Q@ > w — HD(J,(T)) € [0,1] is m—a.e constant.
But what is its value? Our answer is a version of Bowen’s formula tracing back to and
primarily motivated by the seminal pioneering work of Rufus Bowen ([8]) on the Hausdorff
dimension of the limit sets of quasi—Fuchsian groups where he employed for the first time
the machinery of thermodynamic formalism to determine the Hausdorff dimension. Indeed,
we prove that

HD(J,(T)) = br
for m—a.e. w € Q, i.e. HD(J,(T)) is equal to the first zero of the expected topological
pressure function EP(t), ¢ > 0. Our proof primarily stems from the work [22] but is
technically considerably more involved due to the existence of critical points and lack of
hyperbolicity.

As the last result of this paper we prove the following theorem which shows that the sets
Ju(T), w € Q, are all, up to a set of m—measure zero, true fractals unless

L=Ja=,1]

Aeg
in which case each set J,(T) is equal to [0, 1].

Theorem 1.2. If T : J(T) — J(T) is a random critically finite map, then

br =1 if an only if U A =10,1],
Aeg
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and then J,(T) = [0,1] for all w € Q.

2. PRELIMINARIES ON RANDOM MEASURES

We consider a Polish space (complete separable metrizable space) X, with Borel o-algebra
2, and a complete probability space (2, %, m).

Let Z ® % be the product o-algebra of .# and %. A probability measure v on 2 x X
with respect to the product c-algebra £ ® .% is said to be random probability measure
relative to m if it has marginal m, i.e. if

-1
vomg =m,
where
T : 2 xX —Q

is the projection onto the first coordinate, i.e. defined by mq(w,z) = w. If (1,),eq are
disintegrations of v with respect to the partition ({w} x X) then these satisfy the
following properties:

(1) For every B € A, the map Q2 5 w — v,(B) € X is measurable,

(2) For m-a.e. w € 2, the map & > B — v,(B) € X is a Borel probability measure.

weN’?

Equivalently, to come up with a random probability measure relative to m, one can start
with a family (v,)weq of probability measures on (X, %) satisfying conditions (1) and (2)
above, and then define the measure v on (2 x X, Z ® %) by the formula

o) = [ ) dm,
Q
where the sets A, w € (), are uniquely determined by the condition that
{w} x A, = AN ({w} x X).
Equivalently
Aw = 7TX(‘A N ({W} X X))7

where
Tx O x X —X

is the projection onto the second coordinate, i.e. defined by 7x(w,x) = x. The space of all
random probability measures relative to m will be denoted in the sequel by

ML (X).

Denote by 2% the family of all subsets of X. Let p be any complete metric on X
compatible with its topology. Following [I1] we say that a function F : Q — 2% is a closed
random set if and only if the set F(w) C X is a closed subset of X for all w € Q and

Q3 wr— p(z, F(w)) :=inf{p(z,y) : y € F(w)} € [0, +00)

is measurable for every x € X. We frequently identify a closed random set with its graph

graph(F') := U {w} x F(w).

weN



Of course
graph(F), = F(w)
and with our identification, we have
F, = F(w).

We say that a measurable set U C 2 x X is an open random set if its complement is a closed
random set. We again identify an open random set with its graph. Since our probability
measure m on € is complete, Proposition 2.4 of [I1] implies the following.

Proposition 2.1. A function F : Q — 2% is a closed random set if and only if the set
F(w) C X is a closed subset of X for all w € Q and graph(F) is a measurable subset of
Qx X.

This proposition in turn directly implies the following.

Proposition 2.2. A function F : Q — 2% is an open random set if and only if the set
F(w) C X is an open subset of X for all w € Q0 and graph(F') is a measurable subset of
QxX.

As a direct consequence of these two propositions we get the following.
Proposition 2.3. Random closed and open sets behave naturally under set theoretical
operations. More precisely.

(1) Any countable intersection of closed random sets is a closed random sets.

(2) Any countable union of open random sets is an open random sets.

(8) Any finite union of of closed random sets is a closed random sets.

(4) Any finite intersection of open random sets is an open random sets.

Having all of that, the standard proof (see for example, the proof of Lemma 1.5.7 in

[9]) yields inner and outer regularity of any random measure v. Precisely, we have the
following.

Theorem 2.4. Every random measure v € M} (X), where X is a Polish space, is inner
and outer reqular, meaning that if A is a measurable set in Q) x X then
v(A) =sup{v(F): F C A is a closed random set}
=inf {v(G) : G 2D A is an open random set} .

Consider a closed random set
AQ3w— J,C X
and let

J = {w} x L.

weN
The random measure v is said to be supported on J if

v(J)=1.
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Equivalently:
Vw<u7w) =1

for m-a.e. w € (L.
Denote by M} (J) the set of all random probability measures relative to m supported

on J.
Following Crauel ([I1]), we say that a function g : @ x X — R is said to be random
continuous if the function

g : X — R,
given by the formula
9u(2) = g(w, 2),
is continuous for m-a.e. w € €2, and for each x € X, the function
ge: 2 — R
is measurable, where
92(w) = g(w, z).
A function g : J — R is said to be random continuous if it has an extension to a random
continuous from 2 x X to R.
Then, according to [11], the function g : J — R is measurable. Still following [I1], we
put

lgll.. = esssup ([lgull : w € ©)

and denote by
Co(T)

the space of all random continuous functions g from J to R for which
91l < +00-.

Obviously ||-||, is a norm on the vector space C,(J) and makes this space a Banach space.
We denote by C(J) the set of all elements s in

U fw) x G ().

weN

such that for every g € Cp(J), the map
Q3> wr— s,(90) ER
is measurable and
5], := esssup(||swl, :w € Q)

is finite. Obviously |||, is a norm on the vector space C;(J) and makes this space into a
Banach space.



3. CONFORMAL MEASURES I

We start with a very general setting. Suppose that (X, A, u) and (Y, B, v) are probability
spaces. Suppose that T': X — Y is measurable with respect to the respective o—-algebras
A and B. We say that T is quasi—invariant with respect to the pair of measures (u,v) if
the measure po T~ is absolutely continuous with respect to v. Then

(gu)o T~ <<w

for every non—negative function g € L*(u). Let

(3.1) L,.,9 = %577_1) 1Y — [0, 0]

be the Radon—Nikodym derivative of gu o T-! with respect to v. L, then extends to a
bounded (with norm 1) linear operator from L'(u) to L'(v) by the formula

['u,ug = Eu,ug—l— - 'Cu,l/g—a

where g = gy — g_ is the canonical decomposition of ¢ into its positive and negative parts.
By the very definition (3.1)) and linearity, we have that

(3.2 [ Loy = g1 ()) = gn(X) = [ g

It also immediately follows from (3.1)) that if g = fo T, where f : Y — R belongs to L'(v),
then
ﬁuﬂ/ (h ) (f © T)) =r- Eu,l/(h)

for every h € L'(p). In particular if f = 1p, where F' € B, then
W) = [ 2edn = [ 1poTan
X X

(3.3) _ /Y Lyo(Lp o T)dv = /Y 1L, (1)dv

- /F L, (1)dv.

We say that a measurable map T : X — Y is of standard type if there exists a countable
partition (Xj)32, of X such that

(a) Each set X} is measurable,
(b) Each set T'(X}) is measurable,
(c) For all k > 0 the map T'|x, : Xy — Y is 1-to-1.

Then for every z € X, we define jT(x) € [0, 00] to be the reciprocal of the Jacobian of the
map

(Tlx,) ™" T(Xk) = X,
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with respect to the measures v and p evaluated at the point 7'(z), where k£ > 0 is the
unique integer such that x € Xj. Of course, even this is not openly indicated in the symbol
Jr(z), it does depend on both measures p and v. We then have

(x)
(3.4) Luvgly) = Y -
zeT—1(y) JT(J:)

We assume the standard convention that

1/0 = 400 and 1/(+00) = 0.
We shall show that
(3.5) v(T(J71(0)) = 0.

~

Indeed, if v(T'(J;'(0))) > 0, then there exists at least one k > 0 such that
v(T(Xp N J:1(0))) > 0.
Hence,
fisismioy Fromig= =
_ dy = +o00 = +00.
r(xeniz' @) Jr o (T]x,) 7! T(XnJ7 ()

This contradiction finishes the proof of formula .

With the above setting, we call the map 7': X — Y jT—Bconformal with respect to the
pair of measures (u,v); the letter “B” comes from “backward”. In other words, having a
measurable function 1 : X — [0, +00], we say that the map T : X — Y is ¢)—Bconformal
with respect to the pair of measures (u,v) if it is quasi-invariant with respect to this pair
and

1> u(X, N Jp'(0) =

Jr = 1.

We say that a measurable set A C X is special if T|4 is 1-to—1.
Relaxing quasi-invariance and given a measurable function ¢ : X — [0, +o0], we say that
the map T : X — Y is ¢y—Fconformal with respect to the pair of measures (p,v) (letter
“F” coming from “forward”) if for every special subset A of X we have that T'(A) € B and

(3.6) u@mnzéw@

Formula (3.6) means that v is the Jacobian of T" with respect to the measures p and v,
and we then frequently write

,QZ} = JT7
i.e denoting by Jr this Jacobian. Obviously,
(3.7) p(y~(c0)) = 0.
It follows from (3.6)) that for every k& > 0 we have
TGN o) = [ wdu=o.

XpMp=1(0)
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Hence, summing over all £ > 0, we get
(3.8) v(T(¥~(0))) = 0.

The map T is called ¥ —conformal with respect to the pair of measures (p, v) if it is both
1)—Bceonformal and 1—Fconformal with respect to this pair of measures. We shall prove the
following.

Proposition 3.1. Let (X, A, ) and (Y, B,v) be probability spaces. Assume thatT : X —'Y
is a measurable map of standard type. Let 1 : X — [0,400] be a measurable function.

(a) If T is yp—Bconformal with respect to p and v, and v(T(¢"'(00))) = 0, then
T is v—conformal with respect to u and v.
In particular:

Jr =1 = Jp.
Conversely:
(b) If T is v—Fconformal with respect to p and v and u(¢=1(0)) = 0, then

T is y—conformal with respect to p and v.
In particular:

jT - ’QD - JT-
Proof. (a) Because of (3.5]), we have that
(T ($H0)) = »(T(Jr'(0))) = 0.
Let A C X be a special set. We then have

fyvan= [oonatn= [ mttiio= [ 5 viaato (57) @)

(3.9) z€T

_/ 1dv = v(T(A))
T(A)

So, the map T is ¢»—Fconformal with respect to p and v, thus the item (a) is established.
(b) The ¢Y—Fconformality implies that

dvoT|x,
dp
Since p(1p~1(0)) = 0, this implies that u|x, o (T']x,) ™t << V|r(x,) and

d:ule © (T|Xk:)_1 _ l o (T|X )—1'
dV|T(Xk) (G *

(z) = ¥(x).

Therefore the map 7' : X — Y is quasi-invariant with respect to u and v and Jr = Y.
Thus, the item (b) is established, and the proof of the entire proposition is complete. [J

We derive the following three immediate consequences of this proposition.
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Corollary 3.2. Let (X, A, u) and (Y, B,v) be probability spaces. Assume thatT : X —Y
is a measurable map of standard type. If v : X — [0,00) is a measurable function and T
1s Y—-Bconformal with respect to p and v, then

T is y—conformal with respect to p and v.
In particular:

JT:’QZ):JAT.

Corollary 3.3. Let (X, A, u) and (Y, B,v) be probability spaces. Assume thatT : X —Y
is a measurable map of standard type. If v : X — (0,00] is a measurable function and T
1s Y—Fconformal with respect to p and v, then

T is 1p—conformal with respect to p and v and

jT:'QZ):JT.

Corollary 3.4. Let (X, A, u) and (Y, B,v) be probability spaces. Assume thatT : X —Y
is a measurable map of standard type. If ¢ : X — (0,00) is a measurable function, then
the following conditions are equivalent:

o T is yp—Bconformal with respect to p and v.
o T is yp—Fconformal with respect to u and v.
o T is yp—conformal with respect to p and v.

If any of these conditions holds, then
Jr =1 = Jr.

Now we want to formulate an integral criterion for quasi-invariance. Keep (X, A, ) and
(Y, B,v) as probability spaces. Assume that 7' : X — Y is a measurable map of standard
type. Let ¢ : X — [0,00] be a measurable function. Denote by LI (X) the set of all
non-negative bounded functions on X measurable with respect the o—algebra A. For every
g € L (X) define L9 : X — (0, 00| by the following formula:

(3.10) Lygly) = Y gla)(1/v()).
x€T—1(y)

Of course L,g > 0 but it may take on the value co. We shall prove the following.
Proposition 3.5. Let (X, A, ) and (Y, B,v) be probability spaces. Assume thatT : X —Y
is a measurable map of standard type. Let ¢ : X — [0,00] be a measurable function. Then

(a) T is —Bconformal respect to p and v

if and only iof

(b) [y Lygdv = [, gdp for every g € LL(X).

Proof. The implication (a) = (b) results directly from (3.2]). For the converse, i.e. (b) =

(a), observe that (3.10)) yields
ﬁw(h . (foT)) = f-Ly(h).
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for every f € L7 (Y'). Having this, (3.3) goes through unchanged to give

MT*QU%iAEMMM

In particular, if v(F) = 0, then u(T~!(F)) = 0, meaning that T is quasi-invariant. It
also follows from (b) that £,(LL (X)) C L'(v). Consequently Ly(Loo(X)) C L'(v) and (D)
extends to all functions g € L (X). The standard approximation argument then shows
that (b) extends to the space Ll (p) and, by linearity, to L'(x). Also, for every k > 0
denote T := T'|x, : Xx = T(X}). Then for every measurable set A C T'(X}), we get

W) = i) = [ Lol = [ 3 (@) i)

z€T~1(y)
1
‘Awn@ﬁ“w

Therefore Jp(x) = () and the implication that (b) = (a) is established. The proof of
the proposition is thus complete. 0

Remark 3.6. It follows from the proof of this proposition that in its context, Lyg is
well-defined v—almost everywhere for all g € L' () and L4(g) € L'(v). Thus the formula

Lyv(g) =v(Lyg), g€ L (p),

defines a finite measure (Lv(1) = v(£Ly1) < +oc) on Y, and both items (a) and (b) in
Proposition [3.5] become equivalent to

(c): Lyv = p.
We shall prove the following.

Proposition 3.7. Let X and Y be compact metrizable spaces. Assume that T : X —'Y is
a continuous map of standard type. Let p and v be Borel probability measures respectively
on X and Y. Assume that ¢ : X — (0,00) is a continuous function such that

(1) Ly(1) is bounded and, moreover,

(2) Ly(C(X)) CCY).
Denote by Ly, : C*(Y) — C*(X) the corresponding dual operator. Then the following are
equivalent.

(a) T is Y—Bconformal with respect to u and v.

(b) T is 1p—F conformal with respect to p and v.

(c) T is 1h—conformal with respect to p and v.

(d) Lyv = p in the sense of item (c) from Remark .

(e) Ly,v = p in the sense resulting from items (1) and (2) above.
If any of these conditions holds, then

Jr =1 = Jp.
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Proof. Items (a), (b) and (c¢) are equivalent by Corollary Item (d) is equivalent to
them by Remark [3.6] Of course (d) implies (e). Assuming in turn (e), the standard

approximation procedure leads to part (d). The proof is complete. 0

4. BASICS OF CRITICALLY FINITE RANDOM MAPS OF AN INTERVAL

4.1. The Setting of Random Critically Finite Maps of an Interval. Given a C?
map ¢ from an interval to R, we denote the Schwarzian derivative of g by S(g) which is

given by
s = () _L(9Y 29" _3(9Y
g 2\¢ g 2\g)"

where ¢’ denotes the usual derivative.

Let G be a finite collection of closed intervals with disjoint interiors contained in I = [0, 1].
We assume that both 0 and 1 belong to its union; furthermore we assume that 0 and 1
belong to two different elements of G. Denote them respectively by Ag and A;. Denote:

I, = U A.
Aeg

For every map ¢ : I, — I, by go and g; we mean

9o = gla, and g1 = g[a,
respectively. Let
G =GcUGp with GeNGg = 0.
Let kK > 1,let A > 1, and let v: Go — N = {1,2,3,,...} be an arbitrary function. Let
M(G; k, A,7) consist of all continuous maps

fil.—1

such that the following hold
(M1) For all A € G the map f|a is C3, injective, f(A) = I, and S(f|a) < 0. We denote

fate=(fla) T — A

(M2) For all A € Gg and for all x € A we have |f'(x)| > k.
(M3) For all A € G¢ there is a unique point ca € A, in fact, ca € 0A, such that
f'(ca) =0.

(M4) For all A € G¢, we have f(ca) € {0,1} and f(1) = 0 (chosen for ease of exposition).
(M5) Furthermore:

(Mba)

f(0)=0, f(0)>=k>1 and f(1)< -k,
(M5b)
Hf/HOO S A7

and
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(M5c¢) There exists s € (0,1) such that
fo ' (max{|Ag, [Aq[}) < s,
where |A| denotes the length of an interval A, and
[f' ()] = &
for all z € [0, s] U [1 — s, 1].
(M6) For every A € G¢ there exists a C® function Ax : A — [1/A, AJU [—A, —1/A] such
that
[ AL ()] € [1/A, A]
and
fx) = fea) + Aa(z)(z — ca) 2

for every x € A. We will frequently write ~, for v if ¢ € A.

1

|
0 1

FIGURE 1. A typical element of M(G;k, A,7).

We define f; ' : I — Ay to be the inverse of the map fo: Ag — [ and f;*: I — A to
be the inverse of the map f; : Ay — 1.

Define
Crit(G) :=={ca : A € G¢}
Further define:
G¢) ={A o flea) =0} and Go'i={A€Ge: f(ea) =1},

and finally:
Critg() = {ca: A €GP} and  Crity(6) = {ea : A € G},

In order to avoid the standard case of random expanding systems, whose systematic account
can be found for example in [22], we assume that Crit(G) # (. Furthermore, for the ease
and uniformity of exposition, we assume more, namely that
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(M7)

Note that with our definition of the space M(G;k, A, ), the above critical sets do not
depend on the map f € M(G;k, A,7).

We further assume that
(M8) (£2,.#,m), a probability space, is given and
0:0—Q
is an automorphism preserving measure m, i.e.
mof~' =m.

In addition, we assume that the map 6 : 0 — € is ergodic with respect to m, and
that the map

[(M9)]
Q5w T, € M(G:k, A7)

is a measurable map in the sense that for every z € I, the map
Q>3 wr— T,(x) €10,1]
is measurable.
Then also the map
Q3wr— T (x) €0,1]
is measurable. The map 60 : 2 — € is called the base map and the function
T:QxI, —QxI
is the associated skew product map given by
T(w,z) = (0(w), T,(x)).
Given an integer n > 1 and a finite string I' := ([o, Ty, ..., T2, Ty1) € G" :=T[{ G (we
will usually denote the elements of the sets G", n > 1, by I'), we denote

-n . m—1 -1 -1 -1 .
(4.1) Tt =Tt o Tolyr - Totawyrs o © Totayr, i L — Do C 1.

Then, we define
T | TorI) — 1
regn
by declaring that for every I' € G" and every z € I,

Tﬁ’T;?(I)(x) = .
So, for every w € €2, every integer n > 0, and every = € Jpegn Tw_f(]), we have

Tﬁ(x) = Tgn—1(w) o Tgn—Q(w) o... T@(w) o Tw<£L'>
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Definition 4.1. For all w € 2 we define the set
Jo(T):={z €I:T}(z) € L.¥n>0} = T,"(L)
n=0
So, J,(T) is a non—empty closed subset of [, C I and the map
Qo3w— J,(T)CI

is a random closed set. Since for every A € G, the map T,,|n : A — [ is bijective, we get
that

T(J(T) = | T (AN T, UJ‘O]AmT @”"”UD)

Aeg Aeg

_ —(n—1) _ —(n—1) _ —n

= U NG ") =Ty L) = ﬂ Ty (I
Aeg n=1 n=1 n=0

= Jow)(1).

Setting

J(T) = |J {w} x (1),

we

we thus get a topological random dynamical system
T:J(T)— J(T)
defined by
T(w,x) = (0(w), T,(x)) .

We call this map a random critically finite map of the interval [0, 1].

4.2. Examples. We shall now describe a very large class of critically finite random maps
of an interval. Let 2 be any Borel set contained in (3, +00), let m be any Borel probability
measure on €2, and let

0:Q0—Q

be any invertible Borel measurable map preserving m, i.e. m o #~! = m. Fix two numbers

O<a<b<l. Let
© 1 07)° C ), .0 TY°
5 0 9 *0 a;” +b;7 )
ST G T
j=1 L 1) =1
- M ;M7 ° M s
1 4 +b a; " +b7
U { a; ,T } U { T, bj
L 1) =1 j=1

2
be any finite collection of closed subintervals of [a, b] with mutually disjoint interiors. Let

G =1{G,[0,a],[b,1]}.
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For every w € (2 define the map

0) (0 1) (1
T, L =1[0,a) U Ja”, 610 | Jlal", 01U b, 1] — 1
j=1 j=1
by the following formula:
(0 'z if z€l0,d
v (4@ | : (0) 1)
<—b§o>2a§o>) xr— if ze€ [aj b ]
T(z) =
v HORTON 1,0
1—(@) T — Lt if xe[a§),b§-)]
T 1 .
L7 T 13 if ZEG[b,l].

It is straightforward (direct calculation) to check that all the maps T, : I, — I have
negative Schwarzian derivative and belong to M(G; k, A,~) with appropriate parameters
k, A, 7. The corresponding skew—product map

T:QxI, — 1

along with the map 6 : Q — Q and measure m form a critically finite random map of an
interval.

4.3. Preliminaries on Critically Finite Random Maps of an Interval. Throughout
this section always take w € €. For every integer k > 1, set

Ly(k) = [T56 (0, T8 (1] = T8V (Tt 015 1D) = Tig (o (k = 1)) € Ao,

w0 w,0 w,0

where the last equality sign holds assuming that k£ > 2. Furthermore, set
k
Uu(k) := [T55(1),1] = [ J Lo(5)
j=1

and

o0

Vi(k) = T55([0,1]) = [0, T55(1)] = NInt(U (k) = {oyu | L.(0),

where Int(A) denotes the interior of A. Note that
V(1) = Ay.
The sequence (U, (k))%2, is ascending while (V,(k))52; is descending with

JU.(k)=(0,1] and () Vi(k)={0}.

k>1 E>1
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By our conditions (MT7), we have that

_ -1 _ —1
(4.2) L) = (TS5 0)] (1 =Tyl ) 0(1) = [(TE)(0)]
and
_ -1
(4.3) Too() = [(TEY O]
where in here and in the sequel the relation
A<B

means that the exists a constant C' € (0, +00) independent of appropriate, always clearly
indicated in the context, variables in A and/or B such that

A< CB.
Analogously, A 2 B. Also,
AxDB
if A< Band B < A.
Let A € Qéo). Then for all z € A we have that,

(4.4) 1T (2)] < |t —ca|™ and  Ty(z) = |z —cal ™.
Consequently,

(4.5) T/ ()] = T, (z) ™75

and

(4.6) (T7A)(2)] = =75

for every z € [0,1]. Therefore, if A C [0, 1] and diam(A) =< dist(0, A), then
[(T54)'(@)] = (diam(4)) %
for every x € A. In particular, for every integer k > 1 and every x € Iy, (k):

(4.7) (T A) (0)] = diam(Zoi (k) T8 = |(TE)/(0) 5 .
Likewise for A € G4 If 2 € A, then

(4.8) T (z)| < |z —cal™ and 1-T,(z) < |z — CA|1+M )
Consequently

(4.9) T2 ()] = (1 - T(2)) ™5

and

(4.10) (T;4)(2)] = (1— =) ™%

for every z € [0, 1]. Therefore, if A C [0,1] and diam(A) = dist(1, A), then
(T54) (2)] = (diam(A)) s
for every z € A.
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4.4. Distortion Properties of Critically Finite Maps of an Interval. For every
bounded interval J C R and every n > 0 we denote by N(.J,7n) the interval having the same
center as J and whose length is equal to (1+27) diam(.J). In other words, both components
of N(J,n)\ J have lengths equal to ndiam(J). We call N(J,n) the n-scaled neighborhood
of J. Each of the two components of N(J,7n) \ J is called the one-sided n-scaled collar of
J. As a direct consequence of Theorem IV.1.2 (p.277) and Property 4 (p. 273) in [23] we
get the following.

Theorem 4.2 (General Bounded Distortion Property). Let A C R be an interval and let
g: A — R be a C3~diffeomorphism onto g(A) such that S(g) < 0 (negative Schwarzian,).
If J C A is a subinterval of A such that g(A) contains an n—scaled neighborhood of g(J)

then
() <48 = ()

for all x,y € J. For the ease of notation and expression we denote

1 2
K, = (ﬂ) .
n

Corollary 4.3. With the assumptions of Theorem[4.3

ADN (J, %n3(2 + 77)_2) .

Proof. Let T" be one of the two connected components of A\J. Let D be the one-sided
(n/2)-scaled collar of g(J) contained in ¢(I'). It follows from Theorem applied to

9 " (N(g(J),n/2)) that

B diam(D)
121070 2 @ e e D))

2( n/2 ))2‘ - /(diam(D) >( 77 )2 (1/2) diam(.J)
mf{|g

14 (n/2 z):xeg (D)} ~ \2+n/) inf{|¢(x)]:zeJ}
1
> 5773(2 + 1)~ % diam(J).
Hence, A D N(J,1n*(2 4+ n)~2). The proof is complete. O

We will mostly, if not always, apply this Theorem [£.2] for the maps of the form
TUCL‘T”;(I) :T;?U) — I, n>1,T'eg"

Since the composition of any two maps with negative Schwarzian derivative has again
negative Schwarzian derivative, as an immediate consequence of the two above facts and

(MT1), we respectively get the following.
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Proposition 4.4 (Special Bounded Distortion Property). For every n € (0,1/2) there
exists K, € [1,+00) such that for all x and y in [n,1 — 1|, every integer n > 0, and every
I' e G", we have that
(Tor) )] <K,
(z)]
and, as it consequences,
(1) for every interval J C [n,1— 1],
Kn_lsup {!(Tw_?)/(zﬂ : z € J} diam(J) < inf {‘(Tw_g)/(z)‘ :
< diam (T 1(J)) <
< sup{| (TW_?)/(Z){ :z € J} diam(J) < K, inf{‘(T;?)/(z)‘ : z € J} diam(J),
(2) for every z € [n,1 —n] and every r > 0 such that B(z,r) C [n,1 —n]:

B (T3, 1, [(T08) (2)|r) € Top(B(zn) € B(TLRE) K |(T00) ()] )

4.5. Some Selected Dynamical Properties of Critically Finite Maps of an Inter-
val.

Definition 4.5. Given w € €2, we call an interval J C I an w—homterval if for every n > 0,
the map T} is well-defined on J and T}}(J) C J,, with some J,, € G.

Remark 4.6. Of course an equivalent characterization of an w—homterval J C [ is that all
iterates 1)} : J — I, n > 0, are well-defined and form diffeomorphisms from J onto 77} (.J).

Our first crucial technical fact is the following.

Proposition 4.7. If T : J(T) — J(T) is a critically finite map, then T has no w-
homtervals for any w € Q2.

Proof. By the way of contradiction, suppose that J C I is an w—homterval for some w € €.
We may assume without loss of generality that J is a maximal, in the sense of inclusion,
w-homterval contained in I. Seeking contradiction suppose that

(4.11) lim inf w
n—oo diam (T72(J))

Fix an arbitrary n > 1 such that T?(J) N Ay # ). Since J is an w—homterval, we then have
that 77(J) C Ay. Hence, there exists k& > 1 such that

T3 (J) N Int(Lgn ) (k)) # 0.
Assume that k£ > 3. If (T (T)) N Ipn(w () # O for some j > k + 2, then
T(T(T)) 2 g (k + 1).

=0.

Hence,

oI () = Tyl Ton gy (k — 1)) = [0, 1].
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This contradiction shows that

(4.12) TN o (5) = 0.
j=k+2

Therefore,

(4.13) dist(0, 77(J)) > diam (Ipn () (k + 2)).

By the same argument as that leading to (4.12]), we get
k—2
T3(J) O Ton) (5) = 0.
j=1

So,
T5(J) € Tonwy(k = 1) U dgn() (k) U Jgn(w) (k + 1).

In fact either T?(J) is contained in the first two terms or in the last two terms of this
union. Therefore, by looking up at to write the second inequality below, we get,
(4.14)  diam (T(J)) < diam (Igny(k — 1)) + diam (Ign(w)(k)) + diam (Ign(w)(k + 1))
(4.15) < Cy diam (Lgn(w)(k + 1))

with some universal constant C; > 0. So, applying also (4.13]), we conclude that

diam (Tfj(J ))

Hence, we have proved that for every n > 0,
dist (0, 7(J))
T2 ()|

where the second term in this minimum takes care of the cases k = 1 or 2 and the infimum

there is positive because of [[M5b)| Since T, (1) = 0 for every 7 € €2, because of [[M5b)] and
because of the last formula of [[Mba)| formula (4.16)) yields

dist(1, 77(J))
diam (77(.J))

(4.16) > Oy :=min {C} ', inf {dist(0, I.(2)) : 7 € Q} } >0,

203>0

with some universal constant C5 > 0. This implies that for every n > 0 there exists H,, a
C' := min {Cy, C3}-scaled neighborhood of T}(.J) contained in (0,1). Therefore, it follows
from Corollary that if T.)77 : (0,1) — [0,1] is the continuous inverse branch of T}
mapping 77 (J) onto J, then

7,,5((0,1)) 2 N(J;¢),

where ¢ := $C3(2+ C)%. But then, all the iterates T} are well-defined and diffeomorphic
on N(J,e). So, N(J,¢e) is an w-homterval properly contained in J. This contradicts the
maximality of J and finishes the proof. U
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Corollary 4.8. For every w € 2 we have
lim sup {diam(7,}((0,1))): ' € G"} = 0.

n—o0

Proof. Suppose on the contrary that for some w € €2 this limit is not zero. This means that
there exists ¢ > 0 and a sequence (ny), .y of positive increasing integers such that

(4.17) diam (7, 15((0,1))) > €

for some I'y, € G™ and every k € N. For every k > 1 let x; be the middle of the interval
1,10, 1). Passing to a subsequence if necessary, we may assume that the sequence ()
converges to some point = € [0,1]. Because of ({.17), we have that = € [¢/2,1 — /2], and
for all £ > 1 large enough

[a: _ Za: n ﬂ c 7,7+((0,1)).

But this means that for all such ks, the map 17|,z 4,2+/4 is well-defined and diffeomor-
phic. Therefore T' fhx_g J4,.0+¢/4] 18 well-defined and diffeomorphic for all £ > 0. This however
means that [x — e/4,x + ¢,4] is an w-homterval. This contradiction with Proposition
finishes the proof. 0J

4.6. Fiberwise Invariant Measures and Lyapunov Exponents. Denote by M. (T')
the subset of M! (J(T)) consisting of all T—invariant probability measures. Denote further
by MLO(T) the subset of all elements u € M! (T) for which

(2 x{0,1}) = 0.
Eventually denote by M} (T). and ML°(T). the respective subsets of ergodic measures in
M! (T) and in MXO(T). For every p € M} (T) set
Gim [ gl Tl duw ) = [ g T dulz)dme),
J(T) QJJu(T)

which we call the Lyapunov exponent of T with respect to the measure pu. Note that this
integral is well-defined since the function J(T') 3 (w, z) — log|T7| is, by [M5b)}, bounded
above, although it may however be equal to —oo.

We shall prove the following.

Proposition 4.9. If p € MLY(T), then x, > 0.
Proof. Since u € MLO(T)., there exists n € (0,1/2) such that

(418) p(@x [ 1 =) > 2.

By virtue of Egorov’s Theorem, Corollary yields a measurable set €2y C €2 such that
(4.19) m(Qy) > 3/4

and _r

diam (TU:’F‘((O, 1))) <

2K,



24 JASON ATNIP AND MARIUSZ URBANSKI

for all w € €y, all n > 1 large enough, say n > ¢ > 1, and all I' € G".It then follows from
Proposition [4.4] that
1—-2n
> diam (T, 7((0,1))) > diam (T, 7([n,1 —n]))
2K,
S 1—-2n
¢

n

sup { (T, 1) (z)| : z € [n, 1 — 7] }.

Hence,

l\D|H

sup { |(T;1)' ()| c 2 € [0, 1 =]} <
This means that
(4.20) (T2Y(2)] 2 2
whenever w € Q, n > ¢, and T7(z) € [n,1 —n]. It follows from and that

(€ x [n,1=n]) > %

For every (w,z) € J(T), let (ng),y be the sequence of consecutive visits to £y x [, 1 — 7]
by the map 7. In particular n; > 1 and,

(4.21) T (w,x) € 1 % [n,1 =1

for every £ > 1. In view of Birkhoft’s Ergodic Theorem, there exists a measurable set
Jo € J(T) such that u(Jp) =1,

)

N | —

.k
dim —~ = p( x [, 1=n]) >

and

_ ang =
klggoanlogl(T ) ()] = xu

for all (w, z) € Jy. It then follows from (4.20)) and (4.21)) that

1 L a(nj+1—n5)\7 (g
=gl nkzlog‘ T VIS ()
k—1

1 1 1 k
Z—llm—ZlO 9= 8% iy &

q k—o0 Ny, g q k—oo Ny

log 2

%% .0.

2q

The proof is complete. U
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5. CONFORMAL MEASURES AND TRUNCATED SYSTEMS

Our closest goal now is to prove the existence of conformal measures with some pre-
scribed properties. Since the the appropriate Perron—Frobenius operators £y, t > 0, are not
bounded, not even well-defined (on the the Banach space of random continuous bounded
functions), the standard method based on the Schauder-Tichonov Fixed Point Theorem
does not directly apply. In order to remedy this difficulty, we truncate our system by “chop-
ping off” some suitable, smaller and smaller, neighborhoods of zero. We then, rather easily,
construct conformal measures for such truncated systems, by virtue of, the now applicable,
Schauder—Tichonov Fixed Point Theorem. The “true” conformal measures, i.e. the ones
for the original random critically finite map 7" : J(T') — J(T), are then obtained as the
weak (in the narrow topology) cluster points of the “truncated” measures. We start with
the following. For every w € 2 and every integer k£ > 1, we define

n=0

Because of Corollary , for every I' € GN, the intersection

ﬂ R

is a singleton. Obviously,
T ((G\ {Ac)") € T(T)
for all £ > 1. Then, in particular,
TNT) #0.

We now shall prove the following result which is necessary for all our further considerations.

Lemma 5.1. For all k > 1 and all w € Q, the set jUE’“) (T') is closed. Furthermore, the set

TE(T) = U {w} x T#N(T)

weN

is a closed random T—invariant subset of J(T), invariance meaning that
T(T*N(T)) ¢ T*N(T).

Proof. The closedness of the sets jugk)(T) follows immediately from the fact that both sets
I and Ugn(,)(k) are closed and the maps T} are continuous. Recalling that the measure
m is complete, we see that J®(T) is a random closed set as it is a countable intersection
of random closed sets. Checking T-invariance of J®)(T'), we write

T (TSN (ﬂ T (L N Uprw) ( ) ﬂ T, « N Upn(y(K)))

ﬂ (L N Vg (K)))
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—(n—1
c ﬂ To(o(J) ) (I* N UG”(w)(k'))
n=1
= (M Ty 5 (LN Ui oy (k)
0(w) * o= (0(w))
n=1

= () Ty (L Usngogn ()
n=0

k
- »79(<3> (7).
The proof is now complete. U
Since J®(T') is a closed random set, the space M} (J®(T)) is well-defined, and, we

recall, it consists of all measures p in M! (7 (T)) for which pu(J®(T)) = 1.
Because of Lemma [5.1], we can consider the random dynamical system

Ty, o= T| 001 T*NT) — TE(T).
It follows directly from the definition of the sets J®*)(T) and our conditions
that for every k > 1 there exists d; > 0 such that
TENT) N B(Crit(G), 6,) = 0
for all w € 2 and then that there exists 7, > 0 such that

(5.1) il gwem | = m

for all w € Q. As already said, we first look for conformal measures for the maps Ty :
TEN(T) — J®(T). Also, as was already mentioned, the most transparent advantage
of working with those truncated maps is that the abstract Perron—Frobenius operators,
defined below, are continuous.

Fix t > 0. For every g € C’(jugk) (T)) and every z € je((kcj) (T), we define (abstract, i.e.
not related at the beginning to any quasi-invariant measure) operators

(5.2) Lirw(9)@) = > g T
YETL @)

We also call them Perron—Frobenius operators. Our goal is to produce t—conformal mea-
sures for the maps T'|; : J®(T) — J®)(T) and to show that the corresponding Perron—
Frobenius operators are in fact given by the starting abstract formula (5.2)) above. Noting

that no points 7., (1) belong to T (T) for any w € Q and any integer ¢ > 0, it follows

from our definition of J®)(T), that L. (g) € C’b(je((]fj) (T')), and so the linear operator
Lo CUTNT)) — Co(T0(T)

is continuous. We can therefore consider the dual operators

Ly CH(Tyo) (1)) — CH(ITP(T)),
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which are linear and bounded. From now on we suppress the parameter ¢t and abbreviate
L for Ly
The global Perron-Frobenius operator £y : Cy(J ¥ (T)) — Cyo(T®(T)) defined by
(Ekg)W<x> = £16,9—1(w)99—1(w)(x)>
is obviously linear and bounded. Recall that the global dual Perron-Frobenius operator
L CHTM(T)) — CH(T®(T)) given by
(Lys), = 5270(@(5‘9(@)7
is also obviously linear and bounded. The dual space C;(J®(T)) endowed with the weak

(narrow) topology becomes a locally convex topological vector space and the dual Perron—
Frobenius operator £j is, with this topology, continuous.

Fix A € G\ {Ap}. Noting that for every k& > 1 and for every x € je(fcz)(T), T, Alz) €

A (T'), then recalling that the set G is finite, and invoking (5.1)) along with , we
obtain the following.

Observation 5.2. For every integer £ > 1 and for all w € €, the function L;,1 :
AR (T') — R is everywhere positive on \76(53) (T). Furthermore there exist constants
B1 € (0,+00), independent of k, and Hy > 1 such that

B < Lil(z) < Hy,
for all w € Q and all z € 737(T).

Hence, the formula

correctly defines a map
. : MH(TM(T)) — MUTMU(T)).
We shall prove the following.

Lemma 5.3. For all k > 1 large enough the map Fy - M) (T®(T)) — ML (T®(T)) is
continuous in the narrow topology.

Proof. Let A be a directed set and let (1*)yea be a net of measures in M} (J®(T))
converging to some measure v € M} (7®)(T)) in the narrow topology. If

1
hoy = )
’ V;}(ﬁk’g—l(w)ﬂ)

then
1

FMe =L, | ———
k(") k, (Vg(w)(ck,wll)
Because of Observation [£.2] we have

(53) Hl;l < h@(w))\ < ﬁfl

VeA(w)> =L (he(w),A V;\(w)) :
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The measures hyv*, A € A, need not be random probability measures but, due to (5.3)),
their fiber total values hg,), )\Ve)‘(w)(j (k)(T)) are uniformly bounded away from zero and oco.

Since M,,(J%*)(T)) is compact, it follows that {hyv* : A € A} is a tight family. Let u be
an arbitrary accumulation point of this net. It has been shown (as a matter of fact for
sequences but the same argument works for all nets) in Lemma 2.9 of [27] that then

(5.4) = hv

for some measurable function h : Q@ — (0,400). Since the dual operator

Ly CH(Tyo (1)) = Cy(TEN(T))

(w
is continuous, the measure £;x is an accumulation point of the net (E;; (h)\l/)‘) A E A).

But all elements of this net belong to ML (J7®)(T)), whence Liu € ML (J®(T)). This
means that the disintegrations of this measure

Liwhto) = o) Lrw (Vo) € X,
are all (Borel) probability measures on jogk)(T). Therefore,
1= L who@) (1) = how) Ly, (Vo)) (1)-

This means that 1

hy = — .
£k,971(w) (v)(1)

Along with (5.4]) this implies that
1
How = 75
Ek,e—l(w)(VW))Ol)

Vy, w €.

This means that
Lip = Fi(v).
Since also
(L () : A€ A) = (F(v) : A€ N),
we thus conclude that the net (Fi(v*) : A € A) converges to Fj,(v). The proof of continuity
of the map F}, is complete. O

Since ML (J®)(T)) is a convex compact subset of the locally convex topological vector
space C; (J®)(T)) and by Lemma [5.3 the map Fj, : ML (TH®(T)) — ML (TH®(T)) is
continuous, applying the Schauder-Tichonov Fixed Point Theorem, we get the following.

Lemma 5.4. Each map Fy : ML (T®(T)) — M} (T®(T)), k > 1, has a fized point.

Denote a fixed point, produced by this lemma, for £ > 1, by ;. Being such a fixed point
means that there exists a measurable function A, :  — (0, 00) such that

(5.5) Ll 0)Vow) = MewViw-
Iterating (5.5)), we get

(56) ﬁz%n(w)yk,en(w) = Az7wyk,w7
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where,

*Nn * * * * k *

k0 (w) = 'Ckﬂ(w) ©...0 ‘Ck,é)"*Q(w) ° ‘Ck,é)"*l(w) : Gy (ja(n()w) (T) — Gy (jugk) (1))
and
(57) Z’w = )\k,w)\k,a(w) v /\k’gn—l(w).

An equivalent form of (5.6)) is
—n -n —n t
(5-8) Vk,w(Tk,w,I‘(A)) = )‘k,w/Al(Tk,w,F)/‘ dyk,@"(w)

for every integer n > 0, every I' € G", and every Borel set A C %(f()w)(T). Since each

map T, : Tk (T) — je((kw)) (T") is obviously of standard type, using Proposition W, we can
compactly summarize all the above in the following.

Lemma 5.5. Given t > 0, for every integer k > 1 the random measure v, = v on
TEN(T), produced in Lemma is such that for m-a.e. w € 0 the map T, : T (T) —
k :
\79(((3) (T) is
Ao| T |t —conformal
with respect to the pair of measures vi,, and vy o). We will then simply say that the map
k k .
T, : T(T) — jg((uz)(T) is
t—conformal.

Frequently, we will refer to these measures as truncated t—conformal measures. The word
truncated alludes to the fact that these measures are supported on T (T') rather than on

the full set J,(7T"). Applying and Observation [5.2] gives
(5.9) Moo = Aol (1) = L Vo) (1) = Vo) (Lrwl) > vow)(Bil) = Br.
Correspondingly, we can use to rewrite as

N = vom(o)(L72).

6. ESTIMATES OF TRUNCATED CONFORMAL MEASURES

In this section we continue dealing with the truncated ¢-conformal measures vy, of the
previous section and we establish several estimates of the values of measures v, applied

to some significant subsets of T (T). We start by recording the following immediate
consequence of items |(M1)H(MT)|, t—conformality of v, and the Special Bounded Distortion
Property, i.e. Proposition .4} For every 2 < j < k we have

(6.1) Vio(o) Loy (5 = 1)) =X Moo |75 (0)| vk (L (5))-
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It also follows from (4.7 that for any A € gé? ). which is non-—empty by (M7) and every
0>1,

ta
(6.2) 12> v (T, Aoy (0))) = Aoty [(T5)'(0) |74 v gy (T (€)).
Hence,
_ A
(6.3) Vo) (L) (0)) = Mo [(T2) (0)] 792 vioe) (T5a (Lo (0))) -
Fix a measurable function € : 2 — (0, +00) and for every 2 < j < k, define
(6.4) Q(j,e) ={w € Q: 1 w(l(4)) <e(w)}.
Assume that Q5 (j,¢) # 0. Fix w € Q5(j,&). Then by (6.1) we have
1 _ .
Aew S ) IT5,(0) ™" ey (Toen (7 — 1)

Inserting this into (6.3) with ¢ = j — 1, yields

YA

. 1 . - _ _ .
Vi o) (Tow) (1 — 1)) S @Vk,ew)(fe(w) (G =) T O)] 2 - v wo(T, Ao (5 — 1))
Therefore

YA

e(w) ST ™2 v (T A oy (7 — 1))))-
This implies that if

£(w) =T |(TI1Y(0)| 75 vy (T3 A (T (G — 1)),

with a sufficiently large constant ', then Q5 (j,e) = (. Equivalently, Qx(j,e) = Q, and
therefore,

. _ta _
(6.5) Viw(1o(7) ST TIT(0)] 8 v (T ATow) (5 — 1))
for every 7 > 2 and all w € Q. Along with (5.9)), this immediately gives
Vo (Tt (T (7)) = Mol ITL D] Vo) (Tow) (7)) S vhote) (Toe) (7))

(6.6) A

- T ity _ .
<) O ™ o (Tydy s o (G = 1)

Formulas ([6.5)) and along with [[M5a)| immediately entail the following respective two
formulas: for all integers j > 2 we have that

_ t0,+ .
(6.7) Ul L)) S R0
and
o+
(6.8) Vew(To 1 (Tow) (7)) S k-0,
where

Yo = max {ya: A€ Gy} > 1.
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The four formulas (6.5)—(6.8) entail the following four formulas (¢ > 2):

k
. __tya
(6.9) Vew(Vo(0)) S Z [(TZ7H(0)| 78 v (T A (Toy (5 — 1)),
i 70,4+ ot
(6.10) I/k’w(Vw S Z/@ 1+70+ < K T T+0,+ ,
j=l
and
k N
(6.11) V(TS D T (0)] T v (T A To) (5 — 1)),
7=l
_ o+
(6.12) Vo (To 1 (VL () S & TF0r,

Remark 6.1. Observe that obviously for all j > 3, the same respective formulas as (6.5)),
(6.6)), and hold also for the sets 1,,(j — 1)UL, (7) UL, (j+1) and Iy (5 —1) Uy () U
Iy (j + 1) respectively in place of I,,(j) and Iy(,)(j); only the constants on the right-hand
sides of these formulas may differ, i.e. may increase.

In the formula (5.9) we have recorded a straight forward lower bound for A, s. We do
also need upper bounds. These are more involved and we will produce them now. Keep
k > 2. From Lemma [5.4] we get the following

>\k,w - )\k,wyk,w(]]-) - Ez,wykﬁ(w) (:[D - Vkﬁ(w)(ﬁk,w]l)

(6.13) i
:/ »Ck,w]ldeﬂ(w) + Z/ Lkwﬂ_dl/k’g(w).
Tgw)(1) j=2 7 o) (9)

Let us estimate first the second summand. We denote it by ¥3(w). The inverse images
coming from non—critical inverse branches give uniformly bounded (above) contributions

to Ly 1; therefore, using the definition . and . and - we have

(6.14)
k
Yo(w) 1= 2/ Ly oldvy ()
j=2 7 Tow)(9)
S| Z > @y ””A Vi,o(w) (Low) (7))
Jj=2 Aeg(c(’))
k
. ra . _ta 3 .
SLU+D0 D0 @Yo | (T 0)] 75 - vp(Tyihy a oz (G = 1))

7=2 Aegl
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k
5 1 —+ Zykﬁ(w) U Tﬁ [92 (j — 1))
j=2

Aegg)

(6.15) <14 vppw) U Tg_(i),A(Ve%w)(l)) S L
Aeg(co)

Likewise, 31 (w), the first summand of (6.13)) can be estimated above by

Yi(w) = / Lyoldvy ) <
Ty (1)

(6.16) < Const—l—/
Uk_ T 1 (To(wy (4))

where the “const” term in this formula is responsible for the integration along the part of
Ty(w) (1) not covered by U¥_, T, 1 (Ip((j)). Denote the second summand of this formula by

27. Using , we then get

Z / Ly ldvgpw) S

Ly 1dvy () = const + Z / ' »Ck,w]]-dyk,é(w)a

G(w) 1 92(w

02(w) (7))
_ A
i 14+vA
5 1 + Z Z diam <T0_(u1))71([92(w) (]))) Vkﬂ( ) (TG_(w) (Igz(w) (])))
7=2 pAegl))
k JA 71*’YA
1 +7. 1 +. — .
S+ Y S |@y 7 | @y T v (Tt sl G - 1)
Aeg(cl) 7=2
k
5 1+ Z Vk,02(w) U (w Igs w)(] — 1))
J=2 Aegl)
S 1+ vpeew) U AVp@) | S 1
Aeg(cl)
Combining this with (6.13), (6.16)), and (6.15]), we get that
Mew S1

Combining in turn this with (5.9), we get the following.

Lemma 6.2. There exist two constants 0 < 5y < 5 < 0o such that
(6.17) B < Aew < Bo
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for all k > 2 and all w € Q.
We need also different estimates. Conformality of vy gives that
(6.18) Vol L)) S AT (T2 )]

for all 7 > 2 and all w € Q). Consequently, using Lemma [6.2] we get for all A € G¢ that,

_ _ A 4
_ . i ; _ —j T+v
v (T AU () S Ny (@Y O A2 gy
G+ i vl i vy | TR
= AL ‘(Te(w)) o) - ‘(To(w)) (0)

= A;(jﬂ) (Tg(w))l(o)

(6.19) <\ |(T3)’(0)|‘ﬁ ;

R N
’\>\w ’(Tw) (O)‘ A

where
Y+ :=max{ya : A € G} > 1.
It also follows from ([6.18)) that
t

(6.20) VTt (o) (1)) S A7 [(T2)'(0)]
and, consequently, by the same argument as the one leading to (6.19)), we get for all A € G,
that

(6.21) VT o Ty (T (7)) S A7 |(T2)/(0) 757 .

w, (w

7. THE EXISTENCE OF CONFORMAL MEASURES

Similarly as in the last two sections, in this section we deal with abstract Perron—
Frobenius operators, this time however, for the full skew—product map 7' : J(T') — J(T).
The goal is to use the results of the two previous sections to show that the weak limit
points, in the narrow topology of M (J(T)), of the measures vy, k > 1, are conformal for
the map T : J(T) — J(T), and the corresponding Perron—Frobenius operator is in fact
given by the starting abstract formula. We also derive several properties of these conformal
measures. We start with the following definition.

Definition 7.1. For every g € Cy(J(T')) and every w € €, we define
Lo@w):= > g(z)ITL=)"
zGTJl(w)

We still call £,, the transfer Perron-Frobenius operator even though £, (g) need not belong
to Cy(Jo@w)(T)) and the space Cy(J(T)) is not in general preserved by the corresponding
global operator.
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Fix t > 0, and let v, = v, k > 1, be the truncated t—conformal measures produced in
the previous section; see Lemma and Lemma [5.5] We now treat them as elements of
MY (J(T)). Since M} (J(T)) is a compact set with respect to the narrow topology, we will
consider weak limits of the sequence ()72 ,. Although convergence in the narrow topology
does not in general entail weak convergence in fibers, nevertheless, as a consequence of

Remark [6.1] and the fact that
1,(j) € Int(Ly(j — 1) U L,(j) U L,(j + 1))

(and likewise for #(w)), we obtain the following.
Lemma 7.2. The formulas - , hold also for v, any weak limit of the sequence
(Vi)is-

As an immediate consequence of this lemma, we get the following.
Proposition 7.3. For v, any weak limit of the sequence (1), we have that

v(Q2 x{0,1}) = 0.
Keeping a random critically finite map 7' : J(T) — J(T) and a real number ¢ > 0,

a random measure v = v, on J(T') is called t—Fconformal if there exists a measurable
function A : Q — (0, 00) such that

(1) o (T A) = A, [ T2 do,

for every special set A C J,(7T) and m-a.e. w € €. In other words, the random measure
v is t-Fconformal if for m-a.e. w € Q, the map T, : J,(T) = Jow)(T) is A\ |T0(2)|~
Fconformal with respect to the pair of measures v, and vp(,). We then also call each map
T, : Jo(T) = Jow)(T), w € Q, t-Fconformal with respect to the pair of measures v,, and

l/g(w).
Iterating (7.1]), we see that for each n € N we have

n n n t
o (THA) = A2 [ (T2
where
/\Z = /\w)\g(w) e )\gn—l(w).
A random measure v € M} (J(T)) is called t-Bconformal if there exists a measurable
function A : Q — (0,00) such that m-a.e. map T, : J,(T) — Jo)(T) is Ay [T1(2)]"~
Bceonformal with respect to the pair of measures v, and vy(,). We then also call each map

T, : Juo(T) = Tow)(T), w € Q, t-Beonformal with respect to the pair of measures v,, and
Vo(w)- We then have

(7.2) Vo (TSR(A)) = AT / (T [ dv

for every w € Q, every integer n > 0, every I' € G" and every Borel set A C [0, 1].
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A random measure v € M} (J(T)) is called t—conformal if it is both ¢ Bconformal and
t-Bconformal. Each map T, : J,(T) — Jyw)(T), w € €, is then called t—conformal with
respect to the pair of measures v, and vg(,).

We shall now prove the following basic result.

Theorem 7.4. For every t > 0, every measure v which is a weak limit of the sequence
(ver)2y, is t-Fconformal for the map T : J(T) — J(T). If v®(Q x Crit(G)) = 0, then
v® s t-conformal. In particular,

w Tw

Li i = MW

for every w € Q, where \® : Q — (0,00) is some measurable function; the numbers )\S),
w € Q, are respectively called the generalized ezgenvalues of the dual operators Lj ,, w € €.
In addition, there exists a measurable function A\ : Q — (0, 00) witnessing t—Fconformality
of v for which there are constants 0 < By < By < 00 such that

B S)\S) < B

for m—a.e. w € ).

Proof. We shall suppress the sub and superscripts “t” and write v for v® v, for V1, and
A for A\, Fix k> 2 and w € Q.

Given a function g € Co(J(T)) and k > 2, we begin with estimating the following
quantity:

= (Lt = £2) (00| = o) (Lroel 1)) — Lolan) )|

/ (Lrw — Le) (gu) AWk p(w)
(1)

—t
/ ‘T/ wO | (TwO( ))dykrﬁ(w)( )
Tg(uy (k)

s/ 7T @) gl dioe)
Ty (k)

— —t
ol [ AT dn
Tg(w) (k)

= | geoll oo Vh o) (o) (K)).-
Now applying (6.7)), we get

t’yo tyvo, 4

k
(7.3) AP g(w) < [lgoll v TFor".
Therefore,
AP (g) = o — Lo d < [ AW d < ek
Mg) Q( fo = L5) (W) (g0)dm(w)| < AP (@) @)dm(w) < gm0




36 JASON ATNIP AND MARIUSZ URBANSKI

Hence, there exists kg > 3 such that for all k£ > k and all g € C,(J(T)), we have
€

(7.4) AY(9) < 1 Il

Now given an integer ¢ > 3, we want to estimate the quantity

/ L, 1dn,,
He,(0)

H,(0) :==V,(f)u T;i(‘/@(w)(ﬁ))

and 7 is either v or 1. Indeed, using Proposition [7.3]and Lemma [7.2] we proceed in exactly
the same way as in formula (6.15]), to get

/ o ﬁwﬂdﬁwSﬁe(w)(Wg(w)(f))ﬂL??e? (W92 (),

where

where
Wia(@)i= U Tty alVooft = 1)
Aeg
and
W€2 U ( ),A (Vos() (£ = 1)),
Aeg(cl)
with

Voo () (€ = 1) = Voz() (£ = 1)\ {0} .
Therefore, invoking (4.3]) and (4.8)), we further get
1
14+vA
) +

/w(e) L,Ldn, < ng) U A <‘ (TeeQ(i )l (0)
+ Ng2(w) U A (‘(Tf 1 )/( )

Aeg
1
1+“/A>
Aeg(l)

£— —
< Mo(w) U A<ﬂfﬁ) + 192 () U A(F&7”71A>

Aegg)) Aeg(cl)

where

A(r) = AN (B(ca, )\ {ca}).

// |£wgw|d77wdm // |gw dnwdm( )

Therefore,
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< [l [ Lo@indm()
0 Ha(0)

Sl [ [ Us(e55) | +mmo| Ua( )| | ame

Aeg(c?) Aeg(cl)

= llgelloc <Q X (ALGQCA(R@Z)» .

Distinguish now between v and v, writing respectively Zf)(u, g) and Ef)(yk, g). Fixe > 0.
Since v is a finite measure there then exists £, > 2 such that for every g € Cy(J (7)) and
every £ >/,

£
(7.5) 5 (r,9) < 7 lll
Hence,
g
(7. L[ gl dndno) < 570n9) < 5 ol
Q JInt(Ho, (0))

Assume now that
v(Q x Crit(G)) = 0.
Then there exists ¢; > fy and ky > ko such that for all £k > k; and all £ > ¢, we have that

S €
Uy QX(U A(k™Ta ))g—.
( AeGo ( ) 4
Consequently,

€
(7.7) 57 (v, 9) < = [lglle
Assume now for a moment that
g=>0

everywhere on J(T'). Then, combining , and , we get for all k > ky, £ > {q,
and g € Cp(J(T)) that
(7.8)
Yi(g) : = Lyve(g) — Lv(g) = (L — L7)we(g) + L7 (vk —v)g
< |ve(Lrg) — vi(Lg)| + vi(Lyg) — v(Lyg)

< AN (g) + 2P (v, )+

+/ (/ (ﬁg)e(w)d%e(w) —/ (Cg)e(w)dVG(w)) dm(w)
Q \J(Int(H,(£)° (Int(He (£))¢
1
< 5 ll9llc + / ( / (£9)0(w)dVr,0() — / (Eg)o(w)dv@(w)> dm(w)
Q \J(Int(H,(£)° Hg(¢)
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Then, since (Int(H,,(€))Scq is a closed random set and the function Lg|(me(#,, () is contin-
uous, and since vy, converges to v weakly, it follows from Portmanteau’s Theorem (see [11],
Theorem 3.17) that

(7.9) / ( / (£9)ow)dVio() = / (ﬁg)e(md’/e(w)) dm(w) <
Q (Int(H,, (£))e (Int(He (€))°

for all k& > kq, large enough, say that k > ko > ky. Inserting this into , we get that
(7.10) Yr(g9) <ellglly -
Likewise, with the same k£ and ¢, by combining , and , we get that
Se(9) > = [vi(Lrg) — (L) + vi(Lyg) — v(Lg)
> -A(9) - 57 (v.9)+

(711) +/ (/ (ﬁg)e(w)deﬂ(w) —/ (ﬁg)g(w)dVQ(w)> dm(w)
Q \JH(0) HE(8)
1
> gt [ ([ Cotinn [ Comatinn ) dmo)
Q \JH () HE(8)

But since (HS({))weq is a random open set, by the same argument as leading to (7.9)), we
conclude that

5
/ (/ (£9) o)Wk o) —/ (ﬁg)e(w)dVe(w)) dm(w) 2 =3[9/l
Q \JHG(L) Hg(0)
for all k > ks large enough, say k > k3 > k. Inserting this into ((7.11)), we get that

Ze(g) > 9l -
In conjunction with ([7.10)), this gives that

(7.12) Xk(9)] < €llgll

for all non-negative functions g € Co(J(T')) and all k& > k3. Now if g € Co(J(T)) is
arbitrary, we represent it as g = g, — ¢g_, where g, = max(g,0) and g_ = max(—g,0). By
applying (7.12)), we then obtain
(7.13)

1Zk(9)] = [Zk(9+) — Blg-)] < [Z(g)] + [Ze(9-)] < ellglle +ellg-lloo < 22 |9l -

Now, having Lemma [6.2] Lemma 2.9 from [27] tells us that there exists a measurable
function A : Q — (0, 00) such that the sequence (A\xvg)52, converges weakly to Av and

(7.14) B < Mw) < B

for m—a.e. w € Q. But since also \yvy, = Ly, by letting & — oo, formula (7.13)) gives us
that

191/

DO | ™

[L7v(g) = Av(g)] < 2|9l -
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Since € > 0 was arbitrary, we thus conclude that L*v(g) = Av(g) for all g € Co(T(T)).
Hence

L'v = v,

which, along with Proposition [3.5]and Remark[3.6], shows that the measure v is -~Bconformal.
Together with (7.14]), this completes the proof in the case when v(Q x Crit(G)) = 0; t—
Fconformality is still to be proved without this hypothesis. Indeed, what follows from our
considerations without it, is that

Lv(g) = Av(g)
for every g € Cp(J(T')) such that

glaxB(crit@),,) =0

for some v > 0. Fiberwise, this means that

(715) E:VG(w)(gw) - AwVw(gw)

for every g, € C(J,(T)) with g,|p(crit(),y) = 0 for some v > 0. By the standard ap-
proximation procedure, we thus conclude that continues to hold for all functions
go € LY(v,) with g, B(Crit(0),y) = 0 for some v > 0. Therefore, the calculation of
can be performed for all special sets A C 7,,(T'), disjoint from some open neighborhood of
Crit(G), to give

(7.16) Vo) (Tw(A)) = Ao / T [ dv,,.
A

Since every special set disjoint from Crit(G) can be represented as a disjoint union of special
sets disjoint from neighborhoods of Crit(G), formula holds for all such sets, that is
all special sets disjoint from Crit(G). But, by virtue of Proposition (7.3 we have for every
¢ € Critg(G) that

Vot (To(€)) = vy (0) = 0 = Ay IT(O) () = Ao / | dv,.

The same is also true for ¢ € Crity(G). So, we have proved that the measure v is t—
Fconformal. The proof of Theorem [7.4]is complete. O

8. t-FCONFORMAL, t-BCONFORMAL, AND {-CONFORMAL MEASURES

This section is devoted to establishing and clarifying relationships between t—Fconformal,
t—Bconformal and ¢—conformal random measures for a random critically finite map and, to
describe the structure they form. We start with the following.

Proposition 8.1. Fizt > 0. Then

(a) every t—Bconformal measure v is t—conformal;
(b) at—Fconformal measure v is t—conformal if and only if v(2x Crit(G)) = 0 (assuming
t > 0 for the “=" implication).
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Proof. Since A, |T),(z)| never equals +oo, (a) follows immediately from Corollary [3.2] The
part “ <7 of Proposition follows immediately from Proposition (b).

Proving the implication “ = 7 with ¢ > 0, we assume toward a contradiction that
v(Q x Crit(G)) > 0. Then there exists ¢ € Crit(G) and Z C (2, a measurable set, such that
m(Z) > 0 and

vy(c) >0
for all w € Z. Note that t—Fconformality yields
(8.1) vo(T,(Crit(G))) =0
for all w € Q. Let g : J(T') — [0, 1] be defined by the formula
9w(2) = Le(2).
Then, employing , we have for every w € () that

Vo(w) (ﬁt,wgw) = /\;1/ Lt09wdVo(w) = )‘;1/ Z 1.(z) |T¢:(x)|_t dve(w)(y)
Jo(w)(T) Jo(w)(T)

zeT5 " (y)
=\ T (o)™ Vo(w)(Tw(c)) = 00 -0 =0,

and, for all w € Z,

V(9w) = / 1.(2)dv,(z) = vu(c) > 0.
Ju(T)
This contradiction finishes the proof. 0J

As an immediate consequence of this proposition, we get the following.

Corollary 8.2. Ift > 0, then a random measure v on J(T') is t—conformal if and only if
it 1s t—Bconformal. If this holds, and, in addition, t > 0, then also

v(2 x Crit(G)) = 0.
For every w € Q2 let

Crit_(G,w) := D T,"(Crit(G)) and  Crit_(G) == | J {w} x Crit_(G,w).

weN

We shall prove the following elementary, but quite important result.

Lemma 8.3. Fixt > 1. If v = (v,)ueq s a t—conformal measure then there exists n, > 0
such that

inf {v,([ns, 1 —m]) :w € Q} > Qqg(t) := %(/@A_l)zt > 0,

where, we recall, both k > 1 and A > 1 come from conditions [(M1)H{(M7) in Section [4.1]



Proof. Fix w € Q. By |(M5b)| and [(M5c¢)| for every x € [0, s], we have that

(8.2) T.,([0,z]) C [0, Az]

and

(33) oo (T.(10.2) = KA1z, ([0.2)).
By the same token, for every = € [0, s/A], we have that

(8.4) T2([0,2]) € [0, A%2]

and

(8.5) Vor(o) (T2([0,2])) = £* Aoy ([0, 2]).
Also, by the same token, for every y € [0, ks],

(5.6) T(0,5]) € [1 - 57y, 1)

and

(8.7 (T30, 91)) = AN v (0, ).
Moreover, this yields

(5.5) VT30, 91)) = A0 2w (0, 1),
Furthermore, for every z € [1 — s, 1],

(8.9) T([z,1]) € [0, A(1 = 2)]

and

(8.10) Vo) (T2, 1]) > £ A1 ([2,1]).
Finally, for every £ € (1 — A7, 1)

B1) 6 S [T A=A+ max {1 - 2 (41 - )
and

(5.12) v TAE D) = A i (6, 1))

Now fix & € (max {1 — (JA1]/2),1 — A7'},1) so close to 1 that

max { (1= &)/, (A(1 = €))7 | < |Aq] /2
It then follows from (8.11]) that for every £ € [, 1]

(8.13) Toa(61]) € [1—[A], 1= (|Aq] /2)].
Fix further n; € (max {&,1 — s},1) so close to 1 that
Al —m) <s,

A2(1 —m) < KS,
and

1-— H_IAQ(]. — 771) Z 51.

41



42 JASON ATNIP AND MARIUSZ URBANSKI

Then by these choices, by (8.9 @ . , , , and , we get that

T (lm, 1]) [0, AL —m)] € [0, 5],

T2(fns, 1)) € [0, 4%(1 — )] € [0, s],
TLHT2(m, 1) € L= #7421 = m). 1) € [60, 1,
T2 1)) € 11— A 1= (1Al /2)] € 1 [A], &4l

V(T 1 (T3 11))) = A7 A g (T3 ([, 1))
> AN R Ny Vo) (T ([, 1)) = AT KA Mgk Awvo ([, 1])
= (RAT)*A2 N v ([m, 1)) = (wAT) v ([m, 1)
Therefore,
(8.14) vo[1 = 1] ) > (A2 (s 1]).
Now, fix 19 € (0, s) so small that
A’y < ks,
and
1— k1A% > &
Then, by these choices, , , , , and , we get that
T2([0,m0]) < [0, A%no] C [0, x5,
T,1(T2([0p])) S [1 = Ao, 1] C [61,1],
TA(T5(0,m0]) € (1= [A ] 1= (JA]/2)] € [1 = [Ad],mi],
and
V(T 1 (T2([0,10]))) = A7 NS 0920 (T2((0, 70)))
> ATNR N ([0, m0]) = (KATH)*1,([0,m0)).
Therefore,
vo([1 = [A],m]) = (kA7) *1([0,70)).
Along with and since 19 < s <1 —|A4[, this gives
(8.15) Vo([mo, m]) = V([ = [As],m]) = (kAT (v ([0, 10]) + ([, 1])) -
Now if v, ([n0, m]) < 1/2, then v,([0,70]) + v ([, 1]) > 1/2, hence yields

Vo([10, m]) > %(RA*)%.

Since k < A, this implies, in either case, that

Vo ([n0,m]) > %(,QA—l)%'
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Setting 7, := min {ny, 1 — 1}, we thus get that
(K,Ail)%.

DO | —

vo([ne, 1 —=n]) =
The proof of Lemma is complete. U
We shall prove the following.
Lemma 8.4. Lett > 0. Let v and V" be two t—conformal measures for T : J(T) — J(T).
Then
(a) V'(Crit® (G)) = v"(Crit® (g)) =1,

(b) V' < V" and, equivalently, v, < v for m-a.e. w € Q,
(¢) for m—a.e. w € Q there exists an unbounded sequence (nw(k))zozl such that the limit
below exists and
()\/ )nw(k)

0 < lim —2¥

e VA TR

where A, : Q@ — (0,400) and A/ : Q@ — (0,+00) are measurable functions witnessing
t—conformality respectively of V' and V",

Proof. Since t > 0, item (a) immediately follows from Corollary 8.2 and ¢—conformality of
V' and v". By t-conformality of v/ and v, we also have that

VL ({0}) = A1) (e )‘ Vo1 ({e}) = M1y - 0 vy ({e}) = 0,
where ¢ is any critical point in Critg(G). By the same token, /,({1}) = 0; so

v,({0,1}) = v({0,1}) = 0

for m-a.e. w € (). Employing ¢—conformality again, we get that

(8.16) v,({0,1}, () = v5({0,1}, (w)) =0

for m-a.e. w € 2, where

{0,1} (w) = Crit® (G UT‘” {0,1}).

Let 2y be the corresponding set of measure m equal to 1. Fix w € g and

v € JHT) := J,(T)\ (Cm U T."({0,1}) ) To(T)\ (Crit_(G,w) U{0,1}, (w)).
Since T,(1) = 0 and since 0 is a uniformly expanding fixed point, for all w € 2 there must
exist n € (0,n,] such that the set

Ny(2) :=A{n>0:T7(x) € (n,1 =n)}
is infinite. Fix n € N,(x) and let
(8.17) Hy(w, ) := T30, 1 = 1))
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It then follows from Proposition and t—conformality of both measures v/ and " that
Vi (Hy(w, ) < Ky ™ (T5) @) ([0, 1 = m]) < K () (T3 (2)]

w

and

(8.18) VL (Ha(w,2)) 2 Ky () (T2 @) Vo (I 1 = 1))
(8.19) > Qg(D) K, (\) ™ (T1) ()"
Moreover,

B (K (1) (@) ') € Hu(w.2) € B (a0 K, |(T3)' (@) ).
The first two give
X"
oy Ve (e ),

(8.20) VI(Hpy(w,z)) < thle(t)(

w

while the third one can be rewritten in the form
(8.21) B (z,m(w, 7)) C Hy(w,z) C B (2, Mr,(w,z))
where 7, (w, ) = K1 |(T) (x)| "' (1 — 2n) and M := K.

n
Keep w € Qg and fix £ C J¥(T), an arbitrary compact set, as well as § > 0. In view of

(8.17) and Corollary |4.8| there exists n,(d) € N, (x) such that for every x € E we have that

(8.22) diam(H,,,5)(w,x)) <6
and
(8.23)
v, <U E(x,Mrnw(w,x))> <d+ vV, (FE)and V! (U B(x, Mrnw(w,g;))> <0+ V(E).

Since all the sets H,,_s5)(w, x) are closed and convex and since holds, all the hypothe-
ses of Morse’s Theorem from [25] (see also p. 6 of [I3]) are satisfied, and it gives us a
natural number ¢ > 1 depending only on M, and a countable set D C E such that the
family {H,,s)(w, a:‘)}xeD is a cover of E (with diameters < §) and D can be split into ¢
disjoint subsets Dy, Ds, ..., D, such that for each 1 < k < /£ the family {Hnw((g) (w, x)}

consists of mutually disjoint sets. Using ([8.21]), (8.20)), and (8.23]) we then get
v, (U Hm((;)(w,x)> <, (U E(:U,Mrnw((;)(w,x))> <d+V (E)

zeD xeD

€Dy,

and

4
v,(E) < v (U Hnw(a)(wax)> < Vo (Hp(5)(w, 7))
k

zeD =1 z€Dy

st 1 (M) -
S K,] Q; (t)m Z VL(Hnw(g)(w,:L’))
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k=1 €Dy,

Ly AL
S gKv?thl(t) (N ) (8) Ve U Hnw(é)(waflf)
w zeD

2t H—1 ()\‘/’J)nw(@ /

(8:24) < UK Qg (t)W(Vw(E) +9)

If
()\/ )nw(l/k)
lim inf AL ——

(/\// )nw (1/k)

then considering a subsequence of the sequence (nw(l / k))zozl witnessing the above lower
limit to be 0, we would get that v//(F) = 0. Since v/ is a regular measure, this would yield

vo(J2(T)) = 1, contrary to (a) and (8.16). Thus
()\/ w)nw(l/kz)

h]?lg.}f m > O

for all w € Q. Exchanging the roles of v/ and v/, we thus also have that

(/\// )nw(l/k)

hlgr_légf m > 0.

Equivalently,

(8.25) M{w) := lim sup o inw )
)

So, taking a subsequence of the sequence (nw(l / ) | witnessing (§8.25)), we conclude both
that item (c) holds, and, also with the help of that

v, (E) < th%l(t)M (w)tv,(E)

for every w € Qp and every compact set £ C J*(T). Since v/ is a regular measure this
inequality extends to all Borel sets yielding v << v/,. Thus v/, < v/ for all w € €2y, and
(b) is proved. The proof of Lemma is therefore complete. O

The case of t = 0 is even clearer and the picture is complete.

Proposition 8.5. Ift = 0, then there exists a unique O—conformal measure for the random
map T : J(T) — J(T). Denote it by v°. We then have that

V(T 1 (Jon)(T))) = AJ" = (#G) ™"

for every w € Q, everyn > 0, and every I' € G". In particular, \, = #G and, the measure
V0 on [0,1] is atomless. Moreover, 1° is O—conformal.
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Proof. Let v be an arbitrary 0-conformal measure. The formula v, (T, 7(Jon () (T))) = A"
follows immediately from O-conformality. And further, from this:
L= v(Tu(T) = D vl TR (Ton(T)) = D A" = (#G)"A"
regn regn

Whence A = (#G)". Uniqueness now follows since the finite collections of sets
(Tt (Jor) (1) : T €G™})

form a sequence of finer and finer partitions of J,(7"), whose diameters, due to Corollary
converge to zero. The existence part of the proof is also straightforward; just declaring

vy (T (T(T))) = (#G) ™"

defines a Borel probability measure on J(T') due to Kolmogorov’s Extension Theorem. As
0-conformality of ¥ is obvious, the proof is now complete. O

We denote by C'M(T) the set of those reals ¢ > 0 for which a ¢t—conformal measure exists.

9. EXPECTED PRESSURE 1
Let Noo = NU {0} ={1,2,...,00}. For every t > 0 and every k € N, let 1, and A\ be
the objects resulting from Lemma ; see also formula ([5.5)) and Lemma . Define

EPL(t) == / log A dm,
Q
which is well defined because of Lemma [6.2] Define further
EPL(t) == lilgn inf EP,(t) and  EP.(t) := limsup EPy ().
—00

k—o0

If EP(t) = EP(t), denote their common value by
EP(1).
We also define
o = / log |T".(0)| dm(w) > log > 0
Q
and call this quantity the Lyapunov exponent of T at 0.

Definition 9.1. We say that the number ¢ > 0 is A(asymptotically)-admissible if

EPL(t) > —

t.
1+, X0

We denote the set of all A-admissible parameters ¢ by AA(T).
Frequently, for the sake of uniform exposition, we will denote the objects v and A (both

depending on t) produced in Theorem respectively by v, and A\, . Exactly the same
proof as that of Lemma gives the following.
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Lemma 9.2. There ezists a constant n. € (0,min {1/2,1 — (|A4|/2)}) such that

1

5 (HA_1)2t

Viw([ne 1= 1n.]) = Qg(t)
forallt >0, allw € Q and all k € Ny.
As an immediate consequence of this lemma, we get the following.

Lemma 9.3. For every n € (0,1.] we have that

1
Vro(Lo(1) N[0, 1 =) = Qg(t) = S (kAT
for allw e Q and all k > 1.

Having n € (0, n.], put
: 1.,(5) if j =2,
(9.1) Lo(j,m) = L
L(1)n[0,1—n ifj=1
and recall that
L,(1)N[0,1—n] = L,(1) N [n,1—mn
We shall prove the following.

Lemma 9.4. For all n € (0,n.] and all j € N there exists Q; > 1 such that for all
ke{jj+1,...,00} all1 <i<j, and allw €

Vk,w([w(iu 77)) Z QJ"
Proof. 1t follows from Lemma [9.3] that
(9.2) Viw(1u(1)) = Vikw(Lo(1,1)) = Qg(t).

Having this and applying along with Lemma and the last assertion of Theo-
rem [7.4] we get for all 2 < i < j that

koo (Lol m) = s (15 (o (1))) 2 ATINE g (T (1)
> Qg(t) A~V Y
> Qg(H A~V min{1, 5, OV},
Along with this completes the proof. O
Now we can prove the following.

Lemma 9.5. Let t > 0. Then for every q € N there exists a constant T'y(q) > 1 such that
forall k > q, alln € N, and all w € 2, we have

Mo =T (A,
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Proof. For every k € N and n € N extend the function £} 1 : j@"(w (T) — (0,+00) to
the whole interval [0, 1] by setting

(9-3) koL (2) = LETrm (7)

for all z € [0, 1], where

n

L(k,n) = ()15 (I N Ugeuy ().
£=0
Of course

rwl(z) < L,1(x)
foral w e Q,all 1 <k < /¢ < o0, alln € Nand all x € [0,1]. In addition, by applying
Proposition and observing that

1=T.5 2 Lo(u)l

for all w > 1 and all w € Q, we see that for all n € (0,7,] there exists f(n > 1 such that for
allj>1,all 1 <i<j,allkeNg,allneN allwe Q, and all z,y € Ipn((i,7m)

. Ly y) .
9.4 K-t < Zhe™ P o ot
(54) " STl =

Also, for every k > 1 there exists n; € (0, 7.] such that

TINT) C g, 1= mi]
for all w € . By formula (5.5) and Lemma , for all k,n € N and all w € (), we have

that
1
AZ,M:/ 'CZ,w:ﬂ-de,O"(w) :/ L‘Z’w:ﬂ.(l’)dl/k’gn(w)({t).
Ty (1) 0

By Theorem [7.4] and Proposition [7.3] we have

/ £ dV@n (x):/ Ego,w]ldVG’l(w) :/ ﬁgojw]ldugn(w)
Tom () (T) Jom (w) (T)\{0,1}
Sy L, = Ny a5 (T (D)) 10,1})
o (Jon () (TH\{0,1})
=

Fix ¢ € N. Fix also arbitrary n € N and w € Q. Let z,,, € Jg(gzw) (T) be any point
maximizing the function

[’Z,w]l : je(gzw) <T> — (07 OO)

Then 2y g, € Ign(wy(4,7g) for some 1 < j < ¢q. Hence, using Lemma we get for every
k> q (k = oo is allowed) that

)\TkLw / ,C dl/k gn(w / ,qu]]_ )de o7 (w) ( ) > / Lq,w]ldl/kﬂn(w)
IOn(w (] 77Q)
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Z K?Lt[g,w:ﬂ'(xwv%n)ykﬂn(w) (Ign(w) (]7 77q)) Z Kif@q[’:},w:ﬂ'(mw,q,n)

- —t n
2 an Qq/(q) ,quﬂdl/q’gn(w)

oM (w) T)
ot n
- an Qq)‘qvw‘
The proof is complete. O

As an immediate consequence of this lemma and Birkhoff’s Ergodic Theorem we get the
following.

Corollary 9.6. For every t > 0 the sequence (EPy(t))72, is weakly increasing. In conse-
quence EP o (t) = EP(t), and we recall that this common value is denoted by EP(t).

Remark 9.7. Together with Birkhoff’s Ergodic Theorem, the proof of Lemma [0.5 more
precisely its last displayed formula taken with k = ¢, also shows that the value of EPy(t)
is independent of the conformal measure v(t); it depends only on ¢ and k.

Having Lemma [9.5 at our disposal, we can prove the following.
Theorem 9.8. AA(T) C CM(T).

Proof. The case of t = 0 is entirely taken care of by Proposition [8.5] So, assume from now
on that ¢ > 0. According to Theorem [7.4] in order to complete the proof, we are to show
that

v(Q x Crit(g)) =0
with ¥ = v, being a weak limit measure resulting from Lemma ; see also formula (/5.5
and Lemma 5.5l We will do it now. Denote

1
9.5 0:== | EPL(t t) >0,
(95) 3 (P04 )
due to A-admissibility of ¢. Take then ¢* € N so large (see Corollary that
9.6 EP,(t) + t > 20
(9.6 A0+ 50

for all ¢ > ¢*. Fix such a ¢g. Since, by Birkhoft’s Ergodic Theorem and the last assertion

of Theorem [7.4]
.1 n
EP,(t) = nh_)rgo - log Ay,
for m—a.e. w € Q, say w € Q* with m(2*) = 1, we have for every w € Q* that

1 1
—log Ay, + —
n “n

log |(T1*Y(0)| > 26
i g |2 (0)

for all n > 1 large enough, say n > Ni(w) > 1. By virtue of Lemma this gives

1 1
“log AP+ —
n 0og k,w+n1

log |[(T)'(0)] = 6
T+
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for all w € Q*, all & > ¢, and all n > N;(w) large enough, say n > Np(w) >
Equivalently,

(9.7) AEZ \(TZJ‘)’(OWm <e
It therefore follows from formula and (§ - respectively that for all A € G we have

Nl(w).

(98) Vo (T3 4 (Vo) (0)) < Z e = (1= e 0y len

and for all A € G we have

(9.9) Ukao(T 5 © Ty s (Vo2 (n))) < Z e ) le

for all w € Q*, all k > ¢, and all n > Ny(w). Slnce we could have obviously chosen the

function Q* 3 w — Ny(w) in a measurable way, for every € > 0 there exists N > 1 and a
measurable set QF C Q) such that m(Qf) > 1 — ¢,

(9.10) Vo (T5 A (Vi) (n))) < (1 — e78)71eon
and
(9.11) T 0 Ty 1 (Vi () < (1= ¢y et

forall Ae G,alln>n.,>1 and all w € (2. Letting k — oo we thus conclude that

(% Crit(@) < v | |tk x | | ToA (Ve ®) u | 1o 1 (Vez () ()

wens Al Aeg<1
< #Go(l—e?) e,
Letting in turn n — oo, we thus conclude that
V(Q: x Crit(G)) = 0.
Finally letting ¢ — 0, we get that
v (€ x Crit(G)) = 0.

So,
v (€ x Crit(G)) = 0.

The proof is complete. U

Remark 9.9. By a straightforward enhancement of the proof of Theorem [9.8] we get that
for every ¢ > 0,

lim [ sup {ve(B(T,°({0,1}),n)) : ¢* <k < +oo} dm(w) = 0.

n—0 Q

lirr(l) sup {yk (U{w} x B(T, ({0, 1}),77))} = 0.

n— *

Thus
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Remark 9.10. We have in fact shown in the proof of Theorem 9.8/ that if ¢ € AA(T'), then
any weak limit of measures ()32, is t—conformal.

Definition 9.11. Because of Theorem for each t € AA(T) there exists a t—conformal
measure v for T'. Furthermore, because of Birkhoff’s Ergodic Theorem and Lemma([8.4] (c),
the number

EP(t) :z/log/\t’l,,wdm(w)
Q

is independent of the choice of t—conformal measure v. We call it the expected topological
pressure of the parameter t.

As an immediate consequence of Lemma9.5| and Birkhoft’s Ergodic Theorem, we get the
following.

Lemma 9.12. Ift € AA(T), then EP(t) > EP(1).
Let
pa: 2% [0,1] — [0,1]

be the natural projection on the second coordinate, i.e.

po(w, ) = x.
Let 7, € (0,min{1/2,1—(]A;|/2)) be the number produced in Lemmal[J.2] Fix an arbitrary
n € (0,n.]. Let A C J(T) be an arbitrary measurable set such that

p2(A) € .1 — 1.

It then follows from Proposition M and conformality of the random measures v, 1 < k <

400, that

_ i V.03 (w) (AHj (w))

K 've o (T (I, 1 —
e =) et =)

< Vkw (T;j(Aej(w))) <

<

Vg 03 () (A3 ()
Vk,ej(w)([m Il)
V00 () (Api )
V03 (w) ([0 1 — 14])

S K;Vk,w (Tw_]([% 1 - 77]))

< Kivew (27 ([0, 1= n)))

for all j > 0 and all w € €. So, applying Lemma [9.2] we get

K 0 (T30 ([, 1 = 04])) i i ) (Agi ) <
< v (T57 (Apiwy)) <
< Ky Qg (ko (17 ([ 1 = 100)) Vi 03 ) (Ao ()
< KQg " (1)Vk.0 () (Api )

forall 1 <k <400, all we Qand all 7 >0.
Now we shall prove the following technical, but very useful fact.

(9.12)



52 JASON ATNIP AND MARIUSZ URBANSKI

Lemma 9.13. Ift € AA(T), then

lim sup/gsup {vew (T, (0,1 = 1)) 1 ¢" < k < 00} dm(w) = 0.

n—0 n>0

Proof. First note that there exists n; € (0,7,) such that

(9.13) U Toa(o.1)u | ToAA) € Iyl = nil

AeG\{Ap,A1} A€g

for all w € Q. For every n > 0, all 0 < ¢ < n, and every set A C [0, 1] we can write

n—1
T,"(A) =T 5(A) U U T, U T, =G (), A (Ten] i(@),0 (A)> U
7=0 AeG\{Ap,A1}

— —(n—1
UT, 1 (Te([i),o )(A)> U

(9.14) UUTJ(n_j 2 (U - G+2) (w),A (T_ G (w),1 (TG"JJ(W) (A)>>>
=0

Aeg

Fix e > 0. Keep ¢ > 0 defined by (9.5) and and recall that ¢* > 1 is determined by ,
i.e. both are the same as in the proof of Theorem [9.8] Fix an integer s; > 0 so large that
for every s > s; we have that
(9.15) m({w € Q: No(w) > s}) < /4,

where Ny(w) also comes from the proof of Theorem Denote this set by Q(¢).

Therefore, applying (9.12)), (9.13) and (9.8)), we get for every k > ¢*, every n > s+ 1,
and every w € Q¢(¢), that

2(1) k =h w = Zykw w n I- 1) U T_ (J+1)( ) (Tgnjj(w)()([()u 1]))
AeG\{Ao,A1}

_ nz: Z Vk o (Tw_("_j_l) (Tg_n G+ () <V9” 7(w) (]))>>

Jj=s Aeg\{Ao,A1}

n—1
<SKLQG' DY Y Mo (Te_n o1y (Von-i) (7 )))

Jj=s Aeg\{Ao,A1}

n—1
Sk Y (-
j=s AeG\{Ao,A1}

n—1

<HGKL Qg' ()1 —e?) 1) e

J=s

(9.16) < #GKL Qz'(t)(1 —e7) 2.
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Likewise, applying (9.12)), (9.13) and (9.9), we get for every k > ¢*, every n > s + 2, and
every w € Q¢(¢g), that

(9.17)
22 (k,s;w) Zl/kw< - (n—j— 2)(U 42w <T9_n G41) (w)1<T0n]]( 10 ([0,1])))))
Acg
- ZZV’W < w ) (Tenl (G+2) (w),A (Te ' G+1) (w (VB” J w)(J)))>>
j=s Aeg
< Kt c Z Z Vg 0~ J+2)(w < - (J+2)( ),A (Tgnl (J+1) (w), 1(‘/9" J(w) (]))))
j=s Aeg
n—2
<SKLQg' MY Y (1—e?) e
j=s A€gG
n—2 '
< HGKL Qg (t)(1—e*) 7y e
Jj=s

<HGK, Qg (t)(1 — %) 2.
We also declare
SV (k,s;0) =0
forall 0 <n <sand
Sk, s;w) = P (k, s;0) =0

for all 0 < n < s41. With these declarations both (9.16) and (9.17) become true for every
k > ¢*, every n > 0, and every w € Q¢(¢).

Now there are only left four terms in (9.14) to take care of. Two of them are easy.
Indeed, invoking (9.7)), we get for every k > ¢*, every n > s, and every w € Q¢(¢), that
SO (k, 510) 1 = vk (T5(00.1])) < A (T2 (0)] ™" < CAL(T2Y (0)] =

(9.18) w
< Ce " < Ce™%,

and

SO0, 550) s = v (T2 (T 07(00,1])) ) < OAL IRV (0)

(919) < NI )

w

S Ce—én S 06_68,
with some constant C' € [1,00). Now fix an integer s > s; so large that

(9.20) 2Ce™ + 24#GK! Qg'(H)(1 —e™°) %™ < g/4.
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Now we deal with the last two, somewhat more involved terms. Take any n € (0,7;]. Then
(9.21)

s—1

27(15)(1@ S5w) L= Vkw Tw_(n_J_l) U T ! =G+ (), A (Tgn] i (W), 0([77,1 - 77]6>>
j=0 AeG\{Ap,A1}
s—1

I
X
=
€

<Tw_(n_j_1) <T0_” G+ (w),A (Ten] 3 (w),0 ([m - n]c)>>>

< Kqugl(t) Z Z Vi gn—G+1) (w) (Te_n G+ (), A (Tenj J(@).0 ([7]’ 1 — n}c)))

J=0 AeG\{Ag,A1}

and
(9.22)
2O (k,s;w) =
s—1
= Zyk,w ( w (n=5=2) (U —(+2) (w (Tenl G+ (w),1 (Tenjz( ),0 ([777 1- 77]C>)>)>
=0 N
s—1
= Z Z Vi w (Twi(nijﬁ) (T 1(]+2>( ).A <T 1(;+1 )(w),1 <Tanjj( ),0 ([777 1 —nl° )))))
7=0 Aeg
s—1
< KLQ 0 v o) (Totimwya (Thosngon (Totsoln 1 =1)))
=0 A€G

for every k > ¢*, every n > s, and every w € €). Now, in view of Remark there exists
n2 € (0,71] such that for every k > ¢* and every n € (0, 1,], we have that
(9.23)

Z Z Vk,G"*(J#l)(w) (Tg_n G+ (w),A (Tgnj I (w), 0([77> 11— U]C)>> < 5/4

7=0 AEQ\ AoUAl)

and
(9.24)
s—1
Vk,on=(+2)(w) <T_ (+2) (w),A <T9_n G+ (w),1 <T9n]a( )0 ([777 1- 77]6)>>) <e/d.
j=0 Aeg
Put:
(9.25) En(n,w) = sup {vew (T, (0, 1 = 1]°) : ¢ < k < o0}
and

29 (s;w) == sup {Eg)(k,s;w) 1q <k <oo}
for every i = 1,2,...,6. As the last ingredient, by virtue of (9.15)), we get that

(9.26) / S0 dm(e) < m(@(6)) < /4
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for all n > 1. Finally, taking the fruits of all the above estimates, i.e. using (9.14}), (9.16),
(9.17), (9.18), (9.19), (9.20), (9.21)), (9.22)), (9.23)), (9.24)), and (9.26)), we get for all k > ¢,
all n > s and every n € (0,75], that

[Eoame < [ =i +Z [ P dme

19
<Z+Z+Z+Z—€

The proof of Lemma [9.13|is complete. U

Let us record the following immediate corollary of Lemma [9.13]

Corollary 9.14. Ift € AA(T), then

lim sup sup {I/k (T‘"(Q X [n,1— 77]6))} =0.

=0 >0 g*<k<oo
Now, because of Lemma [9.13] we are in a position to prove the following technical lemma

which is a significant strengthening of Lemma [9.5]

Lemma 9.15. Ift € AA(T), then for all € > 0 there exist c. > 1 and a measurable set
Q. C Q such that m(QE) > 1 — ¢ and for all integers q > ¢* (¢* > 1 being determined by
), all integers k > q, alln >0, and all w € Q. we have that

Now 2 €' Ny
Proof. For every n € (0,1) and w € 2 let
N,(w) :={l e N: L(w)N[n,1—n] #0}
and let
N, (w) i= Ny(w) N{2,3,... } = Ny(w)\ {1}
Let ¢, (w) be the largest element in N, (w). Of course
Ny(w) ={1,2,...,6y(w)} and Nj(w)={2,3,...,,(w)}.
By conditions [(Mb5c¢)| of the definition of T,

(9.27) TwO( ) < Ok
for all j > 0 with some constant C' > 1. In particular, Tw_ée"( “)= )( 1) < Cx~ @)= But,
on the other hand, T;éé"(w)_l)(l) > 7. Hence, s~ (»@)=1) > p/C. This gives
log(C/n)
9.28 l <14 ————:=/
(9.28) () <1+,

for all w € Q. Now, fix ¢ € (0,1). Then, by virtue of Lemma [9.13, with Z,,(,w) defined
by (9.25)) there exists 1. € (0,1/2) so small that

| 20 dmfe) <

DO | ™
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for all integers n > 0. Hence, by Tchebyshev’s Inequality

m({weQ:E,(ne,w) >1/2}) <e
for all integers n > 0. So, denoting

Q. =0\ {weQ:E,(n,w) >1/2},

we get that
m(Q) >1-¢
and
(9.29) inf {l/k,w(Tw_”([ng, 1— 77&])) g<k<oo,we€E QE} > %

for all integers n > 0. For the rest of the proof keep w € Q.. By (9.29) and (9.28) for every
integer n > 0 there exists 1 < j,, </, such that

(9.30) Vi (T (Tonwyn. (n))) = (26,) 7"

for all £ > ¢*. As in the proof of Lemma , we treat all the functions £ 1, n > 0, as
defined on the whole interval [0, 1] according to the definition (9.3). Having any ¢ > ¢*,
let 2(q,w, jn) € Ign(w)m. (jn) be a point maximizing the value of L7 1 restricted to the set
Ign (o). (Jn), which, we recall, is defined by the formula (9.1). Using now (with k
being ¢) along with Lemma and , we obtain

va Z/ ,szw]ldl/k’gn(w) Z/ ,CZ’w]]_de’gn(w) 2/ ;Cq,w]]_dl/k’gn(w)
Ton () (T) Ton () me (Gn) Ion (4, me (Gn)

> Knj/l;w]l(a:(q,w,jn))l/k,gn(w)(lgn(w),ns (jn)) > Kith%EZ’wjl(x(q,w,j))

1
> K_tQ& - / ,an]].dV 07 (w)
" om0 Tor @y () Jiguiy ey 0
> K, 'Qu, / Ly Advgen) = K, Q. )‘Z,w/ (A Ly ) Ldvgon (o)

Ton (w),ne (Gn) Ton (w),me (Gn)

= K Qe Nyobae (T2 (Ion ) (n)))

> Kanfng (2&75)71)‘2@-
The proof of Lemma [9.15|is complete. 0

We are now in a position to prove the following.
Proposition 9.16. Ift € AA(T), then EP(t) = EP(1).
Proof. In view of Lemma [9.12] it suffices to prove that
(9.31) EP(t) < EPL ().
For every n > 0 and all k,n € N, put
Apn(n) = {w e Q:log A, < (EP(t) +n)n}.
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By virtue of Theorem , we have log(A;,/81) > 0 for all w € €. Hence, applying
Tchebyshev’s Inequality along with Corollary 0.6 and Theorem [7.4] we get

m(AL,(n) =m ({w € Q:log(AL,/B]) = (EPw(t) —log 1+ m)n})

Jolos(NLL/BD)dm(w) _ (ERD) ~logBn _ EP(L) ~log i
= (EPo(t) —log B +m)n (EPx(t) —log By +m)n  EP(t) —log By +1)
EP(t) —log B - n
T EPo(t) —logfr+n  EPu(t) —log B+
7

~log By —log By + 1
Therefore,

Ui
A > .
m( k,n(n)) — log /82 _ log 51 + 7,]

Keeping n > 0 and n € N fixed, set

A = m U Ak,n(n)'

Jj=1k=j
Of course,
Ui
9.32 m(AS° > >0
and
9.3) 200 € {w e 2 tim X < expl(EPult) + )}
k—o00

Now fix an arbitrary e € (0, 3n(log B2 — log 81 +7)~'). Let the set Q. C Q and the
constant ¢, > 1 be those produced by Lemma It then follows from this lemma along

with (9.32) and (9.33)) that
(9.34) Ay < czexp((EPoo(t) +n)n)
for all ¢ > ¢*, n >0, and w € '} (n) := Q. N AX(n), and also that
* 2 —
m(I,(m) = Zn(log B —log B +n) ™.
Since EP(t) = [, log A\udm(w), it follows from Birkhoff’s Ergodic Theorem, that there exist
an integer n. > 1 and a measurable set Qn C  such that
A 1
m(Qy) 2 1= 2n(log f> — log B +n) ™!
and
1
—log A\, > EP(t) —n
n
for all w € Qn and all n > n.. Letting
Lu(n) = Qn NI%m),



58 JASON ATNIP AND MARIUSZ URBANSKI

we then have that

(9.35) (T () = gnflog s ~log iy + ) >0
and
(9.30) AL > expl(EP(E) = 1))

for all w € I',,(n) and all n > n.. Now for every j > 3 put
Then for all ¢ > 1 large enough, say ¢ > g;, > ¢*,
Ly U g,1g) = Lol 7,

for all w € €2. Therefore, if I" C 2 is an arbitrary measurable set, we get for every ¢ > ¢;,
that

/)\" dm(w // E WLdvg gn oy dm(w // Ly Advg onydm(w)
Jon () (T Ton () (T3)
:// L3 1dvg on(ydm(w)
' J Ton () (T15)
:// ]lgn(p)ﬁgn(w)]ldqudm(w).
QJ Tu(T,5)

Now, since (J,(7,J)),cq is an open random set, since

UL} x F(T5) 3 (w, ) — gy L)L) € [0, +00)

TEQ

is a random continuous function, and since the sequence (v,)o2; converges weakly to v,
applying Portmanteau’s Theorem (see [11]), we get

liminf/)\gywdm ) > hmmf// Lgn (1) Lh=n () LdVg wdm(w)
r w(T.5)

q— 0 q—00

Z / / :ﬂ.gn(r‘)ﬁg_n(w) :ﬂ.dedm(W)
Q JJu(T,5)

:/ / ]]_jw(T’])ngn(w)ldedm(w>
o (I) J T(T)

But since the sequence of non—negative measurable functions
(ﬂ-]w(T»j)Lg_“(w)ﬂ‘>

converges weakly increasingly m-a.e. (remember that v(£2 x {0,1}) = 0) to the function
(w,z) — £g_n(w)]l(q:) as j — 00, by virtue of the Lebesgue Monotone Convergence Theorem,
we get that

liminf [ A7 dm(w / / @y Ldv,dm(w) // E o Ldvgn ydm(w)
q—00 T 9” F) w \:70”((.0

Jj=3
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- /F A dm(w).

Substituting into this formula I',,(n) for I" and using (9.34) along with (9.36]), we obtain

ce exp((EP o (t) + n)n)m (L (n)) > lim inf/F ( ))\dem(w) > / ALdm(w)

g0 Cr(n)

> exp((EP(t) — n)n)m(T'n(n)).
Since by , m(I',(n)) > 0, we thus get
c- exp((EPoo(t) +n)n) = exp((EP(t) — n)n).

Equivalently, we have
1
Eool(t) +m+ —loge. > EP(t) — .
n

Letting n — oo, this gives EP(t) < EP(t) + 2n. Finally, letting n — 0, formula ((9.31)
follows and the proof of Proposition [9.16]is complete. U

10. EXPECTED PRESSURE 2

For every (w,z) € J(T) let

X (z):= lim l10g|(To’})l(x)‘ and Y, (z):= lim llog‘(TJ})/(gs)|.

n—oo 1 n—o0 N,

The numbers y () and X, (x) are respectively called the lower and the upper Lyapunov
exponent of T" at the point (w,z) € J(T). If

X, (%) = X (@),

then this common value is simply called the Lyapunov exponent of 7" at the point (w, z) €
J(T). For all integers 1 < k < 400, we set

X (k) := inf {Xw(m) D (w,x) € j(k)(T)} > 0,
where positivity follows immediately from Corollary and Proposition 4.4 We recall
that given ¢ > 0 and an integer 1 < k < oo,
Veg = {Vt,k,w}weg

is the ¢-conformal measure for the map T 0y : J®(T) — J®(T) defined in Lem-
mas [5.4] and Theorem [7.4]

All of our investigations of the expected pressure function are based on the following
technical result.

Lemma 10.1. If0 < s <t and k € N, then
(t = s)x(k) < EPk(s) — EP(t) < (t —s)log||T"]| -
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Proof. Let Ay, C [0, 1] be the convex hull of J®)(T). For every w € Q, every 2 € J®)(T),
and every n > 0 let

I,(z,n) = T;g(Ak)
By conformality of both measures v, and v, ; and Proposition we have that
Yk (Lo(2,m)) < N0, [(T0) ()]

tkw w

and
Ve kw(Lo(z,m) <AL, [(T2) ()7

forallw e Q, alln € N, and all z € jugk) (T'), where the comparability constants depend in
general on s, t, and k but are independent of w, n and x. Therefore,

Vtak‘,w(lw(xa n)) — |(Tn)/(x)‘s—t )‘?Jc,w
Vs kw (L(7,1)) v )\Zk,w

Now, for every w € § there exists a measurable set J." (T,s) C .ng)(T) such that
Voo (TS (T, 5)) = 1 and

lim inf Vb (Lu(@; 7))
n—oo Vs,k,w(]w(xan»

< +00

for all x € jugk)(T, s). Likewise, for every w € 2 there exists a measurable set AR (T,t) C
T such that vy . (J8(T,)) = 1 and

for all z € J (T,t). By Birkhoff’s Ergodic Theorem

1 "
EPy(t) = lim —log Ay,

for m—a.e. w € (), say w € (), and

n
s,k,w

1
EPk(s) = lim —log A
n—oo 1
for m—a.e. w € (), say w € (). Therefore, for all w € 2, N, we have
EP(s) — EP(t) < (t — s)X(x) < log ||IT"] (t — )
for all z € ¥ (T,s), and
EPL(s) — EP4(1) > (1 — 9)x(x) > X()(t — 3)
for all z € J (T, s). The proof is now complete. O

As an immediate consequence of this lemma we get the following.
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Proposition 10.2. I[f0 < s <, then
EP.o(5) — EPuo(t) < log || (t — 5)
and
EP(s) — EPL(t) > x(K)(t — s)
for every k € N.

By letting £ — oo in the second formula of this proposition and copying the first one,
we get the following.

Corollary 10.3. If0 < s <, then
0 < EP(s) — EP(t) <log||T'||, (t — s).

In particular, the function

[0,400) D ur— EP(u) €R
is monotone decreasing and Lipschitz continuous with a Lipschitz constant equal to log || T"]| ..

Define

Dr:={t>0:EP(t) >0}.

Of course
Dy C AA(T).
Consequently, EP(t) is well-defined for each t € Dy and
EP(t) = EP (1)

for all t € Dy. Since EP,(0) = EP(0) > 0, it immediately follows from Corollary that
there exists a unique number by € [0, +o0] such that either

Dy =10,br) or Dy =][0,br].
As an immediate consequence of this corollary, we get the following
Corollary 10.4. If by < 400, then
EP(br) = 0.
and (consequently)
Dy =10, br].
Now, we shall prove more.
Theorem 10.5. If by < +oo, then there exists a number bt > by such that

[0,b5) C AA(T).
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Proof. The second inequality of Proposition tells us that
EP(t) > EP(br) — x(K)(t — br)

for all t > by and all £ > 1. So, if t > by and
1
I+
for some k£ > 1, then t € AA(T). But this inequality is equivalent to

(L +~v0)(t = br)x(k) < xot + (1 4+ 74)EP(br)
and further, after dividing both sides by ¢, equivalent to

EP(br) — x(k)(t = br) > — Xot

(1+74+) (1 - bTT) x(k) <xo+(1+ %)ngt(bT)-

Since x(k) < log [|T"||., it therefore follows that in order to know that ¢ € AA(t), it suffices
to have

b , EPL(b
(1) (1= 2 ) g T < o+ (1) S

for some k£ > 1. But by Corollary and Corollary [9.6] EPy(t) < 0 for every k > 1.
Hence EPy(br)/t > EPk(br)/br. Therefore, it suffices to have

EPk(br)
br

for some k > 1. Since limy_,o Ex(b7) = EPo(br) > 0 and since o > 0, there exists k£ > 1
such that —(1 + v4)EPk(br)/br < x0/2. Thus, it suffices to have

b
() (1= 2 Y log T < xa (14 3)

b ,
(10.1) () (1= 2 ) g Tl < 02

But this is obviously true if ¢ > by is sufficiently close to br, say t < bf:. The proof of
Theorem [10.5] is complete. 0J
11. INVARIANT VERSIONS OF CONFORMAL MEASURES

As the main result of this section, we shall prove the following.

Theorem 11.1. For every admissible parameter t > 0, i.e. belonging to AA(T), there
exists a unique measure ji; € M} (T) absolutely continuous with respect to vy. In addition
e 1S equivalent to vy and ergodic.

Proof. Recall that
pa: 2% [0,1] — [0,1]

is the natural projection on the second coordinate, i.e.

po(w, ) = x.
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Recall also that 7. € (0, min{1/2,1— (|A;]/2)) is the number produced in Lemma[0.2] Fix
t > 0 and set v := ;. For every n > 0 set

n—1
1 .
(n) . -n (n) . = E ©)
vVWWi=voT andu.nlu.
Jj=0
Pointwise this means that for all w € Q and every Borel set F,, C [0, 1]:
n—1
1 :
(n) _ -n (n) _ (4)
(11.1) vy (Fy) = Vgn(w) (Tg,n(w)(Fw)) and puV(F,) = - EO v (E,).
]:

Fix n € (0,7, arbitrary. Let A C J(T) be an arbitrary measurable set such that

p2(A) € [n,1 —nl.
It then follows from ({9.12]) that
K, v (0.1 = m))ra(Au) < vP(AL) < KQg' (t)ru(Au)

w

for all 7 > 0 and all w € €. Hence,

(11.2) K1 = n)ve(Ay) < ulP(Ay) < KLQG' (H)vu(AL)

for all w € 2 and all integers n > 1.
Let now g = j; be a weak limit of the sequence (u™)
Q x [0, 1], say

oo

o° , in the narrow topology on

p= lim M(nk)

k—o0

for some increasing sequence (ny)2,. Obviously, u € M} (T). By virtue of Portmanteau’s
Theorem for G C py'([n, 1 — n]), an arbitrary random open set in Q x [0, 1], we thus get

from ((11.2)) that

u(G) < lign inf ™) (G) = liminf [ p™)(G,)dm(w)

k—o0 Q

= K;;le(t)y(G).
It therefore immediately follows from Theorem (outer regularity) that
(11.3) H(A) < K1Qz (tyw(A)

for every measurable set A C p,*([n,1 — n)]).
Now, fix € > 0 arbitrary. It follows from Lemma [9.14] and Portmanteau’s Theorem that
with n; € (0, 7] sufficiently small,

(11.4) p(Q2x ([, 1 —ml9)) <e/2.
Take now an arbitrary measurable set A C J(7T') such that

v(A) < 8(2K7t7)_1@g.
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It then follows (11.3)) and ((11.4)) that
p(A) = p(AN (X [, 1= m]) + p(AN QX [, 1 —m]))

<e/2+ K,Q5 (v(AN (2 x [m, 1 —m]))

<e/2+ K\Qz'(t)w(A) <e/2+4¢/2

=e€.
The proof of the absolute continuity of u with respect to v is thus complete.

Now we shall prove that the measures p and v are equivalent. So, let A be an arbitrary

measurable subset of J(T") with v(A) > 0. Because of Theorem [2.4| we can assume without

loss of generality that A is a closed random set. By virtue of Remark there then exists
n2 € (0,m1] so small that

V(AN (Q X [, 1 —mn])) > 0.
Then there exists o > 0 such that
m(Aq(a)) >0 and v(A(a)) > 0,
where
Ag(a) :={w € Q: v (A, N2, 1 —na]) > a} and A(a) = U {w} x (Au N [n2, 1 —na)).
weAq(a)
Decreasing 1o € (0, 7;] as needed, we will get in the same way as , that

p( % (o, 1= m)) < gm(Aa(a)).

Then, by applying Tchebyschev’s Inequality, we get

m(foeimlmi-m z3}) < Jyte () i)

= 2u(Q x (112, 1 = m2)))
< %m(AQ(Oé))'

Therefore,
m(A4p(0)) 2 m(Ag(a)) = m ({w <6 pollm 1 —m)) < %D
> m(Aa(a)) — 2m(4a(a)
= Sm(Aa(a))
where

Aa) = {w € An(a) : p((ns 1 =) >

DN —
H/_/



65

Integrating now the left-hand side of (11.2]) over the set A§(a) with A replaced by A(«),
we thus get

115 [ @) dn) = K, 1 v (Asfa)) dm(w)

Q(a) Q(a)
(11.6) > K, ( )u&")((na, 1= 12))v(Au(@)) dm(w).
A (a
Taking the limit with n;, — oo, and observing that A(«), like A, is a closed random set
while |J,cq{w} X (72,1 — 1) is an open random set, we thus get that

u(A) > p(A()) > limsup / A (o)

k—o00

> lim sup Kn_; 1) (12,1 — 02) ) (Aw (@) dm(w)

> K / o (22 1 — 72) i (Ao () dim(w)
Ag (@)

> (2K£2)1/ V(Au(a)) dm(w) = (2K;,) " am(Aj(a))

Ag(@)
> (4K],)'am(Ag(a)) > 0.

Hence v is absolutely continuous with respect to p, and in consequence, i and v are
equivalent.

Now we can easily finish the proof of Theorem We show the ergodicity of u; first.
Seeking contradiction suppose that i, is not ergodic. This would mean that there exists a
measurable set £ C J(T') such that

(11.7) 0<u(E)<1
and
(11.8) TY(E)=E.

Since 0 : Q — Q is ergodic, this implies that v,(FE,) > 0 for m—a.e. w € Q. Since we
already know that p and v are equivalent, ((11.7)) yields

0<v(F)<l.

We can then consider the following two measures v/ and v on J(T') given by their fiberwise
disintegrations as follows

—Vw(B NE,) and v!(B):= Yu(B\Ey) w € Q.

Vw(Ew) o VW(E\EW)’

Let us first verify that the measures/collections v’ = {v/ },cq and v"" = {V/ },cq are random

measures supported on J(T') with respect to the base measure m. First,

(0.1 = A0 B Zelh)
v,(Ey) v,(E,)

v (B) :=

=1
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for m—a.e. w € ) and

/ (LT NE)  v(E)
Vw(jw(T>> - Vw(Ew> - Vw(Ew)

for m—a.e. w € Q. Therefore, for every measurable set A C €2, we have
Vorgt(A) =v(Ax[0,1]) = / v, ([0,1]) dm(w) = / Ldm(w) = m(A).
A A

So, 1 is a random measure with respect to the base measure m supported on J (7). The
same calculation shows it for ©”. An equivalent form of (11.8)) is that

Tw_l(EO(w)) - Ew
for all w € Q. Using this, we get for every g € L ([0, 1]) that

=1

f [, gdl/g( ) f ]]_E ,C gdl/g( )
x Bow) w Tou)(T) ~Fow) = w
‘Cw(yé(w))g = Vé(w) (‘ng) = — = =

Vo) (Bow)) Vo) (Eow))
_ fJe(w)(T) Lo (g ’ (1E9(W> © Tw)) dl/g( ) L who(w ( (:[I'EG(w) oT, ))
(11.9) V@(@(Eg(@) w)( )
_ L9 -te,) _\ ve(9-1m) _ (B ch(g 1g,)
Vo(w)(Eo(w)) “Vo(w) (Eo(w)) “ V() (EH(w)) V(Ew)
= \,,(9),
where
N, = p—YelBe)
Vo(w) (Eo(w))

So, see Remark and the proof of Proposition (3.5,
£Z)Vé(w) = AoV

Likewise,
x _ I 1 //
Ewy = A\ V,,
where
C
)\// _ )\ VW(EOJ>
w w

Vo(w) (Eg(w)> '

It follows from the above formulas, in fact from the formula alone, and from Propo-
sition [3.5], that the random measure v/ is t-Bconformal. Likewise v”. Hence, by virtue
of Corollary , both measures v/ and " are t—conformal. Therefore, by Lemma (b),
these two measures, v/ and v”, are equivalent. However, on the other hand, by their very
definition they are mutually singular (in fact for each w € Q the fiber measures v/, and
v are mutually singular.) This contradiction finishes the proof of the ergodicity of the
measure 4. The uniqueness of p is now immediate. Since p and v are equivalent, any
measure 1 € M} (T) absolutely continuous with respect to v is also absolutely continuous
with respect to . Since pu is ergodic, n = u. The proof of Theorem [11.1]is complete. [
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12. BOWEN’S FORMULA

This section is entirely devoted to proving the following theorem, which is a version
of Bowen’s Formula proven first by Rufus Bowen in [8] in the context of quasi-Fuchsian
groups.

Theorem 12.1. If T : J(T) — J(T) is a random critically finite map, then by < +o00o (in
fact by <1) and

D(J.(T)) = br
for m—a.e. w € €.
Proof. We abbreviate by by b. We will show first that
HD(J,(T)) > b
for m—a.e. w € ). This will also gives us that things: firstly that
b<1

as HD(7,(T)) < 1 for every w € Q.
Let v and p be the respective conformal and T—invariant measures corresponding to the
parameter b (see Theorem [11.1]). Fix w € Q and

z€ J,(T \UT ({0,1}).

Set
Y= (w,2).
Now, fix 7, € (0,1/2) coming from Lemma 8.3 Since T,(1) = T,(0) = 0 for all p € Q and

since 0 is a uniformly expanding fixed point for every p € {2, we conclude that there exists
n € (0,7,/2] such that the set

N(y):={j>0:Ti(z) € (2n,1—2n)}

is infinite. For every r € (0,7), let k = k(y,r) be the largest integer greater than or equal
to zero such that

Th(z) € (29,1 —2n)

and
(12.1) B(z,r) C T, *(B(T(2),n)).
Then, using Proposition [4.4) we get that

1
(12.2) B(z,r)C B (z,Kn ‘(Tf)’(z)’ n) )
Hence

(12.3) r <K (TR (2)]
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By b—conformality of the random measure v and by Proposition [4.4] again, we also get that
va(B(2,1) < vl T 5 (B(TE(2),m)) S AL (TR ()] vty (B(TE(2), 1)

(12.4) <A@ )]

Let kt = k™ (y,7) be the least integer greater than k such that T*" (2) € (2,1 —2n). Then

B(z,r)  T,*" (B(TS (2),m)),
Since, by Proposition [4.4]

T, (B(TS"(2),m) 2 B ( Ky e n) ,
we get that
(12.5) 2 K@y
Along with , this gives
(12.6)
e i el < 1 <

log(Ky/n) | k*(y,r) 1
E(y,r) k(y,r) k't (y,r)

IN

log | (74577 (2)|.

Inserting ([12.5)) into ((12.4)), we obtain

L @Eye)
vo(B(z,7)) S A | mmrar |
(%) (2)]
and further,
log(vu(B(,1)) _, loght 1 - , c
12, ) sy 08 log | (747 (2)| ~ Tog | (1) (2)] ) -
(12.7) log r - log r +logr (og (7)) og‘( o) (Z)D log r
with some constant C' > 0. Equivalently,
(12.8)
log(vw(B(z,1))) +log A% ko (kt 1 ot 1 . C
) sy 2 LN ’T )| = Z10g |(TH(2)] ) =
logr - %logr logr \ k k* og |(T. )'(2) k og‘( 2 (Z)’ logr’

where, we recall k = k(y,r) (so, it does depend on r) and k™ = k™ (y,r). Thus
(12.9)
log(vs(B(z,7))) limy,_yo0 + log AE limy o0 1 log [(TE)(2))|

lim inf > -
min ogr = " Tlimpow Hog | (T8 V(2)] Ty L log |15 )'(2)]

provided all the above limits exist. Now, the map 6 : 2 — Q is ergodic with respect to
the measure m on 2 by our hypotheses and the map 7" : J(T') — J(T) is ergodic with
respect to the random measure p by Theorem It therefore follows from Birkhoft’s
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Ergodic Theorem and from Proposition [£.9] that there exists a measurable set Q, C €,
with m(£2,) = 1, such that for every w € €, there exists a Borel set J*(T') C J,(T), with
vo(JX(T)) = 1, such that for every z € JX(T), we have

1
(12.10) Jim ~log M, = EP(br) =0,
— 00
1 0
(12.11) Jim = log (T5) ()| = xu > 0,
and
+
lim 22 )
L— 00 4

where (T (w, z) is the least integer greater than ¢ such that Tfﬂw’z)(z) € (2n,1 — 27).
Inserting these three properties into ((12.8)), letting » > 0 in this formula go to 0, and
making use of (|12.6)), we get for all w € Q, and z € J*(T), that

i 10802 (B:1)

> b.
r—0 logr -

So, in order to complete the entire proof we are left to show that
HD(J,(T)) <b

for m—a.e. w € Q. We keep v, p, and y = (w, z) the same as in the former part of the
proof.
For every j € N(y), let r; :=r;(y) > 0 be the least radius such that

Ty_j((ﬁ» 1- 77)) - B(Zarj)'

It follows from Corollary that r; < n for all j > 0 large enough, say j > jo. We fix
J > jo- By applying Proposition [4.4] and invoking the very deffintion of r;, we get

(12.12) ry < diam (T,7 (9,1 = 1)) < K, [(T2) ()] .

Applying this proposition again along with Lemma [8.3] and the definition of 7, the confor-
mality of the measure v yields

vo(B(2,1)) 2 vo(T,7 (0,1 = n)) = K°A5 [(T2) (2)] veiy (0.1 = m))
> Qu AT |(T2) ()]
By inserting (12.12]) into this inequality, we get
va(B(z1y)) 2 K Q. 0075,
By Corollary , limpy(y)sj00 7 = 0. Therefore, for such w, using also ((12.12)), ((12.10)),
and (12.11]), we get
. —Jj
< liminf log v, (B(z,1;)) log A

log v, (B(z, .
lim inf og v (B(2,1)) < < b+ limsup L
r—0 log r N(y)3j—o0 log T N(y)3j—00 ogr;
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Llog A7
=b+ limsup &F—— =b.
N(y)3j—00 ;log Tj
Therefore,
HD (Ju(T)\ Unzo T,,"({0,1})) <b.
So, since HD(U,,>07,,™({0,1})) = 0 (as this set is countable), we finally get that
(12.13) HD(J,(T)) <b

for m—a.e. w € (). The proof is complete. 0

Remark 12.2. We have in fact proved in the first part of the above proof that for any
measurable set

U {w} x B, c J(T)

w€eNo
there exists a measurable set ; C g such that m (2 \ ;) = 0 and

HD(E,) > b
for all w € Q.

As the last result of this paper we shall prove the following theorem which shows that
the sets J,(T), w € €, are all, up to a set of m—measure zero, true fractals unless

L=Ja=,1]

in which case each set J,(7") is equal to [0, 1].

Theorem 12.3. If T : J(T) — J(T) is a random critically finite map, then
br =1 if an only if U A =[0,1],
Aeg
and then J,(T) = [0,1] for all w € Q.

Proof. Obviously, if (Jycg A = [0,1] then J,(T) = [0,1] for all w € €2, and hence by = 1.
The easier part of our theorem is thus established, and so we now suppose that

L a+#o.1].
Aeg

Hence, there exists H, a connected component of [0, 1]\ [Jxcg A, which is a non-degenerate
open interval. Note that both endpoints of H belong to J,(T) for all w € Q and that at
least one of them, denoted by &, belongs to (0,1). Let D C [0, 1] be a closed interval which
is

(1) disjoint from H,

(2) €€ D,

(3) diam(D) < § min {diam(H),&,1 — &}
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As in the proof of the previous theorem (Bowen’s Formula) denote the Bowen’s parameter
br by b. Also, as in the previous proof denote by v and u the respective b—conformal
measure for 7' : J(T) — J(T') and the equivalent T-invariant measure. Since T,,(§) = 0
or T2(§) =0 for all w € Q, since 0 € supp(j,,) = supp(y,,) for all w € Q, and since

(2 x H) N J(T) =0,
it follows that
to (D), v,(D) >0
for all w € ). In particular,
w(Q x D), v(Q x D) > 0.

It therefore follows from Birkhoft’s Ergodic Theorem and ergodicity of the measure pu, that
there exists a closed random measurable set (E,).cq,, and an integer N > 1 such that

(a) ©; C Q is measurable and m(€;) > 0,
(b) pw(E,) >0 for all w € €y,

()
#{1§j§n:Tg(z)eD}z@

for all w € )y, all z € E,, and all n > N where

E:= |J {w} x E..

wEN

By [(M5b)l we have that
(d) Llog|(T4)(2)| < 4

for all integers k > 1, all w € Q, and all z € J,(T).

We now recall (see [21], compare [26]) that a set X contained in a metric space (Y, o) is
called mean porous if there exists a constant C' > 1 such that for every x € X there exist
a sequence (n;) of positive integers and a sequence (x;) of points in Y such that

n; < Cj
for all integers j large enough. The most significant property of mean porous sets is this.

Theorem 12.4 ([21], comp. [26]). If X is a porous subset of a metric Euclidean space RY,
d > 1, then the upper box—counting dimension of X is smaller than d. In particular,

HD(X) < d.
We shall prove the following.

Claim. For every w € §2y, the set E,, is porous in R.
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Proof. Fix y, the middle point of H, w € €y, and z € E,. Let (¢;)j>1 be the infinite
increasing sequence of all integers ¢ > 1 such that

T (z) € D.
For every > 1 set
vy = T,8(Y).
Then, by the Special Bounded Distortion Property, Proposition [£.4]
o — ;| < K|(TD) ()] [T (2) —y| < K, diam(H) |(TY) ()]

and

dist(a,, TL(T)) > K ciam (H) (T2 ()]
where 1 := dist(D, {0,1}). Now, there exists a unique integer n; > 1 such that for every
7 > N large enough
(12.14) e~ (it < |(T%Y ()7 < e
We thus have

|z — z;| < K, diam(H)e™ ™
and
dist(z;, J,(T)) > (2K,e) " diam(H )e—n;.
Now, if 7 > N, then ¢; > N, whence it follows from that
p(E)

J = 5 U
and from [(d)] that
1 .
52 ¢ log (T2 (@)
Combining these two inequalities along with ((12.14)), we get
24
—j.
p(E)
The proof of Claim [12]is thus complete. 0J

nj§

The conjunction of Claim [12] and Theorem tells us that
HD(E,) <1

for all w € Q. But, by Remark and item @, HD(E,) = by for m—ae. w € Q.
Invoking also [(a)] we therefore conclude that by < 1. The proof of Theorem is
complete. O
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