REAL ANALYTICITY FOR RANDOM DYNAMICS OF
TRANSCENDENTAL FUNCTIONS

VOLKER MAYER, MARIUSZ URBANSKI, AND ANNA ZDUNIK

ABSTRACT. Analyticity results of expected pressure and invariant densities in the
context of random dynamics of transcendental functions are established. These are
obtained by a refinement of work by Rugh [15] leading to a simple approach to
analyticity. We work under very mild dynamical assumptions. Just the iterates of
the Perron-Frobenius operator are assumed to converge.

We also provide Bowen’s formula expressing the almost sure Hausdorff dimen-
sion of the radial fiberwise Julia sets in terms of the zero of an expected pressure
function. Our main application establishes real analyticity for the variation of
this dimension for suitable hyperbolic random systems of entire or meromorphic
functions.

1. INTRODUCTION

Answering a conjecture of Sullivan, Ruelle [14] showed for hyperbolic rational func-
tions that the Hausdorff dimension of the Julia sets does depend analytically on the
map and gave a local formula for perturbations of the map z +— 22. Since then, there
where several results of this type in various contexts and also different methods of
proof. The monograph [22] treats the local formula and analyticity has been obtained,
for example, in [21] for complex Henon mappings of C2, in [T1] for basic sets of surface
diffeomorphisms. In the context of entire and meromorphic functions, the first result
was obtained in [20], further development appeared in [6l [7] and [17].

Whereas the latter papers use holomorphic motions, Rugh [I5] introduces the
method of positive cones and complex cones which allowed him to extend analyticity
results to random dynamics of repellers. The present paper refines Rugh’s approach,
avoids complex cones, and allows us to get analyticity results for random dynamics of
transcendental entire and meromorphic functions. The following is a particular case
of our general result Theorem [9.11
Theorem 1.1. Let f,(z) = ne* and let a € (é,%) and 0 < 7 < Tmaz, Tmaz > 0.
Suppose that n1,n2, .. are i.i.d. random variables uniformly distributed in D(a,r). Let
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In1ma,... denote the Julia set of the sequence of compositions (fn,1 O fyn_10---0fn0fn :
[o.¢]
C— C)nzl and let

Tr(mi,m2, ) = {2 € Ty, ligggf\fnn 0...0 fn (2)] < +o0}

be the radial Julia set of (fy, o ... o fy)ezy. Then, the Hausdorff dimension of
Tr(m,m2,...) is almost surely constant and depends real-analytically on the param-
eters (a,r) provided that rpmqy is sufficiently small.

The common point in all papers on this topic is the fact that the Hausdorff di-
mension of Julia sets can be expressed in terms of the zero of a pressure function.
This fact goes back to [I] and is now called Bowen’s Formula. This formula also
has been generalized in many contexts and we also provide one (Theorem . We
would like to mention that the zero of the involved (expected in the random case)
pressure does not really detect the dimension of the whole Julia set but the dimension
of its subset consisting of all radial points. In fact, in the case of hyperbolic rational
functions the radial Julia set and the Julia set itself coincide. However, for transcen-
dental functions, especially for entire functions, there is a definite difference between
these sets. McMullen [9] showed that the Julia set of sine or exponential functions is
always maximal equal to two whereas for such hyperbolic functions the dimension of
the radial Julia set, which is often called hyperbolic dimension, is never equal to two
[18, [19].

The formulation of Theorem has been chosen deliberately in analogy with Ex-
ample 1.2 in [I5] since our present work stems from Rugh’s papers [15], [16]. However,
we were not able to apply directly his machinery. Instead we worked out a refinement
of Rugh’s elegant approach to analyticity. In particular, we avoid any use of Hilbert’s
distance in positive cones and complex cones. Instead we provide a quite simple and
direct calculation (see Proposition . The outcome, besides the results concerning
random transcendental dynamics, provides an elementary and general tool. In short,
it says that if the thermodynamic formalism holds and if the normalized iterated
transfer operator converges with a uniform speed, then real analyticity holds. Let us
explain this now in more detail.

We consider arbitrary analytic families of holomorphic functions f; », j € Z, having
the following properties. There exists an open set U € C and §; € (0,1/4) such that,
for all w € U, j € Z and n > 1, every inverse branch g of the non-autonomous
composition

fin = fjen-120 .0 fizixro fia

exists on D(w, 28), maps D(w, &) inside U and satisfies |¢g'| < 7, on this disk. Here
(Yn)n is any sequence with lim, o v, = oco. As for specific examples, the reader
my have in mind rational functions, functions associated to finite or infinite iterated
function systems or transcendental functions. In such a setting the thermodynam-
ical formalism including a Ruelle-Perron-Frobenius Theorem usually holds (see for
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example [13], [22], [12], [4], [3], [5], [7] and [8]):

) oyt (LR )
Lixtg(w) = Z |fia(2)] m g(z) , geC)U),
fia(z)=w

defines a bounded operator on the space of bounded continuous functions CP(U)
equipped with the sup-norm such that, for every j € Z,

- there exists probability measures v; ) ; and reals P;(A,t) such that

Pj(\t)

(1.1) Li\tVitiat =€ Vit

- and that there exist functions pj; € CP(U) such that ,/jj,)\7t/3j7>\,t = Pjt1 0t

where /jj,A’t = e*Pj()"t)L’j,Ayt is the normalized operator.
The functions p; ¢, called invariat densities give rise to an invariant family of mea-
sures [ )¢, defined as dpjs x = pjatdvjrg. This family is invariant in a sense that
(Fin)s(ine) = tjrine

In here, t belongs to an interval I of positive reals and 7 > 0. When 7 = 0 then
the above operators are just the usual geometric transfer operators used, for example,
for polynomials or iterated function systems. For the infinite to one transcendental
functions we have to use the additional coboundary factor with some well chosen
7> 0.

In such a setting the iterated normalized operators are uniformly bounded, i.e.
there exists M < oo such that

(1.2) L% s ille <M forall jeZ,X€eAandtel

where EA?A’t = LA’,]-Jm_L)\’t 0..0 EAjA’t (see [6] and [8] for the case of transcendental
functions). Also, the densities satisfy the following positivity condition as soon as the
dynamical system is mixing (see for example Lemma 5.5 in [§]): there exists zg € U
and a > 0 such that

(1.3) pirt(z0) >a forall jeZ , AeAandtel.

We use a bounded deformation property. It is formulated in Definition [3.3] and gives
a uniform control of the variation of local inverse branches. Finally, to n > 0 we
associate the space of Lipschitz functions Lip(U,n) which is the space of bounded
functions g : U — R such that

(1.4)  Lip(g,n) ZSUP{W; 21,22 €U, 0< |21 — 22| < 77} < 00.
1— 22

This space is equipped with the norm ||g||zip, = [|9]l + Lip(g,n).
Theorem 1.2. Suppose that f;\ are of bounded deformation and that the above
thermodynamical formalism holds, in particular with (1.2)) and (1.3]). Suppose that

the iterated normalized operators have uniform speed: for every n > 0 there exists
wn, — 0 such that

(15) L5509 = vine(@)hjrnnillos < wallglliipy for every n>1, jeZ and
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every g € Lip(U,n). Let zg € U. Then, for every j € Z, the function

pjni(?)
Mt z) = piae(z) = ==
( ) J» at( ) ,Oj,)\,t(z())
1s real analytic.

Theorem will be a consequence of Theorem Theorem is its random
analogue. All these results concern real analyticity of invariant densities. In fact
Theorem proves a stronger version of real analyticity than the one in TheoremI.2}
namely that the mapping

(A t) = pjae
is real-analytic, where p; ) ; is considered as a member of an appropriate natural
Banach space.

As it is explained in Remark Theorem [8.1] could also include real analyticity of

expected pressure. We worked this out in detail in the case of random transcenden-

tal dynamics and the cumulating result including real analyticity of the hyperbolic
dimension is Theorem [9.11]

2. GENERAL SETTING

We already outlined the setting in the Introduction and present now details. They
will be formulated for the non-autonomous setting since all the sections to follow
including Section 7 are devoted to non-autonomous dynamics. Random dynamics are
the object of Section 8 and 9. We denote by D, = ID(z, d) the Euclidean disk of radius
0 centered at z € C. Suppose given

1
an open set U C C, 0<5<50<Z and a sequence y, — 00.

For j € Z, we suppose that f; is a holomorphic function defined on some open set
Vy; € C with range in C such that the following holds for every j € Z and n > 1:
the composition f]” = fj4n—10...0 f; is defined on some domain such that the range
contains the euclidean 2dg—neighborhood of U and such that for every w € U every
inverse branch g of f" is well defined on D(w, 20p) and satisfies

(2.1) g(D(w,80)) CU  and ¢ |ip(wss) < Y

As often, replacing the functions by some of their iterates, we can assume that
Yo > 1 for all m > 1.

Example 2.1. The reader may have in mind the following examples:

- fin(z) = 22+ Xc; where A € D(0,1) and |¢j| < & or other suitable perturbations
of hyperbolic rational functions.

- Functions arising from (finite or infinite alphabet) conformal iterated func-
tions systems.

- Families of transcendental functions such as the exponential family in Theorem
and all the examples treated in [T, 8].
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From the above definition follows that every function f; has the set U in its range
Vi, and that f;l(ﬁ) C U. As a motivation for our non-autonomous setting, note

that the radial Julia set of a hyperbolic meromorphic function f : C — C (see [6] and
[7] for a precises definition of this concept) is

T($) = { €N £70) ¢ tmint|"(2)] < +oo} ,
n>0
where U here is a sufficiently small neighborhood of the Julia set J(f). The straight-

forward adaption of this definition to the non-autonomous case is the following;:

(22) Tl fien) = { e NUP ') + timint |f7(2)] < +oo} ,
n>0

where U is now as above, for ex. in . Notice that these radial Julia sets coincide

with the usual Julia sets (of the same sequence) as soon as the open set U is bounded.

This is the case for rational functions (after an appropriate change of coordinates) and

for iterated function systems. Unbounded sets U and radial Julia sets are necessary

for transcendental dynamics.

Our results concern holomorphic families of functions. Let A be the corresponding
parameter space. Without loss of generality, we may assume that A is one-dimensional
and, the results being of local nature, we can restrict to the case where A = D()\g, r)
is an open disk in C having arbitrarily small radius r > 0.

Definition 2.2. Fo = {f;\ , j € Z and X\ € A} is called a non-autonomous holo-
morphic family if, for every j € Z, f; depends holomorphically on X € A. This
precisely means the following for every j € Z: if Vy,, is the domain of fjx then
Lj = UreafA} X Vy,, is an open subset of C* and the map (X, 2) = fix(2) is holo-
morphic on T';.

3. PAIRINGS AND BOUNDED DEFORMATION

Let Fo = {fjx; 7 € Z, A € A} be a non-autonomous holomorphic family. We
are interested in the solutions of the equation fj’f/\(z) = w. A direct application of
the implicit function theorem along with analytic continuation and gives the
following observation.

Fact 3.1. If N e A, w' € U and 2’ € fix (w') are given, then there exists a unique
holomorphic function
Ax D', d) — U
(A, w) = z(A w)

such that z(N,w') = 2" and f7'(2(A\,w)) = w for every A € A and w € D(w', ).

This is simply the proper way of defining an inverse branch f j_/(L* of fj’-:‘)\. We will use
the inverse branch notation rather than the function z(\,w). This precisely means
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that f j*/\"* is a choice of inverse branch defined by a function z given by Fact
firiw)=zQAw) , AeA, we D(w', ) -

We can now introduce the notion of pairings used in the sequel. Let us recall that
0 < < 6p. The number § will be specified later on in (6.1)).

Definition 3.2. (w1, ws2) is a 0—pairing if w1 € U or wy € U and if |lw; — wa| < 0.
Forn > 1, (21,22) is called n—pairing if there exists a 0-pairing (w1, ws2), j € Z,
parameters A1, Aa € A and a choice of inverse branch f;;l* such that

2= fix (w1) and 2= [0 (w2).

The following concept of bounded deformation has already been used in [7] but
without the condition . This was so since for dynamically regular transcendental
functions this second condition automatically is satisfied (see Lemma [9.4)). It is also
possible to relax this second condition in the setting of conformal infinite iterated
function systems as it has been done [17].

Definition 3.3. The family Fa is of bounded deformation if there exists A, D < oo
such that for every j € Z and for every choice of inverse branch f;)}* we have

of s
(3.1) ‘Lg’)\)"* <D, AeA and
i (21) o (T (w)
(3.2) f]/’)\l(ZZ) — J;M(f]ih o) <A, A, €A, w,wy € D(w,dy) -
Az 3x2 \ g Ao

Bounded deformation holds for many transcendental families and especially for
a(z) = Ae® (see [7]). Notice that (3.1]) is equivalent to the fact that )agjf <D J’)\’
This condition is automatically satisfied for all rational functions and for functions
associated to finite iterated function systems subject to possible shrinking of the
parameter space. Also, for all systems with compact phase space such as infinite
iterated function systems one can use the theory of holomorphic motions in order
to show that (3.1)) holds for free. So, the bounded deformation condition is mainly
instrumental in the case of transcendental, and especially entire, functions.

Remember that the expanding constant v; > 1. This allows us to fix a constant
(3.3) kel

Lemma 3.4. If (f; ) satisfies (3.1) then there exists a (sufficiently small) choice of
diam(A) (depending on §) such that every 1—-pairing (z1, z2) satisfies |z1 — zo| < KJ.

Remark 3.5. Lemma implies that every 1—pairing is a 0—pairing and, inductively,
that every n—pairing is a k—pairing for all 0 < k < n.
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-1

Proof. Let a 1-pairing be given by z; = I,

f].*Al2 ,(w1). The condition (3.1)) implies that
|21 — 2| = ‘ Fb (wn) = fL L (wn)| < D diam(h).

On the other hand, |2} — 29| < v, *6. Therefore, |21 — 29| < 67, * + Ddiam(A) and it
suffices to take diam(A) < 6(k —~;1)/D. O

A further consequence of bounded deformation, this time of condition (3.2), is the
following.

(w;), i = 1,2, and denote z§ =

Lemma 3.6. There exists a constant A < co independent of § € (0,09) such that,
for every j € Z and every 1-pairing (21, 22) = (f;;h*(wl), fj?/\lw(wg)),
Fix(21) 7 oa (L (w1)
arg | 7= || = |arg | - -l
i (22) i (Fj o, (w2)
provided the parameters A\, Ao € D(Ao,7/2). In here, the argument is well defined
and understood to be the principal choice, i.e. arg(1) = 0.

b

(3.4)

Proof. By Koebe’s distortion theorem (see for ex. Theorem 2.7 in [I0]) it suffices to
consider pairings for which f; x,(21) = fjx,(22) = w or, in terms of inverse branches,
that z; = fj_)i L(w), i=1,2. Consider then the function

A
SN

It has the properties ¢(Ag) = 1and A~ < |p| < Aby (3.2). The set of all holomorphic
functions having these properties is compact which implies the estimate (3.4]). ]

/\EA:D(A(),T).

In the rest of this paper we suppose that r = diamA/2 is chosen such that the

conclusion of Lemma holds as well as (3.4) for every 1-pairing, i.e. (3.4]) holds for
all parameters A1, Ao € D(Ag, 7).

4. MIRROR EXTENSION

One step towards real analyticity is complexification of the transfer operator and
its potential. There are several possibilities for this but the elegant mirror extension
of Rugh is now most appropriate for us. We use mainly the notation he used in his
papers [15, [16]. The mirror of the parameter space A and the domain U is the set

(4.1) T = {()q,Xg,wl,wg) © AL A2 €A, (w,we) is a Ofpairing}.
Consider also the w—mirror
Ty, = {(wl,ﬁg) : (wy,we) is a Ofpairing} .
The initial sets A x U and U naturally identify respectively with the diagonals
A={M\N\ww) : NeA,weU}CT and A,={(wd): weU}CTy.
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Let A = Cy(Yy) be the space of functions that are holomorphic and bounded on T,.
This space will be equipped with the sup-norm defined by

[hllo = sup  |h(w1,W2)]
(w1,W2)ET

and it makes it a Banach space. We also need the following notion of Lipschitz
variation on n—pairings of a function h: T,, — C:

(4.2)  Lipp(h) = sup { !h(zl,zéz : iLz(|z1,z1)|

, (21, 22) n—pairing with z; # 22} )

Lemma 4.1. For everyn > 1 and h € A we have Lip,(h) < ||hlloo/((k —7;,1)6), i.e.
for every h € A and every n—pairing (z1, z2)

h
(4.3) |h(Z1,§2) — h(Z1,§1)| < (K["L(D_ol)ékl — Z2| .

with K the constant from (3.3)).
Proof. Let 0 = 0D(z1, k0). Cauchy’s Integral Formula implies

|h(21,22) — h(21,21)| <
51’52) _ h(€1, &)
27T /o'/o' 51 — Zl 62 — 22) (51 _ Zl)(§2 )

Elementary estimations give |¢ — 21| = k6 and |§; — 22| > 6(k — v, 1), i = 1,2. The
required estimation follows now easily. ([l

| []dEs|.

The space A contains the relevant subspace
AR:{]ZEA : h|Aw GR} .
Functions from Ag are real on the diagonal and can therefore be identified with a

subclass of real functions defined on U. Up to identification, they belong to the space
of Lipschitz functions Lip(U,n) (see Introduction) provided n < xd.

Lemma 4.2. If h € Ag then z — g(z) := h(z,%) belongs to Lip(U,kd) and
191l Lip.ss < Cllhllo
where C =1+ 2/((v/k — K)J).
Proof. Let h € Ag and let 21,20 € U with 0 < |21 — 22| < k0. Consider o =

0D(z1,+/kd) and use exactly the same argument then in the proof of Lemma
based on Cauchy’s Integral Formula in order to obtain the estimates

1
(Vr — )0

The same argument also gives the following symmetric version of this estimaties:

1
m”hﬂcﬂzl — 2.

It suffices now to combine these two estimations in order to complete this proof. [

[h(21,72) — h(z1,71)] < 17]loc]21 — 22| -

|h(21,Z2) — h(22,Z2)| <
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4.1. Potentials and extended operator. The potentials under consideration must
have two properties: they must admit holomorphic mirror extensions and have good
distortion properties. We do not treat the most general setting but focus in the
following on the most important class of potentials and will see that they have the
required properties. So, suppose that 7 > 0 is fixed, that [ is an open interval
compactly contained in (0, 00), consider

/ - 1+ |2
(4.4) pjna(2) = —tlog|fj ()| — t7 log <1+\f]‘f(|z)\2>

and observe that ‘fjl‘)\|;t =e¥irt, A€ Aand t € I, where \fj/',\|7 denotes the deriva-

tive with respect to the Riemannian conformal metric |dz|/(1 + |z|?)Z. The transfer
operator L; = L; »; of the function f;  and the potential ¢; ) ; is defined by

(4.5) Ligw)= Y e#Pgz)= Y |f,()T9(z) , weU,
fj,A(z):w fj’A(Z)Zw

where g € CP(U) is a continuous bounded function on U. The classical case, par-
ticularly when one deals with polynomials or iterated function systems, is when
7 = 0. For transcendental functions 7 > 0, i.e. the additional coboundary term
log(14|2]?) —log(1+]fjA(2)[?), is needed since otherwise the transfer operator is not
well defined the series defining it being divergent.

The n-th composition of these operators is

(46) ,C? == [’j+n71 o...0 ﬁj .

A standard calculation shows that L7 is the transfer operator as defined in (4.5)) of
the potential

n—1 n—1
k k
Snpj = Qi+ o fi = @itk At © fix-
J J»
k=0 k=0

The potentials defined in (4.4)), often called geometric, admit mirror extensions as
we explain now. In the following, 7 is a complex neighborhood of I C R. For w € U,
define Z,, = A x A x Dy, x Dy, and notice that T C (J,,cry Zw- From Fact applied

with n = 1 follows that, to every choice of ' € A and 2’ € f;;, (w), there corresponds

a choice of inverse branches f j_;* defined on A x D,,. Consider then on Z,, the map

(4.7) (A1, Ag, w1, Wa) = (A1, Az, £y, (wn), £y, L (w2))
and denote its range by Z &)* Notice that Lemma and (2.1)) imply

Z7L CZyN(AxAxUxTU) for some w € U.

J7w7*
Given the definition of the transfer operator in (4.5)), it suffices to extend the potentials
to

(4.8) Y 'xT=|]Z, , xICTXT.

]7w7*
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The extension of ¢; y; to one of the sets Z;jlj* x T is straightforward. Indeed, let

_ t —_— T 14 2129
(4.9) ., 1. ,(21,22) = —=log (fi (21)fi . (22)) — t=log —_
P At 3108 Ui (15, (2) =15 L+ fin (21) fing(22)

where (A1, Mg, 21, Z2,t) € Z]_Ulj* x Z. Notice that the expression in the first logarithm
never equals zero. Also, the expression in the second logarithm is well defined and
never equal to zero since (21, z2) as well as (w1, w2) = (fj, (21), fjr.(22)) are pairings
and thus their respective distance is at most §y < %. Since, moreover, the set A is
simply connected, both logarithms in are well defined and we can and will take
the principle branch since for (A1, Mg, 21, 22) = (A, A, 2,2) € AN Z;}* both expressions
in the arguments of the logarithms are real positives. We thus have a properly defined
map ®; on every set ZJ_;)*

The map ®; is in fact a global well defined map on the union Uw,* Z;Jh* xZ. In
order to see this, consider two sets Z ’y llu* and Zj_7ul},7*, having nonempty intersection.
Then AN Z]_ul]* N Z;llu,,*, is a non-empty non-analytic subset of Z i ul]* N Zj_mlj,’*/ and
®; restricted to (AN Z;, ul}* N Zj_’;,7*,) x I is real and coincides with the given potential
¢j. The map @, is thus the desired extension of p; to Y1 x Z.

Given this extended potential and using the inclusion in , we can now consider

the extended operator L i ot acting on functions g € A by

(4’10) Lj,)\l,xmtg(wl’@Q) - Z exXp (q)jv\l,xzﬂf(zl’zQ)) 9(21722)

21,22

where the summation is taken over all 1-pairings (21, 22) such that f;,(z) = w; ,
© = 1,2. As for the initial real operator £; it is convenient to write simply L; instead
of Lj,Al,Xz,t when it is clear that the parameters A1, A2, are fixed.

In the next proposition we will see that the image function L Mwtd € A provided
the initial real operator L) ; is bounded. This will allow us to iterate the operator and
this will be done again in a non-autonomous way: (in we use the abbreviated

notation Ly ==Ly y 5, ;)
(4.11) L} =Ljyp-10...0L;

is the extension of .C;-L defined in (4.6). Notice that the cocyle properties of inverse
branches along with Lemma show that L’ can also be defined by formula (4.10))

if one replaces the potential ® i et by
n—1
_ k
an)jJ\LXQ,t(Zl’ 22) = Z (I)jJrk,/\l,Xg,t(f)q (21)’ f;fQ (22))
k=0

and where the summation is taken over all n—pairings (21, z2) such that f]")\l (z:) = wi,
i=1,2.
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Proposition 4.3. Suppose that the real operator L; » ; is uniformly bounded for j € Z,
A€ A andt €I and that r = diam(A)/2 is sufficiently small such that (3.4) holds
for all 1-pairings. Then there exist a > 0 such that, with

I={x+iwyeC;zel, ye|—a,al},

the extended operator L, , =, . is a, uniformly for j € Z, (M, A2,t) € A x A x T,
bounded operator of A. Moreover, if Ay = Ay =: X and if t € I is real, then each
operator Ly = Lk,)\,Xt preserves Ar and there exists K < oo such that, for every
function h € A,

-1

(412) Loy ) ~ LG, 0)| < L5, 20) (K + 52 ) ol =

where (w1,W2) € Ty andn > 1, and, as in (.11) LT = Ljinq0---0 L;.

Proof. Let j € Z, (A, A2, w1,w2) € Y and let t € T be complex. For every g € A we
have

Lm0 2)| < e - Joxp (@5, 5,4(21,22))

21,22
where the summation is again over all corresponding 1-pairings like in (4.10f). There-
fore, it suffices to estimate the series on the right hand side of this inequality in order
to get a bound of the norm of the operator Lj At O11 A.

Now, if (21,Z2) be a 1-pairing such that f;,(2;) = w;, i = 1,2, then
_ , , _m St , S
exXp(®; 5, 3,021 22))| = [0, (0] 2, (z2)| 7 exp § Sravg (75, (20, (22))
1+ 212 13
1 + wiws
The choice of > 0 and (3.4]) shows that ‘arg <f]’ w0, (zg))’ < A. Since |St| < a
it follows that

X

exp{ Grovg (£, ()G b < o {54}

arg (11;";%22)‘ is bounded above uniformly with respect to z;,w;, ¢ = 1, 2.

Clearly,

Denote this bound again by A. Setting B = exp {afl”TT} it follows that

-
Rt _féRt

exp(®, 3, 5, (21,22 < B, (o) s e) %

An elementary calculation shows that there exists a constant C' < oo independent of
zi,w;, 1 = 1,2, and t € I, such that

14+ 2129
1 4+ wyws

—g 14|22 1+ |22 °
<C 2 2
1+|w1| 1+]w2\

14+ 2129
14+ wiwo
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Therefore,

_ e (14|52 e
exp (8, 5,4(01.72)| < BOU o, ()| ¥ S

1—1—”11)1’2
_ TRt
1—|—‘Z2’2> 4

_ Rt
X ’fJ/',Ag(ZQH 2 <1+’w22

and thus the Cauchy-Schwarz inequality implies that

S Jexp (@50, 5,0 (31, 22) )| < BOY/ Ljn sl (wi)y/ Ly (w2).

21,22

By our assumptions there exists M < oo such that || £; x ¢+ 1]|ec < M for every j € Z,
A€ A and tg € I. This shows that

(413) L5, 30lloe < BOM.

Suppose now that Ay = Ao =: A and that ¢ € [ is real. In this case each operator
L, \ 5, clearly preserves Ag.
It remains to establish the distortion property (4.12). We have

| L} h(wy, We) — Lyh(wy, )| < T+ 1T
where
I— ’Z exp Su®; ) 5421, 71) (21, 22) h(zl,zl))( < L7 1 (wy) Lipy (h) v w1 — wsl
Lemma gives an appropriate estimation for Lip,(h) and thus

1l

T

Yo w1 = wo .
The second term is equal to

" ‘Z <exp an)j’/\’x’t(zh@) — P S”(I)j,/\,Xt(Zl,El)> h(Z1,§2)’ .

The following distortion estimate directly results from the complex version of Koebe’s
distortion theorem in the case 7 = 0 and from Lemma 4.7 in [7] if 7 > 0:

)

A
exXp an)jv)\jxt(fji)ﬁ*( )> f;)?\l,* (wl))

)

P @Ko Fide ) 0 02))F e g € D(w, )
w1

Consequently,
IT < Ljx W (wi) [ 7] oo K |wy — wol

and, combining this estimate with the one of I, the desired Lipschitz property follows.
O
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5. COMPLEXIFICATION OF THE INVARIANT DENSITY

We have to consider appropriate rescaled versions of the operators defined in the
previous section. This section deals with the case where Ay = Ao =: A and ¢t € [ is
real. Moreover, here and in the next section both parameters A,t are fixed and so we
will frequently surpress them:

(5.1) ﬁj = eipj(t)ﬁj and f/]‘ = e*Pj(t)Lj , JEZ.

The number Pj(t) is usually called the topological pressure. Assume that for these
rescaled operators there exist strictly positive functions p; € Cl? (U) such that, for
some M < oo and for every j € Z and n > 1,

(5.2) £ <M and L7, 1 — p;.

where the limit is with respect to the sup-norm as n — oo. Then clearly

Lipj = pj+1, JE€L,
and, for this reason, these functions are called invariant densities. The aim now is
to extend the invariant densities to holomorphic functions of Agr such that (5.2)) still
holds.

Proposition 5.1. Suppose (5.2) does hold. Then, for every j € Z, the sequence
L™, ;1 converges uniformly on compact sets to some function of Ar. These limit
functions are extensions of p; and they will be denoted by the same symbol. Moreover,

|p(wr, W) — pwr, w1)| < M(K + 1)|wy —wa|, (wi,w2) € Ty,

and the invariance property

A

(5.3) Ljpj = pj+1  holds on Ty, for every j € Z.

Proof. Let (wy,w2) € Y. The distortion property (4.12) implies that there exists
ng > 0 such that for every n > ng

(5.4) ‘ﬁznﬂn(wl,@) - izwn(wl,m)‘ < £ (w1) (K + 1wy — wsl.
Since I:’lnﬂll(wl,ﬁl) = ﬁﬁn+jﬂ(w1) it follows that
L w@o)| < L2, ) (14 (K + 1) wr — wl)

SM(l—i—(K—i—l)é) < M(K +2) forevery n>mng.

n

_n+j1l(w17@2)

Therefore, the sequence (‘f/

)Oo . is uniformly bounded above. Mon-
n—

A oo
tel’s Theorem thus applies and yields normality of the family (L’jn Jrj]l) . Since
e

the limit of every converging subsequence coincides with p; on the non-analytic set
~ oo

A, the whole sequence (L’jn ﬂ-]l) . converges to one and the same limit and this
n=

limit belongs to Ag.
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The invariance property ([5.3) holds since it holds on the non-analytic set A,,.
Finally, the limit functions have the required Lipschitz property because of (5.2]) and

6. O

The obvious modification of this proof, where 1 is replaced by an arbitrary element
of Ag, also shows that the normalized extended operators and invariant densities are
uniformly bounded above. Whenever holds we may assume, increasing M if
necessary, that

(5.5) HE?HOO <M and |[pjllec <M forevery jeZ, n>0.

In the condition (5.5)), p; is the extended density and the sup-norms are taken on the
whole mirror T,,.

In the sequel we will need a different normalization. Let [ : C)(U) — R be a
bounded functional. It naturally acts on functions of Agr: if h € Ag then g(z) =
h(z,%), z € U, defines a function g € CP(U) and thus we can define

I(h):=1(g).

In particular, [(p;) is well defined regardless of whether p; is understood as the initial
function of CP(U) or the extended function that belong to Ag.

The functional [ is assumed to be uniformly positive on the density functions mean-
ing that there exists a > 0 such that

(5.6) l(pj) > a for every j € Z.

Example 5.2. Fiz any point £ € U and consider the functional | defined by l(g) =
g(&). Such a functional is uniformly positive on the functions p; in the sense of
as soon as the system is mizing. This holds in particular for the transcendental
random systems considered in [8]. Lemma 5.5 of that paper shows that there exists
ng > 1 and a > 0 such that

(5.7) ﬁ;‘]l(g) >a for every n > ny.

Consider then

pj :
(5.8) pj = = , JELZ.
T Upy)
Clearly,
B | S |

lim —————— = lim Pl

n—00 l(£7n+j]1) n—00 l([’fnJrj]l)
and, because of (j5.3]), the extended invariant densities satisfy

L"(p;

(5.9) ipj) for every j € Z and n > 1.

(T0(py)) 7
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It is henceforth natural to consider maps ¥, ; defined by
Li(g) _ L)
(@) ~ i)

Lemma 5.3. For every j € Z andn > 1, the map ¥, ; is well defined on the following
neighborhood of p; in A:

a
Ue:{geA:\m—pMm<}.
j il < ST

Proof. For g € U; we have to check that
UL} (9)) = UL (p)) + UL} (g = pj)) # 0.

(5.10) U, i(g) = for every j € Z and n > 1.

Since
. UL} (Pi)  Upnsy)
UL (pg)) = — = —
’ 1(p;) L(py5)
since [(pn+;) > a by (5.6) and, since I(p;) < HZHOOM by (5.F)), we have
(5.11) 1(L"(pj)) >

Mw
On the other hand, if g € U; then ||l([2?(g = pi)lloo < lllecM|lg — pjllee < W
Altogether we get l(ﬁ?(g)) >

a _ a — a
Mt ~ AMedt — 2eont > O- O

6. CONTRACTION

We shall exploit in detail the convergence of the normalized iterated operators
under the assumption that there is a uniform speed of the convergence in . Let
us make this precise now (see also the condition (1.5 in Theorem |1 We keep in
this section the setting and notation of Section |5 d assume again that and

(5.6) hold. We also recall that ([5.2]) implies (5.5]).

We now fix § > 0 sufficiently small such that

M 1
(6.1) - Melloo (M (K +1) + QliflooM) 6 < 7,

W

where @ = %(K + 1). Notice that diminishing J does not influence the involved
constants since M does not depend on § and the distortion constant K becomes even
better if § is replaced by a smaller constant.

We shall formulate now the precise condition which we shall need in the sequel:

Uniform speed. There exist bounded linear functionals vj € Ay and there exists a
sequence wy, — 0 such that

(6.2) ||£?(h‘Aw) = Vj(h)pj4nlloc,a, < wnllhllosx, for every heAr, n=1.
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In order to avoid any confusion we indicated here the domain on which the sup-
norm is taken. So on the left hand side of the inequality the supremum is taken over
all points of the diagonal A,,, which is identified with U, whereas on the right-hand
side one takes into account the whole mirror Y.

We have chosen the notation v; since typical examples of these functionals are the
measures of that often are called conformal measures.

Lemma 6.1. Assume that (5.2)), (5.6) and (6.2]) hold. Then
(6.3) vi(pj) =1 , jEL.
Proof. Apply (6.2) with h = p; and use the invariance property (5.3)) in order to get

1£5 05 — vi(pj)Pj+nlloo,an = 11 = v (05| Dj4nlloc,an < wnllfjlloo, .

By (5.9), |2jlloc,re < M. On the other hand, (5.6) implies that ||pjinlloo,a, =
a/||l]|so- Since w, — 0 as n — oo we thus must have v;(p;) = 1. O

Let us now focus on L, n > 1, and use the simplified notations
L = 8’ Ln:Lz)l? vV =19, p=po, [):/A)Oa \Iln:\lln,o-

Concerning the functional [, we already have explained the action of this functional
on Ag. It also can be extended to A by first extending it to complex functions in the
usual way and then to functions h € A by I(h) := l(hja, ). Remember also the map
U, given by ¥, (g) = % is, for every n > 1, well defined on the neighborhood Uy
of p = po (see Lemma [5.3)).

Proposition 6.2. Suppose that (5.2), (5.6) and the uniform speed condition hold.
Then, for every ¢ €]0, do] sufficiently small there exists n > 1 such that the differential

of ¥y, at p satisfies
V2
1Dp¥nlloc < 5 < L.

Remark 6.3. The proof will show that the integer n does not depend on the operators
L; hence not on the functions f;, j € Z, but only on the involved constants such as
a, M,w,. In other words, n is uniform for all families of operators as long as they

satisfy the conditions (5.5)), (5.6) and the uniform speed with the same constants. This
is in particular the case for all W, ;, j € Z.

Proof. Let h € A. From we get U, (p) = pp, and

L"(p) +L"(h)  _ pn+ L"(h)/U(L"(p))

W(L™(p)) + UL (h)) L+ U(L™(h)/U(L"(p))
(k) L) |

() ey o

Un(p+h) =

= pn+

Hence,
L"(h) 1(L"(h))

(o))~ UL ()

DU, (h) =
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Consider first the case where h € Ar. It suffices to consider functions h for which
|h]lco < 1. If we evaluate the above expression at points (w,w) € A,, of the diagonal
then we can use and it follows that there are functions &, such that ||£,||cc < wp
and such that

~

L (h)(w, ) = v(h)pn(w) + &n(w) -

Consequently, )
L(h) L") v(h)pe+ &
UL (p) UL (p)) — UL™(p) o
Thus
D, W, (h) _ v(h)pn + én — v(h)l(pn) +1(En)  §n — pnl(&n) .

|Aw rn n Tn o Tn
[(L™(p)) (L™ (p)) I(L"(p))
This expression can be estimated as follows. From (5.11]) we have [ (Ji”(p)) > e
P

M
For the same reasons, i.e. from (5.5]) and (5.6)), we also have that ||py||cc = H[(ﬁl‘;" <M
Altogether it follows that

(6.4)
1€nlloo (1 + llpnlloollllloo) M|l oo M 1

for all n > ng and some sufficiently large ng.
For general points (wy,ws) € T we can proceed as follows. First of all we have

1 < - .

— (i) (wr, @) — pn(wl,mg)Z(L“(h))) .

WL (p))

We already have an appropriated estimate for the first factor. From the Lipschitz
property of p (Proposition follows that

_ _ M(K+1 _
otun. ) = plun )| < 20— ] < Qlur — wal () € Yo

DpVy(h) (w1, w2) =

where, we remember, ) = %(K +1). If we combine this with the Lipschitz behavior
of L™h given in (4.12) and use |wy — wy| < J, we finally get for large n

Dy (1) 11, 102)~ Dy ()1, 0) | < il (31 (5 + 55 ) 4 QUi ) 5.

Remember now that 6 > 0 has been fixed small enough such that (6.1)) holds. This

constant § being chosen, we can choose n sufficiently large such that < 1. Then

| D () (w1,70) — Dy () (un, 1) | < i

Combing this with (6.4) implies that for real h such that ||h]|sc < 1 we have, for this
choice of n,

1
RRAOINEES

If h € A is arbitrary with ||h||s = 1, then h can be expressed as h = hj + ihs where
both hi, he are in Ar and such that max{||h1[/co, [|P2llcc} < [|A|lec = 1. It suffices
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then to use the case of functions in Ag of norm at most one in order to conclude this
proof. O

7. ANALYTICITY: THE NON-AUTONOMOUS CASE

We now come to the final part where we investigate analytic dependence on the
parameter A. In this section we still continue with the non-autonomous case and thus
with the notations introduced in the previous sections 3 to 6. The assumptions are

also unchanged: (5.2, thus (5.5, (5.6) and the uniform speed assumption (6.2 are
kept throughout this section.

The first observation concerns the extended operators introduced in (4.10)).

Proposition 7.1. For every j € Z and every g € A, the map

(t, A1, 02) = L,

12,9 cA

is holomorphic on T x A x A.

Proof. Let tg € Z and ¢ > 0 such that D(tg,e) C Z. We have to show that there are
functions hg, g, ks € A such that for every (¢, A, 2) € D(tg,e) x A x A, we have a
power series representation:

(7.1) Linsotd = D Phikaks(A = 20)" (o = Ro)™2(t — 1),
k1,k2,k3>0

Every point (wy,w2) € Ty, belongs to a disk D,, for some w € U. By Formula (4.7))
we have well defined holomorphic functions

A x K > (A17X2) = Fj,)\l’x% < A}(Dw

* ‘Dw X D XDy )Ny

ascribing to every (wi,ws) € (Dy X Dy) N Ty a 1-pairing (21,22):
_ 1 T
Fj,,\l,XQ,*(wl,wz) = (21,%2) = (fj,)\h*(wl)?fj7)\2,*(w2))‘
In consequence, the function

D(to,&‘) x A x A 9()\1,X2) — Lj)‘lvxmt‘g‘(Dwxﬁw)ﬂTw

= ZeXp (I>j,/\1,X2,t © FjJ\le,*g © Fj,/hjm* € A‘(Dw XDw)N Ty
*

is also holomorphic as the sum of an absolutely uniformly convergent series of holo-
morphic functions. Hence we have the representation,

kT Tk k
Ljni 5ot (Dux Dyt = D Mhkaksiw(M = 20) (A2 = Xo) 2 (¢ — 10)*,
k1,k2,k3>0

where all the functions A, k, k0 belong to "4|(Dw D) From the uniqueness
theorem for holomorphic functions, all these functions hy, iy ks:w, w € U, glue to one
element hy, j, r, of A giving rise to the representation (|7.1). The proof is complete.

O
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Consider now a new Banach space Az of all bounded sections g = (g;);jez where
gj € A for every j € Z and such that

|9 = sup [|g;]]oc-
JEZ

The space Ay equipped with this norm | - | is a Banach space. One then considers
the global operator L, 5, , mapping g = (g;)jez € Az to the function L, 5 ,9 € Az
which is defined by

(LM;Q,tg)j+1 =L\ 5.0 » J€EL.

In the same way, the map ¥ introduced in ([5.10) gives rise to a global map

nvjv)‘lyg,t
9= @n7A17X27t(9) defined by
L7 5 (95 . (97)
(7.2) (o x0(9)it1 = l([j;)\l,)\Q,t : J‘)) _ D ),
iha Rt LY\ 35,097))

The integer n > 1 will be fixed such that the conclusion of Proposition [6.2] holds.
Remember also that for ¢ € I real and for A = A\; = Ay the function

Part = (pg;/\,X,t)jez
is a fixed point of ¥ |+, (see (5.9)).

Lemma 7.2. Let \y € A, let tg € I be real and let n > 1. Then there exist
Unxo .t an open neighborhood of Pro Xoto 1M Az and an open neighborhood Wy, 1, of
the point (Ao, Ao, to) in A x A X T such that q’mh)@i is well defined on Uy, 4, for every
(A, A2, t) € W1, Moreover, the map

U)\o,to X W)\O,to > (h, /\1,X2,t) — an,)\l,XQ,t(h) c -AZ
1s holomorphic.

Proof. First of all note that for every j € Z and n > 1 the function

Az x Ax AxT> (h, )\1,/\72,15) —> L;l,)\ljxt(hj) cA

is holomorphic since it is linear with respect to the first variable, holomorphic with re-

spect to all three other variables (Proposition [7.1]), and one applies Hartogs’ Theorem.
Hence, also the function

(7.3) Az x Ax KX T3 (b1 hayt) = (LY 5

(h;)) €C
is holomorphic. Now, in order to conclude the proof, we shall find U, s, an open
neighborhood of p, 5 . in.Az and an open neighborhood W), 4, of the point (Mo, Ao, to)

in Ax A xZ such that |Z(L?,/\17X2,t(hj)) | is uniformly bounded below for every h € Uy, ¢,

and for every (A1, A2, t) € Wy, 4,- This will tell us that all coordinates of the function
W(..(-) are continuous and uniformly bounded, and ultimately the function ¥.. (-)
is holomorphic.
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Let n > 1 be fixed. In order to find these neighborhoods we deduce from (15.5)
that ||L;?)\1 % 1lloc is uniformly bounded above with respect to j € Z and (A1, A2, ) €

AxAxZ. Cauchy’s Integral Formula thus implies that the map (A, Ag, t) — L;,‘)\l % A

is uniformly Lipschitz with respect to j € Z. Consequently, for every € > 0 there exists
a neighborhood W) 4, of (Ao, Ao, o) such that for every h € Az, we have that

(T4) 13, 5,0 = Ly (OO = 50D 1L 5, 00) = L 5, () o < el

75

The existence of Uy, 4, easily follows now from the above Lipschitz property (7.4)
along with the estimate (5.11]) of the proof of Lemma O

We are now in a position to extend the invariant density Po Jo.to (i.e., to extend
the function assigning the density p, 5 , to parameters (Mo, Ao, t)) analytically to
a neighbourhood of (A, \g,tg) by making use of the Implicit Function Theorem.
Indeed, p, 5, 4, 18 @ fixed point of ¥ < . the map (h, A1, A2, t) = ¥\ 5 (h)is
analytic (Lemma and Proposition along with the Remark imply that

V2

‘Dp)‘mXo»to ‘ll"v)\oyxoﬂfo‘ - ?gg HDP;‘,AO,XO,tO \Ijn7j7/\o,Xo,to||oo < 5 <1

provided n has been chosen sufficiently large. In conclusion we get the following.

Theorem 7.3. For every (\o,to) € A x I there exists an open neighborhood Wy, +,
in A x A xT of (Ao, Mo, to), and Uy, ., an open neighborhood of Pro Jo.to i Az, along
with an analytic map (A1, Ao, t) — Py 3ot € Unosto Such that

\IJTLJ\LXQ,t(p)\l,XLt) = Pt for every (Al’XQ’t) € Waosto -
Theorem [1.2] follows now easily.

Proof of Theorem[1.4 An assumption of Theorem is that there exists a > 0 and
29 € U such that pjx.(z0) > a for all (j,A,t). This enables us to consider the
functional [ : CP(U) — R defined by I(g) := g(z0). It clearly satisfies (5.6) and thus
Theorem implies Theorem provided the uniform speed condition (6.2)) holds.
So, consider h € Agr. By Lemma the associated function z — g(z) = h(z,%)
belongs to Lip(U, k6) with ||g]|zip.ks < C||h|lec. It follows from the assumption
that there exists w, — 0 such that

1239180, = vi(@)psnllocsn < wallglLipms < Coonllhllor,
for every n > 1 and j € Z. This implies (6.2) with w, replaced by Cwy,. O

Remark 7.4. Note that the uniqueness part of the Implicit Function Theorem guar-
antees the functions p, x,, t € I being real, to coincide with the ones resulting from
Proposition |5.1)
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8. ANALYTICITY: THE RANDOM CASE

The final part of this paper is devoted to random dynamics. So we now consider
the following setting. Let X be an arbitrary set and B a o—algebra on X. We consider
a complete probability space (X, B,m). As usual, the randomness will be modeled
by an invertible map 6 : X — X preserving the measure m. All objects like functions
and operators do now depend on x € X instead of the integer dependence j € Z
in the non-autonomous case. In particular, we consider functions f, , * € X and
A € A, that satisfy the conditions described in Section 2. In the random case one has
to require in addition that these functions are measurable. This means that the map
(x,2) = fz(2) is measurable for every A € A. We are interested in the dynamics of
the random compositions

wx = fon1@a 00 far, n>1,

where A € A and # € X. The associated radial Julia set J,(fz,) is defined by the
formula with functions f;, fj+1, ... replaced by fu x, fo(z)ns -+

The space of analytic functions Ay is now replaced by Ax. It has the same meaning
as before except that the functions depend measurably on z € X. Thus, g € Ax if
(z1,Z2) — gz(z1,22) is holomorphic on Y, for every z € X, if z — g,(z1,%2) is
measurable for every (z1,z2) € Ty, and if

lg| := ess sup [|gz||oc < 00.
reX

The transfer operators £, »; must also have measurable dependence on x € X in the
sense that each function

Xoxr— Ly9(21,%2) €C

is measurable for all arguments A,t, g, (z1,22) fixed in their appriopriate domains.
Notice that one can show with the help of the Measurable Selection Theorem (see
[2]) that this is indeed the case. In the case of transcendental functions this has been
worked out in Lemma 3.6 of [§]. In this case, the invariant densities p, »; as well as
their extensions p AN also depend measurably on = € X since they are obtained as
a limit of measurable maps (see and Proposition . Clearly, exactly as for
the above composition of the functions f, ), the iterated operators are of the form
Liye = Lon-1(z)ae © - © Ly n- In the same way, the definitions given in the part
on non-autonomous dynamics have straightforward counterparts. For example, the
invariance of the density is the relation ﬁz APzt = Po(z) 2 and the uniform speed
assumption takes on the following form:

(81) €75 = ve(Wypomyailloe.a, < willhlloor, forevery he Az, n>1.

Also, the definition of the global map g — ¥, 5 (9), g€ Ax, is

Ly 30,0 (92)
\IJ _ ) = TyA1,A2,
oo LS, )

, T€X,
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where again [ is a functional that satisfies . Proceeding now exactly as in the
previous section and applying the Implicit Function Theorem in the Banach space
(Ax,|.|) we see that Theorem holds also in the present random setting.

The results can now be summarized as follows. Assume again that the expanding
property is satisfied with =, independent of A, that this family is of bounded
deformation (Definition and the bounded distortion of the arguments of
holds. Finally, we assume that the, most natural in this context, thermodynamical
formalism property holds with some universal (i.e., independent of \) constant
M.

Theorem 8.1. Suppose the following:

(1) There exists a bounded functional I : C)(U) — R that is uniformly positive on
the invariant densities (see (5.6)))
(2) The uniform speed condition (8.1) holds with some constants w, independent
of A.
Then, the map (A1, Ao, t) — Py ot € Ax is analytic. In particular for a.e. x € X

the map (A1, Mo, t) = p € Ax is analytic.

$7A1,X2,t

Remark 8.2. Note that the uniqueness part of the Implicit Function Theorem guar-
antees the functions p, x,, t € I being real, to coincide with the ones resulting from

Proposition [5.1]

Remark 8.3. In fact, in this theorem we also could include real analyticity of the
expected pressure as defined in the transcendental case in and established in
Lemma[9.5.

9. TRANSCENDENTAL RANDOM SYSTEMS

In this last part we apply the preceding results to the case of transcendental ran-
dom systems. Such systems have been considered in [§] and the full thermodynamical
formalism including spectral gap property has been established there. We here com-
plete the picture in establishing analyticity in this general context. As a consequence
we get a proof for the particular example in the Introduction (Theorem .

Assume now that the functions f, ) are transcendental functions and that this
family consists of transcendental random systems as defined in [8]. We use notation
from that paper such as 7,  for the Julia set of ( fa yn>1. Clearly, the radial Julia
set Jp(fzn) C Tz x. Here are some other notions from [8] that are necessary for the
present work. First of all, the following mild technical conditions are used in [8] with
the same enumeration:

Condition 2. There exists T' > 0 such that
(jm mD)T) N (TomanDr) #0 , € X and A€ A.
Condition 4. For every R >0 and N > 1 there exists Cr n such that
| ( é\s\)/(zﬂ < CrnN forall ZEDRﬂf;iV(DR) ,re€X and A € A.
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Then, there must be some common bound for the growth of the (spherical) character-

istic functions Ci”x,A(r) = T(fw)\, r) of fzn, x € X and A € A. We use here a stronger
version of the Condition 1 in [§] and would like to mention that this is only used in
order to show that the expected pressure function has a zero (see Proposition :

Condition 1°’. There exists p > 0 and ¢ > 0 such that
(9.1) P < j}’)\(r) <. forall r>1,z€X and all € A.

Definition 9.1. The transcendental random family (fzx)zex e 15 called:

(1) Topologically hyperbolic if there exists 0 < §y < % such that for every x € X,

A€A n>1and w € Jyn(z)x all holomorphic inverse branches of f,' are
well defined on D(w, 2dp).
(2) Expanding if there exists ¢ > 0 and vy > 1 such that

(fzn) (2)] = "
for every z € Ty 2\ f, \(00) and every x € X, X € A.
(3) Hyperbolic if it is both topologically hyperbolic and expanding.

Definition 9.2. The transcendental random family (fyx)zexren Satisfies the bal-
anced growth condition if there are cg > max{0,—aq} and kK > 1 such that for every
(2,\) € X x A and every z € f,,(U),

(9.2) k< N
T+ DT A+ [ fapr ()T T

In the following we always assume that the above conditions are satisfied.

Definition 9.3. A transcendental holomorphic random family (fy x)zexrea will be
called admissible if

(1) the base map 0 : X — X 1is ergodic with respect to the measure m,
(2) the system (fyx) is hyperbolic,
(3) the balanced growth condition is satisfied,

(4) the Conditions 1°, 2 and 4 hold.

In this context, the right potential to work with is ¢ ; as defined in (4.4)) but with
T = aq + 7' where 7/ < as is arbitrarily close to as such that

(9.3) t>p/T>pla , a=o01+as.
With such a choice, the following has been shown in [8]:

- The full thermodynamical formalism holds. In particular, there exist v,:, the
Gibbs states, in fact generalized eigenmeasures of dual transfer operators, and unique
equilibrium states

Hxt = Pz tVxit, V:v,t(pa;,t) =1
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Moreover, for everyt > p/a, there are constants Ay, Cy < oo and ey > 0 such that
(9.4)  pea(2) C(1+|2))7 and  ||prilloc < Ar forallz€ U and v € X .

- The normalized iterated transfer operator converge exponentially fast (Theorem 5.1
(2))-

For admissible transcendental random families one has the bounded deformation
property. Indeed, the following uniform control is a complete analogue of Lemma 9.7

in [7] and can be shown with exactly the same normal family argument as in the proof
given in [7]. Let us recall that A = D(Ag, 7).

Lemma 9.4. For every € > 0 there exists 0 < ro < r such that
RU@)
o Frgme (@)

for every inverse branch f/\_i defined on D(w, o), w € U, and every X € D(Ao,7¢).

If we combine this with Koebe’s Distortion Theorem (see for ex. Theorem 2.7 in [10])
then it follows that the condition of the bounded deformation property always
holds. The first property of the bounded deformation property holds for many
families (see again [7]) and clearly for the exponential family in Theorem

9.1. Expected pressure. Fixt > p/a and let us first discuss the numbers P, x(t) of
(5.1). They depend on the transfer operator £, y which itself has been defined with
the auxiliary parameter 7 such that (9.3) holds. Let us indicate for a moment this

dependence by a superscript 7: E; A P; 1 (t) and let V; y denote the associated Gibbs
states (conformal measures) such that (1.1]) holds: L’;”S\ug(m)’ = epm’k(t)y;’ \-

If 7/ # 7, for example if 7/ = 7 + A7 > 7, then the potentials of the operators
corresponding to 7, 7’ respectively are related by

Fea)l" = 1 Fea@) S

Notice that this function v does not depend on the parameter € X and thus

v(2) where v(z) = (1+ |z|2)_mTT .

/ 1
Ech,Ag = ;E;,/\ (”9) , g€ Cz?(U) .

Then, vy y is a finite measure and, with vol= UI/;’)\(]I) = fvdug)\, Uz = Y20V 5
a probability measure such that, for g € Cl? U),

/

L3 XV (9) = Vo) /EE:A(Q)UdV(;(x),,\ = Yo(a) /[:;,)\<vg)dyg(x),)\

T T Yo(x T
= Yoy / vgdvy \ = S PEADy, 0 (9)

xT

. ! . .
Thus, for 7/ we have Gibbs states v] | = v, \ with corresponding pressures

(9.5) :Z,l)\(t) = Py \(t) +1logyg) —logv. , € X.
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Theorem 3.1 in [§] states that sup,¢ y |Pr\(t)| < oo for every A € A. This allow us
now to introduce the expected pressure:

(9.6) EP\(1) = /X Py(t)dm(z) .

The cohomological equation and invariance of m implies that £Py(t) does not
depend on the auxiliary parameter 7. The function ¢ — EP)\(t) is well defined for
t > p/a. Real analyticity of this function is a consequence of the following result.
Here and in the following [ is again a functional that satisfies . Notice that the
existence of such a functional is guaranteed thanks to Example

Lemma 9.5. For the expected pressure we have the following expression

E®) = [ 1081 (Loripn) dmiz)
X
and the function (A, t) — EP\(t) is real analytic in A x (p/a, 00).

Proof. On the one hand we know that L, )¢z 1t = ePIA(t)pA@(m)’)\’t and on the other

hand Ly 1ozt = U (LentPrt) Po(z)ae- SINCe pyyy = l(;;:?tt) it follows that

log (I (Lo tpzt) = Pua(t) +10g (1(Po(x) ) — 108 (U(pze)) -
It suffices to integrate this expression with respect to m and to use that the measure m
is f—invariant. The statement on analyticity results from this expression and the fact

(see ([7.3]) and Theorem that the function (A1, Ag,t) l(Lx7A17X27tpx7)\l7X27t) cC
is holomorphic. O

9.2. Bowen’s Formula. This formula concerns a fixed random system or, in other
words, a fixed parameter A € A. We can therefore neglect this parameter throughout
this subsection and consider a fixed random system (f;),ex. As our preparation for
the proof of Bowen’s Formula we are to deal with expected pressure in greater detail.

Lemma 9.6. Lett > p/a. Then for m-a.e. © € X and every w € Jy,
.1 n
EP(t) = nlg]go ;log L (g L(w).
Proof. Taking g, := 1, item (2) of Theorem 5.1 in [8] yields for every n > 1 that
|£Anfn(g;),t11(w) — pa(w)| < BO"
for some B € (0,400) and some ¢ € (0, 1). Since py¢(w) > 0 this yields
1 4 B’
log | ———L7 o, 1(w < = 9"
¢ (o) | < 50

for every n > 1 with some constant B’ > 0. Using the standard Birkhoff’s sum
notation S, Py = Py + Py, + ... + Pyn-1(y), we have

— 6_S7LP97n(z>(t)£n_n

(a4 1L (w) ()¢ L (W) .
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With this notation, it follows that

1 n 1 B 9" log ﬁ$ w
n log EG*"(I),t]uw) - ;Snpgfn(r) (t) < — 4+ M — 30

= Pai(w) n
as n — o0o. The lemma now follows by applying Birkhoff’s Ergodic Theorem to the
function = — P,(t). O

This characterization of expected pressure along with hyperbolicity of the system
(fz)zex and of Condition 1’ allow us to establish the desired description of the be-
havior of the expected pressure.

Proposition 9.7. The function t — EP(t) is real-analytic (hence continuous) on
(p/a,00), strictly decreasing with %EP(t) < —log~y < 0 and satisfies

lim EP(t) =400 and lim EP(t) = —oo.
tN\p/ o t—r+o0

Proof. Analyticity has been established in Lemma [9.5] while the strict monotonicity
and the limit at 400 are straightforward and standard whith the use of Lemma
The estimate of the derivative is due to the expanding property and the formula in
Lemma [9.6l Here are the details:

Condition [2|implies that there exists w, € J, »NDr. Using the expanding property
in Definition [9.1] one can estimate as follows:

Lhnarsle) = Y D i ()7
£y (&)=t

< (") (L +T%) 7 Lynyy M(ws) , s> 0.

Taking logarithms and dividing by n yields

1 1 s 1+172)3
ﬁlog E”,n(z)7t+sll(wx) - logﬁgfn(x)vt]l(wm) < - log <(c)> —slog~y.

The estimate of the derivative %8P(t) follows now from differentiability of the ex-
pected pressure along with the formula in Lemma 9.6
It remains to analyze the behavior of EP near p/a. In order to do so, we will use
Condition 1’ along with Nevanlinna Theory as explained in [§]. In the following we
use the notations from that paper especially from the proof of Lemma 3.17. It is
shown there that there exists k& > 0 and Ry > 0 sufficiently large such that for every
R > Ry and every w € UNDg
R

TR

where 7z = w™!(8log R) and where w comes from Condition 1 in [§]. This condition
being replaced here by Condition 1’, we have w(r) = vr? and T, (r) > vr?. Therefore,
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still with 7 = a; + 7 and with k = ke, we get, uniformly in w € U NDp and x € X,
the lower bound

R
o dr
Lolp,(w) kR~ )/ FA—ptH
TR

:ER_(QQ_T)t(logR —logrr + O(7t — p)) .

The number 7 € (0, a2) is chosen in dependence of ¢ arbitrarily close to as such that
t > p/(a1+7) > p/a (see Remark 1.2 in [§]). It is therefore clear that for every H > 0
one can choose R = Ry > Ry and then ty > p/a such that for every t € (p/a,tm)

Lolp,(w)>H forevery weUNDgr, zeX.
Now, if £ 1p, > H" ! on U NDg for some n > 1 then

Lol > L, (ﬂDRE = (nDR)) > H" L,1p, > H" on UNDg.
The formula limy\ , /o EP(t) = +oo follows now by induction and Lemma O

Now, let ji; ¢ be the invariant family of measures defined in Section (1}, i.e., djiz ¢ =
pr,thz,t-

Lemma 9.8. For every t > p/a, the function (z,z) — log|fL(2)| is pg—integrable
meaning that the integral

xim [ [ 1ogl£ie) dpaa(z) dm(a)
X JJ,
is well-defined and finite. Moreover, x; > 0.

Remark 9.9. The measures (fiz4)zex depend measurably on x € X and they are
in fact disintegrations of a measure pi; on the global space J = U,ex{z} x Jp hav-
ing marginal m. Such a measure is often called random measure. Crauel’s book [2]
contains the general background related to random measures and [8] all the details
concerning the present setting. Also, Theorem 5.1 in [8] tells us that p; is ergodic and
invariant under the global skew product (x,z) — (0(x), fz(2)).

Proof of Lemma[9.8. Lett > p/a. The expanding property implies x¢ > 0. It remains
to show that x; < oo. It follows from the estimate given in ) that

// log |z| dpy e dm(z // log |2| pgt dvgrdm(z) < 0o, z€ X,

and from invariance that

// log | (2)] i dm(z // log |2] djig(z) ¢ dm(z) < 0, @€ X.
To(x)

Thus, both functions (x,z) ~— log(1 + |2|?) and (x,2) — log(1 + |f.(2)|?) are pu—
integrable. From the balanced growth condition follows now u;—integrability of the
function (z, 2) — log|fL(2)]. O
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Proposition yields the existence of a unique zero h > p/«a of the expected pres-
sure function. It turns out that this number coincides almost everywhere with the
Hausdorff dimension of the radial Julia set.

Theorem 9.10 (A version of Bowen’s Formula). If (f;)zex is an admissible random
system, then
HD(JZ,(fz)) =h for m-a.e. z € X.

Proof. Since py, is an ergodic measure, there is M € (0, +00) such that
,ux,h(JT(x,M)) =1 forall z¢ X,
where X; C X is some measurable set with m(X;) = 1, and

Jp(x, M) :={z € J.(2) nll_%lo|(f;‘(z)| < M}.

First we shall prove that
(9.7) HD(J,(z,M)) > h
'r7

or m-a.e. € X1. Fix z € Xj and z € J,(z, M). Set y := (z,2) and denote by f, "
the inverse branch of fJ' defined on D(f(z),d) mapping f'(z) back to z. For every
r € (0,0) let k := k(y,r) be the largest integer n > 0 such that

(9.8) D(z,7) C f, " (D(f7 (2),9))-
Since our system is expanding this inclusion holds for all 0 < n < k and
lim k(y,r) = +oc.
r—0
Fix n = ng > 0 to be the largest integer in {0,1,2...,k} such that f'(z) € D(0, M)

and s = si to be the least integer > k + 1 such that f3(z) € D(0, M). It follows from
Birkhoft’s Ergodic Theorem that

(9.9) lim — =1
for m-a.e. x € X1, say x € Xo C X with m(Xs) =1 and py p-ae. z € Jp(z, M), say
z € JHz, M), with p, 5, (J} (x, M)) = 1. Since the random measure vy, is h-conformal,

i.e., since vy(g) p(f2(A)) = exp(Pp(h)) [, | foltdvy p for every Borel set A on which f,
is injective, we get from and the definition of n that

-n n n -h 5. P,
900)  van(D(z1) < van (Fy " (DUFE(2).0))) < Klag (2 (2)] e snPe 0,
where the constant K ; compensates the replacement of the r-derivative |(f2)(2) ‘T
by the Euclidean derivative |(f7)'(z)|. On the other hand D(z,r) ¢ f,*(D(f3(2),6)).
But since, by i—Koebe’s Distortion Theorem,

—s s Lo s _
£, (D(f3(2),8) 2 D(2, 11(£)(2)]79),

we thus get that r > 1[(f2)'(2)|~!6. Equivalently,

(f2) ()" <4677
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By inserting this into (9.10|) and using also the Chain Rule, we obtain

Ven(D(z,1)) < (4K, a6~ irhe= S PO (pamn Y (£(2) [
Equivalently:

logvs n(D(=.7)) _ , , hlog(AK:ar0™Y)  SuPa(h) +hlog|(f " (f:f(z))\_

(9.11)

log r log r log r log r

Now, Koebe’s Distortion Theorem yields

f7(DUF2(2),8) € D= Ko|(f2) (2)|7Y).
Along with this yields r < K4|(f?)(2)|~!. Equivalently:
(9.12) ~logr > —log(K ) + log (2)(2)].

By Lemma (9.8 the function (x, z) — log|fL(z)| is pp—integrable with x5 > 0. There-
fore, there exists a measurable set X3 C Xy with m(X3) = 1 and for every x € X3
there exists a measurable set JZ(z, M) C J}(z, M) such that g (J2(x, M)) = 1 and

(9.13) lim *10g\(fj) (2)] = xn € (0, +00)

—>oo]

for every x € X3 and every z € J2(x, M), the equality holding because of Birkhoff’s
Ergodic Theorem. This formula, along with also yields

(9.14) lim —log]( o) (f2(2)] =0

n—oo N
for every z € X3 and every z € JZ(z, M). Since [y Py(h)dm(z) = 0, Birkhoff’s
Ergodic Theorem gives:

(9.15) lim SP(h) 0,

Jj—o00 j

for all z € X4 C X3, where X4 is some measurable set With m( ) = 1. By combining
this formula taken together with the three formulas , , and -, and
formula (9.11]), we get
y log vy 1 (D(2,7))
im
r—0 IOg r
for every z € Xy and every z € JZ(x, M). Since g, (J2(z, M)) =1, we thus obtain,
using a version of Frostman’s lemma (see, e.g., [12], Theorem 8.6.3):

(9.16) HD(J, () > HD(jias) > h

>h

for every x € Xy (with m(Xy) = 1).

We now shall establish the opposite inequality. We know from Lemma 3.19 in [§]
that for any n > 1 large enough, say n > ¢ > 1,

Qn = inf {v; ,(D(w,d)) : z € X, w € J, ND(0,n)} > 0.
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By the very definition of J,.(x) we have that
e}

(9.17) To(z) = | Je(z,n).
n=q

Fix n > ¢q. Keep both z € X4 and z € J,(x,n) fixed (still y := (z,2)), and consider
an arbitrary integer [ > 0 such that

(9.18) fL(z) € D(0,n).
Let r; > 0 be the least radius such that
(9.19) 171 (D(L(2),8)) € D(z,m).
But, by Koebe’s Distortion Theorem, f, ' (D(fL(2),0)) C D(z, Ko|(fL)'(z)|!); hence
(9.20) r < KOI(FL) ()7
Formula along with Koebe’s Distortion Theorem and , yield
Ve (D(z,10)) > ven (£, (D(fL(2),6))
> K| (£ () e SR 0u,  (DUFL(2), 9)
> K3y Que "W (1) ()]
> (K(SKZ7M)_hQne_S’P””(h)rlh.

where the constant K, s again compensates the replacement of the 7-derivative
[(f1)'(2)|, by the Euclidean derivative |(fL)'(z)|. Therefore,

log v, 1 (D(2, 7)) <h_ hlog(KdK nr) B SiP,(h) Qn

(9.21)

9.22 — .
( ) log 7y - log 7, log 7 log 7,
Formula ((9.20)) equivalently means that
(9.23) —logry > log |(f1)'(2)| — log(K¥6) > %I — log(K4)

with some x > 0 resulting from uniform expanding property of the system (f;)zecx-
Since the set of all integers [ > 1 for which (9.18) holds is infinite (as z € J.(z,n)),
taking the limit of the right-hand side of er all such [s. and applying ,
, and also recalling that, by Birkhoff’s Ergodic Theorem,

1
lim —S;P,(h) =0,

j—o0 )
we obtain
lim log Vx,h(D(z7T)) < 117111 log Vx,h(]D(Z?Tl))
r—0 logr l—o0 log
Consequently, HD(J,.(z,n)) < h for all x € X4. Together with and o-stability
of Hausdorff dimension, we thus get that HD(J,(x)) < h for all z € X4. Along with
this finishes the proof. O

<h
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9.3. Conclusion. All in all we now get the following analyticity result for the di-
mension of the radial limit set.

Theorem 9.11. Suppose that the transcendental holomorphic random family (fz x)z
is admissible and let hy be the fiberwise Hausdorff dimension of the radial limit set of
(fe\)zex, A€ A. Then, A — hy is real-analytic.

Proof. Bowen’s Formula shows that h) is the unique zero of the expected pressure
function. The later is analytic and %EPA(t) < 0 (Proposition . Therefore the
Implicit Function Theorem applies and yields analyticity of A — h). O

It remains to discuss the initial example given in the Introduction.

Proof of Theorem[1.1 Let U = {z € C : Rz > 1}. It is well known that f, = ne”
is a hyperbolic exponential map if n is real and é <n< 657:' Moreover, the closure

fn 1(U ) C U. An elementary calculation shows that there exists b > 0 such that
frH(U) C U for every 1 € Q, where

1 5
Q) = - 2 and |3 .
b {176@7 6€<%(77)<6e and |\s(77)|<b}

It follows that f,, o...o f,, n > 1, defines an expanding non-autonomous sequence
that satisfies for any choice of n1, 7m0, ... € . It is straightforward to see that we
thus have for these parameters a admissible transcendental random family provided
that we explain the random model.

In order to do so, let X = ID(0,1)%, B the Borel o-algebra, m the infinite product
measure of the normalized Lebesgue measure of the unit disk and 6 the left-shift map
on X.

Consider now parameters (a,r) such that D(a,r) C Q5. Let € X and zo the
O-coordinate of x. We associate to these parameters the function ne* = (a + rxo)e”.
In such a way we get for every x € X a family (a,r) — f,. However, this family only
depends real analytically on (a,r) € R2. In order to turn this into a holomorphic
family it suffices to replace these parameters by complex ones with small imaginary
part such that a + rxg € Qp for every zp € D(0,1). Theorem applies to this
family. O
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