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ABSTRACT. Recall that a Borel measure p on IR is is called extremal if g-almost every number
in IR is not very well approximable. In this paper, we investigate extremality (and implying
it the exponentially fast decay property (efd)) of conformal measures, induced by regular
infinite conformal iterated function systems. We then give particular attention to the class
of such systems generated by the continued fractions algorithm with restricted entries. It is
proved that if the index set of entries has bounded gaps, then the corresponding conformal
measure satisfies the (efd) property and is extremal. Also a class of examples of index sets
with unbounded gaps is provided for which the corresponding conformal measure also satisfies
the (efd) property and is extremal.

1. INTRODUCTION

A point x € IR is called very well approximable if there exist § > 0 and infinitely many
integers p,q € Z, ¢ > 1, such that

gz — p| < ¢~

It is a classical result that the set of all very well approximable numbers has the Lebesgue
measure zero but the Hausdorff dimension equal to 1. Thus the natural question arises about
other measures. To be more precise, a Borel measure p on IR is is called extremal if pu-almost
every number in IR is not very well approximable. Barak Weiss has provided in [15] a nice
sufficient condition for a Borel probability measure on IR to be extremal. We will use this
result heavily. We would like to add that Weiss’s result has its multidimensional counterparts
(see [3], [2], [9] and [13] for more examples).

In this paper, we investigate extremality (and implying it the exponentially fast decay property
(efd)) of conformal measures, induced by regular infinite conformal iterated function systems.
We recall that the iteration of infinitely many conformal maps naturally arises in several
contexts. For example, one is naturally led to consider infinite systems when one is dealing
with parabolic systems, i.e. finite systems of conformal maps which have some cusps (see [§]
and the reference therein). Another natural class of examples, investigated in detail in our
article, arise from the sets of continued fractions with restricted entries.

In the present paper our ultimate goal is to explore extremality of conformal measures natu-
rally associated to regular continued fraction iterated function systems with restricted entries.
Our starting point is the above mentioned result of Barak Weiss (see Theorem 3.2, comp. [15])
saying that the exponentially fast decay property (efd) introduced in [14] by W. Veech, is in
the one-dimensional case (the support of the reference measure is contained in IR) sufficient

for extremality. In our paper the extremality of conformal measures we are dealing with is
1
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always proven via the (efd) property. In [4] the authors derive some additional diophantine
consequences of the exponentially fast decay property.
Our paper is organized as follows. In Section 2 (Preliminaries) we collect some basic properties
of conformal infinite iterated function systems. In Section 3 (General Sufficient Conditions)
we establish the (efd) property of several classes of measures and, as the main result of the
section, we prove Theorem 3.7, a sufficient condition for the (efd) property to hold, heavily
used in further sections. In Section 4 we consider the maps ¢, : [0,1] — [0,1], for n € IN
given by the formula
1

¢n(x) - x4+ na
and an arbitrary subset I of positive integers IN. We investigate the corresponding iterated
function system S; = {¢;};cr called a continued fraction iterated function system. Its limit
set J; consists of all those x € (0, 1) that each partial denominator x;, i > 1 in the continued
fraction expansion

$2+$3+ﬁ
is in I. In Theorem 5.1 an effective sufficient condition for the conformal measure of the
system Sy to satisfy the (efd) property (and as a consequence to be extremal) is provided.
This condition is expressed in terms of the arithmetic properties of the infinite set I of positive
integers. This continues our theme from [6], [11], and [7] that many geometric measure
theoretic properties of these systems are reflected in the arithmetic properties of the index set
I. The last section, Section 5 is occupied by the proof of the following two fact. First, that
each index set I with bounded gaps gives rise to the conformal measure (up to a multiplicative
constant the packing measure on J;) which satisfies the (efd) property, and in consequence,
is extremal. Secondly, that there exist infinite regular systems with unbounded gaps whose
conformal measures satisfy the (efd) and are extremal.

Acknowledgment. I wish to thank B. Weiss for his valuable comments, which improved
the final version of this paper.

2. PRELIMINARIES

Let us describe first the setting of conformal (infinite) iterated function systems introduced
in [5]. Let I be a countable index set or alphabet with at least two elements and let S = {¢; :
X — X}ier be a collection of injective contractions from a compact metric space X into X for
which there exists 0 < s < 1 such that p(¢;(x), ¢;(y)) < sp(z,y), for every i € I and for every
pair of points =,y € X. Thus, the system S is uniformly contractive. Any such collection S
of contractions is called an iterated function system. We define the limit set J of this system
as the image of the coding space under a coding map as follows. Let I™ denote the space of
words of length n, I the space of infinite sequences of symbols in I, I* = |J,~; I™ and for
weI', n>1,let ¢y = ¢y, 0y 000, . If we& I*UI® and n > 1 does not exceed the
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length of w, we denote by w/|,, the word wjws . ..w,. Since given w € I, the diameters of the
compact sets ¢, (X), n > 1, converge to zero and since they form a descending family, the
set

ﬁo d)w\n (X)

is a singleton and therefore, denoting its only element by 7(w), defines the coding map = :
I*° — X. The main object of our interest will be the limit set

J = Js = 7_‘_([00) = U ﬂ d)w‘n(X),
weI>® n=1
Observe that J satisfies the natural invariance equality, J = U;c; ¢:(J). Notice that if I is
finite, then J is compact and this property fails for infinite systems.

An iterated function system S = {¢; : X — X };c; is said to satisfy the Open Set Condition
(OSC) if there exists a nonempty open set U C X (in the topology of X) such that ¢;(U) C U
for every ¢ € I and ¢;(U) N ¢;(U) = 0 for every pair i,j € I, i # j. (We do not exclude the
possibility that ¢;(U) N ¢;(U) # 0.) A system satisfying (OSC) is said to satisfy the Strong
Open Set Condition (SOSC) if J¢NU # () and it is said to satisfy the Super Strong Open Set
Condition (SSOSQ) if Jg C U.

An iterated function system S satisfying the Open Set Condition is said to be conformal if
X C IR? for some d > 1 and the following conditions are satisfied.

(1a) U = Intga(X).

(1b) There exists an open connected set V such that X C V C IR? and such that all maps
¢, i € I, extend to C' conformal diffeomorphisms of V into V. (Note that for d = 1
this just means that all the maps ¢;, i € I, are C* monotone diffeomorphisms, for
d > 2 the words C! conformal mean holomorphic or antiholomorphic, and for d > 2
the maps ¢;, i € I are Mobius transformations. The proof of the last statement can
be found in [1] for example, where it is called Liouville’s theorem.)

(1c) There exist v,l > 0 such that for every z € X C IR? there exists an open cone
Con(z,v,[) C Int(X) with vertex x, central angle of Lebesgue measure v, and altitude
[.

(1d) Bounded Distortion Property(BDP). There exists K > 1 such that

6L, ()] < K4, ()|

for every w € I* and every pair of points z,y € V, where |¢/ ()| means the norm of
the derivative.

In fact we will need the following stronger condition than (1d).
(1le) There exists a function K : [0,00) — IR such that lim,\ K(r) = 1 and

6L w)| < K([lz = yl])|¢s ()]

for every w € I'* and every pair of points z,y € V.



4 MARIUSZ URBANSKI

This condition is always satisfied if d > 2 (see [8], comp. [12]) and if the system S is finite
with ¢; € C'*¢ for all i € 1.

Let us now collect some geometric consequences of (BDP). We have for all words w € I'* and
all convex subsets C' of V

diam(¢.,(C)) < ||¢,,||diam(C) (2.1)

and
diam(¢,(V)) < D¢, I, (2.2)
where the norm || || is the supremum norm taken over V- and D > 1 is a constant depending

only on V. In addition,

diam(¢, (1)) = D H|¢, || (2.3)
¢u(B(z,1)) C B(du(x),[|4,]Ir) (2.4)

and
¢u(B(w,1)) D B(du(), K7|4}]|r) (2.5)

for every x € X, every 0 < r < dist(X,0V), and every word w € I*.

As was demonstrated in [5], infinite conformal iterated function systems, unlike finite systems,
may not possess a conformal measure. There are even continued fraction systems which do
not possess a conformal measure, see [6], Example 6.5. Thus, the infinite systems naturally
break into two main classes, irregular and regular. This dichotomy can be determined from
either the existence of a zero of the topological pressure function or, equivalently, the existence
of a conformal measure. The topological pressure function, P(¢), ¢t > 0, is defined as follows.
For every integer n > 1, define
Un(t) = 3 lgLll"

welmn

and set .
P(t) = lim —logu(t).

For a conformal system S, we sometimes write g = ; = 1. The finiteness parameter,
fg, of the system S is defined by inf{t : ¢(t) < oo} = fs. In [5], it was shown that the
topological pressure function P(¢) is non-increasing on [0, 00), strictly decreasing, continuous
and convex on [f,00) and P(d) < 0. Of course, P(0) = oo if and only if I is infinite. In [5]

(see Theorem 3.15) we have proved the following characterization of the Hausdorfl dimension
of the limit set Jg, which will be denoted by h = hg.

Theorem 2.1.
hg = sup{hp : F C I is finite } =inf{t : P(¢) < 0}.
If P(t) =0, then t = hg.
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We called the system S regular provided that there is some ¢ such that P(¢) = 0. It follows
from [5] that ¢ is unique. Also, the system is regular if and only if there is a ¢-conformal
measure. A Borel probability measure m is said to be t-conformal provided m(Jg) = 1 and
for every Borel set A C X and every i € [

m(@:(A)) = | [ dm
and

m(¢;(X) N ¢;(X)) =0,
for every pair i,5 € I, i # j.
There are some natural subclasses within the regular systems. A system S = {¢;};cs is said

to be strongly regular if 0 < P(¢) < oo for some ¢ > 0. As an immediate application of
Theorem 2.1 we get the following.

Theorem 2.2. A conformal system S is strongly reqular if and only if h > 6.

Also, in [5] we called a system S = {¢;}ic; hereditarily regular or cofinitely regular provided
every nonempty subsystem S’ = {¢;}ic;r, where I’ is a cofinite subset of I, is regular. A finite
system is cofinitely regular and for an infinite system, we showed in [5] that whether a system
is cofinitely regular can be also determined from the pressure function:

Theorem 2.3. An infinite system S is cofinitely or hereditarily reqular if and only if P(0) =
00 P(f) =00 & {t:P(t) <oo}=(0,00) & {t:(t) < oo} =(0,00).

We would like to mention that cofinitely regular systems are important since they often appear
as natural examples and checking cofinite regularity (if it holds) is usually much easier than
checking regularity of systems which are not cofinitely regular.

3. GENERAL SUFFICIENT CONDITIONS

We start with the following simple but useful result.

Proposition 3.1. Let (X, p) be a metric space and let i be a Borel probability measure on
X. Then the following two conditions are equivalent.

« Ha € 0.1)3(3 > )3 > 0¥ € )l < )

p(B(x,1)) < ap(B(z, fr)).
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(b) There ezists a Borel set Y C X with u(Y') = 1 such that the condition (a) is satisfied
with X replaced by Y .

Proof. The implication (a)=-(b) is obvious. In order to prove the opposite implication fix
rz€ X and r <&/2. If B(x,r)NY =0, then u(B(x,r)) =0, and we are done. Otherwise, fix
y € B(x,r)NY. Then

p(B(z,r)) < p(B(y,2r)) < ap(Bly, B2r)) < ap(B(z,26r + 1)) = ap(B(, (26 + 1)r)),

and we are done. B

Any Borel probability measure satisfying condition (a) or, equivalently, condition (b) of Propo-
sition 3.1, is said to satisfy the exponentially fast decay (efd) property. The significance of
this property, though interesting itself, results from the following fact, essentially proven in
[15] and crucial for our approach.

Theorem 3.2. (B. Weiss) Every Borel probability measure on IR satisfying the (efd) property
s extremal.

A Borel probability measure y is said to be geometric if there exist £ > 0, C' > 0, and h > 0
such that

C M < w(B(z,r)) < Cr"
for all € supp(p) and all r < £. Our next simple result is the following.

Proposition 3.3. Every geometric measure satisfies the (efd) property.

Proof. Fix > 1 to be specified later and consider an arbitrary point x € supp(p) and
r < &/B. Then

u(B(z,r)) < Cr' = C*MC(Br)") < C*B"u(B(x, Br)),

and it suffices to take B > 1 so large that C?3~" < 1. We are therefore done since the
condition (b) of Proposition 3.1 is satisfied with Y = supp(p). B

As an immediate consequence of this proposition, Lemma 3.14 from [5] and Theorem 3.2, we
get the following.

Theorem 3.4. If S = {¢; : X — X}ier is a finite conformal iterated function system and
h = HD(Js), then all the measures: Hausdorff H*|,,, packing P*®|;, and the h-conformal
measure m on Js satisfy the (efd) property. If in addition, X C IR, then all these measures
are extremal.
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As an immediate consequence of Proposition 3.3 and a well known Theorem from [10], we get
the following.

Theorem 3.5. If f : X — X is a mizing expanding repeller and h := HD(X), then the
h-dimensional Hausdorff measure on X and h-dimensional packing measure on X satisfy the
(efd) property. If in addition, X C IR, then all these measures are extremal.

We shall prove now in the context of iterated function systems a sufficient condition for a
conformal measure to satisty the (efd) property. This condition will be the starting point of
all our more specific results establishing the (efd) property of conformal measures for some
conformal iterated function systems.

Theorem 3.6. Suppose that the system S = {¢;}icr is regular, and denote by m the cor-
responding h-conformal measure. Suppose also that there exists an integer ¢ > 0 and Kk €
(0, min{1, dist(X, 0V')}) such that the following three conditions are satisfied.

(a) There exist three real constants: v > 1, 8> 1, a € (0,1), and a finite set F C I such
that for alli € I\ F, all x € ¢;(J) and all r € [v]|¢}]], &]

m(B(z,r)) < ap(B(x, Br)).
(b) For all w € I* with |w| < q, allx € J, and all r € (0, k)
m(gu(B(x, 7)) < a”3|¢l,(2)['m(B(z, ).
(c) For allw € 17 and all x € J,
bu(B(z, k) C X.
Then the h-conformal measure m satisfies the (efd) property.

Proof. Let
G=Fufiel: gl > r]}
Since lim;ey ||@}]| = 0, the set G is finite. Take now an arbitrary p > 0,7 € I \ G, z € ¢;(J),
and r € (p||Pi||, x). If > 7||@l||, then it follows from (a) that m(B(x,r)) < au(B(z, fr)). If
r < |||, then p < v, and it follows from (a) that

(B(a,1)) < m(Blaall61D) < (B, rlIglD) < am (B (5211 )
con (5 (w2

m(B(z,r)) < am(B(x, Bmax{1,v/p}r)). (3.1)

In any case
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Put n = min{||¢}|| : i« € G}. Since the measure m is positive on non-empty open subsets of
J, we have P := inf{m(B(z,vfn)) : © € J} > 0. Since the measure m has no atoms, there
exists ¢ € (0, k) so small that

m(B(z,()) < aP (3.2)
for all z € J. In view of condition (1le) we may assume ¢ € (0, x) to be so small that

LWl -
o) =
for all w € I*, all z € J, and all y € B(xz,(). Similarly as above, @ := inf{m(B(z,()) : z €
J} > 0 and there exists § € (0,(/K) so small that

m(B(z, K0)) < a@ (3.4)

for all z € J. Fix now x € J and r € (0,0). Write 2 = n(w), where w € I*°, and let n > 0 be
the least integer such that |[¢l, [| <@7'r. Then n > 1 and ||¢, [l >6~'r. Consequently

Kr(|gly, 117" 2 rllé, 6L, 1| = OllgL, |l (3:5)

o~ (3.3)

L
6k

IN

and
Kr||gl, .|l < K8 < ¢ <k <dist(X,V). (3.6)
This inequality along with formula (2.5) imply that
B(x,7) C du,, (B(m (0" (W), Krllgy, I7)),
and if n — 1 < g, then it follows from condition (b) that

m(B <043¢(M1 " M) "m(B(x(c™! Krlloy, _117)-
(B(z, 7)) (L (0" @) 'm (B (w (0" (@), Krl|él, ]I ")) .

If n —1 > g, then write w|,—; = 7, where || = ¢. It then follows from (3.6), (c), (3.3), and
(b) that

m(B(z,r)) < m (. (b (B(r(0" @), Krllé, ,II"))))
< a7 5[ (y(m (0" ()))) ['m (6 (B(m (0" (W), KrllgLy, 7))
< a78|g) (y(r (0" (w)))) [P~ 7@y (w (0"~ (W) 'm( B (m(0™ (), K7l|6l,,, , (58)
=a 2|l (r(0" (@)'m(B(r(o™ H(w)), Krlgl, Il ).

It now follows from (3.7), (3.8), (3.6) and (3.4) that

m(B(x,r)) < a” gl (r(0" " (@))["am (B (n(0" " (@)).¢))
= a|gly, , (m(e"" (@) [Pam (B (r(" ! (). ).
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Consider now the case when v0~'8K7r||¢, |[7' > (. Then, in view of (2.4) and (3.3), we
get that

m(B(a,70 BET)) > adlgl,_ (m(e" @) 'm(B(r(0" (), ¢))-
Combining these last two inequalities, we obtain
m(B(z,r)) < a%m(B(x,*yG_lﬁKr)). (3.9)
So, suppose that
V0~ BET||¢y, |7t < ¢
Then in view of (3.3),

m(B(z,707 BKr)) > as|g), _ (r(0" 7 (w)))['m(B(r (0" (w)), 07" BKT||d,, | |_1(2)))1-0)

Assuming now that w, ¢ G and taking into account that m(c" ' (w)) € @y, (J), it follows
from (3.1) applied with p = 6, along with (3.5) and (3.6), that

m(B(r (0" (@), Krllgy, ,|I7')) < am(B(r(0" (), 407 8K |ldl,,1I7))-
Combining this along with (3.7), (3.8) and (3.10), we get
m(B(z,r)) < a%m(B(x,vﬁ’lﬁKr)). (3.11)

Suppose finally that w, € G. It then follows from (3.5) that v0 'SKr||¢, |7 > v6n, and
consequently that

m(B(r(o" (), 707 BKr||¢,, 1I7)) = P.
Therefore, in view of (3.6) and (3.2), we get

m(B(x (0" (W), Krl|¢l,_,[IT")) < am(B(n(o" (w)), 10 BE gL, [I7"))-

Now, exactly the same argument leads to (3.11). This formula and (3.9) complete the proof
as Y0 1K > 1. m

A rather straightforward argument leads to the following slightly stronger form of Theo-
rem 3.6, which is however much more convenient for further applications.

Theorem 3.7. Suppose that the system S = {¢;}icr is regular, and denote by m the cor-
responding h-conformal measure. Suppose also that there exists an integer ¢ > 0 and k €
(0, min{1, dist(X, 0V)}) such that the following three conditions are satisfied.

(a) There exist three real constants: v > 1, B> 1, a € (0,1), and a finite set F C I such
that for all i € I\ F there ezists y; € ¢;(X) such that for all r € [||d}||, K]

m(B(yi, 7)) < ap(B(yi, fr)).
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(b) For allw € I with |w| < q, allx € J, and all r € (0, k)
m(u(B(x, ) < a 3|d,,(@)"m(B(z,r)).
(c) Forallw e I? and all x € J,
bu(B(z, k) C X.
Then the h-conformal measure m satisfies the (efd) property.

Proof. In view of Theorem 3.6 it suffices to check condition (a) of this theorem with
appropriate £ > 0 (smaller) and 5 > 1 (bigger). All other constants will remain unchanged.
Indeed, for every i € I, every r > 7||¢}|| and every x € ¢;(X), we have

D D
B(z,r) C B(yi,r+diam(¢,~(X))) C B(yi,r+D||¢;||) CB (yi,r + ;r) =B (yi, (1 + ;) 7") )
Putting 8/ = 8 (1 + %r) —i—% > 3> 1, we get

Bz, ') > B(yi, §'r — diam(:(X))) > B(y:. f'r = DI|¢ll[) > B (yz-,ﬁ'?" - %)

oo fr-2))-afor(2))

Assuming now in addition that ¢ € I\ F and that r € (0, (1 + %) /@), we therefore obtain
from condition (a) that

oot < (1o (1 2) ) <o (5 (55 (14 2) )) < amiote 0.

We are done.

Thinking about applications of Theorem 3.7 let us prove the following.

Proposition 3.8. If S = {¢; : X — X}ier is a regular conformal iterated function system
satisfying the super strong open set condition, then the conditions (b) and (c) of Theorem 3.7
are satisfied.

Proof. Condition (c) is satisfied by taking ¢ = 0 and any positive k < dist(.J,0X). Condi-
tion (b) is then obviously satisfied. B

4. REAL CONTINUED FRACTIONS; GENERAL RESULTS
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In this section we examine the (efd) property of conformal measures of continued fractions
iterated function systems with restricted entries. For every m > 1 we consider the map
én 1 10,1] = [0, 1] given by the formula

() = —

T 4n

If I C IN contains at least two points, we call S; = {¢,}ner a continued fraction iterated
function system. It is straightforward to see that the limit set of this system consists of
all irrational whose continued fraction expansion has all entries in /. Many geometrical
properties of such limit sets have been thoroughly investigated in [6], [11] and [7]. We start
our considerations by recalling the following result proven in [7] as Lemma 3.2.

Proposition 4.1. If 1 ¢ I and S = {¢;}icr is a reqular continued fraction iterated func-
tion system, then S satisfies the super strong open set condition, and consequently, due to
Proposition 3.8 the conditions (b) and (c) of Theorem 3.7 are satisfied.

In order to get rid of the rather restrictive, fairly artificial and irritating assumption that
1 ¢ I, we shall prove the following.

Lemma 4.2. Assume that S = {¢; }icr s a reqular continued fraction iterated function system
and let m the corresponding h-conformal measure. If
11
()
1))

lizri) solép ~ ({0

then there exist o € (0,1) and k > 0 such that the conditions (b) and (c) of Theorem 3.7 are
satisfied with q = 2.

Proof. Fix k € (0,1/3). For every = € [1/2,1] and every n > 1, we have

6u(Blo. ) = (—— L e

n+r+K n+r—kK

If z € [0,1/2], then
1 1

n+rx+k n+r—k

bulBlww)) = (
and therefore, for every k£ > 1

Prn(B(x, k) C ¢x((0,00)) = (0,1/k)  (0,1).

(kn is here the concatenation of the letters & and n, and not their product). Hence the
condition (c) of Theorem 3.7 is satisfied with ¢ = 2. In order to verify condition (b) put

B(z,r,R)={r€R:z—r <z <z+ R}

)C (0, 00)
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Fix now x € (1/2,1] N J and fix r € (0,x]. Without loss of generality we may assume that
x+r>1. Fix R € [r,4r]. Then for every n € I

¢n(B($,T,R)) :¢n(($—7“, 1])U¢)n([1vx+R))' (41)

Now

m(%((x_ r, 1])) < (”7”>2h< 1 >2h —

n+x—r n+x

. _r
]' n-+x

= 2|¢},(x)["m(B(z,r, R))

=( 1 ) () Pm((z =7, 1)) < 206, @ Pml(z = 1D,

where the last inequality sign was written assuming that £ > 0 (and consequently r < k) is
small enough. Also
1 1

Oullz+ R)) = (n—i—x—i—R’nle} = dnaa (0,0 + R =1)).

Hence (note that if n+ 1 ¢ I, then m(¢n([1,x + R))) = m(d)n+1([0,x +R— 1))) =0)

m(én([l, 2 + R))) < (ni 1>2hm([0,x+R— 1) = (Zif)Qh <nix>2hm([0,x+R— )

< (n+2) 'm0,z + R—1)) = ¢, (x)|"m([0,x + R 1)), (4.3)

Now, (z—r,1] = d)l([(), (x—r)t— 1)), and consequently (z € (1/2,1]N.J implies that 1 € I)

1 2h . 1
m((x —r,1]) > (1—+0) m([0, (e =) = 1)) =m(j0, (e =)~ D). (44)
Since it is straightforward to verify that t + R—1 < (x —r)"! =1 (r < k¥ < 1/3), combining
(4.3) and (4.4), we get

m(gn([1,7+R))) < |6, (x)|"m ([0, (x—r) "' =1)) < |6, (x)['m((z—r,1]) = |}, ()["m(B(x, 7, R)).
Combining in turn this along with (4.2) and (4.1), we obtain

m(¢n(B(z,r, R))) < 3|¢),(x)"m(B(z,r, R)). (4.5)
Before moving to the next case, observe first that, due to our assumptions,

Q= max{ | i () ) <

Suppose in turn that = € [0,1/2]. We may assume without loss of generality that = —r < 0.
Then, for every n €

6n(B(z,7, R)) = 6u((z = 7,0]) U (0,7 + R)). (4.6)
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Now,

m(on(0.2+8)) < () m(r+ ) = () () (0.0 4 1)

n n n+x
= (14 2) g @) m (0,2 + R)) < 21 0) P (0, + )
< 2|¢l,(2)["m(B(x, 7, R)).

(4.7)

Suppose first that n = 1. Then ¢, ((z — r,0]) = [1, (1 + 2z —r)~") C [1,00). Thus, m(¢:((z —
r,0])) = 0, and combining this along with (4.6) and (4.7), we obtain
m(¢y(B(z,r, R))) < 2|¢) (2)|"m(B(x,r, R)). (4.8)
So, assume that n > 2. Then
1 1
bulla =10 = | )

n n+x—r

¢n,1((x —r+ 1, 1]),

and therefore (note that if n — 1 ¢ I, then m(¢,((x —r,0]) = m(¢n_1((x —r+1, 1])) =0)

n*%«x—hm»ngk4ﬁwi_r+D> m((—r+1,1))

() () (- (19)

:(1+512i7>W()| m((@ —r+1,1))
< 2l¢p(2)"m((z —r+1,1]).

Since (x—r+1,1] = qﬁl([O, (x—r+1)_1—1)), we get (as aboveifl ¢ I, then m((z—r+1,1]) = 0)

1 \2h B - B
m«x—r+LH)§<TIB> m(10,(—r+ 17 = 1)) =m((0, (r —r +1) _U&Jm

Now, taking x > 0 small enough (and consequently r and r — x small enough), we see that
(z—r+1)t=1=01-(r—2) ' —=1<r—z+4+2(r—z)*> <r—xz+2r’ Picking an integer
k > 1 such that

(4.11)

we therefore get

2
—1——<7—1—(x+7“)§r—x+2r2—x—r:2r2—2x§2r2§ﬁ.
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If k£ > 3, this implies that (x — 7+ 1)7" — 1 < (k — 2)~'. Therefore, using (4.11), we get
m([0,(z =7 +1)"t = 1)) < m([0, (k—2)°Y))
m([0,z + 7)) ~m([0,(k+ 1))
_ m([0,(k =2)" ) m(0,(k—=1)1)  m([0, k1)) 112
m(10,(k - 1)) m(l0,k 1) m(fo, )1)
< Q.

If £ <2, then similarly
m([0, (z—r+1)"1-1)) _ m([0.1)
m([0,z + 7)) m([0,1/3))
Combining this along with (4.12), (4.10) and (4.9), we obtain
m(pn (@ —r,0)) < 2Q%¢,(2)"m([0, 2 + 7)) < 2Q%|¢),(x)"m([0, z + R))
= 2Q3|¢%(x)|hm(B(x, T, R))
Looking at (4.7) and (4.6), we therefore get
m(¢n(B(x,7, R)) < 2(1+Q°)|¢)(x)/"m(B(x,r, R)). (4.13)

Combining this estimate with (4.8) and (4.5), we see (note that @ > 1) that (4.13) is true
for all n > 1, all k € (0,1/3) small enough, all » € (0,x), all R € [r,4r] and all z € J. In
particular

< Q.

m(¢n(B(x,r)) < 2(1+ Q%)@ («)["m(B(x, 7). (4.14)
Keep now € J and r € (0,k). Take any two numbers k,n € I. Since ¢,(B(z,r)) =

B(¢n(x),mm, Ry), where 1, > r(n+1)"2 and R, < rn? (so R,/r, < ("T“)z < 4), the
formula (4.13) applies, and we get

m(G1n(B(@, 1)) = m(0(B(6n (@), Ty Ra))) < 201+ Q)64 (0D m(B(6n(@), 7, Ra)).
Applying (4.13) once more, we obtain that

m(B(dn (@), 7, Ra)) = m(én(B(x,7))) < 201+ Q)6 («)'m(B(z,r)).

Combining the last two estimates together, we finally get

m(Gn(B(z,7))) < 4(1+ Q°)? |0}, (x)m(B(z, 7).
This and (4.14) complete the proof. ®
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Let us now recall from [7] that given ¢ € [0,1] and g > 1, we call an infinite subset I of IV,
(0, g)-evenly distributed provided that there exist constants A > 1 and p > 1 such that for
all real n > 1,

#(I N [n,gn]) < An’, (4.15)
and, if in addition n € I N [p, 00), then
min{# (I N [n, gn], #(I N [g"'n,n))} > A7 'n’ > 2. (4.16)

If we do not want (do not need) to specify § and g, we simply say that I is evenly distributed.
A simple straightforward but useful property of (d, g)-evenly distributed sets is contained in
the following.

Lemma 4.3. If I C IN is a (0, g)-evenly distributed set, then for all n € IN large enough
INn,gn]#0 and IN[g 'n,n] # 0, and consequently

min{#(Z N [n, g*n], #(I N [g *n,n])} > A~g 20’
We say that an infinite subset I of IV is rapidly growing if for every & > 0 there exist u > p
and o > 1 such that for every n € I N [u,00) and every k € [1,n/7]
#(10 (In—ok,n— kU [n+kn+ok])) > (TN [n—kn+E). (4.17)

We have proved in [7] the following result as Proposition 3.3.

Proposition 4.4. If I C IN is a (0, g)-evenly distributed set, then the system Sy is cofinitely
(hereditarily) reqular and s = 0/2. Consequently h > 6/2.

The main result of this section is the following.

Theorem 4.5. If I C IN is a rapidly growing evenly distributed set, then the correspond-
ing conformal measure m satisfies the (efd) property, and is consequently extremal due to
Theorem 3.2.

Proof. Our general strategy is to verify the assumptions of of Theorem 3.7. Observe that
if n ¢ I, then

m([1/(n +1),1/n]) =0, (4.18)

m ([%H %D <n2h (4.19)

and if n € I, then
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If in addition n > p, then by (4.16) there is k € I N [n + 1, gn). We then have

((0 %]) >m Q%—l—l’ %D > (k+1)7%" > (2gn) ™" = (2¢9)*"n 2"

Combining this with (4.18) and (4.19), we see that for all n € I N [p, c0)

() o
(0.5 =

Thus, the assumptions of Lemma 4.2 are satisfied, and applying it, we see that due to The-
orem 3.7, it suffices to verify the following condition: For every o € (0,1) there exist § > 1
and a finite set F' C I such that for all n € I'\ F and all 7 € (1/n?,1/3), we have

m(B(1/n,r)) < am(B(1/n, r)). (4.20)
For each r > 0 put

1 1 n
I (r)=1 E<n:——— =1 .
(r) ﬂ{ =" E T <r} i {1+7“n’n}

For every r € (0,1/n) put

I+(r):Iﬂ{k2n:%— <7"}:Iﬂ[n L]

1
k "1—1rn
and for r > 1/n put

I.(r)y=1nNIn,+00).
Set also

I(r)=I1:(r)UlI_(r).

Since the symmetric difference of J N B(z,7) and Ugerq) ¢r(J) is contained in ¢ingr_(y—1(J) U
Psup 1,.(r) (J), we easily deduce from Lemma 4.3 that

m(B(l/n,r))x > om = Y K= Y kM4 Z k2,

kel(r) kel(r) kel (r) kel (r) (4.21)

Take now an arbitrary £ > 0 and fix v > p > 2 and o0 > 3 so that the condition (4.17) is
satisfied. The assumptions of our theorem imply that I is (d, g)-evenly distributed with some
d € (0,1] and some g > 1. Fix n € I N [u,00) and consider

Case 1% r € [ L l].
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Using Lemma 4.3, we get for all n € I N [u, o) sufficiently large that

log 2(1+rn) log 2 (14+rn)

n
3 —2h Z —2h = ) (ng=2)=2h+0 — o-2h >y g22h=0)i
\,.n6_2h9 @h_éﬂo&ﬂ(1+rn)__]'\J nd—2h ;2(2h—0)log 2 (1+rn)
g2@h=0) _ 1 = 9
2h—§
=n® (1 +rn)? 0 € [n‘s’% (rn)?h=9, n5’2h((40 + 5)7"n) ] (4.22)
[ , 40 +5 T2h—6] C [P2h0, 429,
[ 4o +1)
Therefore, using (4.21), we get that
m(B(l/n, 037")) > Y ks P (4.23)
kel_(o3r)
Also
2% _ )o=2h _ 3-2h (65—2h)j —on 1 1\
: et (1)
Z ]z;) Z 1 — g(Sth n
2h—6
< (4e+1)"

Combining this, (4.22) and (4.21), we obtain

h—§ 2h—§
m(B(l/n, 7")) < 4202k (4(0 + 1))2 rh=t < (4(0 + 2)) rZh=o,
Combining this with (4.23), we get
m(B(l/n, 037“)) - 02h_6m(B(1/n,r)) (4.24)
for all o > 3 large enough. Consider now
Case 20: re |:n2’ m]
Then
n 1 1 1 1
1> o= > — 2 5
1+ n 14rn 1+m 2
Therefore,
-—2h . ~2h n
Yo it = > i #( [ n]) (4.25)
jeI_(r) P L+rn
and

> e S e[ )

eI (20m\—(r) 1+20rn 1+rn (4.26)

A n
J=1T2om
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. 1
Since rn < o We get

and therefore

R 5 = 2 (m {n LD , (4.27)

JELL(r) j=n 1—rn
Similarly
n 1 1 1 2(0 4 1)
L T e P i R T =%
orm n o) 5o 1D) o

and therefore

3 = lfn 2 (Iﬂ { n n D

JEL(20r)\T+(r) R lL—rn’1=20rn

Combining this and (4.26), we get

e (10 ([T T T T 50 ))
Z J zn T 1+20rn" 14+rn 1—rn’1—20rn ’ (4.28)

JEI(20m)\I(1)

and combining (4.25) with (4.27), we obtain

YooM=t (m [ " i ]) . (4.29)

1) 1+rn’1—rn
Put now
o rn?
1—rn 1—rn
Since r > 1/n?, we get
n n
k> —n = > 1. 4.30
=1-I " T (4.30)
Since rn < m, we obtain
n 1 n
k< i n=n <z (4.31)
m 40' + 3 7
We want now to check that
R —— 4.32
ntoks 1—20rn ( )

This equivalently means that —20rn® + ok(1 — 20rn) <0 or

2 1-2
o (1 —20rn) §2rn2<:>ﬂ < 2,

1—rn 1—rn
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and since this last inequality is obviously true, so is (4.32). Hence

n
INin, kCIﬂ[,i}. 4.33
[, + ok] " 1—20rn ( )

We want now to check that

n
—ok > ——— 4.34
noor= 1+ 20rn ( )

This equivalently means that 20rn® — ok(1 + 20rn) > 0 or (recall that k = rn?/(1 — rn))

2 1+2
17% (1+20rn)§2rn2<:>#§2<:>1+207"n§2—27“n<:>2(a+1)7“n§1
—rn —rn

and this last inequality is true because of our definition of the Case 2°. Hence (4.34) is
satisfied, and we get

n
I — ok IN|———,n|.
Nln—okn]C m{1+2arn’n}

Along with (4.33) this gives that

n n
IAn—okn+oklCI [ , ] 4
ﬂ[n 4 n—i—a]C M 14+20rn" 1—20rn ( 35)

We also need to check that

n
— k< 4.36
" “1l+rn ( )
But this equivalently means that rn? — k(1 +rn) < 0 or
rn? rn? rn?
k> & > S14+mrmm>1—rn.
L+rn l—rn = 1+4+mn
This last inequality is obviously true and (4.36) is verified. Hence
Iﬂ[n—k,n+k]3[ﬂ[ n_o_n }
1+rn 1—1rn
As an immediate consequence of this and (4.35), we obtain
n n n n
m([ , }u[ , DD[F‘I —okn— K Un+k n+ okl).
1420rn 1+1rn 1—rn" 1-20rn ([n ok,n—kUln+ n+a])

(4.37)
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Looking now at (4.28), (4.37), (4.17) (which applies due to (4.30)), (4.31)), (4.36), the defini-
tion of k, and (4.29), we get

Z j—2h — Z j_2h+ Z j_2h 2 Z j_2h

JEI(207) JeEI(r) JEI(20m)\I(r) JEI(20m)\I(r)

>0 (10 ([ 3omm T ) T on T 20em))
2 n 1+20rn’ 14+rn 1—rnl—20rn

> n 2410 ([n—ok,n— kK Uln+k,n+ok])) > en 210 (n— k,n+ )

= e (Iﬂ {lfrn’ l—nrnD P>

jelI(r

j72h
)

= Em(B(1/n,7)).
Thus for o > 1 large enough, we have
m(B(l/n,a3r)) > m(B(l/n, 207“)) > E&m(B(1/n,r)).

Along with (4.24) this implies that for all £ (and consequently o) large enough, all n € I large
enough, and for every r € [||¢]|],1/3], we have

m(B(l/n,a3r)) > min{&, o Ym(B(1/n,1)).
Letting & /* +o00 (and consequently o 7 4+00), we see that (4.20) is verified. We are done. B

5. REAL CONTINUED FRACTIONS; EXAMPLES

Represent any set [ C IN as a non-decreasing sequence {a,}2% ;. Recall that I is said to have
bounded gaps if sup,,>;{an41 — a,} < co. Our first result in this section is the following.

Theorem 5.1. If I C IN has bounded gaps, then the continued fraction iterated function
system S is regular and the corresponding conformal measure (which due to Corollary 5.9
from [6] is up to a multiplicative constant equal to the h-dimensional packing measure on Jg)
satisfies the (efd) condition, and is consequently extremal due to Theorem 3.2.

Proof. Tt is obvious that I is (1, g)-evenly distributed for all g > 1 large enough. Since

lim (inf inf{#(jm Itk Uk]) }) = 00,

o—00 \ n>1k>1 2k

we see that the set [ is rapidly growing. Thus, invoking Theorem 4.5 completes the proof. B

Corollary 5.2. If I C IN s an arithmetic progression, then the corresponding conformal
measure satisfies the (efd) condition and is extremal.
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As was noticed in Theorem 5.1, the h-conformal measure of any system with bounded gaps
is up to a multiplicative constant equal to the h-dimensional packing measure on Jg. It
follows from Corollary 4.5 in [6] that if in addition I is a proper infinite subset of IV, then
the h-dimensional Hausdorff measure on Jg vanishes.

Lemma 5.3. Suppose that {z,}5°,, an unbounded increasing sequence of positive integers
and {d, }5°,, a non-decreasing sequence of positive integers satisfy the following conditions.
(a)
6
Ty, +d, < ?(xn-i-l — dn-l—l)-
(b) For every j > 1
dn

lim inf >0
NI nyj = T A dnyj

Then the set
I = U [J;n - dnaxn +dn]

n>1

s rapidly growing.

Proof. Fix an integer £ > 1. In view of (b),

dp
§ = 0, = inf > 0. (5.1)
n>1 Tpte — Tn + dn+§

Put
o=026+1D)(1+61).
Take n > 2,1 € [z, — dp,x, +dy] and k € [1,1/7]. Consider separately two cases:

Case 1°. k < (26 +1)7'4d,
and
Case 2°. k > (26 4+ 1)7'd,,.

Let us deal first with the Case 1°. Suppose that [ — ok > x, — d,,. Then [ —ok,l —k]NI =
[l — ok,l — k], and therefore

#(IN[1 = ok,l—k]) = (0 — k> &2k > &#(I N[l = k, 1+ k).

So suppose that | — ok < z,, — d, and [ > x,,. Then I'N[l —ok,l — k| D [z, — dy,, ] — k], and
therefore

#(Iﬂ[l—ak,l—k]) >l—k—xn+dy >dy—k > (2§+1)k—k:§2k2§#(1ﬂ[l—k,l+k]).

Ifl <z, and |+ o0k < z, +d,, then IN[l + k,l + ock] = [l + k,l + ok] and therefore
#(IN[+k,1+0k]) = (0= 1)k > 26k > E#UN[I—k,1+k]). If1 < 2, and [+ 0k > 2, +dy,
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then I N[l +k,1+0k] O [l +k,xy + dy]. Hence, #(IN[I+k, 1+ 0k]) > 2y +dy — 1~k >
d, —k > (25+1)k—k:25k26#(Im[z—k,l+k]).

So, consider the Case 2°. In view of (a) we have for every n > 1 that

8 8 7
and
6 6
Hence IN[l — k,l+ k] C [z, — dp, xn, + d,], and consequently
#(I N[ =k, 1+ k]) < 2d,. (5.4)
Suppose now that [ + ok > x4 + dyie. It then follows from (5.2) that
n+E€
In [l + k', [+ O'k'] oIn [l'n+1 - dn-i—lal‘n—l—ﬁ + dn+§] D U [l‘j - dj,.'L'j + d]]
j=n+1

Hence

3
#(m [+ k1 + ak]) > 23 dyy, > 2d,.

=1
Combining this along with (5.4), we see that ]
#(IN[+k L+ 0ok)) > &I N[ — k1 +K])
for all n > 1. So, suppose in turn that
[+ 0k < Tpye+dne. (5.5)

Then ok < pye +dppe — 1 < Tpye + dyye — T, + dp, and since we are in the Case 20,
o026 + 1)7'd, < Zyie — Tn + dpye + dn. Invoking the definition of o, we therefore get
(14607Y)d, < Zpie —xn+dpie +dy. Equivalently, d, < (2,46 — v +dpye), which contradicts
(5.1) and finishes the proof. B

Applying this lemma we can easily construct the sets I with unbounded gaps whose corre-
sponding conformal measure satisfies the (efd) property. Indeed, we have the following.

Theorem 5.4. There exists an infinite evenly distributed rapidly growing subset I of IN with
unbounded gaps. Consequently the corresponding conformal measure on J; satisfies the (efd)
property and is consequently extremal due to Theorem 3.2.

Proof. Let A > 4 be an integral multiple of 4. For every n > 4 put

r, = A" and d,, = EA”.
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Set
I = U [J;n _dnaxn"i_dn]

n>1
Obviously I is evenly distributed. In order to verify that [ is rapidly growing, we shall check
the assumptions of Lemma 5.3. Since z,, + d,, = %A” and since

6 6 3 9 36
2y —doy) = = 24 = L gqn > D2 gn > 9 gn
Z (@ =) = 20 g R VR

we see that condition (a) is satisfied. Since for alln > 1 and all j > 1,
, 1 , S
Bt = gy = AT — AT 4 AT = g (ZAJ _ 1) ,

we get
dy, B TA" _ 1
Tn+j — Tn + dn+j B An (%A] — 1) B 5A7 — 4

0.

Thus condition (b) also holds, and all the assumptions of Lemma 5.3 have been verified.
Hence, I is rapidly growing. It is therefore left to check that I has unbounded gaps. To see
it notice that

1 1 3 5
it = oy — (n 4 dy) = AT S AL qn _ Zgn g (—A - —>
Tnt1 11— (70 +dy) 1 1 1 1

converges to +00 when n — 400. Applying now Theorem 4.5 finishes the proof. B
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