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ABSTRACT. Dealing with with countable (finite and infinite alike) alphabet random con-
formal iterated function systems with overlaps, we formulate appropriate Transversality
Conditions and then prove the relevant, in such context, Moran-Bowen’s formula which de-
termines the Hausdorff dimension of random limit sets in dynamical terms. We also provide
large classes of examples of such random systems satisfying the Transversality Condition.

1. INTRODUCTION

In this paper we consider conformal iterated function systems with countable alphabet.
The main task in such context is to come up with a dynamical formula determining the
Hausdorff dimension of the corresponding limit sets. The class of conformal iterated function
systems naturally divides into the deterministic systems and the random ones on the the one
hand and those satisfying the Open Set Condition against those with overlaps on the other
hand. Similarity systems form subclasses of all of them.

Sticking to the class of deterministic systems, the Open Set Condition is important be-
cause it guarantees a dynamical formula for the Hausdorff dimension to hold. It is commonly
referred to as the Moran-Bowen’s formula. Open Set condition is also frequently naturally
seen from the definition of the IFS in question to hold. However, a much bigger collection of
[F'Ss fail to satisfy the Moran-Bowen’s formula. Notably amongst them are the ones coming
up from Bernoulli convolutions, see [10], [8], [14], and the references therein. Although there
are some attempts to establish this formula for some single conformal IFSs with overlaps,
there is no uniform approach to this issue. Nevertheless, when one considers a family of
conformal IF'Ss parametrized by some bounded open subset of an Euclidean space, then the
famous Transversality Condition due to Peres, Pollicott, Simon and Solomyak, (see [14], [§],
[9]) guarantees the Moran-Bowen’s formula to hold for Lebesgue almost every member of
such family.
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From a different perspective, the Moran-Bowen’s formula has been proved in [12], un-
der the the assumption of the Open Set Condition, for random conformal iterated function
systems with countable alphabet. In the present paper we consider the most general case
of random conformal IFSs with overlaps. We formulate appropriate Transversality Condi-
tions and then prove the relevant, in such context, Moran-Bowen’s formula. This is done in
Theorem [5.1], which is also formulated now:

Theorem. Let X C R? be a compact domain. Suppose that S = {¢) : X - X :e€ E, A €
A} is a conformal random iterated function system with a base map 6 : A — A preserving
a probability measure m. Suppose further that S is either strongly regular or it is evenly
varying. If the system S satisfies the Random Transversality Condition of Finite Type with
respect to measure m, then

(a)
HD(J)) = min{b(S),d}

for m-a.e. A € A.
(b) If b(S) > d, then £4(Jy) > 0 for m-a.e. A € A. In particular HD(J,) = d.

As an immediate consequence of this theorem, we get the following corollary, which is also
new, in the case of a finite alphabet.

Corollary. Let X C R? be a compact domain. Suppose that S = {¢* : X — X : e €
E, X\ € A} is a conformal random iterated function system with finite alphabet E and a base
map 6 : A — A preserving a probability measure m. If the system S satisfies the Random
Transversality Condition then

(a)
HD(J,) = min{b(S), d}

for m-a.e. A € A.
(b) If b(S) > d, then £4(Jy) > 0 for m-a.e. A € A. In particular HD(J,) = d.
This corollary is also stated as Corollary in Section [5

Remark 1.1. As already mentioned in this introduction, the iterated function systems, de-
terministic and random alike, consisting of similarities form a subclass respectively of deter-
ministic and random conformal iterated function systems. In particular, the above theorem

and corollary apply to the case of similarities.

Remark 1.2. We would like to remark that the above theorem and corollary would re-
main true if instead of dealing with iterated function systems, we would deal with graph
directed Markov systems (see [5] modeled on a finitely irreducible subshift of finite type
rather than the full shift (i. e. the case of IFSs). The proofs would require only cosmetic,

mainly notational, changes.
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In Section [6] named Examples, we provide two large classes of examples of sub-random con-
formal TF'Ss satisfying the Random Transversality Condition of Finite Type. As explained in
Remark these systems easily give rise to abundance of random conformal IFSs satisfying
the Random Transversality Condition of Finite Type.

The central idea in this paper, as actually always when dealing with the issue of Haus-
dorff dimension in the context of Transversality Condition is to use the capacity (energy
functional) characterization of Hausdorff dimension. The appropriate measures on the ran-
dom limit sets are obtained as projections of natural Gibbs/equilibrium states on the symbol
space. The general line of estimates in the proof of Theorem stems from those in [I3]
In the proof of the current paper we make an extensive use of Birkhoft’s Ergodic Theorem
rather than comparing the values of iterated contractions for nearby parameters, the mea-
sure we project from the symbol space is different than in [I3] in a three-folded way. Firstly,
it emerges from random rather than deterministic thermodynamic formalism, secondly, it
corresponds to a different parameter determining the Gibbs measure, and thirdly, this Gibbs
measure is now restricted to a set of positive measure, “good” from the perspective Birkhoff’s
Ergodic Theorem. Many further technical steps are different.

2. PRELIMINARIES ON SYMBOL RANDOM DYNAMICAL SYSTEMS

Let (A, §, m) be a complete probability space with a g-algebra § and probability measure
m. Let E be a countable set, either finite or infinite. It will be called an alphabet in the
sequel. The symbol space EY is naturally endowed with the product (Tichonov) topology.
This topology is generated by many natural metrics. One class of them is defined as follows.
If s € (0,1), then

dy(w, ) = gmin{nzlwnzra}

with the common convention that s = 0. All these metrics are Holderly equivalent in the
sense that the identity map is, with respect to them, Holder continuous. Denote by 8 the
o-algebra of Borel subsets of EN. Let

o:EY — EY
be the shift map, i. e.

U((“’n)io:l) = (Wnt1)mer-

Of course ¢ is an open continuous map. The Cartesian product A x EY becomes a measurable
space when equipped with the product o-algebra § ® B, i.e. the o-algebra generated by
countable unions of Cartesian products of the form F' x B with B € 8 and F' € §. Let

pev i Ax EN = EN and py A x EN = A
be the canonical projections onto EN and A, respectively, i.e.

pev( A\ w) =w and py(A\,w) =\
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Both projections are trivially measurable. In fact, B ® § is the smallest o-algebra with

respect to which both projections are measurable. The product map
0xo:AxEY— AxEYN,

defined as
(0 x 0)(Aw) = (0(N), o (w)),
is obviously measurable. Denote by C'(EY) the space of all continuous real-valued functions

on EN and by C®(EY) its vector subspace consisting of all bounded continuous functions,
i.e. those g € C'(EY) for which

lglloo = sup{lg(w)| : w € 7} < oo
With this norm C?(EY) becomes a Banach space. Let 0 < s < 1. For every g € C((E"Y), set
vsr(g) == ér;fo{|g(w) —g(7)| < Cs" :w,7 € FY such that |w A 7| > k}

and
vs(g) == sup{vs,k(g) ke N}.

A function g € C(EY) is called Holder continuous with exponent s if vy(g) < oo. The
constant v,(g) is the smallest Holder constant such a g admits. We shall denote by H,(E"Y)
the vector space of all Holder continuous functions with exponent s. This is precisely the
class of all real-valued functions on EM that are Holder continuous with respect to the metric
d,. We shall further denote by H?(EN) the vector subspace of all Holder continuous functions
with exponent s which are bounded, i.e. HY(EY) := H (EY) N C*(EY). Endowed with the

norm

lglls := gl +vs(9),
the space H°(EY) becomes a Banach space. We now turn our attention to spaces of random

functions.

Definition 2.1. A function f: A x EN — R is said to be a random continuous function if

o for all w € EY the w-section A 3 X — f,()\) := f(\,w) is measurable; and
e for all A € A the A-section BN 3 w — fy(w) := f(\,w) is continuous on EV.

We shall denote the vector space of all random continuous functions on EN by Cy (EY). Note
that by Lemma 1.1 in [3], any random continuous function f is jointly measurable. It is then
natural to make the following definitions.

Definition 2.2. A random continuous function f € Cz(E"Y) is said to be bounded if
I fallo < 00 VA EA and | £l := esssup{|| falloc : A € A} < 0.
Bounded random continuous functions, as defined above, are random continuous in the sense

of Crauel [3] (cf. Definition 3.9). The space of all bounded random continuous functions on
EN will be denoted by C%(EY). When equipped with the norm || f||~, this space is Banach.
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Definition 2.3. A random continuous function f € Cy(E"Y) is said to be Holder with

exponent s if

vs(fa) < 00, VA € A and vs(f) = esssup{vs(fa) : A € A} < 0.

We shall denote by Hx(EY) the vector space of all random Holder continuous functions
with exponent s and by H?,(E") the subspace of all bounded random Hélder continuous
functions with exponent s. Endowed with the norm

[flls = [[fllse 4+ vs(f),

the space HY \(E™) becomes a Banach space. We now introduce the concept of summability

for random continuous functions.

Definition 2.4. A random continuous function f € Cy(E") is called summable if

(2.1) My = Zexp(ess sup{sup(filj¢)) : A € A}) < oo.

ecE

Note that no bounded random continuous function on EY is summable if E is infinite.
Henceforth, we shall denote by a superscript ¥ spaces of summable functions. For instance,

the vector space of all summable random Hélder continuous functions with exponent s will
be denoted by HJ\(EY).

Now we shall define and describe some properties of random measures which will play a
crucial role later. Denote by Py (m) the space of all probability measures v on (A x EY, §@B)
whose marginal is v, i.e. all probability measures v such that

l/opxlzm.

The members of Py(m) are called the random measures with base m. By Propositions 3.3(i%)
and 3.6 in [3], this space is canonically isomorphic to the space of all functions

A x EN > (N, B) v (B)€0,1]
such that

e for every B € B, the function A 5 A — v, (B) is measurable; and
e for m-a.e. A € A, the function 8 > B — v,(B) is a Borel probability measure.

The defining relation between these two concepts is that the formula

vB) = [ [ nramy

We shortly write this relation as

V=m QX V).
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3. PRELIMINARIES FROM RANDOM COUNTABLE ALPHABET CONFORMAL ITERATED
FUNCTION SYSTEMS

Let X be compact connected subset of R%, d > 1, with X = Int(X). Let (A, §, m) and E
be as in the previous section. A random conformal iterated function system

S=0:A—=AN{AS A= © lecr)
is generated by an invertible ergodic measure-preserving map
0:(0,5,m)— (A,F,m)
of the complete probability space (A, F, m) and one-to-one conformal contractions
) X =X, ecE, N€A,

with Lipschitz constants not exceeding a common number 0 < s < 1. We in fact assume
that there exists a bounded open connected set W C R? containing X such that all maps
¢ : X — X extend conformally to (injective) maps from W to W. All the maps ¢ : W — W
are assumed to satisfy the following:

Property 3.1 (BDP1). There exist a > 0 and a function K : [0,1) — [1,+00) such that
limp o K(t) = K(0) =1, and

[(6))' )]

[(22) (@)
forallw € E*, all N €A, allz € X and all y € W with ||y — z|| < tdist(z, R?\ W).

W< K@O)lly —«[[*

With a possibly larger K(t), as an immediate consequence of this property, we get the

following.

Property 3.2 (BDP2). There exists a function K : [0,1) — [1, +00) such thatlimy o K (t) =
K(0) =1, and

w“ 1(42) ()]
! { (@) @)

Remark 3.3. According to Proposition 4.2.1 in [5], Property and Property are
automatically satisfied with o« = 1 when d > 2. This condition is also fulfilled if d = 1, the
alphabet F is finite and all the ¢)’s are of class C''*¢ for some € > 0.

weBE  NeNreX, |ly—zx| < tdist(x,Rd\W)} < K(t).

We also require some common measurability conditions for the system S to satisfy. Precisely,
we assume that for every e € E and every x € X the map

A3 A ) ()
is measurable. According to Lemma 1.1 in [3], this implies that all the maps, for all e € E,

AxX3(\z) e pox, \) = @)(x)
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are (jointly) measurable. For every w € E*, set

A )A\— gpi‘) = cpi‘)l o gpi(;\) 0...0 gpﬂ;‘l_l(k)

This formula clearly exhibits the random aspect of our iteration: we choose consecutive
generators g, , Pu.,, - - -, Pu, according random process governed by the ergodic map 6 :
A — A. This random aspect is particularly striking if # is a Bernoulli shift; it then means
that we choose our maps ¢, in an identically distributed independent way. Given w € EY,

analogously to the deterministic case, we note that the intersection

ﬂ §0$|n(Xt(wn))

n=1

is a singleton, and we denote its only element by m)(w). Thus we have a map
m o BN = X,
It is straightforward to see that this map is continuous; in fact it is Holder continuous with
respect to every metric d,, and Lipschitz continuous with respect to d,. Define
Jy = mA(E>) C X.

The set J) is called the limit set corresponding to the parameter .

Definition 3.4. The system S is called evenly varying if

esssup{||(©2)'[| : A € A}
< .
b essit{ (M) i re Ay -

Now we want to introduce some technical but useful terminology.

A =

Definition 3.5. With the above notation:
e We call the collection 8§ = {¢} : e € E, A\ € A} a pre-random conformal function
system if no map 6 : A — A nor any measure m on A are taken into consideration

(need not be specified).

e We call the collection & = {¢} : e € E, A € A} a sub-random conformal iterated
function system if also a measurable map ¢ : A — A is given but no #-invariant

measure m on A is taken into consideration (need not be specified).

e We recall that if S is a sub-random conformal function system and an ergodic 6-
invariant measure m on A is given, then § is called a random conformal iterated

function system.

e If A is a singleton the system S is called deterministic or, changeably, autonomous.

Keep now S a random conformal iterated function system. We shall describe a symbol
dynamics and appropriate thermodynamic formalism induced by the system S. Define the
potential ¢ : A x EN — R as follows:

G(w, A) = log| (3, ) (o (ow)) .
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The map EY > w +— ((w, \) is continuous for each A\ € A, while the map A 3 X — ((w, \)
is measurable for each w € EY. Thus, the map ( is jointly measurable, i. e. it is a random

continuous function.

Definition 3.6. We say that t € Fin(S) if t € [0, +00) and

M; = Zesssup{”(gpi)’”t c A €A} < 0.

eck

Note that the potential t¢ is summable if and only if ¢t € Fin(S). In fact, t¢ € Hy(E")
and t¢ is bounded over finite subalphabets for every t > 0. Therefore, the thermodynamic
formalism for random dynamical systems (see [2] and [7] if E is finite; see Theorem 2.12 in
[12] with f = t{ when E is infinite) gives the following:

If t € Fin(S), then for m-a.e. A € A there are a unique bounded measurable function
A3 A= Py(t) :==Py(t()

and a unique random probability measure v* € Py(m) such that

_ w ol
(3.1) VL (wA) = e PAOL /A (2 (et iy (1)) s i (7).

for m-a.e. A € A, all w € E*, and all Borel sets A C EN. Furthermore, there exists a unique
non-negative ¢' € C{(E") with the following properties:

(@) [ di(w) dvi(w) =1 for m-ae. X € A;
() 0<Ct)! <inf{gh(w):we BN, A e A} <sup{¢i(w) :we BN Ae A} <C(t) <
for some constant C(t) > 1;

(¢) (ghvf) oo™t = qéo\)v;(/\) for m-a.e. A € A;

(d) (m@givi)o(@xo)™! = (magr}), that is, the measure m® ¢4t is (0 x o)-invariant.

Letting

t . ot
Ky = q)\Vy,

we can rewrite (¢) and (d) in the more compact form

(3.2) pyoo t = pyny, v-a.e. A€A
and
(33) (m®@py) o xa)™ =m®e uj.
Put

pti=m @ pl

Property (3.3) then says the following.
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Proposition 3.7.
¢ ~1 t

po(@xo) =,

i.e. the random probability measure pu' is (0 X o)-invariant. Moreover,
t -1
/J“ opA = m7

where, we recall, py : BN x A — A is the canonical projection onto A. That is, ut € Py(m).

The measure ' is called the equilibrium/Gibbs state for the potential ¢( relative to the

measure 1.

Remark 3.8. We would like to emphasize that for sole technical purposes of the current

paper we will need formulas (3.1]) — (3.3)), items (a)-(d), and Proposition [3.7|only in the case
when the alphabet under consideration (usually denoted F' in the sequel) is finite. These

results then directly follow from [7] and do not need quite involved considerations of [12].

Since all maps ¢} are bi-Lipschitz, it immediately follows from Birkhoff’s Ergodic Theorem
that m-almost all limit sets J, have the same Hausdorff dimension. Denote this common
value by hgs or simpler, by just by h. It was proved in Proposition 3.12 of [12] that for every
t € Fin(S) the function A 3 XA — P,(t) € R is integrable, and we denote

EP() = / P () dm()).
A
We call this number the expected pressure value of the parameter ¢. Let
ts = inf(Fin(S))
and
b(S) :=inf{t € Fin(S) : EP(t) < 0}.
Of course ts < b(S). Call the latter number, i. e. b(S), the Bowen’s parameter of the system
S. The following relation, without making use of the Open Set Condition (!), between hg
and b(S) has been established in [12] as Lemma 3.19.

Lemma 3.9. If § is a random conformal iterated function system, then

hs < min{b(S), d}.
Definition 3.10. We call a random conformal iterated function system S strongly regular
if tg < b(S) < +-o00.

Because of Proposition 3.13 in [12] (part (c) holds if Fin(S) # 0) we immediately get the
following.

Observation 3.11. A random conformal iterated function system S is strongly reqular if
and only if there exists t € Fin(S) such that

0 < EP(t) < +oc.
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It is the main objective of this paper to obtain the inequality reversed to that of Lemma|3.9]
Towards this end we will need some versions of the celebrated transversality condition due
to Peres, Pollicott, Simon and Solomyak, see [14], [§], [9] and consult also the more recent

literature. We formulate them in the next section.

4. TRANSVERSALITY CONDITIONS

We now will formulate appropriate transversality conditions. We start with the following.

Definition 4.1 (Random Transversality Condition of Finite Type). A sub-random
conformal iterated function system S, acting on a seed set X C R? is said to satisfy the
random transversality condition of finite type with respect to a finite measure m on A if for
every finite subset I’ of E there exists a constant O € [0, +00) such that for all w, 7 € FN

with w; # 7, we have

m({\ € A:||m(w) — m\(7)]| < 7}) < Cpr.

Furthermore:

Definition 4.2 (Random Transversality Condition). A sub-random conformal iterated
function system S, acting on a seed set X C R?, is said to satisfy the random transversality
condition with respect to a finite measure m on A if there exists a function C' : Ex E\{(e,e) :
e € E} such that for all w,7 € EN with w; # 71, we have

m({\A € At ||mi(w) — mA(7)]] < 7}) < Clwy, 7i)r.

Of course the Random Transversality Condition entails the Random Transversality Condition
of Finite Type but it is the latter one which we really need. We shall prove the following.

Lemma 4.3. Suppose that S is a sub-random conformal iterated function system satisfying
the random transversality condition of finite type with respect to a finite measure m on A.
Then for every finite subset F of E and every number o € (0,d) there exists a constant
Cr(a) € (0,00) such that

dm(\)
e = Cre
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Proof. To shorten long formulas, put in this proof | X| := diam(X). In view of our transver-

sality condition, we can estimate as follows:

Lmerenor= /ooom{A A T 2 “”}dm
= /Ooom{)\ €A |m(w) —ma(7)] < ryr *tdr

|X|
_ /0 m A€ A [my(w) — ma(r)]| < r}ro—ldrt

+/:m{)\ cA: |m(w) —m(T)| < ryr o tdr

| X| 0o
< C’F/ rdo‘ldr—i-/ m(AN)r—*"tdr
0 |

x|
< Cp(d — o) tdiam®*(X) + a~'diam~*(X).

Thus the lemma is proved. O

Remark 4.4. Of course, in the case when the alphabet E is finite both the Random
Transversality Condition and the Random Transversality Condition of Finite Type coin-

cide.

Now we assume that A is a ¢-dimensional Riemannian manifold endowed with a Borel
probability measure )\, equivalent to Riemannian volume on A. In fact, we assume more,
namely that

C~lr? < \,(B(z,7)) < Cr?

for all » € [0, 1] with some constant C' > 1.

Definition 4.5 (Strong Random Transversality Condition). A sub-random conformal
iterated function system S is said to satisfy the Strong Random Transversality Condition
with respect to a finite measure A\, on A if there exists a function C': Ex E\{(e,e) : e € E'}
such that for all w, 7 € EN with w; # 71, we have

N, ({r e At |ma(w) — m()|}) < Clws, 71)rt 9
where N,.(F) is the minimal number of balls with radii r needed to cover the set F

Of course:

Observation 4.6. The Strong Random Transversality Condition entails the Random Trans-
versality Condition.

Similarly as the Random Transversality Condition of Finite Type we can introduce the
Strong Random Transversality Condition of Finite Type. We then have:
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Observation 4.7. The Strong Random Transversality Condition of Finite Type entails the
Random Transversality Condition of Finite Type .

In order to come up with a bunch of examples satisfying the Strong Random Transversality
Condition in the phase space of dimension d = 1, we quote the folowing lemma, stated and
proved in [I3] as Lemma 7.3.

Lemma 4.8. Let U C R? be an open, bounded set with smooth boundary. Suppose that f
is a Ct real-valued function in a neighborhood of U such that for some i € {1,...,q} there
exists n > 0 satisfying

af(t
(4.1) vev, |fw)<n = 25,
Then there ezists C = C(n) such that
(4.2) N({teU: |[fit)|<r}) <Cr'™ Vr>0.

5. MORAN-BOWEN’S FORMULA

This section is entirely devoted to prove the following main theorem of our paper along with

its finite alphabet consequence.

Theorem 5.1. Let X C R be a compact domain. Suppose that S = {¢? : X — X :e €
E, N € A} is a conformal random iterated function system with a base map 6 : A — A
preserving a probability measure m. Suppose further that S is either strongly regular or it
1s evenly varying. If the system S satisfies the Random Transversality Condition of Finite

Type with respect to measure m, then
(a)
HD(J)) = min{b(S),d}
for m-a.e. A € A.
(b) If b(S) > d, then £4(Jy) > 0 for m-a.e. X\ € A. In particular HD(Jy) = d.

Proof. We shall first prove item (a). Because of part (b), which will be independently proved

in the next step, we may assume that
b(S) < d.
If the system § is strongly regular, then fix any
t € (ts,b(S)).

Then 0 < EP(t) < 400. So, by Proposition 3.12 in [I2] there exists a finite set F' C E such
that

(5.1) EPp(t) > 0.
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If S is not strongly regular, then b(S) = ts, and also, by our hypotheses, S is evenly varying.
Have then ¢ any number in (0,b(S) = ts). The proof of Lemma 3.17 in [12] (read with
replaced by t) then produces a finite set F' C E such that holds. From now on the
(same) proof runs in either case. Choose then ¢ > 0 arbitrary so small that

(5.2) (1+2t)e < EPp(1).

Let p € Px(m) be the equilibrium/Gibbs state for the potential ¢(|,.v. By Birkhoff’s
Ergodic Theorem then there exists an integer N > 1 and A. C A, a measurable set such
that

(5.3) m(A) > 1—e,

(5.4) P~ EP(1)| <<,

for all A € A, and all integers n > N, for every A € A, there exists a measurable set
[.(\) € FY such that

(5.5) Ioi= [ J{\ xT.(V)

AEA.
is measurable in A x FN,
(5.6) in(T(N)) >0,
and
1
(5.7) ’ﬁlOgH(%'")/H +x' <e

for all w € T'.(\) and all n > n, where

X:XT,FIZ—/ Cdp > 0.
AxFN
Assume also £ > 0 to be so small that
(5.8) (1+1t)e <h,((0x0)|0),
where the latter is the entropy of (6 x o) with respect to p relative to base . Define a finite
Borel measure i on EN by the following formula:
(5.9) fi:= plr, o ppi,
where ppv : A x FN — FN is the canonical projection onto the second coordinate. For every
A € A, in particular for every A € A,
fix = jrom!
is a Borel finite non-vanishing measure on Jp, C Jy. Our main technical goal is to show
that the following integral is finite.

di(z) din(y)
10 N A =l
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Directly from the definition of measures [, we see that

fu(7)
(5-11) ALMW-WMWW’

In order to further estimate this integral we first need the following.

Lemma 5.2.

lim sup{/([w]) :w e F"} = 0.

n—oo
Proof. Since p is the relative Gibbs state for the potential t(| v, it follows from ([5.9) that
if |w| > N, then

lw]) = plro(A < [w]) —/ pa([w] x Te(A)) dm(A) = / e RON (@) 110 dm(X)

€ AE

< /A exp(—(EP(t) + tx)n) exp(e(1 + t)n) dm(N)

= exp(—(EP(t) + tx)n) exp(e(1 + t)n)m(A.)

= exp(—h,((0 x 0)|0)n) exp(e(1 + t)n)m(A.),
where d,, 5 is equal to 0 or 1 respectively when the intersection [w] x I'.(\) is empty or not.
The proof is now concluded by invoking . ([l

For every p € F* put
A, = {(w,T) e FN x FN. Wil = T|jp| and wip+1 # 7‘|p‘+1} C [p] x [p],

and let

A= {(w,w) € F" x F'}
be the diagonal of F'N x F'N. We shall prove the following.
Lemma 5.3.

fr® i(A) = 0.

Proof. For every integer n > 1 we have

Ao AUA) <D a®a(A) < Y ae il x (o) = Y alle)ile)

pelF™ pelF™ peF™
< sup{f([w]) 1w € F"} Y jil[e])
< sup{/i([w]) : w € F"},
and the proof is completed by invoking Lemma [5.2] O

Having this lemma, we can rewrite the integral (5.11]) in the following form:

.12 RS [ ] T m

2
n=0 |p|=n ApNI(
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Now fix n > 0 and p € F. Define

(5.13) Ac(p) :={X € Ac: [p] NTL(N) # 0}
Write further

(5.14) M, = inf {[|(¢})']] : v € Ac(p)} > 0.

Then using Lemma [4.3| (which applies since ¢ < d) and finiteness of the set F, we get

(5.15)
=g T ST o _/ ez T S T
/5 p)/AmF © |15 (manon (0™ ( /;)()) & (mon o (07 (7 )))thm(/\)

cwf | i) di () s
A,0r2) || (6)) H |[7om ) (@7 (W) = Ty (0™(7)) ]

. ., dji(w) dfi(7)
<K M 7 dm(A
/As(p) ’ /Amri(e> [[Tn (3 (07(w)) = Tgn 2y (07(7))]| .

o di(w) dji(T)
<K'M cm
=0 /E(p /A || 7m0y (0™ (@) = o (3 (07 (7)) ] .

: dm(A) -
= KM, _dj(w) di(r
/ /5 [|7n () (0™ (w —WGH(A)(U”(T))H i) dji()
: dm()) A
K'M; _
< / / Hﬂ-en (o"(w)) — 7T9n(/\) (0" (7 H diy(7)

t A) N
= K'M; ; dji(w) dfu(r
/ /Hm - —WA(U"(T))H fuw) dj(r)

< CpK'M;? /A dju(w) dji(7)

= CrK'M' 1 ® u(A,) < +o0,
and in addition,
R,=0
whenever A.(p) = 0. If A.(p) # 0 and n = |p| > N, then it follows from that

(5.16) M, > exp(—(x +¢)n)
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Consequently, making also use of (5.4) and directly of (5.7) as well as (3.1)) and item (b)
below it (both generating the constant Cy > 0 below), we then can continue (5.15) to get

R, < CrK'exp((x +e)tn) i ® ﬂ(A ) < OpK'exp((x +e)tn) i @ fi([p] x [p])

= CpK"'exp((x + €)tn) i([p])

:CFKteXp((X+€)tn) ([p ) FE(pFN([ ]))

= CpK"exp((x +&)tn) ([ (T N ppi([p]))

= CpK"exp((x + e)tn) i([p )/ ALV N [p]) dm(N)

= Ce*exp((x + )il [ () Al dm(y

< CpK* exp((x +2)tn) il[o]) / (D) dmOy

< CrCol exp((x + )il [ exo(-PRE)IIR) I i

< CpCyK* exp( + 5)tn) (Ip) exp((—EP(t) + 5)n) exp((—x + 5)tn)m(A€(p))
= CpCoK" exp((—EP(t) + (1 + 2t)e)n) i([p])m (A= (p))

< CpCoK' exp(—(EP(t) — (1 + 2t)e)n) iu([p])-

Therefore,

Z Z R, < CpCyK' Z exp(— — (1+2t)e)n) Z ii([p])

n=N |p|=n lp|=n

< CpCLK? Zexp (EP(t) — (1 + 2t)e)n) (FY)

n=N

< CpCyK! Z exp(—(EP(t) — (1 +2t)e)n) < +o0,

n=N

where the last inequality sign was written due to (5.2). Since the set F' is finite, it follows

from this estimate, , and - that
(5.17) R:ZZRP+ZZRp<+oo.

n=0 |p|=n n=N |p|=n

Now the conclusion of the proof of Theorem is straightforward. First, (5.10)) and ((5.17)

imply that
/ dfix () dfix(y) < oo
JF)\XJFA Hx_y“t

for all \ in some measurable set

(5.18) Aj. C A with m(A.\ Aj,) = 0.
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The well-known potential-theoretic characterization of Hausdorff dimension (see [4], [6]) tells

us now that
(5.19) HD(J\) > HD(Jgy) >t

for every A € A} _. For every n > 1/h let ¢ +n > 0 be chosen so that (5.2) and (5.8) hold

witht =h — % Define
ﬂ U Ah—%,l/k

n>1/hk>1/en

By (5.3]) and ( - = 1, and by ((5.19 - HD(J,) > h for all /\ € A.,. Since, also by
Lemma , HD(J,) < h for m-a.e. A\ € A, the proof of Theorem [5.1] (a) is complete.

Let us now prove item (b) of Theorem [5.1] So, we assume that b(S) > d. Fix then an
arbitrary t € (d,b(S)). In exactly the same was as in the proof of item (b), we get a finite
set ' C E such that holds. The first part of the proof of (b) is now borrowed verbatim
from the proof of item (a). We do it until the definition of the measures ji) (included). For
every ¢ € R? define

o piy P2 Bl r)
Dljo o) = m sy

where /; denotes d-dimensional Lebesgue measure on R?. Now we define
(5.20) T [ [ Dl o) dia(a)im(n),
R

Applying Fatou’s Lemma yields

7 < lim / / Mdﬂ@dmm

= (1(B(0,1)) lim r~ /édﬂx (x, 7)) djix(z)dm(N)

r%O

Now,

/RdﬂA(B( ) dit(x /J” ) djix(z) = /Jmﬂow;l(B(m,r))dgowgl(x)
= [ iom (Bl ) di)

=>

FN

J
J
J

IlB (ma(w),r) d:& o W)Tl dﬂ(w>

N d

!

L gy w).r) © TA(T) () dfi(w)

N N

o

L (e Py () s ()| <} GEUT) At (w).

N

—

N

>
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Therefore, using Lemma [5.3| we get

(5.21)
z< 6 EO I [ e e didi)dm()
r—0 A JFN JEN
= £ (B(0,1)) lim r—* / / / L{ (3o, m) €A x Y x FE iy (r) = () 1< AMUA) At (w) ()
r—0 FNJFN JA.
2531(3(071))11_m7“_d/ / Lo xen |y ()= (@) <} AM(N)dfr(w)dfi(T)
r—0 FN JFN JA,

= (;(B(0,1)) lim r /F /FNm({A € Aot ||ma(r) — ma(w)|| < }) di(w)djs(T)

r—0

= ;'(B(0, 1))lj_mr—dz Z / m({ € A¢ 1 ||ma(7) — ma(w)|] < r}) dis(w)di(T).

r—0 n=0 peFn Alp)

Recalling the definition of M, from (5.14) and making use of the Random Transversality
Condition of Finite Type (Definition as well as f-invariance of measure m, we can now

estimate, for w, 7 € A(p) with |p| = n, as follows:

m({\ € Ae :||m\(1) — m\(w)]| < 7}) =
= m({\ € Ac 1 ||@) (mon 2y (0™ (7))) — &) (mon(a) (0" (W) || < 7})

(5.22) <m({A € At ||mgain) (0™ (7)) — Ton(n) (0™ (w))) || < rM, ')
= m({/\ eAN: ||7r>\(cr"(7')) — 77,\(0”(w))) H < TMP_I})
S CFMp_dT‘d.

Therefore,

/A( e A ina(r) = ma(@)l < ) dit)di(r) <
(5_23) < CFMp_de/l ® ﬂ(Aﬂ)
< CrMy i@ u([p]  [p])
= CrM,; 0 ([p]).
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But assuming that |[p| = n > N, recalling the definition of A.(p) from (5.13), and making

use of (5.16)), (c3) and (b), we get

iullp]) = plr. (Pge([p])) = (T N pg(le])) =/ pa(Le(A) N [p]) dm(A)

€

_ / pa(Te(N) N [p]) dm(N)
Ac(p)

< / PRZXCILELY

IA

[ el anoy

< exp((=EP(t) +€)n) exp((—x + )tn)m (A (p))
< exp((—=EP(t) + xt)n + (1 +t)en),

and moreover [i([p]) = 0 if A.(p) = (. Inserting this and (5.16)) to (5.23), we get
/ m({) € A lm(r) — m(@)|] < 1}) <
Alp)

< Cprp([p]) exp((x + €)dn) exp((—=EP(t) + xt)n + (1 + t)en)
= Cpriexp((—EP(t) — (1 +t + d)en)) exp((d — t)xn) u([p])
< Cprexp((~EP() — (1+ 2t)em)) ([
Inserting in turn this and (5.23)) (for n < N) to (5.21]), we get, with the use of (5.2), that

T <Tm S Cri(p]) +1im 3° 37 Crexp((~EP(H) — (1 + 26)em) u( ()

r—0

(5.24) - N el eern
< CpN +Cp Y exp((—EP(t) — (1+ 2t)en)) < +oo.
n=N
Now, the conclusion of the proof of item (b) of Theorem [5.1]is straightforward. First, ([5.20)
(5.24) imply that

D(fix, x) djir(z) < +00

JF
for all A in some measurable set AL C A, with m(A. \ AL) = 0. In view of Theorem 2.12 (3)
in [6] this tells us that /i, is absolutely continuous with respect to d-dimensional Lebesgue
measure 4 on R? for all A € AL. Since fiy is a non-zero measure on Jg, for all A € A., we
hence conclude that 4(.Jy) > 0 for all A € AL. Therefore,

gd(J,\) >0

for all A € A" :=J,—, Ay, where k > 1 is so large that € = 1/k satisfies (5.2) and (5.8)).
Since m(A’l/n) > 1 — %, we have that m(A’) = 1, and the proof of Theorem (b) is
complete. 0
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As an immediate consequence of this theorem along with Remark [£.4] we get the following

corollary, which is also new, in the case of a finite alphabet.

Corollary 5.4. Let X C R? be a compact domain. Suppose that S = {¢> : X — X : e €
E, X € A} is a conformal random iterated function system with finite alphabet E and a base
map 0 : A — A preserving a probability measure m. If the system S satisfies the Random

Transversality Condition then

(a)
HD(Jy) = min{b(S), d}

for m-a.e. A € A.

(b) If b(S) > d, then £4(Jy) > 0 for m-a.e. X € A. In particular HD(Jy) = d.

Remark 5.5. As already mentioned in this introduction, the iterated function systems, de-
terministic and random alike, consisting of similarities form a subclass respectively of deter-
ministic and random conformal iterated function systems. In particular, the above theorems

and corollaries proved and stated in this section, apply to the case of similarities.

Remark 5.6. We would like to remark that the theorems and corollaries, proved and stated
in this section, would remain true if instead of dealing with iterated function systems, we
would deal with graph directed Markov systems (see [5] modeled on a finitely irreducible
subshift of finite type rather than the full shift (i. e. the case of IFSs). The proofs would
require only cosmetic, mainly notational, changes.

6. EXAMPLES

In this section we provide two large classes of examples of sub-random conformal IFSs sat-
isfying the Random Transversality Condition of Finite Type. As explained in Remark
these systems easily give rise to abundance of random conformal IFSs satisfying the Random
Transversality Condition of Finite Type.

Let E be a countable set and let S be a deterministic conformal IFS acting on some compact

domain X C R? and a bounded convex open set V C R? containing X. Let
s=3s(S) :=sup{||g.||:e€ E} <1
be the corresponding contraction parameter of the system S. Fix
0 < n < dist(X, R\ V).

Then
¢e(B(X,n) C B(X, s1)
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for all e € E. Let F be an arbitrary subset of E. Fix 1 < p < 400 and let £,(R)" be the
corresponding Banach space, i.e.

1/p
LR =z e (RN |z, = (ZHMI”) < 400

ecF
if p < +00 and
loo(RY = {z € R |[a]|oo := sup{|||| : ¢ € F}} < +o00.
Fix a set
(6.1) A C Bga(0, R)F N £,(RHF

with some R € (0, (1—s)n). For every A € A and every e € E define the map ¢} : B(X,n) —
R? by the formula

o) = {gbe(x) + A ifeeF

de() ifec E\F.
Then
¢2(B(X,n) € B(X,n)
and
(6.2) S =1} B(X,n) - B(X,n):e € E,A€ A}

is a a pre-random conformal IFS. With having in addition any measurable map # : A — A
it becomes a sub-random conformal IF'S. We shall prove the following.

Proposition 6.1. Fizp € [1,+0o0]. Suppose that A is an open subset of Bga(0.R)F' N{,(RY)F
and that 0 : A — A is a Ct-map. If ||0'|| < +oo and s||0'|| < 1, then for every w € EN, the
map
A3 A Ty(w) = Tgrmy (w) € R
is differentiable, in fact C*, and
D]y (@)lo = sup{|| Dsm(w)lloo : A € A} < (1 = 8]|6']|c)

Proof. Fix z € X and put

m(w) = ¢3,(2)
forall w € EN, all A € A, and all n > 0. Then (A 3> A 75(w))
converging uniformly (exponentially fast) to my(w). Thus the function A 3 X\ — m,(w) €

is a sequence of C'' maps

B(X,n) is continuous. Our goal is to show that the sequence (Dﬂﬁ(w))go of derivatives of
the elements of the sequence (7r§f (w))go also converges uniformly. We declare that A\, = 0 for

all e € E'\ F, and we can then uniformly write

(6.3) O (1) = de(x) + Ae.
Since
(W) = ), (To0n (0 (W) = Ay + Gy (T (0 (W),
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we get by the Chain rule that
(6.4) D™ (w) = Alwr) + ¢, (o) (0(w) Dlgoy " (0/(w))e' (A),

where A(w;) is represented in the natural coordinate basis by the matrix (function from
(RHF x R? to RY) consisting of 0 matrices d x d for every element e € F \ {w;} and the
identity matrix d x d corresponding to w; if the latter belongs to F. In any case

(6.5) |A(w)]] < 1.
We shall prove the following.
Claim 1: We have
sup {[[DI ()] s w € B A € Ay n > 0} < (1— s[|#/]]c)”
Proof. For n = 0 this is immediate as the supremum of zeros is zero. Supposing that the
claim is true for some n > 0, we get from (6.4) and (6.5)) that
1D W)l < 1+ (160, 1] - [[Dlooym (o (@) 116" (I < 1+ 8110 oo (1 — 5]16/[]0) "
_ 1= 5[]0"]0 + 10|
(1= 50"l

= (1= s[¢/l|)~"

The Claim 1 is proved. O

Now we will show that the sequence (D ,wr"(w))zozo is uniformly Cauchy with respect to
w € EY and \ € A. Fix two integers n > k > 0. By virtue of (6.4) again, by the Bounded

Distortion Property (Property for the system &, and also by Claim 1, we get

(6.6)
||D|>\7Tn+1( ) D|,\7Tk+1(w H
= ||, (om0 (0())) Dlony ™" (7 (@) (N) = L, (g3 (0(w))) Dlgym (o (w)) @' (M)
< ||, (mom ) ( w)) L(Wem) a(@)) || - [|Playm" (o (@) | - 116" (X ||+
+ [| L, (e w>>|| HD|9 "(o(w)) - D|W (o(@)]| - [1'(A
< Hi||monn)( <w>>—m (@) 116" [oo (1 = 5]16']|oc) "

+ 5/10]]o - ||D|6(A>7T (o(w)) = Doy (a(w)) ||
< Hs |10/ ||oo (1 = s[10']1o) "5 + 5[0 [oo - || Dlooy 7" (0(w)) — Doy (a(w))]],
where the constant Hg comes from the Bounded Distortion Property for the system §. Fix
now € > 0 and fix then an integer [ > 0 so large that
/
|11 — s} ) s < 220
Assume n > k > [. Then
T[4

H10]oo(1 — s]|9]c) "5 < =212
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DenoteD |7/ (1) by a;(7, \). Hence, if ||a, (0 (w), 8(N)) —axr(o(w), B(N))|] < £/2, then it follows
from that

1—s||0||x € €
(6.7) llans1(w, A) — agr1(w, V|| < #5 + 8H9'Hoo§ <e.

So, assume that

llan(o(w), (X)) — ar(o(w), O(N)[| = &/2.

Then
Hsl[0']]o (1 — s[[6]0) s < L2519l O(\)) — H(\
sl (1 = s[|0]|oc) s < 5 llan(o(w),0(A)) = ax(o(w), 6(A))II;
and therefore, we get from that
1+ 5|10l
i (0@).3) — ager(w. )11 < 0 010),00) — ag(otw). 00

Combining this with and putting
- 1 —i—s]|9’||007
2
we get that
lans1(0(w), A) = axsa1(w, M| < max{e, rllan(o(w), 6(N)) — ar(o(w), 0(A))][}-
For any 5 > > 0 put
A o= sup {|las(r,7) — as(r, )| : 7 € BY, y € A},
The last formula implies then for all n > k£ > [ that
lans1(0(w), A) = axqr(w, A)|| < max{e, KAk}
Hence, taking the suprema:
(6.8) A1 < max{e, kA, 1}
We shall show by induction that given n > k£ > [ we have
(6.9) Antjrr; < max{e, /A, 1}

for all j > 0. Indeed, for j = 0 this is true as ° = 1. So, suppose that holds for some
J > 0. Using also we then get

Aptjit1 ki1 < max {6, KAntjk+;} < max{e, max{xe, IijJrlAn’k}} = max{e, K/ A, 1}

Formula is thus proved. This formula readily implies that the sequence (D[ Aﬁn(w))zozo
is uniformly Cauchy. Thus, the sequence ((\,w) Wﬁ(w))zozo converges uniformly (with
respect to w € EN and A € A) to the C*-function A 3 X +— 7y (w) for all w € EN. Because of

Claim 1, ||D[y7(w)]|os < (1 = 5||0/||co) % The proof of Proposition [6.1]is complete. O
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Keeping F' an arbitrary subset of £ we say that the map # : A — A is of finite character
with respect to F'if p = +o0,
(6.10) A=]]ve
ecF
where U, e € E, are open subsets of Bga(0, R) with smooth boundary,

F:[jFJ
j=1

is a disjoint union of finite sets (possibly empty or consisting of just one element if F is
finite) and

o0

(6.11) 0=1]¢:
j=1

where, for each j > 1, 6, : [|
the following.

Ue— ] U, is a Cl-diffeomorphism. Now we can prove

eEFj BEFj

Theorem 6.2. Let E be a countable set and let S = {¢pe}ecr be an autonomous (determin-
istic) system acting on some compact domain X C R and a bounded open interval V- C R.
Let E, be an arbitrary subset of E. Assume that

(a) ¢u(X)NPp(X) =0 for all a,b € E\ E, with a # b,

(b) s[10'|]ec < 1 and s||0/|]se(1 — s]|0||o0) " < 1/2.
Let A be given by with p = oo and let 0 : A — A be a C'-diffeomorphism of finite
character with respect to E,. Then the sub-random conformal IFS S defined by
satisfies the Random Transversality Condition of Finite Type with respect to the product

measure Qeep,le on [ U., where {, is the normalized d-dimensional Lebesque measure

ecF,
on U.,.

Proof. Fix k > 1. Let F}, := U?:l E, ; and let I be an arbitrary finite set such that
(6.12) F,C FCF,U(E\E,).
Since the set F \ E, is finite and all sets ¢ (X), e € E'\ E, are compact, it follows from (a)
that if n € (0, dist(X, V¢)) is small enough, then

inf {dist (¢ (X), ¢p(X)) : A€ A and a,b€ F\ E, with a#b} > 0.
Fix w,7 € FY with w; # 7. Our first goal is to verfy the assumptions of Lemma for the
function

A A= f(N) :=m(w) — mA(7T).

Indeed, if both w; and 7y are in F'\ E,, then the formula (4.1) in Lemma is vacuously

satisfied. So, we may assume that at least one of the two elements w; or 7y is in Fj. Assume
without loss of generality that w; € Fj. Then

F) = ma(w) = ma(1) = Aoy = Ay + P (Tor) (0(w))) = &, (Tor) (9(7)))-
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We know from Proposition that all the functions ., (8) are differentiable. Since 7 # wy,
we thus get

OF 14 6, (o (o)) Dlay(01()) -2 — &, (magay (0())) Dyl ()2

O, Oy Oy
Hence, by virtue of the last assertion of Proposition and of assumption (b). we get
of 00
> 1= (160, Il [ Dleym (@ @) + 165, 1] - [ Dloym (e (7))])
a>\w1 a>\“~’1 0o

> 1 — 25]|60/||oo(1 — s]|0||0c) " > 0.
So, the implication of Lemma holds and the hypotheses of this lemma have been
verified. Now notice that since both w,7 € F, U (E \ E,), and since  : A — A is of finite
character with respect to E, all the maps mpi(y)(0"(w)) and myi(y)(0’(7)) depend only on
(Ae)ecr, and on the map

e T IT o —T1 17 o

j=1 j=1¢c€E, j=1e€E. ;
the coordinates of A beyond Fj, and the maps 6;, j > k + 1, do not matter. Therefore, (by
Lemma [4.8]) we get

. ® *Ke({)\ € Aimy(w) —mi(r)| < r}) =

ek
T e ?Fkée <{)\ < H Ue : |ma(w) — ma(7)] < r})

ecFy
< Cpr'™Ur" = Cpr,

where u = d Z;‘f:l #FE. ;. The proof is complete. O

Remark 6.3. We now would like to indicate how easy it is to create random conformal
[F'Ss satisfying all the hypotheses of Theorem [6.2] Indeed, the only issue requiring perhaps
to be addressed, is condition (b); (a) can be always achieved easily by taking E, = E for
example, and C' maps @ of finite character abound and are independent of actual IFSs. And
condition (b) can be always achieved by taking sufficiently large iterate S* = {¢, : w € E*}

of an original system S = {¢. : ¢ € E}, and then to use S* to form a random system S**7)

as given by formula (6.2]).

Now we want to describe one more class of examples of sub-random conformal iterated
function systems satisfying the Random transversality Condition of Finite Type. Again, let
E be a countable set and let S = {¢. : e € E'} be an autonomous (deterministic) conformal
IFS acting on some compact domain X C R? and a bounded convex open set V C R?
containing X. Let 0 < n < dist(X,R?\ V). Then

¢e(B(X,n)) C B(X, sn)
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for all e € E. Let F' be an arbitrary subset of E. Fix 1 < p < 400 and with some R €
(0, min{*=2n, dist (X, R\ V) — n}) let
A C Bra(0, R)" N 6,(R)T))
be a Cl-submanifold of £;((R%)%)). For every e € E\ F set A\, = 0. For every e € E and
every A € A define the map ¢ : B(X,n) — B(X,n) by the formula
32 (2) = P+ Ao)-
Then
¢e(B(X,n)) C B(X, (R +n)s)
and (R + n)s < n. Define
(6.13) SR = L) B(X,n)) = B(X,(R+n):e € E,\ € A}.

Fn,R

With any map @ : A — A, the pre-random conformal system S' ) becomes then a sub-

random conformal IF'S. We shall prove the following.

Proposition 6.4. If : A — A is a C'-map, ||0/||sc < 400, and moreover s||0/||o < 1, then
the map

A3 X my(w) = Terrmy (W) € RY
is differentiable, in fact C*, and
D]y (w)lloe == sup{[|D]sm(w)]|oc : A € A} < (1 = 8[|6']]o) ™"

Proof. Fix z € X and put

mh(w) = ¢, (2)
for all w € EN, all A € A, and all n > 0. Then (A 3 X — ﬂf{(w))go is a sequence of C'! maps
converging uniformly (exponentially fast) to m)(w). Thus the function A 3 XA — m\(w) €

B(X,n) is continuous. Our goal is to show that the sequence (Dﬂf(w))go of derivatives of
the elements of the sequence (Wf(w))go also converges uniformly. Since

T (W) = 63, (T (0 (W) = dun Ny + 0 (@),
we get by the Chain Rule that
(6.14) D™ w) = ¢, (A + T (0(w))) (Awr) + Doy (0(w))0'(N)),

where A(w;) has the same meaning as in the formula (6.4]); in particular formula (|6.5]) holds
for it. We shall prove the following.

Claim 1: We have

sup {HD[,\W”(w)H cweEY NeA n> 0} < s(1— s||9’|\oo)’1.
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Proof. For n = 0 this is immediate as the supremum of zeros is zero. Supposing that the
claim is true for some n > 0, we get from (6.14) and (| - ) that
| D™ (@) < @l I1(1 + || Dlogya™ (@ ()| - 116" (M)
< S(1+8||9'||oo(1—8||9'||oo) ")
1 — s|0"]|0 + 5116 -
e i — 1 _ 9/ ~ 1
s = s sl
Claim 1 is proved. ([l

Now we will show that the sequence (D| Aw”(w))zozo is uniformly Cauchy with respect to

w € EY and A € A. Fix two integers n > k > 0. By virtue of ((6.14]) (6.5) again, by the
Bounded Distortion Property for the system &S, and also by Claim 1, we get

| Dlam™ (w) — Dy (w) || =
= [|6L, Oy + 0 (0(w))) (A(wr) + Doy (o (W))9’()\))—
— 9 (M + T (0(w)) (Awr) + Dloym™ (a(w))0' (V) |
< (0l Qs+ Ty (0 (@))) = 6, Ny + 505 < <ao>>) )|+
+ {| 6L, Ay + Ty (0(w))) (Do (0(w)) = Dlpoym* (0(w)))0'(A)) ||+
+ || (8L, Qwr + Ty (0 (W) — w1<>‘w1+7T0(>\)< a(w)))) Dlapy* (o(w))8' (N ||
< (@, s + oy (0(@))) = L, +7Te ( W)+

HMJWMQdMW% >Dw <wwmw+
+ {1 (6, A + T (0(@))) — Mum+mm<>mDm T(o(w)o' (V)|

< Hs||mgn (o (0(w)) = ey (0(w))||* + s|| Dlooym w<»—ma \\W’H+
+ Hs|| Dlooym* (a(@)[| - 116/ (V1] - || o )(O(w))—ﬂek H

)
< Hss™ + 5]|0/||c|[ Dlooy 7" (0(w)) = Dloya* (o(w)) || + SHsWHoo(l = s]10/]]oc) 5"
= Hs[0/||oo (1 + (1 = s[10']]c) ™) s™ + SHG’HooHD!e(M (0(w)) = Doy (o (w))|]-

So, we got exactly the same inequality as (6.3]) except for the additional term 1 in the first
summand. The remainder of the proof is the same as the proof of Proposition 6.1} OJ

Now we can prove the following.

Theorem 6.5. Let E be a countable set and let S = {¢. : e € E} be an autonomous
(deterministic) conformal IFS acting on some compact interval X C R and a bounded open
interval V- C R. Let E, be an arbitrary subset of E. Assume that

(a) ¢u(X) N Pp(X) =0 for all a,b € E\ E, with a # b,

(b) 8/|0/|]oe < 1 and s|]0'||oo(1 — 8]|0']|0e) ™t < 1/2.
Let A be given by with p = oo and let 0 : A — A be a C'-diffeomorphism of finite
character with respect to E,. Then the sub-random conformal IFS ST=m1) defined by
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satisfies the Random Transversality Condition of Finite Type with respect to the product

measure Qeep,le on || U., where, we recall, {. is the normalized d-dimensional Lebesgue

e€Fy
measure on Ul,.

Proof. Fix k > 1. Let F}, := Ule E, ; and let I be an arbitrary finite set such that
(6.15) F, CFCF,U(E\E,).
Put
uy, = min{||gL|| : e € F}.} < +o0.
Since the set F}, \ E. is finite and all the sets ¢p(X), e € E'\ E, are compact, it follows from
(a) that if n + R is small enough, then
¢ = inf {dist(¢)(X), ¢p(X)) : A€ A and a,b€ F\ E, with a#b} > 0.
Fix w,7 € FY with w; # 7. if both w; and 7 are in F'\ E,, then for every r € (0, &)
{AeA:|m(w)—m(r)| <r} =0,
whence trivially,
. ® *ﬁe({A € A:|my(w) —m\(7)| < 7}) < Cpr,

S
for all » > 0. So, we may assume that at least one of the two elements w; or 71 is in Fj.

Assume without loss of generality that w; € Fj. Then
TA(w) = TA(T) = duy (Awy + Ton) (0(w))) = &, (Ary + To(n) (0(7)))
= ¢, () (moon) (0(w))) = T (0(7))) + Ay — Ary)

with some ¢ belonging to the closed interval whose endpoints are A, + 7y (c(w)) and
Ar + o (0(7)). Put

(6.16)

JA) =m0 (0(w)) = Ton) (0(7)) + Awy — Ary
Then by ,
{AeAimw) —m(n)| <rpc{Ae A [f(N)] < w'r},
and therefore it suffices (see the very last, starting with ”Notice that”, part of the proof of

Theorem to prove Lemma . We have

0 0
of =14 D|ppym(o(w)) 0 — Dlgoym(o(7)) 0

8)\0.)1 a)\wl a)\wl
00
=1+ (Dlgym(o(w)) = Dlaym(a(7))) IR
w1
Hence, using also the last assertion of Proposition 6.4, we get
of 00 _
> 1~ |2 |([Dlocym(a@)]| + [ Dlopym(a())[]) = 1 = 25]16'][oo(1 = s]16]]o) "
O, O\,

As by (b), 1 — 25/|¢0/||(1 — 5]|¢/]|oo) ™ > 0, the hypotheses of Lemma are thus verified
and the proof is complete. 0
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Remark 6.6. We can remark exactly the same in regard to the systems described in The-
orem [6.5 as we did in Remark [6.3] with respect the systems described in Theorem

Remark 6.7. If the map 6 : A — A described by and and involved in both
Theorem and Theorem [6.5], preserves a Borel probability measure m absolutely contin-
uous with respect to the measure ESE* ¢, with the corresponding Radon-Nikodym derivative
bounded above, then the sub-random IFSs S(#+" and S+ become random conformal
[FSs with respect to the measure m (and satisfy the Random Transversality Condition of
Finite Type with respect to m).
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