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Abstract� The paper extends the rigidity of mixing expanding repellers theorem by D�
Sullivan announced at ���� IMC �Su�� see also the unpublished manuscript by the second
author �Pr�� We show that for a regular conformal� satisfying �Open Set Condition�� it

erated function system of countably many holomorphic contractions of an open connected
subset of a complex plane� the Radon
Nikodym derivative d��dm has a real
analytic ex

tension on an open neighbourhood of the limit set of this system� where m is the conformal
measure and � is the unique probability invariant measure equivalent withm� Next� follow

ing �Su� and �Pr�� we introduce the concept of non
linearity for iterated function systems of
countably many holomorphic contractions� Several necessary and su�cient conditions for
non
linearity are established� We prove the following rigidity result
 If h� the topological
conjugacy between two non
linear systems F and G� transports the conformal measuremF

to the equivalence class of the conformal measure mG� then h has a conformal extension
on an open neighbourhood of the limit set of the system F � Finally we prove that the
hyperbolic system associated as in �MU	� to a given parabolic system of countably many
holomorphic contractions is non
linear what allows to extend our rigidity result to the case
of parabolic systems�
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x�� Introduction� Preliminaries� In �MU�� we have provided the framework to study
in�nite conformal iterated function systems� We shall recall �rst this notion and some of
its basic properties� Let I be a countable index set with at least two elements and let
S � f�i 
 X � X 
 i � Ig be a collection of injective contractions from a compact metric
space X into X for which there exists � � s � � such that ���i�x�� �i�y�� � s��x� y�
for every i � I and for every pair of points x� y � X� Thus� the system S is uniformly
contractive� Any such collection S of contractions is called an iterated function system�
We are particularly interested in the properties of the limit set de�ned by such a system�
We can de�ne this set as the image of the coding space under a coding map as follows� Let
In denote the space of words of length n� I� the space of in�nite sequences of symbols in
I� I� �

S
n�� I

n and for � � In� n � �� let �� � ��� � ��� � � � � � ��n � If � � I� � I�

and n � � does not exceed the length of �� we denote by �jn the word ���� 	 	 	 �n� Since
given � � I�� the diameters of the compact sets ��jn�X�� n � �� converge to zero and
since they form a decreasing family� the set

��
n��

��jn�X�

is a singleton and therefore� denoting its only element by 
���� de�nes the coding map

 
 I� � X� The main object of our interest will be the limit set

J � 
�I�� �
�

��I�

��
n��

��jn�X��

Observe that J satis�es the natural invariance equality� J �
S
i�I �i�J�� Notice that if I

is �nite� then J is compact and this property fails for in�nite systems�

An iterated function system S � f�i 
 X � X 
 i � Ig is said to satisfy the Open Set

Condition if there exists a nonempty open set U 	 X �in the topology of X� such that
�i�U� 	 U for every i � I and �i�U�
 �j�U� � � for every pair i� j � I� i �� j� �We do not
exclude cl�i�U� 
 cl�j�U� �� ���

An iterated function system S satisfying the Open Set Condition is said to be conformal

if X 	 IRd for some d � � and the following conditions are satis�ed�

��a� U � IntIRd�X��

��b� There exists an open connected set V such that X 	 V 	 IRd such that all maps
�i� i � I� extend to C� orientation preserving conformal di�eomorphisms of V into
V � �Note that for d � � this just means that all the maps �i� i 	 I� are C� in

creasing di�eomorphisms� for d � 	 the words orientation preserving conformal mean
holomorphic� and for d � 	 the maps �i� i 	 I are orientation preserving M�obius
transformations� The proof of the last statement can be found in �BP� for example�
where it is called Liouville�s theorem�

��c� There exist �� l � � such that for every x � 
X 	 IRd there exists an open cone
Con�x� �� l� 	 Int�X� with vertex x� central angle of Lebesgue measure �� and altitude
l�

	



��d� Bounded Distortion Property�BDP�� There exists K � � such that

j����y�j � Kj����x�j

for every � � I� and every pair of points x� y � V � where j����x�j means the norm of
the derivative�

In fact throughout the whole paper we will need one more condition which �comp� �MU���
can be considered as a strengthening of �BDP��

��e� There are two constants L � � and � � � such that��j��i�y�j 
 j��i�x�j
�� � Ljj��ijjjy 
 xj�	

for every i � I and every pair of points x� y � V �

Remark ���� Note that for d � 	� decreasing V if necessary� conditions ��e� and ��d� are
satis�ed due to Koebe�s distortion theorem�

Let us now collect some geometric consequences of �BDP�� We have for all words � � I�

and all convex subsets C of V

�BDP�� diam����C�� � jj���jjdiam�C�

and� for an appropriate V �

�BDP	� diam����V �� � Djj���jj�

where the norm jj�jj is the supremum norm taken over V and D � � is a constant depending
only on V � Moreover�

�BDP�� diam����X�� � D��jj���jj

and

�BDP�� ���B�x� r�� � B����x�� K
��jj���jjr��

for every x � X� every � � r � dist�X� 
V �� and every word � � I��

Frequently� refering to �BDP� we will mean either �BDP� itself or one of the properties
�BDP��
�BDP��� Notice that for simplicity and clarity of our exposition we assumed the
open set U appearing in the open set condition to be Int�X��

As was demonstrated in �MU��� conformal iterated function systems naturally break
into two main classes� irregular and regular� This dichotomy can be determined from either
the existence of a zero of a natural pressure function or� equivalently� the existence of a
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conformal measure� The topological pressure function� P is de�ned as follows� For every
integer n � � de�ne

�n�t� �
X
��In

jj���jj
t	

and

P�t� � lim
n��

�

n
log�n�t�	

For a conformal system S� we sometimes set �S � �� � �	 The �niteness parameter�
�S� of the system S is de�ned by infft 
 ��t� � �g � �S � In �MU��� it was shown
that the topological pressure function P�t� is non
increasing on ������ strictly decreasing�
continuous and convex on ����� and P�d� � �� Of course� P��� � � if and only if I is
in�nite� In �MU�� �see Theorem ����� we have proved the following characterization of the
Hausdor� dimension of the limit set J � which will be denoted by HD�J� � hS �

Theorem ���� HD�J� � supfHD�JF � 
 F 	 I is �niteg � infft 
 P�t� � �g� If P�t� � ��
then t � HD�J��

We call the system S regular if there is t such that P �t� � �� It follows from �MU�� that t
is unique� Also� the system is regular if and only if there is a t
conformal measure� Recall
that a Borel probability measure m is said to be t
conformal provided m�J� � � and for
every Borel set A 	 X and every i � I

m��i�A�� �

Z
A

j��ij
t dm

and
m��i�X� 
 �j�X�� � ��

for every pair i� j � I� i �� j� From now on we assume that the system S is regular and
we denote by � the Hausdor� dimension of its limit set� We now de�ne the associated
Perron
Frobenius operator acting on C�X� as follows

L�f��x� �
X
i�I

j��i�x�j
�f��i�x��	

Notice that the norm of L is equal to jjL����jj � ���� and the nth iterate of L is given by
the formula

Ln�f��x� �
X
j�j�n

j����x�j
�f����x��	

Theorem ��� below explains what we really need this operator for� The conformal measure
m is a �xed point of the operator conjugate to L� We recall also �see �MU�� Theorem �����
that there exists an invariant measure � in the sense that for every measurable set A�

��
�
i�I

�i�A�� � ��A�
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equivalent to m and the Radon
Nikodym derivative d��dm is bounded away from zero
and in�nity� In Sections � and 	 we will need better knowledge about this derivative and
in particular we will need to know how it is computed� The approriate information is
contained in the following �see �MU����

Theorem ���� The Radon
Nikodym derivative d��dm has a version which continuously
extends to a function � 
 X � ����� and which is a unique �xed point of the Perron

Frobenius operator L whose integral with respect to the conformal measure m is equal to
�� Moreover the iterates Ln���� converge uniformly on X to ��

We call two iterated function systems F � ffi 
 X � X� i � Ig andG � fgi 
 Y � Y� i � Ig
topologically conjugate if and only if there exists a homeomorphism h 
 JF � JG such
that

h � fi � gi � h

for all i � I� Then by induction we easily get that h � f� � g� � h for every �nite word ��
The Section 	 of the paper �HU� contains the proof of the following�

Theorem ���� Suppose that F � ffi 
 X � X� i � I� and G � fgi 
 Y � Y� i � Ig
are two topologically conjugate conformal iterated function systems� Then the following �
conditions are equivalent�

��� �C � � �� � I�

C�� �
diam�g��Y ��

diam�f��X��
� C	

�	� jg���y��j � jf ���x��j for all � � I�� where x� and y� are the only �xed points of
f� 
 X � X and g� 
 Y � Y respectively�

��� �E � � �� � I�

E�� �
jjg��jj

jjf ��jj
� E	

��� For every �nite subset T of I� HD�JG�T � � HD�JF�T � and the conformal measures
mG�T and mF�T � h

�� are equivalent�

Suppose additionally that both systems F and G are regular� Then the following condition
is also equivalent to the four conditions above�

��� HD�JG� � HD�JF � and the conformal measures mG and mF � h�� are equivalent�

Since �HU� deals only with real
analytic �
dimensional systems� for completeness we provide
the proof in Appendix ��

Our main goal in this paper is to prove the rigidity theorem� ���
 ���� the conjugacy has
a conformal extension� For �nite systems arising from inverse branches of a holomorphic
expanding map on a mixing repeller a su�cient condition for this implication is that the
systems are non
linear� �Su� Pr�� Here we shall prove this rigidity for in�nite systems� An
example in which this is applicable� complex continued fractions� was considered in �MU���
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As a by
product we see that the non
linearity implies the rigidity
 ��� 
 ��� � the
conjugacy is Lipschitz continuous� For in�nite systems without the non
linearity assump

tion this is false� see Appendix �� A positive result on this rigidity was obtained in �HU��
Instead of the non
linearity a so
called bounded geometry property was assumed and the
preservation of the �scaling� of �gaps� under the conjugacy� For completeness we provide
a precise statement of this theorem in Appendix ��

We postpone the formulation of our main rigidity theorem to Section � where all
ingredients needed to state it and to prove it will be ready� In Section 	 generalizing the
approach from �PU� we prove the main technical result� the real analyticity of the Radon

Nikodym derivative d��dm of invariant measure � with respect to conformal measure m�
In Section � we deal with various equivalent conditions of non
linearity� in Section � we
prove our main result� Theorem ���� and in Section � we extend the results of Section �
to the case of parabolic iterated function systems� The Appendix � contains the proof of
Theorem ��� taken from �HU� and counterexamples concerning Lipschitz continuity of the
conjugacy� Appendix 	 is devoted to the proof of the continuity of the Radon
Nikodym
derivative of the invariant measure with respect to the conformal measure in the parabolic
case�

x�� The Radon�Nikodym derivative � is real�analytic� From now on throughout the
whole paper we assume that d � 	 and f�ig is an Open Set Condition conformal regular
iterated function system�

We call the system S � f�igi�I �
dimensional if there exists a set D 
 J 	 D 	 V
composed of �nitely many real
analytic curves with pairwise disjoint closures such that
�i�D� 	 D for all i � I�

Lemma ���� If a non
empty open subset of J is contained in a �
dimensional real
analytic
curve� then the system S is �
dimensional�

Proof� Since J is compact it su�ces to show that each point in J has a neighbourhood
contained in a real
analytic curve� The assumptions of the lemma state that there exists
a point x � J � an open ball B�x� centered at x and M � a real
analytic curve� open
ended�
containing J 
 B�x�� Fix now an arbitrary point z � J � Since x � J there exists � � I�

such that ���z� � J 
 B�x�� moreover ���V � 	 B�x�� Then the set ���V � 
M contains
���V � 
 J � an open neighbourhood of ���z� in J and consists of countably many real

analytic curves� Let � be one of them� the connected component of ���V �
M containing
���z�� It contains an open neighbourhood of ���z� in J � Then ������ contains an open
neighbourhood of z in J �

Our main goal in this section is to prove the following�
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Theorem ���� The Radon
Nikodym derivative � has a real
analytic extension on an open
connected neighbourhood U of X in V �

Proof� In view of the result obtained when proving the implication �g�� �a� of Theorem
��� of �HU�� we may assume that our system is not �
dimensional� First de�ne the sequence
of functions bn 
 V � ����� by setting

�	��� bn�z� �
X
j�j�n

j����z�j
��

where� let us recall� � � HD�J� is the Hausdor� dimension of the limit set� In view of
�	���� in �MU�� jbn�z�j � bn�z� � K� for all z � X and all n � �� Hence� applying the
Koebe distortion theorem we conclude that there exists T � � such that for each point
w � X there exists a radius r � r�w� � � such that B�w� 	r� 	 V and for all z � B�w� 	r�
and all n � �

�	�	� jbn�z�j � bn�z� � T	

Identify now CI� where our contractions �i� i � I� act� to IR� with coordinates x� y� the
real and complex part of z� Embed this into CI� with x� y complex� Denote the above
CI � IR� by CI�� We may assume that v � � in CI�� Given � � I� de�ne the function
�� 
 BCI���� 	r�� CI by setting

���z� �
����z�

������
	

Since BCI���� 	r� 	 CI� is simply connected and �� nowhere vanishes� all the branches of
the log �� are well de�ned on BCI���� 	r�� Choose this branch that maps � to � and denote
it also by log ��� By Koebe�s Distortion Theorem j��j and jarg��j are bounded on B��� r�
by universal constants K�� K� respectively� Hence j log ��j � K � logK� �K�� We write

log �� �
�X
m��

amz
m

and note that by Cauchy�s inequalities

�	��� jamj � K�rm	

We can write for z � x� iy in CI�

Re log �� � Re
�X
m��

am�x� iy�m �
�X

p�q��

Re
�
ap�q

�
p� q

q

�
iq
�
xpyq 
�

X
cp�qx

pyq	

In view of �	��� we can estimate jcp�qj � jap�qj	
p�q � Kr��p�q�	p�q� Hence Re log ��

extends� by the same power series expansion
P

cp�qx
pyq� to a complex
valued function on

the polydisk IDCI���� r�	� and

�	��� jRe log ��j � �K on IDCI���� r���	

�



Now each function bn� n � �� extends to the function

�	��� Bn�z� �
X
j�j�n

j������j
�e�Re log ���z�	

whose domain� similarly as the domains of the functions Re log ��� contains the polydisk
IDCI���� r�	�� Finally� using �	�	� and �	��� we get for all n � � and all z � IDCI���� r���

jBn�z�j �
X
j�j�n

j������j
�eRe��Re log ���z�� �

X
j�j�n

j������j
�e�jRe log ���z�j

� eK�
X
j�j�n

j������j
�	 � eK�T

Now by Cauchy�s integral formula �in IDCI� ��� r���� for the second derivatives we prove that
the family Bn is equicontinuous on� say� IDCI���� r���� Hence we can choose a uniformly
convergent subsequence and the limit function G is complex analytic and extends � on
J 
 B��� r���� in the manner described in Theorem ���� Thus we have proved that �
extends to a complex analytic function in a neighbourhood of every point v � J in CI�� i�e�
real
analytic in CI�� These extensions coincide on the intersections of the neighbourhoods�
otherwise J is real
analytic and we are in the �HU� case� referred to at the beginning of
the proof�

For every � � I� denote by D�� � d����
d�

the Jacobian of the map �� 
 J � J with
respect to the measure �� As an immediate consequence of Theorem 	��� the following
computation

d� � ��
d�

�
d� � ��
dm � ��

�
dm � ��
dm

�
dm

d�
�
� d�
dm

� ��
�
� j���j

� �
dm

d�

and the observation that j���j
� is real
analytic on V � we get the following�

Corollary ���� For every i � I the Jacobian D�i has a real
analytic extension  D�i on the
neighbourhood U of X produced in Theorem 	���

x�� Non�linearity�

The main goal of this section is to prove the following�

Theorem ���� Suppose that the system S � f�igi�I is regular and denote the corre

sponding conformal measure by m� Then the following conditions are equivalent�

�a� For each i � I the extended Jacobian  D�i 
 U � IR is constant� where U is the
neighbourhood of X produced in Corollary 	���

�



�b� There exist a continuous function u 
 X � IR and constants ci � IR� i � I� such that

log j��ij � u
 u � �i � ci

for all i � I�

�c� There exist a continuous function u 
 J � IR and constants ci � IR� i � I� such that

log j��ij � u
 u � �i � ci

for all i � I�

�d�� The conformal structure on J admits a euclidean isometries re�nement so that all maps
�i� i � I� become a�ne conformal� more precisely there exists an atlas f�t 
 Ut � CIg
with open disks Ut� consisting of conformal injections such that

S
t Ut � J � all Ut 
Us

and Ut 
 �i�Us� are connected and the compositions �t � �
��
s and �t � �i � �

��
s �

respectively on �s�Ut 
 Us� and �s � �
��
i �Ut 
 �i�Us��� are conformal a�ne with

j��t � ���s ��j � ��

�d	� As �d�� but no assumptions on j��t � ���s ��j �i�e� the atlas is only conformal a�ne��

�eh� There exist a cover fB	g	�� of J consisting of open disks and a family of harmonic
functions �	 
 B	 � IR� � � !� such that for all �� �� � ! and all i � I

����� �	 
 �	� � const

on B	 
B	� and

���	� arg	�
�
i 
 �	 � �	� � �i � const

on ���i �B�
	 
 �i�B	��� where arg	�

�
i 
 B	 � IR is a continuous branch of argument of

��i de�ned on the simply connected set B	� All the sets B	
B	� and �
��
i �B�

	
�i�B	��
are connected�

�er� As �eh� but harmonic replaced by real
analytic�

�ec� As �eh� but harmonic replaced by continuous�

�f� r  D�i�z� � � for all z � J and all i � I if S is �
dimensional� If S is not �
dimensional
then

det�r  D�i � ���z��r  D�i�z�� � �

for all z � J and all i � I� � � I� �

Proof� We shall prove the following implications �a� � �b� � �c� � �d�� � �d	� � �a��
�d	�� �eh�� �er�� �ec�� �d	�� �a�� �f� and �f�� �er��

� �a�� �b�� Since for every i � I�  D�i � �� � �i� � j�
�
ij
� � ���� we have

log�j  D�i j� � log�j�j � �i� � � log j��ij 
 log j�j	

Thus to �nish the proof of the implication �a�� �b� it su�ces to set ci �
�
�
log�  D�i� and

u � �
� log j�j�

�



� The implication �b�� �c� is obvious�

�c�� �d��� Fix an element v � J and an element � � I�� Given n � � and a word � � In

we denote by � the "ipped word �n�n�� 	 	 	 ��� Our �rst aim is to show that the series

�����
X
n��

�
log j��
n��
 jn���z��j 
 log j��
n��
 jn���v��j

�
converges absolutely uniformly on V � where for n � � we set �


 jn��
� IdV � Indeed� it

follows from ��d� and ��e�� compare ���	� of �HU�� that���log j��
n��
 jn���z��j 
 log j��
n��
 jn���v��j
��� � KL

����
 jn���z�
 �

 jn��

�v�
����

� KLs�n����jz 
 vj�

� KLdiam��V �s�n����	�����

Since X
n��

KLdiam��V �s�n���� �
KLdiam��V �

�
 s�
���

the proof of the absolute uniform convergence of the series de�ned by ����� is complete�
We now can de�ne the function uv 
 V � IR by setting

����� uv�z� � u�v� �
X
n��

�
log j��
n��
 jn���z��j 
 log j��
n��
 jn���v��j

�
	

The function uv 
 V � IR as the sum of an absolutely convergent series of harmonic
functions� is harmonic� Iterating the formula appearing in Theorem ����c�� we obtain for
every n � � and every z � J

u�z�
 u�v� �
nX

k��

�
log j��
k��
 jk���z��j 
 log j��
k��
 jk���v��j

�
� u��


 jn
�z��
 u��


 jn
�v��

Since� by �BDP�� j�

 jn

�z�
 �

 jn

�v�j � sn and since the function u 
 J � IR as continuous

on a compact set is uniformly continuous� it follows from the last display that uv�z� � u�z�
for all z � J � i�e� uv is a harmonic extension of u on V � From now on we will drop the
subscript v writing simply u 
 V � IR� Since all the functions log j��ij and u
 u � �i � ci�
i � I� are harmonic on V � each set

Zi � fz � V 
 log j��i�z�j � u�z�
 u � �i�z� � cig�

i � I� is either equal to V or is a real
analytic set�
Suppose �rst that Zi � V for all i � I� For every w � J consider a ball B�w� 	 V

centered at w� Let lw 
 B�w� � IR be a harmonic conjugate function to the harmonic
function u 
 B�w�� IR so that u�ilw 
 B�w�� CI is holomorphic� WriteGw � exp�u�ilw�

��



and denote by �w 
 B�w� � CI a primitive function of Gw� Since ��w�w� � Gw�w� �� ��
there exists a disk Uw 	 B�w� centered at w and such that �wjUw is injective� Using
Koebe�s distortion theorem for arguments �see �Hi�� we may assume that in addition all
the sets Uw to be so small that all the images �i�Uw�� i � I� w � J � are convex� We claim
that the family f�w 
 Uw � CIgw�J forms an atlas demanded in �d��� Indeed� �x w� v � J
and consider an arbitrary point z � Uw 
 Uv� Then

��w � �
��
v ����v�z�� � ��w�z� � ��

�
v�z��

�� � Gw�z� �G
��
v �z� � exp

	
i�lw�z�
 lv�z��



and therefore ��w � ���v �� is constant with absolute value � on �v�Uv 
 Uw�� since hw and
hv di�er by an additive constant on the connected set Uw 
Uv as harmonic conjugates to
the same harmonic function u�

To discuss
	
�v � �i � �

��
w


�
�x again arbitrary w� v � J and for every i 	 I consider

the intersection Uv 
 �
�
iUw�� As the intersection of two convex sets� this set is convex� and

consequently connected� Take now an arbitrary point z � ���i �Uv 
�
�
iUw��� Since Zi � V �

we therefore have

j
	
�v � �i � �

��
w


�
��w�z��j � j���i�w���i�z�� � �

�
i�z� � ��

�
w�z��

��j � jGv��i�z�� � �
�
i�z� �G

��
w �z�

� j exp
	
u��i�z� � ilv��i�z��
 u�z�
 ilw�z�j � j�

�
i�z�j



� exp�u��i�z�
 u�z��j��i�z�j

� eci

Hence the function
	
�v � �i ����w


�
as holomorphic and having constant absolute value� is

constant on the connected set �w � �
��
i �Uv 
 �

�
iUw���

Suppose in turn that Zi �� V for some i � I� Since the equation �c� of Theorem ���
is satis�ed on compact J � then J 	 Zi� Since J is in�nite its non
empty open part is
contained in a real analytic curve� so the system is �
dimensional� Hence by Lemma 	��
there are �nitely many real
analytic pairwise disjoint curves whose union M contains J �
Since �i�J 	 J for all i � I� decreasing M if necessary� we may assume that �i�M� 	 M
for all i � I�
Change coordinates holomorphically on a neighbourhood of M so that M 	 IR� �This uses
the consequence of our assumptions that there is no closed curve among the components
of M � with relaxed assumptions allowing the existence of such a curve we would change it
to the unit circle and then use charts being branches of z �� log iz��
Since the function u 
 M � IR is real
analytic� it uniquely extends to a complex
analytic
function  u on an open neighbourhood of M in V � Now we proceed similarly as in the
previous case# we de�ne �w� w � J � to be a primitive of e	u on a su�ciently small neigh

bourhood of w � V and we check that �� 
 w � ���v �� � � on �v�Uv 
 Uw�� Now note

that  u 
  u � �i � ci � glog j��ij� where the latter expression is a holomorphic extension of

log j��ij� which extends the equality �c�� Note that glog j��ij � log���i� where � depends as
��i is positive or negative� We use the fact it is real$ The equality extends the equality on
J because the functions on both sides are holomorphic� We conclude with

j
	
��i�w� � �i � �

��
w


�
��w�z��j � eci

��



for all z � ���i �Uv 
 �
�
iUw��� � hence

	
��i�w� � �i � �

��
w


�
is constant on the connected set

�w � �
��
i �Uv 
 �

�
iUw��� The proof of the implication �c�� �d�� is complete�

Remark �� As an intermediate step in the proof of the implication �c� � �d�� we proved
�bh� �compare later �eh��� namely the property �b� with u harmonic on a neighbourhood
of J � here V � in case of the system S not �
dimensional � Zi � V for all i�� For S �

dimensional we also can prove �bh� but indirectly� via �d��� Indeed assuming �d�� and M
in IR we set the harmonic extension u � log j��vj independent of v�

� The implication �d��� �d	� is obvious�

� �d	� � �a�� Let f�	 
 U	 � CIg	�� be a �nite conformal a�ne atlas for the system S�
Fix � � !� take a number n� � � so large that diam�V �sn� is less than a Lebesgue number
of the cover fU	g	�� of J � consider any number n � n� and for every � � In choose one
element ���� � ! such that ���V � 	 U	���� Next� given n � n� and � � In consider the
map 	

�	��� � �� � �
��
� �� � ��

de�ned on U� � Since our atlas is a�ne� this function is constant on every su�ciently small
neighbourhood of every point in J 
 U� and therefore� as real analytic� it is constant on
U� � Denote its value there by c���� Since for every z � U�

�����
X
j�j�n

c����j�
�
��z�j

� � j��	�������z��j
�� �

X
j�j�n

j����z�j
� � Ln�����

since by Theorem ���

����� lim
n��

Ln�����z� � ��z�

and since the product j����z�j
� � j��	�������z��j

�� is uniformly bounded away from zero and
in�nity� we conclude that there exists a constant M � � such that for all z � U� and all
n � �

����� M�� �
X
j�j�n

c���� �M	

Fix now an � � � and n� � n� so large that for all n � n� and all � � In

supfj��	��� � ��j
��g 
 inffj��	��� � ��j

��g � ��M	

Then� using ������ we conclude that for all n � n� and all z�� z� � U�������
X
j�j�n

	
c����j�

�
	�������z���j

�� 
 c����j�
�
	�������z���j

��

������ � �

�	



and therefore

lim
n��

������
X
j�j�n

	
c�����

�
	�������z���j

�� 
 c�����
�
	�������z���j

��

������ � �	

Combining this� ����� and ����� we conclude that there exists a constant c� � � such that
for all z � U�

lim
n��

X
j�j�n

c����j�
�
	�������z��j

�� � c� 	

Combining in turn this� ����� and ����� we conclude that for all z � U�

����� ��z� � c� j�
�
��z�j

�	

Fix now i � I� w � U� 
 J � and choose � � ! such that �i�w� � U	 and a connected
neighbourhood Vw 	 U� of w such that �i�Vw� 	 U	� Then for every z � Vw

 D�i�z� � � � �i�z�j�
�
i�z�j

���z��� � c	j�
�
	��i�z��j

� � j��i�z�j
� � c��� j����z�j

��

� c	c
��
�

	
j��	��i�z��j � j�

�
i�z�j � j�

�
��z�j

��

�

and therefore� since our system S is a�ne�  D�i is constant on Vw� Since� by Theorem 	�	�
 D�i is real
analytic on U � we thus conclude that  D�i is constant on U � The proof of the
implication �d	�� �a� is �nished�

� �d	� � �eh�� We can assume the sets Ut appearing in condition �d	� are open balls�
Since J is compact� we may choose from the family fUtg a �nite subcover fB	g	�� of J �
De�ne then for every � � ! the map �	 
 B	 � IR to be a continuous branch of arg��	
and additionally for every i � I� arg	�

�
i 
 B	 � IR to be a continuous branch of argument

of ��i� These branches exist since B	 is simply connected and ��	 and ��i nowhere vanish�
Of course all the maps �	� � � !� are harmonic� Consider now two indices �� �� � ! such
that B	 
 B	� �� �� Since our atlas is a�ne� �	�z� � �	 � �

��
	� ��	��z�� � a��	��z�� � b

for all z � B	 
 B	� and some a� b � CI� We conclude that �	 
 �	� is on B	 
 B	� equal
to arg�a� up to an integer multiple of 	
� This means that ����� is satis�ed� Since all the
contractions f�igi�I are a�ne in the atlas �	 
 B	 � CI� we conclude that given �� �� � !�
i � I there exist constants d� c � CI such that for every z � ���i �B	� 
 �i�B	��

�	� � �i�z� � �	� � �i � �
��
	 ��	�z�� � d�	�z� � c	

We conclude that arg	�
�
i 
 �	 � �	� � �i is equal to arg�d� up to an integer multiple of 	


on the connected set ���i �B	� 
�i�B	��� This means that ���	� is satis�ed� Thus the proof
of the implication �d	�� �eh� is complete�

� The implications �eh�� �er�� �ec� are obvious�

��



� �ec� � �d	�� The general idea is here the same as in the proof of the implication
�c� � �d��� Surprisingly� we do not get directly �c� � �d��� For this we need to go via
�d	�� �a�� �d���

Let �� � � be a Lebesgue number of the cover fB	g	�� of J � By compactness of J
there exists a �nite set T and points vt � J � t � T � such that the family fB�vt� ��gt�T
is a cover of J � Since �� is a Lebesgue number of the cover fB	g	��� for every t � T
there exists at least one element ��t� � ! such that B�vt� 	�� 	 B	�t�� Fix now t� � T �
� � I�� that is similarly as in the implication �c� � �d��� Then for each integer n � �
choose tn � T such that �


 jn
�vt�� � B�vtn � ��� Since �


 jn
on B�vt� � �� shrinks distances

by factor at least s � � for n � �� we get �

 jn

�B�vt� � ��� 	 B�vtn � �� � s���� Now� for

every i � I and every � � ! let arg	�
�
i 
 B	 � IR be a continuous branch of argument of

��i� It follows from Koebe�s theorem for argument �see �Hi�� that for arguments arg	�
�
i an

analogous inequality as ��e� for log j��ij is satis�ed� Namely� with L su�ciently large and
� � � su�ciently small

jarg	�
�
i�y�
 arg	�

�
i�x�j � Ljy 
 xj�

for all � � !� all i � I and all x� y � B	� Hence for all z � B�vt� � ��X
n��

jarg	�tn����
�

n
��


 jn��
�z��
 arg	�tn����

�

n
��


 jn��
�vt���j

�
X
n��

Ls��n���jz 
 vt� j
�

� Ldiam��V �
�

�
 s�
��������

Iterating formula ���	� we obtain for every n � � and every z � B�vt� � ��

�	�t���z�
 �	t���vt�� �

�
nX

k��

arg	�tk�����
�

k
��


 jk��
�z��
 arg	�tk����

�

k
��


 jk��
�vt���

� �	�tn���
 jn�z��
 �	�tn���
 jn�vt���	

Since for all t � T � B�vt� �� � s��� 	 B�vt� 	�� 	 B	�t�� all the functions �	�t�jB�vt����s���
are uniformly continuous� Therefore� since the set T is �nite� since �


 jn
�z�� �


 jn
�vt�� �

B�vtn � ��� s��� and since j�

 jn

�z�
�

 jn

�vt��j � �sn� applying ������ we conclude that for

all z � B�vt� � ��

�	�t���z� � �	�t���vt�� �
�X
k��

arg	�tk���
�

k
��


 jk��
�z��
 arg	�tk��

�

k
��


 jk��
�vt���	

Thus the function �	�t��jB�vt� ��� as the sum of an absolutely uniformly convergent series
of harmonic functions is harmonic� So� all the functions �	�t� 
 B�vt� �� � IR� t � T � are
harmonic�

��



Remark 	� In case S is not �
dimensional the equation �ec� assumed only on J �analogously
to �c�� would be su�cient for �	 extended by the formula above to satisfy �ec� on V � in
particular �eh� would be proved�

However� if S is �
dimensional the existence of �	 satisfying �ec� on J is always true�
Just take for � an argument of the direction tangent to M the union of a �nite family of
real
analytic curves containing J �

Now� for every t � T by lt 
 B�vt� �� � IR denote the harmonic conjugate to �	�t��
Thus the function Gt � exp�lt � i�	�t�� 
 B�vt� �� � CI is holomorphic and denote by

�t 
 B�vt� �� � CI a primitive of Gt� Fix w � J and choose t � T such that w � B�vt� ���
Since ��t�w� � exp�lt�w� � i�	�t��w�� �� �� there exists a disk Uw 	 B�vt� �� such that
�tjUw is injective� Applying� as before Koebe�s distortion theorem for arguments �see �Hi��
we may assume the disks Uw to be so small that all the sets �i�Uw� are convex� We
claim that the family f�w 
 Uw � CIgw�J forms an a�ne atlas for the iterated function

system S� Indeed� �x w� v � J and consider t� t� � T such that Uw 	 B�vt� �� 	 B	�t� and
Uv 	 B�vt� � �� 	 B	�t��� Then for every z � Uw 
 Uv we get

��w � �
��
v ����v�z�� � ��w�z���

�
v�z��

�� � G	�t��z�G
��
	�t���z�

� exp
	
lt�z� � i�	�t��z�
 lt��z�
 i�	�t���z�



� exp

	
i��	�t��z�
 �	�t���z�



exp
	
lt�z�
 lt��z�



	

Since by ����� �	�t� 
 �	�t�� is constant on z � Uw 
Uv 	 U	�t� 
U	�t�� and since lt and lt�
di�er on U	�t�
U	�t�� by an additive constant as harmonic conjugates to harmonic functions
�	�t� and �	�t�� respectively� we conclude that ��w � �

��
v �� is constant on �v�Uw 
 Uv��

Now �x w� v � J � i � I� and write C � ���i ��i�Uw� 
 Uv��� Since �i�Uw� 
 Uv�� is a
convex set and therefore connected� its continuous image C is also connected� Then there
are t� t� � T such that Uw 	 B�vt� �� 	 B	�t�� Uv 	 B�vt� � �� 	 B	�t�� and C is contained

in a connected component of B	�t� 
 ���i �B	��t��� Using the chain rule we then get for all
z � C

��v � �i � �
��
w ����v�z�� � ��v��i�z���

�
i�z���

�
w�z��

�� � Gt���i�z���
�
i�z�G

��
t �z�

� exp
	
i��	�t����i�z��� � lt���i�z�� � log j��i�z�j� iarg	�t��

�
i�z�
 i�	�t��z�
 lt�z�



� exp

	
lt���i�z�� � log j��i�z�j 
 lt�z�



exp
	
i�arg	�t��

�
i�z�
 �	�t��z� � �	�t����i�z��	

Hence� using ���	� we conclude that the derivative ��v ��i ����w �� has a constant argument
on �v�C� and consequently ��v � �i � ���w �� is constant on �v�C�� The proof of the
implication �ec�� �d	� is complete�

� The implication �a�� �f� is obvious�

� �f� � �er�� Suppose �rst that the system S is �
dimensional� Then the condition
r  D�i � � on J is similar �formally weaker� to  D�i constant in �a�� We prove �er�
similarly� via �c�� �d��� �eh��

��



Assume now that S is not �
dimensional� Suppose that r  D�i � � on J for all i � I�

Since S is not �
dimensional� it implies that rD�i � � on U for all i � I� Thus  D�i � �
is constant on U for all i � I� since U is connected� So� the item �a� is proved in this case
and therefore� in viev of what we have already proved� also �er	��

So� we may assume that there exists j � I and w � J such that rD�j �w� �� �� By

continuity of the function r  D�j there thus exists a neighbourhood W 	 V of w � CI

on which r  D�j nowhere vanishes� Let us consider on W the line �eld l orthogonal to

r  D�j � By the de�nition of the limit set J for every z � J there exists � � I� such that

�
 �z� � J 
W � Then de�ne

������ l�z� � ����
 ���� �z��l��
 �z����

where� changing temporarily notation� ����
 ��� �z��
� denotes the derivative of the map ���


evaluated at the point �
 �z� and the display above expresses its action on a line element�
We want to show �rst that in this manner we de�ne a line �eld on J � So� we need to show
that if �
 �z�� ���z� � J 
W � then

����	� ����
 ���� �z��l��
 �z��� � ����� �����z��l����z���	

Suppose on the contrary that ����	� fails with some z� �� � as required above� Then there
exists a point x � W 
 J and � � I� �in fact for every x � W there exists �� such that
�
�x� is so close to z that

����
 ���� ����x���l��
 ��
�x���� �� ����� ��������x���l�����
�x����	

Hence
����

 �

�
����x�

l��

�x�� �� �����
 �
�
����x�

l���
�x��	

So� either
����

 �

�
����x�

l��

�x�� �� l�x�

or
�����
 �

�
����x�

l���
�x�� �� l�x�

Suppose for example the �rst incompatibility of l�s holds� Then

det�r  D�j � �

�x��r  D�j �x�� �� �

contrary to our assumption� Thus the line �eld l is well
de�ned on J and it immediately
follows from the method this �eld is constructed that it is invariant with respect to all the
contractions �i� i � I�
Notice that formula ������ de�nes an invariant line �eld on V � We can use any � � I� such
that �
 �V � 	W � The resulting l does not depend on � because for any other such � ����	�
holds for z � J � so it holds on entire V � Otherwise the system would be �
dimensional
because l is real
analytic so the equation holds on a real
analytic set�
The argument arg l is of course de�ned up to integer multiplicity of 
�

��



Using again Koebe�s distortion theorem for arguments �see �Hi��� one can �nd fB	g� a
�nite cover of J by disks contained in V � small enough that all the images �i�B	�� i � I�

are convex� Then all the intersections B	 
B	� and B	 
 �
�
iB	�� are connected�

De�ne �	 as an arbitrary branch of arg l on B	� Then ����� and ���	� follow from the
invariance of l by S� with constants c��� �� and c��� ��� i� being multiplicities of 
� Thus
�er� is proved�

Remark �� This is even stronger than �er� where the constants are any real numbers�
Indeed the existence of an analytic invariant line �eld is a strictly stronger condition then
others in Theorem ���� See �Pr� for an example�

De	nition ��� We call the iterated function system S linear if one �or equivalently all�
conditions of Theorem ��� is satis�ed� Otherwise we call this system non
linear�

x�� Rigidity� We begin this section with the following�

Proposition ���� Suppose that F � ffi 
 X � Xgi�I and G � fgi 
 Y � Y gi�I are
two non
linear topologically conjugate systems� Suppose also that the measures mG and
mF �h�� are equivalent� If one of these systems is �
dimensional� then so is the other one�

Proof� Suppose on the contrary that G is not �
dimensional� Then it follows from
Theorem ��� that there exist y � JG� j � I� � � I� and a neighbourhood W� 	 CI of y
such that the map

G � �  Dgj � ���  Dgj �

is invertible on W�� Since the measures mG and mF � h
�� are equivalent� after an appro


priate normalization �F � �G � h meaning that Dh � d�G�h
d�F

� �� Since h � f
 � g
 � h for
all � � I� and since Dh � ��

G � h � F

on J � where F � �  Dfj � ���  Dfj �� Write x � h���y�� Then h � G�� � F on W� 
 JF for
some open neighbourhood W� of x in CI such that F�W�� 	 G�W��� Since F �G

�� are real

analytic� the image G�� �F�W� 
MF � for an adequate W� small enough is a real
analytic
curve and G�� �F�W�
MF �
JG contains an open neighbourhood of y in JG� Now using
Lemma 	�� we conclude that G is �
dimensional�

The main result of this paper is contained in the following�

Theorem ���� If two Open Set Condition conformal regular iterated function systems
ffi 
 X � X 
 i � Ig and fgi 
 Y � Y 
 i � Ig are non
linear and conjugate by a
homeomorphism h 
 JF � JG� then the following conditions are equivalent�

�a� The conjugacy between the systems ffi 
 X � X 
 i � Ig and fgi 
 Y � Y 
 i � Ig
extends in a conformal fashion to an open neighbourhood of X�

�b� The conjugacy between the systems ffi 
 X � X 
 i � Ig and fgi 
 Y � Y 
 i � Ig
extends in a real
analytic fashion to an open neighbourhood of X�

��



�c� The conjugacy between the systems ffi 
 X � X 
 i � Ig and fgi 
 Y � Y 
 i � Ig is
bi
Lipschitz continuous�

�d� jg���y��j � jf ���x��j for all � � I�� where x� and y� are the only �xed points of
f� 
 X � X and g� 
 Y � Y respectively�

�e� �S � � �� � I�

S�� �
diam�g��Y ��

diam�f��X��
� S	

�f� �E � � �� � I�

E�� �
jjg��jj

jjf ��jj
� E	

�g� HD�JG� � HD�JF � and the measures mG and mF � h
�� are equivalent�

�h� The measures mG and mF � h�� are equivalent�

Proof� The implications �a� � �b� and �b� � �c� are obvious� That �c� � �d� results
from the fact that �c� implies condition ��� of Theorem ��� which in view of this theorem is
equivalent with condition �	� of Theorem ��� which �nally is the same as condition �d� of
Theorem ��	� The implications �d�� �e�� �f�� �g� have been proved in Theorem ����
The implication �g� � �h� is again obvious� We are left to prove that �h� � �a�� We
shall �rst prove that �h� � �b�� So� suppose that �h� holds� Then� after an appropriate
normalization �F � �G � h meaning that Dh � d�G�h

d�F
� �� If F is �
dimensional� then by

Proposition ���� so is G and the implication �h�� �b� follows from Theorem ��� of �HU��
Hence� we may assume that neither system F or G is �
dimensional� Therefore� since G is
non
linear� there exist y � JG� j � I� � � I� and a neighbourhood W� 	 CI of y such that
the map

G � �  Dgj � g��  Dgj �

is invertible on W�� Since h � f
 � g
 � h for all � � I� and since Dh � ��

G � h � F

on W� 
 Jf � where F � �  Dfj � g��  Dfj � and W� is a neighbourhood of x � h���y� 	 CI�
Since G is invertible on W�� G�y� � F�x� and F is continuous� we may assume that
F�W�� 	 G�W��� Hence G�� � F is well
de�ned on W� and G�� � FjW�	JF � h� Consider
now � � I� such that f��JF � 	W�� Since

G�� � F�f��JF �� � h � f��JF � � g� � h�JF � � g��JG� 	 g��VG��

since g��VG� is open� since f� and G�� �F are continuous� there exists an open neighbour

hood V �

F 	 VF of X such that f��V
�
F � 	 W� and G�� � F�f��V

�
F �� 	 g��VG�� Hence� the

map
g��� � �G�� � F� � f� 
 V �

F � CI

is well
de�ned� by Corollary 	�� is real
analytic� and g��� � �G�� �F��f�jJF � h� Thus� the
property �b� is proved� The last step of the proof of Theorem ��	� that is the implication
�b�� �a� can be carried out similarly as the proof of Lemma ��	�� in �Pr��

��



x
� Rigidity of parabolic systems� We �rst recall from �MU	� the concept of conformal
parabolic iterated function systems� Let X be a compact connected subset of a Euclidean
space IRd� Suppose that we have countably many conformal maps �i 
 X � X� i � I�
where I has at least two elements and the following conditions are satis�ed�

��a� �Open Set Condition� �i�Int�X�� 
 �j�Int�X�� � � for all i �� j�

��b� j��i�x�j � � everywhere except for �nitely many pairs �i� xi�� i � I� for which xi is
the unique �xed point of �i and j��i�xi�j � �� Such pairs and indices i will be called
parabolic and the set of parabolic indices will be denoted by %� All other indices will
be called hyperbolic�

��c� �n � � �� � ���� 			� �n� � In if �n is a hyperbolic index or �n�� �� �n� then ��
extends conformally to an open connected set V 	 IRd and maps V into itself�

��d� If i is a parabolic index� then
T
n�� �in�X� � fxig and the diameters of the sets

�in�X� converge to ��

��e� �Bounded Distortion Property� �K � � �n � � �� � ���� 			� �n� � In �x� y � V if �n
is a hyperbolic index or �n�� �� �n� then

j����y�j

j����x�j
� K	

��f� �s � � �n � � �� � In if �n is a hyperbolic index or �n�� �� �n� then jj�
�
�jj � s�

��g� �Cone Condition� There exist �� l � � such that for every x � 
X 	 IRd there exists
an open cone Con�x� �� l� 	 Int�X� with vertex x� central angle of Lebesgue measure
�� and altitude l�

��h� There are two constants L � � and � � � such that��j��i�y�j 
 j��i�x�j
�� � Ljj��ijjjy 
 xj��

for every i � I and every pair of points x� y � V �

We call such a system of maps S � f�i 
 i � Ig a subparabolic iterated function system�
Let us note that conditions ��a����c����e�
��g� are modeled on similar conditions which
were used to examine hyperbolic conformal systems in Section �� Condition ��h� also held
for many of the systems studied in �MU�� but was not a general requirement� We need this
condition in the sequel� If % �� � we call the system f�i 
 i � Ig parabolic� As declared in
��b� the elements of the set I n % are called hyperbolic� We extend this name to all the
words appearing in ��e� and ��f�� Fix a �nite set  % � %� For every i �  % denote

Xi �
�

j�Infig

�j�X�	

In this paper we also need the following technical condition whose meaning will be explained
by Theorem ��	 below� For all i �  %

���i�
X
n��

jj��in jj
�
Xi

��	

��



Since the set  % is �nite� the number

����� T � max
i�	


��
X
n��

jj��in jj
�
Xi

���
is �nite� We would also like to recall that in �MU	� the main construction was to associate
to a parabolic system S an in�nite but hyperbolic conformal iterated function system�
Generalizing it a little bit� i�e� working with  % instead of %� this construction goes as
follows� The system S�	
 is generated by I�� the set of maps of the form �inj � where n � ��

i �  %� i �� j� and the maps �k� where k � I n  %� Note that JS�
��
� JS n f���xi� 
 i �  %� � �

I�g�
It immediately follows from our assumptions that the following is true �comp� Teorem

��	 from �MU	���

Theorem 
��� If the system S satis�es all the conditions ��a�
��h�� then the system S�	

satis�es the conditions ��a�
��d��

As a complement to this theorem we shall prove the following�

Theorem 
���� If the system S satis�es all the conditions ��a�
��i�� then the system S�	

satis�es the conditions ��a�
��e��

Proof� In view of Theorem ��� we only need to prove condition ��e�� So� �x i �  % and
j � I n fig� Consider arbitrary n � � and x� y � X� Write t � minfj��i�x�j 
 i �

 %� x �
Xg � �� We then have� assuming for example j��inj�y�j � j��inj�x�j�����j��inj�y�j 
 j��inj�x�j���� � j��inj�x�j

������
 j��inj�y�j

j��inj�x�j

����� � jj��inj jj

�����log j��inj�y�jj��inj�x�j

�����
�
��log j��j�y�j 
 log j��j�x�j

��� n��X
k��

��log j��i��ikj�y�j 
 log j��i��ikj�x�j
��

�

�
K

jj��j jj
jj��j�y�j 
 j�

�
j�x�jj�

n��X
k��

�

t

��j��i��ikj�y�j 
 j��i��ikj�x�j
���

�

�
KLjy 
 xj� �

�

t

n��X
k��

Lj�ikj�y�
 �ikj�x�j
�

�

�

�
KLjy 
 xj� �

L

t

n��X
k��

jj��ik jj
�
Xi
j�j�y�
 �j�x�j

�

�

�

�
KL�

L

t

�X
k��

jj��ik jj
�
Xi

�
jy 
 xj�

� L

�
K �

T

t

�
jy 
 xj�	

	�



The proof is complete�

From now on we assume that the system S satis�es all the conditions ��a�
��i�� We shall
prove the following�

Proposition 
��� If the system S is regular and parabolic �% �� ��� then the associated
hyperbolic system S� � S�
 is non
linear�

Proof� We keep for the hyperbolic system S� the same notation and terminology as for
the hyperbolic system S in the sections �
�� Theorem ��� from �MU	� says that the system
S� is regular and the �
conformal measure for S� is also conformal for S� This permits us
to extend for every k � I �even for parabolic k� the Jacobian

D�k�z� �
���k�z��

��z�
j��k�z�j

�	

In view of Theorem 	�� all these functions D�k have a real
analytic extensions on U �
Suppose now on the contrary that the system S� is linear� Fix i � % and j � I nfig� There
then exist two numbers Dij and Di�j such that D�ij �z� � Dij and D�i�j

�z� � Di�j for all
z � U � Now� for every z � X

D�i��ij�z�� �
���i�j�z��

���ij�z�
j��i�ij�z��j�

�
���i�j�z��

��z�
j��i�j�z�j

� ��z�

���ij�z�

�

j��ij�z�j
�

�
D�i�j

�z�

D�ij �z�
�

Di�j

Dij
	

Since D�i is real
analytic on U and since �ij�X� � �ij�Int�X��� an open subset of U � we
therefore conclude that D�i�z� � Di�j�Dij 
� Di for every z � U � Hence for every z � X

���	�
���in�z��

��z�
j��in�z�j

� � Dn
i

Applying this equality with n � � and z � xi we obtain

Di �
��xi�

��xi�
j��i�xi�j � j��i�xi�j � �	

Thus� it follows from ���	� and ���d� that for every z � X

����� lim
n��

j��in�z�j �

�
��z�

���in�z��

����
� ��z����

Now� on one hand� in view of Theorem ��� in �MU��� ��z� � � for all z � J and� on the
other hand� it follows from ����� and ���i� that ��z� � � for all z � X� This contradiction
�nishes the proof�

	�



As an immediate consequence of this proposition we get the following�

Corollary 
��� If the system S is regular and parabolic �% �� ��� then for every �nite set
 % � %� the associated hyperbolic system S� � S�
 is non
linear�

The main result of this section is the following�

Theorem 
�
� If both topologically conjugate systems F � ffi 
 X � X� i � Ig and
G � fgi 
 Y � Y� i � Ig are regular and at least one of them is parabolic� then the
conditions listed in Theorem ��	 are mutually equivalent where in the items �d�� �e�� �f�
the words � are required to be hyperbolic�

Proof� Without loosing generality we may assume that the system G is parabolic� Let
 % � %G � %F and let F � and G� be the corresponding hyperbolic systems� Let JF � JG
be the topological conjugacy between the systems F and G� The chain of implications
�a� � 	 	 	 � �h� can be proved in exactly the same way as in the proof of Theorem ��	�
Notice that although �h� establishes also a topological conjugacy between the systems F �

and G�� we could not invoke this fact to give a proof of implications �a�� 	 	 	� �h� since
not all hyperbolic words of F �or G�� for ex� the words of the form iji� i � %F � j � I n%F �
can be represented as concatenations of words from F � �or G���

To prove �h� � �a�� we can use the fact that h establishes a topological conjugacy
between the systems F � and G�� apply Theorem ��	 and Corollary ���� The proof is
complete�

Appendix �� Conjugacies and scaling�

Proof of Theorem ���� Let us �rst demonstrate that conditions �	� and ��� are equiv

alent� Indeed� suppose that �	� is satis�ed and let KF and KG denote the distortion
constants of the systems F and G respectively� Then for all � � I�� jjg��jj � KGjg

�
��y��j �

KGjf
�
��x��j � KGjjf

�
�jj and similarly jjf ��jj � KF jjg

�
�jj� So suppose that ��� holds and

�	� fails� that is that there exists � � I� such that jg���y��j �� jf ���x��j� Without loos

ing generality we may assume that jg���y��j � jf ���x��j� For every n � � let �n be the
concatenation of n words �� Then g�n�y�� � gn��y�� � y� and similarly f�n�x�� � x��
So� x�n � x� � 
F ��

�� and y�n � y� � 
G��
��� Moreover jg��n�y��j � jg���y��j

n and
jf ��n�x��j � jf ���x��j

n� Hence

lim
n��

jg��n�y��j

jf ��n�x��j
� �	

On the other hand� by ��� and the Bounded Distortion Property

jg��n�y��j

jf ��n�x��j
�

K��
G jjg��njj

jjf ��n jj
� E��K��

G

for all n � �� This contradiction �nishes the proof of equivalence of conditions �	� and ����
Since the equivalence of ��� and ��� is by �BDP	� and �BDP�� immediate� the proof of the

		



equivalence of conditions ���
��� is �nished� We shall now prove that ���� ���� Indeed� it
follows from ��� that E���G�n�t� � �F�n�t� � E�G�n�t� for all t � � and all n � �� Hence
PG�t� � PF �t� and therefore by Theorem ��	� HD�JG� � HD�JF �� Denote this common
value by h� Although we keep the same symbol for the homeomorphism establishing
conjugacy between the systems F and G� it will never cause misunderstandings�
Suppose now that both systems are regular �in fact assuming ��� regularity of one of these
systems implies regularity of the other�� Then for every � � I�

�KFE��h �
K�h
F jjf ��jj

h

jjg��jj
h

�
mF �f��JF ��

mG�g��JG��
�

jjf ��jj
h

K�h
G jjg��jj

h
� �EKG�

h	

So� the measures mG and mF � h�� are equivalent� and even more

�KFE��h �
dmF � h��

dmG
� �EKG�

h	

Let us show now that ��� � ���� Indeed� if ��� is satis�ed then the measure �F � h�� is
equivalent to �G� Since additionally �F � h

�� and �G are both ergodic �see Theorem ���
of �MU�� they are equal� Hence� using the equality HD�JF � � HD�JG� 
� h� we get

jjg��jj
h �

Z
jg��j

h dmG � mG�g��JG�� � �G�g��JG��

� �F � h
���g��JG�� � �F �f��JF �� � mF �f��JF ��

�

Z
jf ��j

h dmF � jjf ��jj
h

and raising the �rst and the last term of this sequence of comparabilities to the power ��h�
we �nish the proof of the implication ���� ����

The equivalence of ��� and conditions ��� 
 ��� is now a relatively simple corollary� Indeed�
to prove that ��� implies ��� �x a �nite subset T of I� By ��� E�� � jjf ��jj�jjg

�
�jj � E for

all � � T �� and as every �nite system is regular� the equivalence of measures mG�T and
mF�T � h�� follows from the equivalence of conditions ��� and ��� applied to the systems
ffi 
 i � Tg and fgi 
 i � Tg� If in turn ��� holds and � � I�� then � � T �� where T is the
��nite� set of letters making up the word � and the measures mG�T and mF�T � h�� are
equivalent� Hence� by the equivalence of �	� and ��� applied to the systems ffi 
 i � Tg
and fgi 
 i � Tg we conclude that jg���y��j � jf ���x��j� Thus �	� follows and the proof of
Theorem ��� is �nished�

We now recall from �HU� the following�

De	nition� A conformal system S � f�i 
 X � X 
 i � Ig is said to be of bounded

geometry if there exists C � � such that for all i� j � I� i �� j

maxfdiam��i�X��� diam��j�X��g � Cdist
	
�i�X�� �j�X�



	

	�



Theorem� �HU�� If both conformal iterated function systems F � ffi 
 X � X 
 i � Ig
and G � fgi 
 Y � Y 
 i � Ig are of bounded geometry� then the topological conjugacy
h 
 JF � JG is bi
Lipschitz continuous if and only if the following two conditions are
satis�ed�

�a� Q�� �
diam�f��X��

diam�g��Y ��
� Q

for some Q � � and all � � I��

�b� D�� �
dist
	
gi�Y �� gj�Y �



dist
	
fi�X�� fj�X�


 � D

for some D � � and all i� j � I� i �� j�

Example �� For in�nite system� even in IR� it is not true that �a� implies h Lipschitz
continuous� We shall construct such F�G� with bounded geometry�

Let Ai � ��i �
�
i � exp
	i� for i � 	� �� 			 and A�i � �exp
i� exp
i � exp
	i�� fi 


��� �� � Ai and gi 
 ��� �� � A�i a�ne� onto� preserving orientation� Let h map the end
points of f����� ��� to the end points of g����� ��� for all � � I�� Then f extends uniquely�
continuously� to the limit sets of the systems due to diam�f����� ���� diam�f����� ���� � if
the length of � tends to �� By the construction it is a continuous conjugacy� but it is not
Lipschitz even on

S
i fi�f�� �g��

If the sets X and Y are both contained in the real line IR� then it can be relatively easily to
prove that already conditions �a� and �b� �without boundedness of geometry� imply that
the conjugacy h is Lipschitz continuous�

Appendix �� The Radon�Nikodym derivative � � d��dm in the parabolic case�

To �x terminology� � in this Appendix is a �
�nite S
invariant measure equivalent with �

conformal measure m� The existence and �obvious� uniqueness of � up to a multiplicative
constant have been proved in Corollary ���� of �MU	�� In this appendix we establish the
continuity property of � � d��dm in the parabolic case� In order to complete terminology�
by �� we will denote the unique probability measure that is S�
invariant and equivalent
with conformal measure m and by �� the Radon
Nikodym derivative � � d���dm� Our
result in this appendix is the following�

Theorem A���� If a regular parabolic system S satis�es all the conditions ��a� 
 ��h�
and the alphabet I is �nite� then the Radon
Nikodym derivative � � d��dm is continuous
on the set J n fxi 
 i � %g

Proof� According to formula ����� from �MU	� and the de�nition of conformal measure
we obtain

d�

dm
� �� �

X
k��

X
i�


��� � �ik� � j�
�
ik j

�	

	�



Given now i � %� j � I n % and n � � we shall prove the the series
P

k�� j�
�
ik j

� converges
absolutely uniformly on �inj�X�� Indeed� �x x � X� Then it follows from ��e� that putting
Ti�j�n � inffj��inj�z�j 
 z � Xg � �� we get

X
k��

j��ik��inj�x���j
� �

X
k��

j��ik�nj�x�j
�

j��inj�x�j
�
�

�

Ti�j�n

X
k��

jj��ik�nj jj
�

�
K�

T �i�j�n

X
k��

m��ik�nj�X�� �
K

Ti�j�n

�

��	

Since �� is bounded from above by K� we therefore conclude that the series

&�i� �
X
k��

��� � �ik� � j�
�
ik j

�

converges absolutely uniformly on the set �inj�X�� Employing now ��d� and using �nite

ness of I we therefore deduce that the function &�i� is continuous on the set�

j 
�i

�
k��

�ikj�X� � J n fxig	

Since % is �nite we �nally get that � � �� �
P

i�
 &�i� is continuous on the set J n fxi 

i � %g� The proof is complete�
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