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ABSTRACT. Developing the pioneering work of Lars Olsen, we deal with the question of
continuity of the numerical value of Hausdorff measures in topologized families of confor-
mal dynamical systems. We prove such continuity for hyperbolic polynomials from the
Mandelbrot set, and more genrally for the space of hyperbolic rational functions of a fixed
degree. We go beyond hyperbolicity by proving continuity for maps including parabolic
rational functions, for example that the parameter 1/4 is such a continuity point for qua-
dratic polynomials z +— 22 + ¢ for ¢ € [0,1/4]. We prove the continuity of the numerical
value of Hausdorff measures also for the spaces of conformal expanding repellers and par-
abolic ones, more generally for parabolic Walters conformal maps. We also prove some
partial continuity results for all conformal Walters maps; these are in general of infinite
degree. In order to do this, as one of our tools, we provide a detailed local analysis, uni-
form with respect to the parameter, of the behavior of conformal maps around parabolic
fixed poins in any dimension. We also establish continuity of numerical values of Hausdorff
measures for some families of infinite 1-dimensional iterated function systems.

1. INTRODUCTION

Let KC(I) be the space of all non-empty compact subsets of the unit interval I = [0, 1]
topologized by the Hausdorff metric. As both the collection of all finite subsets and all
finite unions of non-degenerate subintervals of I are dense in K(I), the Hausdorff dimen-
sion function K(I) 3 F — HD(F) € R is discountinuous at every point, the Hausdorff
dimension behaves badly indeed with respect to Hausdorff metric. This firmly suggest that
one should not expect too much from this function. It is therefore the more astonishing
that the situation changes dramatically when a dynamics is involved. Indeed, David Ruelle
has asserted in [Rue| that the function ¢ — J(2% + ¢), the latter being the Julia set of the
quadratic polynomial 22+c¢, is not only countinuous but even real-analytic. A variety gener-
alization and extentions of Ruelle’s result then followed (cf. for example [UZi|, [UZd], [U3]
or [AU]. These concerned hyperbolic systems, possiby being 1-to-infinity (iterated function
systems and transcendental functions), systems allowing critical points in the Julia sets,
and parabolic systems. All of them involved conformal measures. These are dynamically
defined objects, frequently of a transparent geometric meaning. More precisely, normalized
Hausdorff or packing measures. Having the machinery of thermodynamic formalism at
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hand (see [PU] or [MUS3] for a contemporary exposition), it it not hard to prove that the
in the context of the above systems conformal measures vary continuously in the topology
of weak convergence.

A more subtle question is about regularity of the function ascribing to a system, or
parameter, the numerical value of the Hausdorff measure of the corresponding Julia or
limit set. The breakthrough came with the work of Lars Olsen ([Ol] who proved such
continuity for finite iterated function systems consisting of similarities and satisfying the
separation condition. In this paper we continue the direction of research originated by
Olsen. We work with Walters conformal systems that comprise all: conformal expanding
repellers, finite and infinite hyperbolic iterated function systems satisfying the separation
condition, and hyperbolic and parabolic rational functions. Concerning hyperbolic systems,
as the most transparent results we prove these.

Theorem. If (T, : X' — X™)°, is a sequence of conformal Walters maps converging
sub-finely to a conformal Walters map T : Xqg — X, then
limsup Hy,, (X%) < Hp, (Xoo).
Here, X" and X, are, respectively, limit sets of these Walters maps, A, = HD(XZ), and

hr = HD(X). The sub-fine convergence, and nice convergence are defined in section [9
Walters maps are defined in section

Theorem. With respect to the topology of sub-fine convergence, each conformal Walters
map S with Hp,.(X(S)) = 0 is a continuous point of the Hausdorff measure function
T — Hp, (Xo(T)).

In the context of conformal expanding repellers or finite iteration function system the most
transparent results are these.

Theorem. If (T, : X" — X™)° is a sequence of conformal expanding repellers in RY,
converging sub—finely to some conformal Walters map T : X — X, then

nh—{glo Hth (Xn> = HhT(X)
and

Theorem. If E is a finite set, then each contracting conformal iterated function system
S € CIFS(X, E, A) satisfying the separation condition is a continuity point of the Hausdorff
measure function CIFS(X, E) > & — Hp,(Jp) with CIFS(X, E) endowed with the metric d

gwen by formula .
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The latter one is a fairly far going generalization of the original result of Olsen (JOI]). As
their immediate consequence, we have this.

Corollary. For every c € C let J. be the Julia set of the quadratic polynomial C 3 z — 2*+c
and let h, = HD(J.). Then the map C > ¢ — Hj (J.) is continuous at each hyperbolic
element c € C.

In the parabolic case, which is technically much more complicated than the hyperbolic one,
we proved the following.

Theorem. If (T, : X" — X™)° is a sequence of conformal parabolic Walters maps con-
verging nicely to some conformal parabolic Walters map T : X — X for which HD(X) > 1,
then lim,, o, H"™(X™) = Hj (X).

and

Theorem. If (T, : X" — X™){° is a sequence of finitely conformal Walters maps converg-
ing finely to some finitely conformal Walters map T : X — X for which HD(X) > 1, and
if its subsequence of all parabolic maps converges nicely to T, then lim, ., H"(X") =

Hy, (X).
As a consequence of the latter one, we get the following.

Corollary. For every ¢ € C let J. be the Julia set of the quadratic polynomial C > 2z —
fo(2) = 2% + ¢ and let h. = HD(J,). Then

]Ralci;nl/4 Hhc(JC) = Hh1/4(‘]1/4>'

Corollary. For every A € C\ {0} let
fr(z) = 2(1 — 2z — \2%2).

Let Jy := J(f\) be the Julia set of fi and let hy := HD(Jy,). Then for R > 0 sufficiently
small, the function

D.(0,R) :={\e C\ {0} : |\ < R} 3 A — Hy (J))

15 continuous.

Proving continuity of Hausdorff measures for infinite systems is also fairly involved. We
devote to this end the last section of our paper and prove it for some selected subclass of
linear infinite iterated function systems as Theorem [16.1]
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Our general approach to the issue of continuity of Hausdorff measures is based on Olsen’s
intuitive formula expressing the value of Hausdorff measure in terms of normalized Haus-
dorff measure (conformal one) and diameters of the sets involved. The largest technical
challenge in our paper is caused by parabolic systems as it is a central issue for our ar-
guments to have a uniform behaviour of dynamics. In order to take rigorous care of this
problem we analyze in detail in several first sections the local behaviour of parabolic con-
formal maps in all dimensions, 1, 2, and 3, all of them requiring different treatment. We
then define Walters conformal maps, their various subclasses like expanding (hyperbolic)
and parabolic ones. In the next section we define and study the modes of convergence
of Walters maps. Having all this prepared, we prove in the following sections the actual
continuity properties of Hausdorff measures as described above.

2. CONFORMAL MAPS PARABOLIC AT INFINITY; THE CASE q > 3
Fix an integer ¢ > 3. Given a linear isometry D, i.e. D € O(q), and given also ¢ € RY,
let
Ype=D+c:R?— R
Let Pary(q) be the image of O(q) x R? under the map (D, ¢) — ¢p .. We refer to Par.(q)
as the space of conformal maps parabolic at infinity on R?. Note that the map O(q) x R? 5

(D,c) — ¢p,.is 1-to-1. For every ¢ € Pary(q) there are then uniquely defined D,, € O(q)
and ¢, € R? such that

(2.1) Y = Dy + cy.
Since
R? = Fix(Dy)@Fix™(Dy),
we can uniquely write
Cyp = by + ay,

where b, € Fix(Dy) and ay € Fix™(Dy). Iterating (2.1)), we get for all n € Z and all
z € R? that

[y

n—

(2.2) Y (z) = (3 Di)ay +nby + D}z,
j=0

Since
n—1 '

(2.3) (Dy —id) (> Di)ay = Djay — ay
j=0

and since |[Djjay — ay|| < 2[|ay||, we therefore conclude that for all n € Z,

(2.4) 1D Djayl < 2llag]] - [1(Dy = id) g o, -

=0
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For every R > 0 endow Par..(q) with the pseudometric
pr(S.T) = S 50.8 — Tiso.m e = sup{l|S(z) = T(2)| : 2 € B(0, R)}.

Clearly pg is in fact a metric on Pary(q). Endow R’ with the spherical metric p,. Note
that each member T of Pars(q) can be then treated as a continuous map from R’ to R
by declaring that 7'(co) = co. Define the spherical metric p, on Par,(q) by setting

pu(T,S) = sup{p.(T(x), S(x)) : = € R},
We shall prove the following

Proposition 2.1. All the metric pr, R > 0, and p. are equivalent in the sense that they

induce the same topology on Pary,(q). With this topology, the map O(q) x R? 3 (D, ¢) Y,
Yp.. € Pars(q) becomes a homeomorphism.

Proof. Denote the topologies generated by pgr, R > 0, respectively by 7z. Denote the
topology generated by p, by 7.. Finally let 7 be topology on Par,(q) induced by the
map 1. Clearly, for every R > 0 the maps id : (Pary(q),7) — (Pars(q), ) and id :
(Pary(q), 1) — (Pars(q), 7r) are continuous. Now, if lim,, . 1, = ¥ in 7g, then

¢y = ¥(0) = lim ¢,(0) = lim ¢y,
so the function (Par..(q),7r)  T'— c¢r € R? is continuous. Furthermore,

lim sup{[|(Dy, — Dy)l5(0,r) llec < Timsupd|lvon —)|50,m | + ey, = coll}

< lim sup{[[(¢n. — V)50 I} + 7}1_{20 ey, — eyl

= lim Pr(Yn, ) = 0.

This means that the function (Par(q),7r) 2 v — Dy € O(q) is continuous. Along
with the previous assertion this gives that the map id : (Pary(q),7r) — (Pars(q),7) is
continuous. And along with an even earlier assertion the identity map id : (Par.(q),7) —
(Paro(q), Tr) is @ homeomorphism, or equivalently the metrics 7 and 75 induce the same
topology. Now assume that lim, .., ¢, = ¢ in 7. Abbreviate

D := Dy, D,:=Dy,, ci=cy, and c,:=cy,.
We have for all z € R? that,
_ 2||¢n(z) — ()|
L+ [[en(@)12)2(1 + |l ()]]2)/2
| Dn — D[z + [len — <l
T 1+ 1Dz + )21+ || D + cf2)1/2

P+ (Pn(2), ()

Disregarding finitely many terms we may assume without loss of generality that ||c,| <
|C|| 4+ 1 for all n > 1. If ||z]| < 2(]|¢|| + 1), then we get

pe(n(2), () < 4(lell + D) (1Dn = Dl + llen = el])-
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If ||| > 2(]|e|| + 1), then
) lell(IDn = DIl 4 llew —el) . lell(1Da — DIl + llew — )
peln(@)0(0) < 2 T e Dl = el = 2<||as|| e = Dl = Tel)

[ (1Dn = DI + llen = ¢ll) _
S (1Da = DIl + flea — <l

<2

]l /2] ]| /2 R
4
< m(HDn = D +llen = <))
In either case, we get
(2.5) pu(thn (), 0(x)) < 4(1 + lcl)([[Dn = DI + llen — ¢l])-

Since 1, (00) = 1(00) = o0, the same estimate is true for z = oo. It follows from
that p.(vn,v) < 41+ |c]|)(|Dy, — D|| + ||cn — ¢|). Therefore lim,, oo pu(tn,¥) < 4(1 +
el (limy,— 0 || Dy, — D|| +1imy, o0 ||cn — ¢||) = 0. Thus, the identity map id : (Pary(q), 7) —
(Pary(q), 7:) is continuous, and with above proved, it is a homeomorphism. The proof is
complete. [

From now on we consider Par,,(q) as a topological space with the topology established in
Proposition . Let G(q) be the set of all non—zero vector subspaces of R?. We endow
G(q) with the following metric

dy(V,W) =dg(VN{z €RY: |lz| =1}, W N {z € R : ||z]| = 1}),

where the second dy is the Hausdorff metric on the collection of all non—empty compact
subsets of R?. Given 0 <1 < ¢ let

Paro(q,1) = {¢ € Pary(q) : dim(Fix(¢)) = [}.
We shall prove the following

Lemma 2.2. Fiz 0 <1 < q. Then the following maps are continuous.
(a) Pars(q) 2 ¢ — ay € RY

(b) Paro(¢q) > ¢ — by, € R?

(c) Pars(q) 2 ¢ — ¢y € RY

() Parw(q.1) 3 v — Fix(Dy)
(¢) Paro(g1) 3 1 — Fix'(Dy).

Proof. Since ¢y, = 1(0), the map 1 — ¢, is continuous. So, (c) is proved. For every vector
subspace V of R? put V; = {z € V : ||z|| = 1}. Now we shall prove item(d). To do this it
suffices to show that given £ > 0 there exists k € N such that

(2.6) Fix, (D,,) C B(Fix)(Dy), <)
and
(27) Fin(D¢) C B(Fin(D¢n),€)

for all n > k, where B(A,r) = {x € RY : inf{||x — al| : @ € A} <r}. Assume contrary and
suppose first that there is no & > 1 such that (2.6)) holds. Then there exists an increasing
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sequence (n;)7° such that Fixy(Dy, ) ¢ B(Fix;(Dy),e). This means that for every j > 1
there exists z; € Fix(Dy,, ) such that

(2.8) lz; —bll > ¢

for all b € Fix;(Dy). Passing to a subsequence, we may assume without loss of generality
that (z;)7° converges to some vector z € R9. Then ||z|| = 1 and

Dyx = lim Dy, x, = lim z, = .

n—o0 n—oo

So, & € Fix;(Dy) and, by (2.8), ||z — b|| > ¢ for all b € Fix; (D). The contradiction shows
that holds. Assume in turn that fails. Then there exists an increasing sequence
(m;)3° such that Fix;(Dy) € B(Fixi(Dy, ), ). This means that for every j > 1 there exists
y; € Fix; (D) such that

(2.9) ly; —dl = ¢

for all d € Fixl(Dwnj). Passing to a subsequence we may assume without loss of generality
that (y;)7° converges to some vector y € R? Then [ly|| = 1 and y € Fix;(Dy). On
the other hand, let for every j > 1, {vV, ... ,vl(J '} be an orthonormal basis of Fix(ty,).
Passing yet to another subsequence we may assume without loss of generality that there
are vectors vy, ...,v; € R? such that lim;_ vl =w; for all 1 <4 <[. Then {vy,...,v} is
an orthonormal set and

= lim o/ = v,

J—o0

Dv; = lim Dwnj vlgj

J—o0

for all ¢ =1,...,{. Thus Lin(vy,...,v;) < Fix(Dy) and, as both the spaces have the same
dimension, equal to [, they are equal That is

(2.10) Lin(vy,...,u) = Fix(Dy).
In virtue of {} fixing aq,...,a; € R such that Zl a? = 1 we have

i=1"1

l
‘ Y; — Zaivfj) >
i=1
for all j > 1. Therefore
l
Y; — Z a;v; Z E.
i=1

Along with this means that ||y—b|| > ¢ for all b € Fix;(Dy). Taking b =y € Fixq(Dy)
we get a contradiction. This proves part (d). Part (e) immediately follows from (b). Parts
(a) and (b) follow now from (c), (d) and (e) as the orthogonal projections from R? onto
Fix,(D,) and Fix"(Dy) are continuous. [J

As a fairly straightforward consequence of this lemma, we shall prove the following.
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Lemma 2.3. For every 0 < 1 < q and every 1 € Pary(q,l) there ezists a neighbourhood
Vi, of 1 in Par(q,1) such that

sup{[|(Da — id)_1|Fixi(DA)|| tA € Vy} < oo
Proof. Suppose for a contrary that there exists a sequence (1,,);° C Pary(q,1) such that
nhjrolo 1(Dy,, — id)_1|FixL(Dwn)H = +00.
This means that there exists a sequence (z,,)$° such that
z, € Fix"(Dy,), ||z.]|=1, and 71113;0 (D, —id) " (x0)]| = +o00.
Put y,, := (D, —id) " (x,) € Fix™(Dy,). So z, = (D, — id)y,. Equivalently

(2.11) oy~ (4= D) (nynn) '

Passing to a subsequence, we may assume without loss of generality that lim,, . (y,/||y.|]) =
y with some y € (R%);. It then follows from Lemma [2.2| that y € Fixj"(Dy). But on the
other hand, follows from that 0 = (D, — id)(y), which means that y € Fix(Dy).
This contradiction finishes the proof. [J

As a direct consequence of this lemma and Lemma [2.2], we get the following.

Lemma 2.4. For every 0 < 1 < q and every v € Pary(q,l) there exists a neighbourhood
Vy CVy of ¢ in Pary(q,1) such that

o = 25up{ (D — id) s oy | - laall - A € V) < oo,

As an immediate consequence of this lemma, (2.2]), and (2.4]), we get the following strength-
ening of Lemma 9.2.3 in [MU3].

Lemma 2.5. For every 0 <1 < q and every ¢ € Pary(q,l) we have that
A" (2) = nball < [|z]] + £y
for all A €V, (Vi and ky coming from Lemma , all z € RY, and all n € 7.

Remark 2.6. Assume from now on that | > 1. In view of Lemma [2.2| we may and we do
assume that

0< By :=inf{|ball : AV} < B :=sup{[lball : A € Vy} < +o0
with Vi, being defined in Lemma (and also appearing in Lemma .
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Given ¢ € Pary(q,1), R > 0, and v € (0,7), let
Sy(Ro7) = {= € R : 2] > R and £(2,by) < 7},
Sy(R,y) :=={z € R?: ||z <R and Z(z,by) < 7}

and
Sy(r, By y) = Sy(r,v) N SR, 7).

Lemma 2.7. With 1 <1 < q and ¢ € Pary(q,l), for every Q > 0, every 5 € (0,7) and
every a € [0, 3) there exists R > 0 such that

P (Sy(R, o)) C Sy(@Q, B)
for all+p €V, and all n > 0.

Proof. For every 1 € Pary(q,l) let P, : R? — Rby be the orthogonal projection onto
Rb,, and let qu : RY — (Rby)* be the orthogonal projection onto (Rby)*, the orthogonal
complement of Rb,. Formula ((2.2) yields

Py("(2)) = nby + Py(z) = nby + ty(2)by,
and
Pr(y"(z)) = Z Dy + D3(PL(2)),

where t,(2) € R is uniquely determined by the relation Pj(z) = t;(2)b,. Assuming from
now on throughout the proof that ¢ € V,, we get from (2.4) and Lemma that

12 @D _ me + 15, (I
(ty(2) +n)llbgl] = ty(2)][byl]
(2.12) = tan Z(Z, bw) + m
Boty(z)

Assume first # € (0,7/2]. Fix § > 0 so small that if v > 0 and tan~y < tana + §, then
v < B. Now, if z € Sy(R, a) with some R > 0, then ¢,(z) > 0 and

R < |I2]]* = t5,(2)|[by]I* + || Py (=)
< 15,(2)][by[]* + tan® (@)t (2)[|by |
= (1 + tan® a)t},(2)|[by|
< (1 + tan® a)ﬁ;f||bw||2.

tan Z(Y"(2), by) =

< tano +

So,
1

ty(z) > (14 tan’ ) 2(6)) "' R.

Therefore, taking R > 0 so large that (1+tan? a)’%(ﬁg)’lR > Qand 31(8;) kR <6,
we are done in this case. So, assume that 5 € (7/2, 7). There then exists ¢’ > 1 so close to 1
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that if cot v > ¢’ cot e, then v < 3. because of the previous case, taking z € Sy (R, o) with
some R > 0, we may assume without loss of generality that £(z,by) > 7/2, i.e. ty(z) <O0.

Then
(ty(2) +)llby[l o (tp(2) +1)|lby]|
1Py @I~ NPy ()l =5
_ (ty(2) +1)l|by ]|
125 ()1(L = s /11P5 (2)]])
= cot £(z,by)(1 ’%/||P¢( 2)lI)
>cotoz(1—/<a<p/||P¢ )||)

cot (4" (2),by) =

-1

But
R? < |2l = 5,(2)[1bslI* + 1P (2)[1 < (1 + cot® )| Py ()]
So,
|PE(2)|| > (1 + cot?a) 2R,
Therefore, taking R > 0 so large that (1+cot?a) 2R > Q and (1— (14 cot? Oé)R_l)il
we are done in this case too. The proof is complete. [J

5/

A complementary statement to the above is the following.

Lemma 2.8. With 1 <1 < q and ¢ € Pary(q,1), for every R > 0 and every a € [0, ), we
have that

lim sup{[[0"(2)]] : z € S(R, @), ¥ €V} = +o00

and
le sup{Z(¥"(2),by) 1 2 € S;(R, ), ¥ € V. } =0

Proof. According to (2.12)) and (2.2), for all ¢ € V,,, all z € S}(R, @), and all n > 2||z]|/3;,
the following hold.

1 1, .-
19" (] = [ty (2) + nll[by]| = SlbylIn = 51185 lIn

and

[0 Do + DYPE)| ey oy 1

tan Z(¢"(2), by) = (to(®) + )lul = bl v

IN

We are done. [
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3. CONFORMAL PARABOLIC MAPS IN RY; THE CASE ¢ > 3

Let U be an open subset of R?. We recall that a C! map ¢ : U — RY is called conformal
if its derivative ¢'(x) : R? — RY at every point x € U is a similarity map. We denote the
corresponding similarity factor by |¢'(z)]. Of course, |¢'(z)| = ||¢'(z)]|, the latter being
the operator norm of ¢’(x). In this section we apply the results of the previous section to
study parabolic conformal maps at any dimension ¢ > 3. The parabolic fixed point need
not be any longer infinity but one can concjugate such map by an inversion sending this
fixed point to infinity. And at this moment the results of the previous section can be used.
We begin our analysis with a fairly general distortion theorem that holds for all conformal
maps in dimension ¢ > 3. A proof the just announced distortion theorem can be extracted
from the proof of Theorem 4.1.3 in [MU3]. However, because of its importance for the
treatment of the parabolic case and its shorteness, we include it below.

Theorem 3.1. Suppose V' is a non-empty open connected subset of R?, where ¢ > 3 and
F CV is a bounded set such that F C V. If ¢ : V — RY is a conformal map, then

()] diam(F) \?
|wm§<”mmmw0

for all x,y € F.

Proof. In virtue of Liouville’s Theorem there exist a real scalar A > 0, a linear isometry
A :R? — R? and points a € R?U {oo}, and b € R such that

o =Moi, b,

where i, : R® — R” is the inversion with respect to the unite sphere centered at a in the
case when a € R? and i, = idra. In this latter case our theorem is trivially true since
then the left hand side of its assertion is equal to 1. So, we may assume without loss of
generality that a € R?. By our hypothesis a ¢ V. Hence, if z,y € F, then

|z —all _ llz—yll+lly—al _

. el diam(e)
ly=al = Tyl ly=all = d@st(F V)

Thus,

|¢@H:AM—ﬂWQ:Hx—w2<<1 de@»>?
(@) Alle—all72 fly—al* dist(F, V)
We are done. O

We now pass to actual analysis of parabolic conformal maps at dimension ¢ > 3. Recall
from Definition 9.2.1 in [MU3] that a conformal map 1) : R’ - R’, ¢ > 3 is called parabolic
if it has a fixed point wy, € R? and a point £ € R? \ {w} such that [¢'(w)] = 1 and
lim,, 400 " (§) = wy. Let

. . . 1
(3.1) U =y, 00y, =iy, 0P O, .
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Then 1/;(00) = 00, and therefore, 1; is conformal map parabolic at infinity, the class of maps
studied in detail in the previous section. We put

Dy =Dy, by=0b; and k==k;.

It follows from ((3.1]) that wil = ¢!, and we conclude further that ¢! is also a parabolic
map, Dy-1 = D" and by-1 = —by. Given 1 <1 < g. We denote by Par(g,!) the collection
of all those parabolic self-maps ¢ of R’ for which 15 € Pary(q,1). We shall prove the
following.

Proposition 3.2. Suppose (1,)5° is a sequence of parabolic self-maps of R andy :R" 0
is also a parabolic self-map. Then
(1) b, — ¥ with respect to the p, metric if and only if p—yy
(2) If ¥, — 1 (with respect to the p, metric), then ¥, — 1 in C¥—norm, k > 0, on
all compact subsets of RY.
(3) If Yy, — 0, then wy,, — wy.

Proof. Ttem (3) is immediate. Indeed, if w is any cluster point (in R”) of the sequence
(Wy, ), say w = limj oo wy, , then P(w) = lim; o thn, (wy,, ) = lim; wnjwd,nj = w. Since
1 has only one fixed pomt namely wy, we must have w = wy and item 3 is established.
Since all the inversions i,R* O, w € R?, are uniformly bi-Lipschitz (with the same bi-
Lipschitz Constant) with respect to the spherlcal metric p,, we have 1, — v if and anly if
iy, OWn Ol — . But because of (3) iw,, — iw, With the metric p,. Thus i, 09, 0d,, — ¥
iff i, o0ty — w But this exactly means that @n — 1; Item (1) is established. Dealing
with (2) notice that if Y — ¥, then Dy, — Dy by ( ) and by Proposition n All higher
order derivatives of wn and 1 vanish. So ¢, — ¢ in C* for all & > 0. Since, by (3),
Gy, — lw, 1D C* on R? for all k > 0, and ¥, = 1iy,,, ownozww and ¢ = i, owozww, we
conclude that 1), — 1) in C*, k > 0, on R”. Part (2) follows. O

For all 8 € [0,7] and all 0 <7 < R < +00 put
Sp(r,R;B)={z€R?:r <||z —w¢|| <R and [£(z —w,by))| <},
Sy(R, B) = 5., (0, R; B)
and
Sy (r, B) = S, (r, +00; ﬁ)
Since iy, (Ryby) = Riby and iy, (S;)(r, R; ) = S; (R, *1,@ as an immediate conse-
quence of Lemma [2.7] and Lemma [2 , along with Proposmon | we respectively get the
following.

Proposition 3.3. If 1 <[ < q and ¢ € Par(q,l), then there exists W, a neighborhood of
¢ € Par(q,l), such that for all e > 0, all 5 € (0,7) and every o € [0, 3) there exist § > 0
such that if v € W, and n > 0, then

P"(5y(0, @) C Sy(e, B).
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Also

Proposition 3.4. If 1 <1 < q and ¢ € Par(q,l), then decreasing W, from the previous
proposition if necessary, the folloging hold. For every R > 0 and every o € (0,7),

Jim sup{][9"(2) — wy| < 2 € Sy(R.a), ¥ € W,} =0

and
lim sup{Z(¢"(2),by) : 2 € Sp(R, @), Y € W} = 0.

4. CONFORMAL PARABOLIC MAPS IN R?

In this section we deal with conformal parabolic maps in R?. There is a bigger variety of
them now than in the case of ¢ > 3 since the Liouville’s Theorem does not hold. However
each conformal map in C = R? is either holomorphic or antiholomorphic and its second
iterate is then holomorphic. This observation forms the starting point of our anlysis in this
section.

Let w € R9. A conformal map ¢ : V — C, where V is an open neighbourhood of w, is
called parabolic if p(w) = w and (p?)'(w) is a root of unity. Replacing ¢ by its sufficiently
high even iterate ¢*, k > 1, we will have

¢ : V — C holomorphic, ¢(w) =w and ¢'(w) = 1.

We call such conformal parabolic maps simple. From now on, throughout this section
¢ : V — C is assumed to be a simple parabolic conformal map. Represent locally, around
w, the holomorphic map ¢, in the form of its Taylor series:

(4.1) o(z) =2+ ay(z — u)@)pJrl + appia(z — w@)p+2 + ...

with some integer p > 1 and a, € C\ {0}. The set {z € C: a(z — w,)? < 0} is a union
of p rays [, (w,1),...,l;(w,,p) emanating from w, and forming consecutive angles equal
to 2m/p. These are referred to as attracting directions of the map ¢ at w,. Likewise, the
set {z € C:a(z —w,)? > 0} is a union of p rays [_(w, 1),...,l{_(w,p) emanating from w,
and forming consecutive angles equal to m/p. These are referred to as repelling directions
of the map ¢ at w,. Forall j =1,...,pand all n,d,a > 0 let

Si’j(n, S;a)={z€C:n<|z—wy| <6 and L(z —wy, l+(wy, 7)) < a}

and
ng(é;a) = Si’j(()ﬁ; Q).
We also put
V=1V,
and

Ry(z) = Z g pin(2 — W)™

n=2
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So that
0(2) =2+ ay(z — ww)p‘ﬁl + R, (2).

We further assume that w,, is the only fixed point of ¢ in V,,. Given p > 1 we denote by
Par(2, p) the class of all simple parabolic bounded maps ¢ for which p, = p. We introduce

[e.9]

a topology, called parabolic, on Par(2,p) by saying that a sequence (¢,)J° converges to
¢ € Par(2,p) if and only if there exists an open ball V' C C such that

(0) Vo N Vi 2V
(b) wy,wy, € 3V foralln > 1
(¢) ¥n — ¢ uniformly on V.
(d) limy,—o0 Gy, = ay.

Remark 4.1. Note that, actually, item (d) follows from the previous ones.

We then also say that the sequence (¢,,)3° converges to ¢ parabolically.

Observation 1. If (¢,)° convereges to ¢ parabolically in Par(2,p), then lim, .o w,, = w,,.

Proof. Let w be an arbitrary cluster point of (w,,)°. Then w € %V C V and, as ¢, — ¢
uniformly, p(w) = limy, e Pn(wy,) = lim, o w, = w. Thus w = w,, and the proof is
complete. [

With this observation, we readily get the following.

Observation 2. Suppose that ¢ and @,, n > 1, are all in Par(2,p). If (a), (b) and (c)
hold, then

(1) limy o0 @y, = ay,

(2) the sequence of maps (V 3 z +— ay, (2 —w,, )PT1)5° converges uniformly to the map
V 3z ap(z —w,)Pt.

(3) the sequence of maps (V 3 z — R, (2))7° converges uniformly to the map V >
2 Ry(2)

Given an open ball V C C, we put
1—
Pary(2,p) = {¢ € Par(2,p) : V, D Vandw, € §V}

We introduce the metric py on Pary (2, p) as

pv (2, ¥) = [[(¢ — V) v [loo-

Clearly (Pary(2,p), pv) is a complete metric space and we have the following.
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[e.9]

Observation 3. A sequence (,)3° convereges to ¢ parabolically in Par(2,p) if and only if
there exists an open ball V C C such that

VQVwﬂﬂVn and lim py(p,, @) = 0.

n=1

Now for every open ball V' C C and every ¢ € Pary(2,p) let ¢y : V —w, — C be defined
by the formula

po=T, opoT,,
where, we recall T,,, : C — C is the translation about the vector w,. Then ¢y €
Pary_,,,(2,p) and w,, = 0. Moreover,

po(z) = 2+ a,2" + R)(2),
where R)(2) = Ry(z +wy) = D075 appin 2. In particular
(g = Gy, Qggpin = Qppin (0 22) and  Ry(z) = Rg(z —wy).

Changing the system of coordinates by a rotation about the origin, we may assume without
loss of generality that a, € R and a, > 0. Now, let ¥/z be the holomorphic branch of the
p-th radical defined on C\ (—o0, 0] and sending 1 to 1. Define then the holomorphic map
H :C\ (—00,0] — C by the formula

and consider the conjugate map
Go=H 'opgoH:U:=(C\ (00,0l NH (V- w,))— C,

where H~!(w) = -. For all z € U we have

o(2) = H™ ' (po(H(2)))= H'(H(2) + apnH()" + ) apnH(2)")

(4.2) n=2

=H! (— (1 tapz ' Y apnz ”Zl>>

\/_ n=2
z
= 1 ptn—1 P
(L4 ape + 3 apnz” » )

Set w = H(z) = 2% and put
(4.3) Go(w) = 1+ a,uw” + > a,, (0w, weV —w,.

n=2

Keep ¢ € Pary(2,p). Take W, the largest open ball centered at 0 and contained in V,,
but so small that |[(G, — 1)jw, |l < 1/8. Now notice that the function By (¢,7,) > ¢ —
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(Gy — 1)|1/2w, is continuous if (Gy — 1)|1/2w, is considered as an element of the Banach
space of bounded holomorphic functions defined on an 1/2W,, endowed with the supremum
norm. Fix n, > 0 so small that if ¢ € By (¢, 1,), then

5 1 1
(4.4) Wy D §W¢, 3% <lay| <2a, and 2% < Re(ay) < 2a,.
Therefore there exists d, € (0,7,) so small that
1
(4.5) Gy = Dlaw, lleo < 5
for all ¥ € By (¢, 6,). Write
(4.6) Gy = G;p]%mp.
It then follows from (4.5)) that G’¢ : %Ww — C is a holomorphic function and
A 4\?
(4.7 Gl < (5)
From (4.3) we get that
. Gy (w) PG y(w)
Gd,(O) = ]_7 W o =0 forall £ = 1,2, P — ]_, and W 0 :p'ad,
(4.8) Gy(w) =1+ pagw? + > by ()u?™
n=1

with some appropriate coefficients b, (¢)), n > 1. Write

By(w) =Y ba()u", we %W@.
n=1

It follows from (4.8)) that By is a holomorphic function. Invoking (4.7) and (4.4]), we get
that

Bow)] < |Ge) = Lo pawe?| _ [Gy(w)| +1 + play|jw
4 - wP - Jw|P
(4.9) _ Ly +p(RY)Play|
- (R

< M, = (RD) (1 + (4/3)" + 2plag| (RY))?)

for all w € 0B(0, prl)), where prl) is the radius of 2W,,. It then follows from the Maximum
Modulus Theorem that

| By(w)| < M,
for all w € B(0, R,) and all ¢ € By (g, d,). Hence, it follows from Cauchy’s Formula that

(4.10) B (w)| < M(R®)™.
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For all ¢ € By(p,0,) and all w € E(O,RS)). Hence (remember that By (0) = 0) there
exists 0 < R, < prl) so small that

1
(411) By(w)] < 7pa,

for all ¥ € By(g,d,) and all w € B(0,R,). Going back to the variable z = w™ we get
from (4.2)), (4.3)), (4.6)), and (4.8) that,

o(z) = 2Gy(H(2)) = 2(1+ payH(2)" + Y ba(2)H(2)"™)

(4.12) = 21t pag 4 S b (BH ()

=z + pay + By(H(2)),
for all ¢ € By (p,d,) and all z € B¢(0, R_?). So, using also (4.11)) we get that,

Re(do(2)) ~ (= + pay)) = Re(By(H (=) > ~pa.
Thus
~ 1 1 1
Re(vo(2)) > Re(z) + Re(pay) — 7P > Re(z) + 5Py = 4Py
(4.13) )
= Re(z) + 704

for all ¥ € By (p,d,) and all z € B*(0, k7). Therefore, using (4.11) again,

[Po(2)] < [2] + [pay| + [By(H(2))| < |2| + 2pa, + ipa% < |z[ + 3pay,.
By an obvious induction we get from this and that
(4.14) Re(z) + gpan < Re(d§(2) < [d4(2)] < || + 3pazn
for all ¢ € B(p,d,) and all z € C with Re(z) > R_P.
Now given a € (0, 7) and t > 0 let
Ala,t) ={z € C: L([z 1], [t, +0)) < a}.
We shall prove the following.

Lemma 4.2. If ¢ € Pary(2,p) and a € (0, ), then there exists to > R_P such that for all
Y € By(p,d,), we have that

@O(A(a,ta)) C Ao, ty).

Proof. Assume first that 0 < o < /2. In view of (4.10)), there exists 0 < R, < R, so
small that

1
(4.15) | By (w)| < 5Py tan o
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for all v € By (y,6,) and all w € B(0, R,). Take t, to be an arbitrary real number larger
than R_P. Fix z € A(a,t,). This means that

IIm(2)| < tan a(Re(2) — t,).

It then follows from (4.12)) and (4.13]) that,

Re(¢o(2)) —ta _ [Im(2) + By(H(2))|
Tm(vo(2))] — Re(z) + ipa, —t,
< [Im(2)| + [By (H(2))|
~ cotal|lm(z)| + %p%

Im(2)| + $pa, tan a

< tanao T
Im(z)| + 5pa, tan a
= tana.

So, we are done in this case and we may assume that o > 7/2. First take k, > 0 so small
that

1
(4.16) (14 |cot af)ka < 7Pas-

Then, in view of , there exists 0 < R, < R, so small that

(4.17) | By(w)| < Kq

for all v € By (p,d,) and all w € B(0, R,). Now, take t, > 0 so large that
(4.18) B(0,R,?) C C\ Ao, ta).

This equivalently means that ¢, > R,?; the latter number is larger than R P. Tt follows
from that if z € A(a,t,) and Re(z) > t,, then (z) € A(a,t,). So, suppose that
z € Ala,t,) and Re(z) < t,. Seeking contradiction, assume that ¥y(z) ¢ A(a,ts) and
Im(2)| < Kqo. Then, k, > |Im(z)| > |tanca|(t, — Re(z)). Equivalently, Re(z) — t, >
—| cot a|ka. So, as z € Aa,t,), by ([£.13), (£.18), (4.17), and ([£.16), we get that,

1 1
Re(1o(2)) — ta > Re(z) — ta + 1% ~ Ha > 7P% — (14 |cot a|)kq > 0.

So, LZJO(z) € A(a,t,). This contradiction shows that [Im(z)| > k.. Also, applying (4.12)
and using (4.17)), we get that

[lm(do(2))| = Im(2) + By(H(2))| > [Im(2)| = |By(H(2))] = [Im(2)] - ko
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Then, by the same token as above, we get

ta — Re@o(z)) < ta — Re(zﬁo(z))

Im(do(2))]  ~ [m(z)] = ka
(ta — Re(2)) — pay + Ko < | cot a||Im(2)| — pay + Ko
- Im(2)| — ka - Im(2)] — K

_Jeotal(|Im(2)] — ka) — (pay — | cot a|kqy) + Ka
N [Tm(2)] = a

pay — (1 — | cot af)kq

= |cotal —
R e
1
=pa, — (1 — | cot )k,
Im(2)| — Ka
< | cot ar].

This shows that 9(z) € A(a, t,), and the proof is complete. [
Now we shall prove the following.

Lemma 4.3. If ¢ € Pary(2,p), then for every o € (0,7) and every R > 0, we have
lim sup{ Z(G0(2), [0, +00)) : ¥ € By (,0,) and 2 € B0, R) N Ala, ta)} = 0,
where to, > R,P is the number produced in Lemma .

Proof. Since t, > R?, looking at Lemma 4.2 and applying sufficiently many times

we conclude that there exists an integer ny > 1 such that Re(¢0(2)) > > R_P for all 1/1 €
By (p,6,)and all z € B(0, R)NA(a, t,). It therefore follows from the left— hand side of (4.14)
that with some integer ny > ny, we have for all ¢ € By (p,d,), all z € B(0, R) N A(w, t,),
and all n > ny that

U(2)] = Re(d4(2)) > cpagn
It then follows from that for all n > ny, we have
Im (5 (2))] = [Im(4g(2)) + By (H(5 ()|
< IImw |+ 1By (H (G (2)))]
< [Im (¢ (2))] + My (RY) [ H (45 ()]
)|+ Mo (RY) g ()]

< [lm(¢ 3( DI+ 8 M, (RY)(pa,) #n .

Therefore, using the right—hand side of (| , for every n > ny we get that

o: o: o; o;a

~—~ o~ —~

< \Im(

(5 ()] < [Im(g2 ()| + CO Y k™» < CD 4+ CPn' 5,

k=n1
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with some positive constants CS), CéQ) and C’S’). Combining this with the left hand side
of (4.14)), our lemma follows. [J

Passing from 1/;0 back to v, as an immediate consequence of the last two lemmas and

formulas (4.13) and (4.14]), we get the following.

Proposition 4.4. If ¢ € Pary(z,p), then there exists d, > 0 such that for all ¢ > 0 and
all aw € (0,m/p) there exists 6 > 0 such that

(a) For allv € By (p,6,), all the iterates ™, n > 0, are well defined and injective on
the set Sg;’;r(& «) forallj=1,...,p and
YP(SIF (6 ) C SI (55 a)
for alln > 0.
(b) For every n € (0,9),

Tim sup{[1"(2) = wo : ¥ € By(p,8,), = € S (n,8,0)} = 0.
(c) For every 0 <n < 0 there exists a constant Kn > 1 such that
Y X
e =
for ally € By(p,d,), all j=1,...,p, all§,C € Si’J(n,é, a), and alln > 0.
(d) For all v € By(p,6,) and for every 0 < n <4,
i sup{Z([7(2), ), L (. 1)) ¥ € Bul,8,), = € S5 (n.6,0)) = 0

5. PARABOLIC MAPS IN R

Finally, let us briefly consider the case when ¢ = 1. Let V' C R be a bounded open interval.
We fix a point w € V. We call a C'** map ¢ : V — R parabolic if (with w, = w)

plwy) = wy, ¢(wy) €{-1,1}

and

(5.1) () = Wy + ¢ (Wy) (T — wy) + aglz — WP + o]z — w,[PT)

for all € V' close enough to w,,, where a, # 0 and p > 0 are arbitrary real numbers. We
set V' = V,,. Write uniquely V,, = VJ UV, , where V; is a subinterval of V,, having w,, as its
left-hand endpoint and V" is a subinterval of V,, having w,, as its right-hand endpoint. We
put sgn (V7)) = 1 and sgn (V) = —1. We define VJ to be VI if sgn (a,)¢'(w,)sgn (V1) <0
and to be V" if sgn (ay,) ¢’ (w,)sgn (Vg < 0. A comprehensive treatment of the local behavior

of one-dimensional parabolic maps can be found in [U2]. Given a real number p > 0, we
denote the collection of all corresponding 1-dimensional parabolic maps by Par(1,p). As
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in the case of ¢ = 2, we introduce a topology, called parabolic, on Par(1, p) by saying that

a sequence (¢,)° converges to ¢ € Par(1l,p) if and only if there exists an open interval

V' C R such that

(a) Ve Nl Ve, 2V

(b) wy,wy, € 3V foralln > 1
(¢) ¥n — ¢ uniformly on V.
(d) limy,— oo Gy, = ay.

We then also say that the sequence (¢,)° converges to ¢ parabolically.
As in the case ¢ = 2, given an open interval V' C R, we put

1—
Pary(1,p) = {¢ € Par(1,p) : V, D Vandw, € §V}
We introduce the metric py on Pary(1,p) as

pv(0,¥) = || = V)l + |ay — awl.

Clearly (Pary (1,p), pv) is a complete metric space and we have the following.

e e}

Observation 4. A sequence (¢,)5° converges to ¢ parabolically in Par(1,p) if and only if
there exists an open interval V- C R such that

VCav,n ﬂ Vo, and lim py(p,, ) = 0.

n=1

With the techniques and tools developed in [U2], we can prove in the case ¢ = 1 the
following result forming a 1-dimensional counterpart of Proposition |4.4]

Proposition 5.1. If ¢ € Pary(z,p), then there exists 6, > 0 such that for all € > 0 there
exists 0 > 0 such that

(a) For all ¢ € By(g,0,), all the iterates Y™, n > 0, are well defined on the set
Vi N (wy — d,wy +6) and
w”(Vtz1 N (wy — 6, wy + (5))§ B(wy,€)
for alln > 0.
(b)

nlingosup{wn(z) —wy| Y € By(p,0,),2 € Vi N (wy — 0,wy +0)} = 0.

(c) For every 0 < n < ¢ there exists a constant Kn > 1 such that

@@ -

[y ="
forall € By(p,0,), all (,§£ € Vin{t e R:n <[t —wy| <5}, and all n > 0.
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(d) Furthermore, there exists a monotone increasing function K : [0,1) — [1,+00)
such that lim;_o K(t) = K(0) =1 and

(") (W)l

— < K(t

ey =
for all ¢ € By(p,6,), all z € (wy — 0, wy +9) \ {wy}, and all z,y € (2 — t|z —
Wy, 2 +tlz —wy), and all n > 0.

6. PARABOLIC MAPS; LOCAL BEHAVIOR III.

As a fairly straightforward consequences of Section [3] Section [d] and Section [5] one can
prove (see Section 9.2 and 9.3 of [MU3] for the cases ¢ > 3 and ¢ = 2 respectively, and [U2]
for the case ¢ = 1) the following.

Proposition 6.1. Suppose that o is a simple parabolic conformal map acting in an arbitrary
phase space RY, g > 1. Letp =1 1if ¢ > 3, let p > 1 be the integer coming from if
q =2 and let p > 0 be the real number coming from if q=1. Let V be an open ball
contained in V, and contaning w, if ¢ = 1,2. Let W, come from Proposition ifqg >3
and let 6, come form Proposition and Proposition if ¢ =2 and g = 1 respectively.
Then for every e > 0 and every o € (0, 7/p) there exists § > 0 such that for every n € (0,9)
there are constants A, > 1 and an integer s, > 1 such that for all i) € W, if ¢ > 3 or
Y € By(p,6,) if ¢ = 1,2, (call jointly such a neighborhood of ¢ by Z(p)) the following
hold. For all j = 1,...,p, all z € Sij(n,é;a) (with appriopriately adjusted meaning if
g=1o0rq>3)and alln > 1 we have,
(a)

AP <[y (2) — wyl| < Agn VP

A;ln—(pﬂ)/p <|(W"(2))| < A¢n_(p+1)/p

" (2) = o (2)]| < Ap(k™P —n=tP)
if 1 <k<nand

[0 () = ¥ (2)|| > A (k7P = n7HP)
if, in addition, n — k > s,.

Let

Alw;r,R) :={z€C:r <|z—w| < R}
be the annulus centered at a point w € C and with the inner radius r and outer radius R.
As an immediate consequence of this proposition we get the following.

Proposition 6.2. With the setting of Proposition[6.1] we have
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(S5, 6 0)) € Alwy; A 'n~ VP AgntP)

At PP < diam(L"(S5) (0, 65 @))) < Agn” PP

perhaps with a larger constant A, in (b) than its counterpart in item (b) of Proposition[6.1]

7. WALTERS MAPS

Let Xy be an open and dense subset of a compact metric space X endowed with a metric
p. Let € be a finite subset of X;. We call a continuous map T : Xqg — X Walters if the
following conditions are satisfied:

(1)
(2)

(6)
(7)

(8)

() is a union of periodic orbits of T'.

The set T~!(x) is countable for each z € X and there exists £ = &7 > 0 such that
T~(B(x,2£)) can be written uniquely as a disjoint union of open sets {B,(z) :
y € T7'(x)} such that y € By(z) and T : By(z) — B(z,2¢) is a homeomorphism
from B, (z) onto B(z,2). The corresponding inverse map from B(z, 2§) to B, (z),
y € T~'(z), will be denoted by T,

If 2 € Xoo(T) ==y T ™(X) and p(T"(z),2) < 2¢ for all n > 0, then = € Q.

For every € > 0 there exists § = dp € (0,&) such that for every z € X \ B(€2,6)
and every n > 0, the set T "(B(x,20)) can be written uniquely as a disjoint
union of open sets {By,(n,z) : y € T~"(x)} such that y € By(n,z) and the map
T" : By(n,z) — B(x,2)) is a homeomorphism from B, (n,z) onto B(z,2§). The
corresponding inverse map from B(z, 2§) to B,(n,z) will be denoted by T,".

For every 6 > 0 there exists ng > 1 such that if z € X and
B(Q,0) N {TF(z):0 <k <ny} =0,

then

p(T™ (w), T™(2)) > 4p(w, 2)
for all w,z € T, " (B(T",2dy)).
Ve>0ds>0VereX T °(x) ise-densein X.

-1

T, (B(w,28)) N B(Q,£) =0

forallw € Q and all y € T (w) \ {w}.

For every 6 > 0 there exists an integer ky > 1 such that if z € X \ Q, TV(x) €
X N B(Q,0) for all j = 0,1,....,k — 1, and T*(z) ¢ B(£,0), then the map
T : B, (kg, T" (z)) — B(T*(x),26) is Lipschitz continuous with some Lipschitz
constant > 2.
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A Walters map is referred to as finitely Walters map if Xo = X. Note that then each
inverse image T~ !(z), x € X, is finite, in fact sup{#7T (z): r € X} < +o0.

A Walters map is called conformal if X C R?, d > 1, and if the following hold.
(8) For every x € X and every y € T~ '(x), the inverse map

T, : B(x,28) — By(x)

has a unique conformal C'-extension to the open ball By(z,2¢) C RZ. We assume
in addition that the functions

By(z,28) 3 z — HDZTJIH

are all Holder continuous with the same Holder exponent o and Holder constants
bounded above by C||D,T, || with some constant C' independent of 2 and y. In
the case when ¢ > 2, this is automatically satisfied with o = 1.

(9) For every 6 > 0, every x € X \ B(Q,0), every n > 0 and every y € T "(z),
the map 77" : B (x,289) — X has a unique conformal extension to the open ball
Bd(l', 259) C Rd.

A Walters map is called expanding if Q = (0. A finitely Walters conformal map is called
parabolic if 0 # () and for any w € Q (with period n(w) > 1) T"“) is a parabolic conformal
map on some neighborhood of w. A conformal expanding finitely Walters map is referred
to as conformal expanding repeller.

The following bounded distortion properties follow from (8) and (9) along with Theorem|3.1
if ¢ > 3, from Koebe’s Distortion Theorem if ¢ = 2, and considerations following closely
[U2] if ¢ = 1.

Since we will be interested in the value of the Hausdorff measure Hy,(X,), we may, without
loss of generality, pass to so high iterate of T' that all parabolic point, i.e. members of 2,
become simple.

As an immediate consequence of Theorem [3.1] and Koebe’s Distortion Theorem, we get the
following.

Fact 7.1. (Bounded Distortion Property I) If d > 2, the the following holds. For
every 3 > 0 there exists 3, € (0,1] such that if T : Xo — X is a Walters conformal map,
0>0,zeX\B(Q,0),n>0,yeT,™(z)and w,z € B(x,B.dy), then

o @) ()
(1+p8) < TG < (1+0).
Also,
(T, ") (w)]

K=K = : B
1 sup{ |(szn)l(z)’ w,z € (3:,59)} < 400,

with the supremum being taken also over all@ >0, x € X\ B(£,0), n >0 andy € T~"(x).
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and

Fact 7.2. Assume d > 2. Fiz 3> 0. Then the the following holds. Let T : Xo — X be a
Walters conformal map. If v € X, w,z € B(x,B.£7r), and y € T~ 1(x), then

(T ()]
Ty =

As fairly straightforward consequence of the definition of a Walters map, particularly of
property (5) and (8), we get the following.

Lemma 7.3. Le T : Xo — X be a Walters map, and fit 0 > 0. If v € X and (n;)5° is
an incereasing sequence of iterates of T such that T" (x) ¢ B(Q,0) for all j > 1, then the
Lipschitz constants of the maps T™ : B,(n;, T™ (x)) — B(T™ (x),20) diverge to infinity.

(1+8)7' < (1+9).

We recall that rational function f : C — C is called parabolic if its Julia set contains no
critical points but contains at least one parabolic periodic point and it is called hyperbolic
if its Julia set contains no critical points nor parabolic periodic periodic points. If the
map f is hyperbolic, then its restriction to its Julia set J(f) forms a conformal expanding
repeller. If, on the other hand, the map f is parabolic, then each parabolic point must
be necessairly rationally indifferent, meaning that its multiplier is a root of unity, and the
function f restricted to its Julia set J(f) forms a finite parabolic conformal Walters map

8. WALTERS CONFORMAL MAPS; CONFORMAL MEAURES

Throughout this section T : Xy — X is assumed to be an arbitrary conformal Walters
map. We recall that

Xoo = ﬁ T7"X).
We say that a Borel finite measure my, t 2n6(,) supported on X, is t—conformal if
T () = [ 1Y )
for all z € X, all y € T~!(x), and all Borel sets A C B(z,2¢). Note that then

(T (A)) = / (T3 (=) fdim(2)

forall® > 0,alln >0,all x € X\ B(Q,0), all w € T~"(z), and all Borel sets A C B(z, 2§).
Observe that if h = HD(X ) and Hj, is the h—dimensional Hausdorff measure on X, then
H}, is h—conformal, and, if H,(X) > 0, then so is also its normalized version Hj/Hp(X).
We denote it by

Hylx...

We shall prove the following.
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Lemma 8.1. Let T' : Xy — X be a conformal Walters map. If m; is an atomless t—
conformal measure on Xq for the map T, then my(Xo\ Us) = 0, for every non-empty open
set U C X, where

U ={x € Xo : T"(x) € U for infinitely many n > 0}.

Proof. Since T~Y(U) is an open subset of X, it suffices to show that m;(X,, \ U;) = 0,
where

Uy ={z€X,:T"z) €U for at least one n > 1}.

In view of condition (6) it suffices to prove the lemma for every non-empty open subset
U C X which is 6¢/8-dense in X. Select a finite set F' C U which is d¢/8-dense in X, and
let v € (0, (2K?)715¢) be so small that

U B(z,v) C U.
zeF

Fix an arbitrary point € X \ U,—, 7 "(2) and a real number s > 0. In view of (2a)
and (4) there exists n > 1 so large that

T'(x) € X \ B(Q,&) and K '(T")(z)] "6 < s.
Now, by the definition of the set F', there exists y € F' such that p(T"(x),y) < 7. So,
B(y,y) cUNB(T™(z),2v) Cc UNB(T"(x), ). Hence
(8.1) T,"(B(y,v)) € U,
and, by Bounded Distortion Property (Fact ,
(8:2)  mT,"(B(y, 7)) = K~ [(T") ()| 'me(B(y, 7)) = My K~ [(T") ()|,

where M, = inf{m;(B(z,7)) : z € X} > 0 since supp(m;) = X. Also, by the same
Bounded Distortion Property (Fact
(8.3) T,"(B(y,7)) € T,"(B(T"(x), K~*0¢)) € B(a, K~'|(T")'(x)|"0)
C T, "(B(T"(x), 0¢))
and

< K'my(B(T" (@), 0¢))|(T") (2)|™*
< K'my(X)[(T™)' ()] "
Combining this, , , and , we get
my(B(z, K7H(T")'(x)|"10¢) N Uy) my (T, " (B(y,7)))
my(B(z, KH(T") (z)|710))  — me(B(z, K-H/(T)
M, K~H(T) (@)]
- K'my(X)[(T7) ()]
— M (X))
> 0.
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Hence,
mi((Xoo \ U1) N B, K1) ()| "'d¢)) _
my(B(x, K~H(T™) (z)|710¢))
_ m(B(z, KH(T") (x)|10¢)) — mu(B(x, KH(T")'(x)|"'d¢) N Th)
my(B(x, K=H(T™) ()| ~10¢))
(B, KH(T")' ()| ~10g) N Uy)
my(B(z, K=H(T") ()| ~10¢))

=1 <1—M,(m(X)K*)™' < 1.

Therefore,
lim inf T BEN N X NO)) e ml(Xoe \Un) O Bla, KT (2)]710))
r—0 mt(B($,T)) T n—oo mt(B(x,Kﬁl‘(T”)’(x)|*15£))
< 1= M, (my(X)K*)™
< 1.

Hence, it follows from Lebesgue’s Density Theorem that m:((Xeo \Ur) \U.—, T "(22)) = 0.
Since the conformal measure is assumed to be atomless, this yields m:(X« \ U;) = 0. We
are done. [

Definition 8.2. Let T : Xg — X be a conformal Walters map and put h = HD(X ).
The map T : Xg — X is said to be reqular if there exists an h—conformal Borel probability
measure my, on X such that mp(Q2) = 0; otherwise the map T is called irregular.

The following theorem collects the basic properties of regular and irregular conformal Wal-
ters maps.

Theorem 8.3. Let T : Xo — X be a conformal Walters map. Then the following hold.
(a) If T is regular, then
(al) The conformal measure my, is atomless, unique up to a uniformly bounded,
above and away from zero, Radon-Nikodym derivative, and
(32) Hh|Xoo << my.
(a3) The Radon—Nikodym derivative gg: 15 uniformly bounded above.
(b) If T is a conformal expanding repeller, then
(b1) 0 < Hp(Xoo = X) < +00,
(b2) The conformal measure my, is unique and equal to H}|x.
(b3) In particular the map T is regular.
(c) If T is parabolic then T is regular and
(cl) If h <1, then Hp(Xo = X) = 0.
(c2) If h > 1, then 0 < Hp(Xoo = X) < +00.
(c3) The conformal measure my, is unique and equal to H}!|x.

Proof. The proof of item (a) is standard. It employes the reasoning from [DUI] or The-
orem 2.13 in [KU| for example. Item (c) is essentially known since the work [Bo] of R.
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Bowen. Its complete proof can be found in [PU]. Finally, to prove item (c), notice first
that it can be easily seen that the map T : X — X is expansive. Therefore, see for example
[PU], it has Markov partitions of arbitrariy small diameters. This permits us to associate
with 7" its jump transformation 7* as in [DU2]. This jump transformation is a jump-like
conformal map in the sense of [KU]. We are then done by invoking Theorem 3.3 from [KU].
O

If H,(Y), a t-dimensional Hausdorff measure of a Borel subset Y of some metric space
is positive and finite, then we denote by H}|y, the normalized ¢-dimensional Hausdorff
measure restricted to Y. Precisely,
H(A)

H,(Y)
for every Borel set A C Y. We have already observed that in the context of Theorem [8.3]
if 0 < Hp(Xo) < 400, then

H, (A)

9. MODES OF CONVERGENCE

Since our ultimate results will be about continuity of Hausdorff measure, we need a right
notion of convergence of conformal Walters maps. We say that a sequence (T,, : X —
X™)> , of conformal Walters maps converges strongly to a conformal map T : XJ — X =
XY if the following conditions are satisfied

(1) There exists a bounded open neighborhood U of X in R? such that X™ C U for
all n > 0 and each map 7},, n > 1, and T extend conformally to a map from U to
RY. We keep for these extensions the same symbols T}, and 1" respectively.

(2) X,, = X in K(U), the space of all non—empty compact subsets of U endowed with
the Hausdorff metric

(3) & :=liminf, . & >0

(4) liminf, ., 6,9 > 0 for all § > 0.

(5) lim,, oo inf{|T/(2)| : 2 € U} >0

(6) limy,— o0 |77 || 0o < 400,

where 9,9 and &, are respective constants for the map 7,.

We say that a sequence (7, : X§ — X")>°, of conformal Walters maps converges sub—
finely to a conformal Walters map T : Xy — X if it converges strongly and the following
conditions are satisfied
(7) lim,,— o0 hyy = h, where h, = HD(X2), n > 1, and h = HD(X).
(8) Hp, (X)) >0foralln>1and T: X — X is regular.
(9) (Hp |X2)3° converges weakly to my, all measures treated as Borel probability
measures on U.

We say that a sequence (7, : X§ — X")2, of finitely Walters conformal maps converges
finely to a finitely Walters conformal map 7T : X, — X if it converges sub—finely and the
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following holds. All the maps T,,,T', n > 1, extend conformally to all of U and
lim 7, =T

n—oo

in the space C'(U).

We say that a sequence (7},)° of conformal expanding repellers converges C'—uniformly to
an expanding conformal repeller T if (1) is satisfied and T}, — T in C1(U). We reword the
following well-known fact.

Proposition 9.1. If a sequence (T,)$° of conformal expanding repellers converges C'—

uniformly to an expanding conformal repeller T', then (T,,)5° converges finely.

We say that a sequence (7,)3° of parabolic Walters conformal maps converges nicely to

a parabolic Walters conformal map T if it converges to 1" strongly, (8) holds, and the
following conditions are satisfied.

(10) T}, — T in CH(U)

(11) For every parabolic point w of T', there exists § > 0 such that (7|p(.,e))7° con-
verges to T%| () in Parp(,.0) (¢, p(w)), where v > 1 is so large that each parabolic
point of T' is simple for T™.

(12) For all but finitely many n > 1, Q(7,,) C B((T),0).

The method of the proof of the main result in [UZd2] gives the following.

Proposition 9.2. If a sequence (T,,)° of parabolic Walters conformal maps converges

nicely to a parabolic conformal map T, then this sequence (T,)° convereges finely to T.

We shall now describe the structure of parabolic Walters conformal maps in sufficiently
small neighborhoods of their parabolic points.

Lemma 9.3. Let T : Xg — X be a parabolic Walters conformal map. Assume without loss
of generality that the positive integer u resulting from item (11) is equal to 1. Let 6 also
come from item (11). Fiz an open neighborhood W of T in the topology of nice convergence,
so small that if Q € W, then for every parabolic point w of T there exists a unique parabolic
point wg € B(w,0) of Q, and Q| € Z(T|pw,)), where the neighborhood Z(T|p(w..0))
of T|p(w,s comes from Proposition (6.1, Then for every parabolic point w of T and every
a € (0,7/p(w)) there ezists n > 0 such that

p(wq) p(wq)
Xoo(@) N Blwe,n) € |J S (na) and X(Q)N Blwg,n) C | S, (n, ),
j=1 j=1

the latter resulting from the former since X(Q) = X (Q).
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Proof. Ascribe 6 > 0 to e = 2¢ according to Propositions [3.3] [£.4, and [5.1] Seeking
contradiction suppose that there exist a sequence (7},)7, of Walters conformal maps in
W converging nicely to the Walters Conformal map 7', and a sequence (z,)2, of points
respectively in X (7,)NB(wg, )\Up “n) S5~ (0, ) such that lim, o ||, —wy|| = 0, where
wp = wp,. Since p(w,) = p(w) for all n 2 1, passing to a subsequence, we may further
assume without loss of generality that x, € Sfu’*( (7/p) — «) for all n > 1 and some 1 <
i < p(w). But then, by Propositions , (a , and [5.1] . , TF(x1) € Xoo(Th) N B(wy, 26)
for all k& > 0, and it thus follows from item (3) of the deﬁmtlon of Walters maps that
r1 = wi. This contradiction finishes the proof. [J

As an immediate consequence of this lemma, looking at Proposition and Theorem
in the case when ¢ > 3, in Proposition (a) and Koebe’s Distortion Theorem in the case
when ¢ = 2, and in Proposition in the case when ¢ = 1, we get the following.

Lemma 9.4. With the settings of Lemma there exists €& > 0 sufficiently small that
there exists a monotone increasing function K :[0,1) — [1,4+00) such that lim; o K(t) =

K(0) =1 and

Q@YW _

@y ="
forallge W, allw € Q, alln >0, all z € (}_, Q@ 7(X(Q)) such that Q"(2) € B(wg,§)
and all z,y € B(Q"(2),t|Q™(z) — w]]).

In the case when a conformal Walters map is generated by a conformal GDMS (Graph
Directed Markov System) S = {¢, : Xiky — Xi(k)}keN satisfying the separation condition,
we also consider the subsystems S, = {¢r : Xyx) — Xik) bren,, where N, = {1,2,... ,n}
and are interested in the problem of whether

lim Hy, (Js,) = Ha(Js),

where h, = HD(Jg,) and h = HD(Jg). It is by the way known (see [MU3|) that
limnﬂoo hsn = hs.

10. FIRST CONTINUITY RELATED TECHNICAL RESULTS

Given an integer ¢ > 1, &, 6,7 > 0let W, (&, 6,7) be the collection of all conformal Walters
maps for which
r>& g >06 and inf{|T'(z)] 12 € Xo(T)} > 77"

In this section we shall prove the following technical lemma.

Lemma 10.1. Given &,0,v > 0 we have
{ Hp (AN X (T))
diam"7 (A)

lim sup

r—0

10 < diam(A) <n,T € Wq(f,é,v)} <1
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Proof. First, note that the limit exists, since the above function is increasing (as a function
of r).
Let
W€, 6) ={T € Wy(£,0,7) : Hn(Xo) > 0}

Clearly, for every r > 0, the following two suprema are equal.

Hy (AN X (T
SUp{ hT(. ﬂh (7)) : Ais a Borel set, 0 < diam(A) <r, T € W,(&, 6, 7)}
diam"” (A)
and
H, (AN X (T _
sup { th(iar:hT (0:15 ) t A=A, Ais convex0 < diam(A) <r, T € W, (&, 9, fy)} .

We shall prove that the upper limit, as » — 0, of the latter suprem is < 1. Fix x > 0. Take
1
r= 5{5, ¢/8} min{k,, (6K*) "'} min{1,7y'}.
Consider an arbitrary closed set contained in R such that 0 < diam(A) < r. Having
T € WS (&6,7) we may assume without loss of generality that
A C B(X,r).

If AN B(Q7,£/9) # 0, then A C B(w,£/4) for some w € Q. Fix an arbitrary x € A and
zeTHw)\ {w}. Let y=T,'(x). Then

T, (A) ST H(B(w.€/4)),
and, according to item (7) of the definition of Walter maps,
T, '(A) N B(Qr,¢) = 0.

Since diam(A) < k& and A C B(z,diam(A)) C B(z,2£) we may apply Fact [7.2] to get
Hyg (T (A0 XeoT)) (L 1)) () By (A0 X (T)

diam(7,-1(A)) = (L4 &) (1) (@) [P Hpp (AN Xoo(T)

on Hny (AN Xoo(T))

diam"7(A)

(10.1)
=(14+k)"

So, our task is to estimate from above the quotient
Hig (' N X (1))
diam”7 (T")
for every closed set IV C B(X,~r) such that
I"'NB(Qr,&/8) =0 and diam(I) < 4r.
Add to IV one suffiiently small ball so that the resulting set I" has the following properties

(1) Int T # 0

) ' C B(X,~r)
) diam(T") < r
)
)

2
3
1) TN B(Qr, £/8) =
Hy,p (TNX oo (T)) >
diam”7 (T")

_p Hip (T'NX o (7))
diam"7 (T)

(
(
(
(5 (1+ K)
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Fix a point w € X N Int(I") such that with some n > 0,
(10.2) B(w,2n) C Int(T).

Lemma 1.7 from [Fa] tells us that there exists R > 0 so small that

(10.3) i diam"” (U;) > (1 + k) ~"7 H,,, (XOO(T) N D UZ->

for any countable collection {U;}:2, of sets with diameters < R. For every z € B(w, 1),
let (n;(2))32, be the increasing sequence of all positive integers n such that 7" (x) € Int(T"),
in particular 7" (x) ¢ B(,£/8). Consider the family

G ={T;"“(): 2 € B(w,n)s and j > 1}.
We shall prove the following.

Claim 1. The family G is a Vitali relation (in the sense of Federer (see p. 51 in [Ee]) for
the measure Hy, restricted to the set B(w,n)s

Proof. Fix 2 € B(w,n)s. It follows from Lemma [7.3| and Bounded Distortion that

lim sup diam (7" @)(T)) < lim sup diam (7™ (B(T™ @ (z), § /AK?))

Jj—oo Jj—oo

1
(10.4) < limsup —8|(T" @) (z)|
jooo 2K

=0.

This means, in Federer’s terminology that the relation G is fine at the point x. Aiming to
apply Theorem 2.8.17 from [Fe], we set

By(z) = T, (D),

and
§(B;(x)) = diam(T,; ™ @(T)).

Fix 7 € (1,2). With the notation from page 144 in [Fe], we get by the Bounded Distortion
Property (Fact [7.1)), (2), (3), (4), and the choice of r that

Bj($) = U{B :Be€G,BNB;(z)#0,§B)<71Bj(x))}
CB (33, (1+ T)2Ké5K2|(T”j(I))/(x)|1>

C B (z, K '6|(T™ ")) ()| )
C T, "“(B(T" (x),4)).
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Hence, putting r;(z) = |[(T™®) (z)|™, we get from Fact , Lemma with m; =
Hy, | x.(r) and from ((10.2) that

Hyy (B(w, n)so N Bj(x
Hyy (B(w, n)so N Bj(x

Hiy (Bj(x) 0 Xoo(T))

5(B,(x)) + ;; _

~

B (
=B + B ) A X (1))
—nj(m n;(x
< 2Kri(x) + iy (T p— (x( (T2, )0 Xl D))
H,, (Ty ™ ( (T (2),n) N Xoo(T)))
L KT (@) Py (BT (), 6) 0 X (T)
< 2Kri(x) + K=o | (T @) (z)|~hr Hy, (B(T™ @) (2),1n) N Xoo(T))

< 2Kérj(x) + K*'T M,
where M, = inf{H},,(B(2,n7) N X(T)) : z € X} > 0. Hence, using (10.4)), we get

Hpy (B; (%) N Xoo(T))
Hig (Bj(z) N Xoo(T))

lim sup <5(Bj (x)) +

J—00

) < KM < +oo.

Thus, all the hypothesis of Theorem 2.8.17 in [Fe] are verified and the proof of Claim 1 is
complete. [
In virtue of Claim 1 there exists a countable A C N x B(w, n)s such that

(a) The family {B,,(72) N B(w,n)s : (71,72) € A} consist of mutually disjoint sets.

(b) Hy (B(w,m)oe \ Upy, pppen B (12)) =0, 50 Hy (XoolT)\ Ugy, ppens B (12)) =0.
(c) diam(B,,(y2)) < R for all (y1,72) € A.

It then follows from Lemma (2), (3), (4), the Bounded Distortion Property (Fact [7.1)),
and the choice of R that
(10.5)

Hy(Xoo(T)) = Ha(B(w,n)s) = Hy | BN | Biu(32)

(71,72)€EA

Y Hup (Bw,m)eNBy(32) = D Hip(Bry(32) N Xoo(T))

(71,72)€EA (71,72)€EA

> (1+m)" Y () (v2) T Hap (TN Xoo(T))

(y1,72)€EA
=(1+r)" T (42)| 7" diam" (T .
hr
(71,72)€EA diam <F)
Hy,, (F N XOO(T))
diam"7 (T")

H, (TN Xoo(T))

> (1+ /@)_th
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Using further (c), (b), and (10.3)), we now continue as follows.

Hy (Xoo(T)) > (1 4 )~ T (D0 Xee(T))

Hp (XD | Biu(r)

(
diam™* (T (1m)EA
H;, (T'N X (T
_ (1+/€)—3hT hT( ( ))HhT(Xoo(T))
diam"” (T")
Hence
Hy, (I'N X (T
hT(. - ( )) S (1+H})3hT.
diam"” (T")
Along with (5) and (|10.1)) this gives
Hy,, (A N XOO(T))

< (14 1)1 < (14 K)5
diam"” (A) < (R < (14 w)

As k > 0 was arbitrary, we are done. [J

11. UPPER SEMI-CONTINUITY OF HAUSDORFF MEASURE.

We recall first the following “density” theorem for Hausdorff measures (see [Ma)] for
example).

Fact 11.1. Let X be a metric space, with HD(X) = h, such that H,(X) < +o00. Then (see
p. 91 in [Ma]),
Hy(F)

— 2 _ g ecF, F=F diam(F)<rpy=1
diam” (F) ()_}

i
for Hy—a.e. v € X.
This fact yields the following strengthening of Lemma [10.1}

Corollary 11.2. Given &,0,v > 0 we have

{HhT(A N X(T))
lim sup —
r—0 diam"” (A)

10 < diam(A) <r,T € Wq(f,é,v)} = 1.

Recall that if in addition H,(X) > 0, then we denote by H} the normalized h-dimensional
Hausdorff measure on X, i.e.

Hy(A)

Hp(X)

for every Borel set A C X. As an immediate consequence of the above fact we get the
following.

H),(A) =

Corollary 11.3. If X is a metric space and 0 < Hp(X) < +o0, then

o diam™(F — )
Hy(X) :lﬂlnf{TIS)) cx € F, F=F, diam(F) < 7’}

for Hy—a.e. v € X.
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Because of the Converse Frostman Lemma, we also have the following.

Lemma 11.4. If X is a metric space, H,(X) = 0 and p is an arbitrary locally finite Borel
measure on X, then

. h F .
liminf{dlam—():xGF, F = F, diam(F) §r} =0
r—0 u(F)

for p—a.e. x € X.

In virtue of Lemma [10.1} in the context of conformal Walters maps, we get the following
“one sided” improvement of Corollary [11.3]

Corollary 11.5. Given &,0,v > 0 for every k > 0 there exists v > 0 such that
. hr
f dlar? (F)
H,,(F)
for allT € W, (&,0,7).

: F' Borel, 0 < diam(F") < T} > (14 k) Hpp (Xoo(T))

Our first continuity result is this.

Theorem 11.6. If (T,, : X — X™)>2, is a sequence of conformal Walters maps converging
sub-finely to a conformal Walters map T : Xg — X, then

limsup Hy, (X2) < Hp(Xw),

n—oo

where we put h, = HD(XZ) and h = HD(X ) .

Proof. Fix € > 0. Because of the sub-fine convergence of (7,,)° to T, Corollary yields
a number o > 0 and an integer ¢; > 1 such that

diam™ (F)
H,{n (F'N XQO)
for all n > ¢; and all Borel sets F' C U with 0 < diam(F' N X2) < «. Consider first the

case when Hj,(X2) > 0. In virtue of Corollary |11.3| there exists a closed set E C U such
that 0 < diam(E N X2) < a/2 and

(11.1) > (1+¢) " Hy, (XZ)

_ diam"(En X2)

Hh<Xc(>)o) = (1 +5) H}%(EQXO )

Consequently,
,diam"(B(EN X%, 7))

H(X) 2 (14 ) S
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for all » > 0 small enough, say 0 < r <n; < /2. Since
lim hy, = h and lim diam(B(E N X2 . r)) = diam(E N X2),

this implies that
_ydiam™ (B(E N X2),r)
Hi(ENXY,)
for al r > 0 sufficiently small, say 0 < r < 1, < n; and all n > 1 large enough, say
n > qs > ¢q;. Now, since the probability measures H fan| xz regarded as Borel probability
measures on U converge _Weakly to the probability measure H}|x_, also regarded as a Borel
probability measure on U, we get that
Hy(ENXL) < (L+e)H,, (B(EN X, m) NXE)

for all n > 1, say n > q4 > ¢3. Inserting this to (11.2)), we get that

diam" (B(E N X2, n,)
HE (B(EN X5,12) N XZ)
for all n > g4. Combining this with (11.1]), we obtain

Hy, (X5) < (1+¢)Hp(X3)

for all n > q4. Hence, we are done in the case when H,(X%) > 0. So, suppose that
Hp(Xs) = 0. Then in view of Lemma there exists a closed set ' C X2 such that
0 < diam(F) < /2 and

(11.2) Ha(X0) > (1+¢)

Hy(X3) > (L+¢e)™"

diam" (F)
my,(F)
where my, is an h—conformal measure on X2 for the map 7. Hence with s € (0,a/2)
sufficiently small

<e(l+4e)®,

diam”(B(F, s))
mp(F)
Since lim,, . h,, = h, this implies that
diam"" (B(F, s))
mp(F)
for all n > 1 large enough, say n > n; > ¢;. Since the sequence (H, ,1Ln)(1>o converges weakly
to my, for all n > 1 large enough, say n > ny > ny we have m,(F) < (1+¢)H, (B(F,s)).
Along with (11.3]) this yields
diam" (B(F, s1))
H;, (F)
Since diam(B(F,s)) < a and n > ¢, we may insert this inequality to (11.1) to get
Hp(X2) <e. We are done. [

<e(l+e)".

(11.3) <e(l+¢e)°

<e(l+e)

As immediate consequences of Theorem [11.6| we get the following.
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Corollary 11.7. With respect to the topology of sub-fine convergence, each conformal Wal-
ters map S with Hp,.(Xoo(S)) = 0 is a continuity point of the Hausdorff measure function
T — Hp (X(T)).

12. CONFORMAL EXPANDING REPELLERS

Given 9,7 > 0 let CER,(6,7) be the collection of all conformal expending repellers 7" in
R? for which d¢, > 0 and [|7"||« < 7; we do not impose any a priori condition on &p. We
shall prove the following.

Lemma 12.1. Fiz §,y > 0. Then for all B > 0 and all € > 0 there exists a > 0 such that
diam"” (E
inf w o < diam(F) < 8% < (14 ) Hy(Xoo(T))
H,, (E)
for all T € CER,(6,7).
Proof. We may assume without loss of generality that g € (0,6/4). Fix n > 0 so small
that (1 + n)**! < e. Let . > 0 be associated to n > 0 according to Fact (Bounded

Distortion Property). In virtue of Corollary for every T' € CER,(0,7) there exist
x € X and a closed convex set F' C X with = € F, diam(F) < 8 and such that

diam"™ (F)
(12.1) ———— = < (1+n)Hp (X).
Let n > 0 be the largest integer such that
(12.2) diam(T"(F)) < n.p < .

It then follows from the definition of 5 (as less than §/4) and Fact [7.1{ (Bounded Distortion
Property) applied to an appropriate continuous inverse branch of 7™ mapping 7" (F') onto
F. that
diam (7™ (F)) < (1+n)[(T")'(x)| diam(F)
and
H,;, (T"(F)) = (L+n)~"[(T") (2)["" Hy, (F).
Hence, using ((12.1)), we get that
diam"” (T"(F))

ey < gy 0

(12.3)

As T € CER,(0,7),
0.0 < diam(T" T (F)) < ||T"||oo diam(T™(F)) < v diam(T"(F))

Hence diam(T"(F)) > v 'n.5. Put a = y~'n,3. Along with (12.2) and ((12.3)) this com-
pletes the proof. [J
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Our two main results in this section are the following.

Theorem 12.2. If (T,, : X" — X™)° is a sequence of conformal expanding repellers in
R?, converging sub—finely to some conformal Walters map T : X — X, then

nIEEO Hth (Xn) = HhT(X)

Proof. Put

hy == hp, and h:= hy.
First note that there exists a bounded open set U such that X™ C U for all n > 1. In view
of Theorem [11.6|, we then only need to show that

If H,(X) = 0, we are obviously done. So, suppose that H,(X) > 0. Denote the normalized
Hausdoff measures H;, and H, respectively by my,, and mj. Because of sub—fine conver-
gence there exist 6 > 0 and v > 0 such that 7,, € CER,(0, ) for all n > 1 sufficiently large,
disregarding finitely many of them, we may assume without loss of generality that for all

n > 1. Fix an arbitrary € € (0,1). In virtue of Corollary there exists # € (0,1/4) so
small that

diam” (F)
my,(F)
whenever F' C X and diam(F') < 243. Associate to € and # the number a > 0 according

to Lemma [12.1] In view of this lemma and regularity of measure my, , for every n > 1
there exists a compact set F,, C X" such that

a < diam(E,) <

(12.4) > (14¢) T Hy(F),

and
diam"" (E,,)
m hn (En)

Passing to a subsequence if necessary, we may assume that the limit lim,, .., Hp,, (X™) exists.
Then, passing further to a subsequence, we may assume without loss of generality that the

sequence (E,)° converges in K(U). Let E = lim, .o E, C X. Then a < diam(F) < S.
Fix r € (0,3/4) so small that

diam(B(E,2r)) < (1 +¢) diam(FE).
Then, take k; > 1 so large that
diam(E) < (1 +¢)diam(E,) and E, C B(E,r)
for all n > k;. We then have for all n > k; that

diam™ (E,,) o, diam" (B(E, 2r))
mp,, (En) mhn<B(E7 T))

(12.5) < (14 ) Hy, (X7).

(12.6) > (1+¢)
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Since lim,, .. h, = h, we have for all n > 1 large enough, say n > ky > kq, that
diam" (B(E,2r)) > (1 + )~ 'diam"(B(E, 2r))
and
(1+e)™m > (14e)" > (1 +e)%.
Inserting this into ((12.6) and using (12.5]), we get that
_(3g+2) diam" (B(E, 2r)
ma, (B(E,T))

Now, since the sequence (my,, );° converges weakly to the measure my, _, there exists ks > ko
such that my,, (B(E,r)) < my(B(FE,2r)) for all n > k3. Hence

—(3¢+2) dlamh(B(E) QT))
mh(B(EJ 2T>> ’
Noting that diam(B(F,2r)) < 24 and employing finally (12.4)), we get that
Hy, (X") > (1+4¢) ) Hy (X)

for all n > k3. Letting ¢ — 0, we thus get that liminf, .. Hp, (X™) > Hp(X°). This
finishes the proof. [J

Hy, (X") > (1+¢)

As an immediate consequence of this theorem and Proposition [9.1], we get the following.

Theorem 12.3. The map T +— Hy, (X(T)) is continuous on the space of conformal ex-
panding repellers endowed with the topology of C*-uniform convergence.

There are several immediate consequences of this theorem.

Corollary 12.4. For every c € C let J. be the Julia set of the quadratic polynomial C >
z — 22 + ¢ and let h, = HD(J.). Then the map C > ¢ — Hy_(J.) is continuous at each
hyperbolic element ¢ € C.

13. PARABOLIC WALTERS CONFORMAL MAPS

Recall that a finitely Walters conformal map 7' : X — X is called parabolic if Q(T") # (.
We then have

Hp=sup{#T (2) : 2z € X} < +o0.
For every w € Q(T') and 0 < n < € put

p(w)

1y = Usi (00027

J=1
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and, for all n > 1,
Lg (@ ﬂ T7(B(w,0)) NT™"(Lg (w))

us

The choice of the angle o) 1 entlrely arbitrary. In fact any angle in (0, m) would be

equally good. Because of requirement (11) of nice convergence, looking at Lemma we
deduce from Proposition [6.1] the following.

Lemma 13.1. If a sequence (T})2, of parabolic Walters maps converges nicely to a para-
bolic Walters map T', then for every 8 > 0 small enough there exist integers ig, kg > 1, real
numbers ng € (0,0), Ag > 1 and an integer s = sy > 1 with the following properties. For
alln > 1 put LeTfn( )= LT a(W). Ifi>ig and w € Q(T3), then

(a)

X(T;) N B(w,6) ULT

(b) If z € Ly}, (w), then
(13.1) Agln_% <z —wl| < Agn~»
and
(13.2) Ayt < (T (@) < Agni.
(¢) If in addition y € Lngk(w) and 1 <k < n, then
(13.3) A K =0 ) < ly— o < Ag(k e —n77),

where the first inequality holds assuming in addition that n — k > sg.

Since this is crucial for the subsequent proofs, we want to stress at this moment that
constant Ay above is indeed independent of n. Increasing this constant if necessary, we get

from ((13.2)) and (13.1]) that for all i > iy and all n > 1,
(13.4) Ay < diam(LT (@) < Agn ™7

(13.5) L () € A(w, Ay'n "7, Agn ™).
Since the maps 77|, LT (w) are bounded-to-1 independently of i and n, it follows from

conformality of the measure My, and from 1} that, with possibly larger Ay,

ptl

(13.6) AT < g (L (@) < AT
for all n > 1. On the other hand, it follows from ((13.3)) that

1 1
(13.7) diam(F) > A, |n"» — k™ #]
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for every set FF C RY such that FﬂLZik(w) #0, Fn LeTfn(w) # () and [n — k| > s¢. Now, set

1 -1
Qo = (AZhT" (p—; hr, — 1>) - min {2_%1}”", (1-— 2_%)}%} )

Since hp > # (see [ADU], where this was proved for parabolic rational functions, and the

same argument continues to hold for parabolic Walters maps), after dropping off finitely
many 4’s if necessary, it follows from condition (7) of sub-fine convergence, which in turn
results from nice convergence by virtue of Proposition [9.2 that

Qo == gf{@ez} > 0.

Lemma 13.2. Assume that a sequence (T;)32, of parabolic Walters maps converges nicely

to a parabolic Walters map T and hy, > 1 for alli > 1. Ifw € Q(T;) and F C U;L:k Lgfj (w)

is an arbitrary set such that F N Lgfk(w) # 0 and F N L(,Tfn(w) # () with n — k > sy, then
diam"i (F) —
————2 > Qomin"" {k,n — k},

where h; = hr,.

Proof. In view of (13.6) and ((13.7) along with the integral comparison test, we have

diam™ (F) _ A" (kv —n"»
> —n
my, (F) > i g (L (w

(13.8) >>f4;2hi(

in the following two ways.

Case 1. n < 2k. Applying the Mean Value Theorem, we get two real numbers k <
a,b < n such that

(13.9) kr—mr=—a" (n—k)
and

) pt+ly. 1 pt+1ly .
(13.10) H‘p1—#_;m:(£i4%—ob_an—m.
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Hence
1 1

1
(kv —n vk o (pt1 e hi—1
1_P+1h_ 1 P+1h, =1\|P Thl - 1 (%+1)h (n - k)

7

R

Case 2. n > 2k.

_1 _1 _hy 1ip 1\ hi
(K» —n7)h ke (L= (R)r)h S phio1 [ AN
1—ptly. 1—btly. - 1—ptLlp. k ptly 1, — - .
Pt S () n

> (1—27)high,
These two cases along with (13.8)) yield
diam"i (F) b1
_— > in" " {k,n—k}.
() 2 Qemin" " {k,n — k}

The proof is complete. [J
Having this lemma proved, we can establish a parabolic counterpart of Lemma [12.1}]

Lemma 13.3. Assume that (T,, : X™ — X™)$° is a sequence of parabolic Walters conformal
maps converging nicely to some parabolic Walters conformal map T : X — X. If h = hp >
1, thenVe>0VpE >0da>0dj>1Vn>j

inf{dizr:n—&g)E) ca < diam(E) < ﬁ} < (1+e¢e)Hy, (X™).

where h,, := hp .

n

Proof. Assume without loss of generality that ¢ < 1. Take > 0 so small that (1+n)%*! <
1 +e. Let n. > 0 be associated to n > 0 according to Fact (Bounded Distortion
Property). Since (7},)$° converges strongly to 7', we have

E:=mf{, :n>1} >0, d:=inf{d,:n>1} >0, and ~:=sup{||T.||« : n > 1} < +oc.
Fix 0 € (0,£/2). We may assume without loss of generality that g < i{l, dp}. In virtue of
Corollary for every n > 1 there exist z,, € X" and closed convex set F,, C X" such
that x, € F),, diam(F,) < § and

diam" (F},)

M, (Fn)

On the other hand, in virtue of Theorem there exists n; > 1 such that

(13.12) Hy, (X5) < (1+n)Hy(X)

(13.11) < (1+n)H,, (X™).
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for all n > ny. Let
k= (hr —1)/2 >0,
let
Zy = (Q;14q+1Hhoo(X))l/”, u = max{sg, Zp}, and 7:= K '(1+n),

where the function K : [0,1) — [1,00) comes from Lemma (distortion estimate) and
h = HD(X). Finally, let 7 € (0,7.] be so small that

(13.13) (ApB3)77 (g)p —u > AZH )P,
Given n > nq, let j, > 0 be the largest integer such that
(13.14) diam(T*(F,)) < 7B
for all 0 < k < j,. We then have,
. < diam (T (F)) < 1T o diam(T3 (Fy)) < 2)| 77| diam (T3 (Fr)).
Hence,
(13.15) diam(T3" (F)) = (2T [|oo) ™' 8-
Consider now two cases. Assume first that 77 (F) N B¢(UT,),0) # 0. It then follows
from , the fact that n < m,, and the choice of 3, that Fact applies to the inverse
branch T, 7" : B(T}"(xy),76) — RY, to give
diam™ (Ty"(F,)) _a + 1) diam" (F,) _
mn, (T2 (Fa))  — (L&) mmy, (F)
Along with this gives that
diam" (T (F},))
mp, (Tgn (Fn>>

Together with (13.15]), which determines «, this finishes the proof in our first case. So,
suppose on the other hand that

(13.16) < (1 +n)* " H, (X™) < (1+¢)Hp, (X™).

T (F,) € B(w,)
with some w € (T},). Let 0 <1, < j, be the least integer such that
T (Fa) € B(w,0)
for all i, < k < j,. Then T'""1(F,) N B(QT,),0) # 0, and as 7 < 7, it follows from
(13.14) that Fact [7.1] applies for the inverse branch Tpor "+ B(Ti»~(z,),n.6) — RY, to
give (comparing it with 7,, once)
_ygdiam"™ (T3 (F,))
M, (Tir (Fn)
and, in view of ((13.11]) and (|13.12]),
diam" (T~ (F},))
M, (T (Fn))

oy, diam" (T (F,)) _ diam™ (F;,)

(13.17)  (L+mn) mp, (T (Fy)) ~ mp, (Fy)

< (1+n)

(13.18) < (L )P Hy (X7 < (14 ) H, (X)),
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Let
k, =min{j > 1: LGTZ.(w) NT(F,) #0} and [, =sup{j>1: ng(w) NTr(F,) # 0}.
Consider two cases. First assume that
(13.19) ly — kn > sp.
It then follows from Lemma [13.2] that

diam"" (i~ (F,))

m,, (T (Fn))
for all n > ny > ny so large that h, —1 > k > 0. Applying , we thus get
Qomin®{ky, I, — kn} < (14 1)2VH,(X) < 4971 H, (X)),

2 QOminhn_l{km ln - kn} Z Qé)minn{km ln - kn}

or equivalently

min{k,, l, — k,} < Zy.
Considering two subcases assume first that k,, < Zy. It then follows from , ,
and , that

diam (T} (F)) > Ay (k,/70,17) >

p+1 p+1

Zy " (L — k) > %Zg b

e~

Thus, invoking ((13.18]), we are done in this case too. Now, consider jointly the, whatsoever,
remaining case
(13.20) ln, — kn < u:=max{sy, Zy}.
Let '
k' :=min{a >1: LHT;;(W) NT(F,) # 0}
and '
[} :==sup{a>1: ng;(w) NT(F,) # 0}.
Then kf = ky + (Jn — in), I = 1, + (Jn — in), and it follows from ((13.20]) that

(13.21) -k <u.
Now, if
(13.22) diam (77" (F,)) < fdist(w, 79" (F},)),

It then follows from Lemma [9.4] that
diam" (T3 (F,)) _ (1+0)" |[(T")'(x,)|" diam™ (F,)
my, (T (Fn)) -~ (L)~ |(T") () "mm,, (Fr)
2 diam" (F,,)
mp, (Fn)
Inserting this to we thus get that
diam" (T/~ (F,))
my, (T2 (Fu))
Along with this finishes the proof if holds. So, assume finally that
(13.23) diam(T’"(F,)) > fdist(w, T2 (F,)).

=(1+n)

<(1+mn)

< (1+ )2 H, (X7) < (14 &) Hy, (X").
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Cover Ti~(F,) by the sets Le o (@), L(,T:}C;H(w), ce Lg:*;i (w), i.e. write

4

(13.24) T (F) = |J (T (F) N L ().

—L.x
a=k}

Since Lgp(w) N Lop1(w) # O for all b > 0 for all b > 0 (this can be assured by taking
0 < n < 0 sufficiently small), we get from ([13.24]), (13.4) and ([13.21)), that

p+1

"
(13.25) diam (77" (F, Z diam LHT*;L Z Aga™ o < Agu(ky,)” 7 .
a=k},

a=k}

On the other hand, it follows from (|13.23]), (13.24]) and ({13.27)) that

(13.26) diam(TV" (F,)) > #A; 1 (15) "% > A, (k% +u) 7.

Combining this with (13.25), we obtain Ay 'f(k! + U)_% < Agu(k;;)_%l or equivalently

'ﬁ\'—‘

(13.27) k2 < Aph '(14+u/k:)».

On the other hand, combining (|13.26)) with (13.14)), we get that nA, " (k! + u)_% <7p3, or

equivalently,
Ui

However, along with (13.27)) this contradicts ({13.13)) ruling out the case under consideration
and finishing the proof. [

Having this lemma we can repeat the proof of Theorem verbatim to get the following.

Theorem 13.4. If (T, : X" — X™)° is a sequence of conformal parabolic Walters maps
converging nicely to some conformal parabolic Walters map T : X — X for which HD(X) >
1, then lim, oo Hpyp, (X™) = Hp, (X).

Combining this theorem with Theorem [12.2 we get this.

Theorem 13.5. If (T, : X" — X™)° is a sequence of finitely conformal Walters maps
converging finely to some finitely conformal Walters map T : X — X for which HD(X) > 1,
and if its subsequence of all parabolic maps converges nicely to T', then lim, .o Hy, (X") =

Hy,.(X).

As a fairly immediate consequences of this theorem, we get the following.
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Corollary 13.6. For every c € C let J. be the Julia set of the quadratic polynomial C >
2z — fe(z) = 2% + ¢ and let h. = HD(J..). Then
li Hy (J.) = H, :

i | he (Je) hyya(J1/4)
Proof. Indeed, all the maps f, with ¢ € [0,1/4) are conformal expanding repellers when
restricted to their Julia sets and, it was established in [BZ|] (comp. Proposition that
(fen @ Jen = Je,)° converges finely to fia @ Jig — Jija if R > ¢, / 1/4. It was proved
in [Z] and [UI] that HD(.J1,4) > 1. So, a direct application of Theorem finishes the
proof. [J

Corollary 13.7. For every A € C\ {0} let
fr(z) = 2(1 — 2z — \22).
Let Jy := J(f\) be the Julia set of fr and let hy := HD(Jy,). Then for R > 0 sufficiently

small, the function
D.(0,R):={A e C\ {0} : |\| < R} 2 X\ — Hy, (J»)
1S continuous.

Proof. The fact that the map D,(0,R) > A — f\ is continuous with respect to the nice

convergence topology was essentially proved in [AU]. The fact HD(J)) > 1 follows from
[UT]. So, the direct application of Theorem finishes the proof. [J

14. GRAPH DIRECTED MARKOV SYSTEMS; PRELIMINARIES

Suppose we are given an oriented multigraph < E, V' > consisting of countably many edges
E and finitely many vertices V. Suppose also that an incidence matrix A : ExE — {0, 1} is
given. Any finite word w € E* = |J,— , E™ is called A-admissible provided that A,,.,,, =1
for all 1 <i < |w|—1, where |w| is the length of w. The set of all finite A-admissible words
is denoted by E’ and the set of all words of some length 0 < n < oo is denoted by E%. The
matrix A is called finitely irreducible if there exists a finite set A C E% such that for all
a, 3 € E there exists v € A such that a3y € E%. The matrix A is called finitely primitive
if the set A can be chosen to consist of the words with the same length. Assume further that
an integer number d > 1 is fixed and for every v € V a compact connected set X, C R? is
given, and an open connected set W, O X, is also given. Assume also that two functions
i,t: B — V are given with the property that A,, = 1 whenever t(a) = i(b). In most known
natural examples this implication goes in fact in both directions, but we do not assume
this. Assume lastly that for every e € £ a continuous injective map ¢, : Wye) — R? is
given. Fix also a finite set 2 C E such that t(e) = i(e) for all e € Q. Call a word w € E
hyperbolic if either wy,,| & Q or wi,—1 # Wi and wy,| € Q. All the objects introduced above
are required to satisfy the following conditions.
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(2a) X, =Int X, for all v € V.

(2b) @e(Xie)) € Xi(e) for all e € E. this enables us to define for every w € E7, say
w € E%, the map @, 1= @u, 00w, 0...0 0, + Xiw,) = Xiw)- Put also t(w) = t(w,)
and i(w) = i(wq).

(2¢c) (Open Set Condition) ¢,(Int X;4)) () @s(Int Xyp)) = @ whenever a,b € E and
a #b.

(2d) (Cone Property) There exists v > 0 such that for every v € V and for every x € X,
there exists an open cone Cone(x,~y) C Int X, with vertex z, central angle v and
some altitude [ which may depend on z.

(2e) If w € £ is a hyperbolic word, then ¢, : Xy) — Xj() extends to a C?-conformal
map from Wy, to Wj(,). This conformal map is defined by the same symbol ¢,,.

(2f) (Bounded Distortion Property) There exists K > 1 such that for every hyperbolic
word w € E7 and all x,y € Wy,

/
!cp;u(y)l <K
oL, (2)]
Here and in the sequel for any conformal mapping ¢, |¢’(z)| denotes the similarity

factor (equivalently its norm as a linear map from R¢ into R?) of the differential
¢'(z) : RT — RZ In addition, if ¢ : W, — R? for some v € V, then

11 := supfl¢' ()] : @ € Wi
(2g) There are constants aw > 0 and L > 1 such that

[lee @)l = lee@)I] < [leelllly — |

for all e € F and all z,y € Wy,).
(2h) For every hyperbolic word w € EY, ||¢|| < 1.
(2i) For every e € Q, t(e) = i(e) and there exists a unique fixed point z. of the map
@e + Xie) = Xi(e). In addition, |¢)(z.)| = 1.
(2j) For every e € Q,
lim diam(gen (Xye))) = 0.

n—o0

This implies that

[e.9]

m Pen (Xt(e)) = {z.}.

n=0

Any system S satisfying the above conditions is called a conformal graph directed Markov
system. If Q = () the system S is called hyperbolic and if © # (), it is called parabolic. The
set () is referred to as the set of parabolic vertices, the maps ¢., e € ), are called parabolic
maps, and z., e € ), are called parabolic fixed points. We could have in principle provided
a somewhat less restrictive definition of a parabolic graph directed Markov system allowing
finitely many parabolic periodic points (fixed points of p,,, w € E%) that are not necessarily
fixed points, but then passing to a sufficiently large iterate S = {p, : w € £} we would
end up in a parabolic system as described above. Notice also that our assumptions imply
each map ¢, : Xyw) — Xjw) such that i(w) = t(w) to have a unique fixed point, call it z,,,
and that the diameters diam(¢”(Xy())) converge to zero exponentially fast unless w € 2%
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It is not difficult to prove (the same argument as in the proof of Lemma 8.1.2 in [MU3]
goes through) that

(14.1) lim sup {diam (¢, (Xyw)))} = 0.

n—00 e En

Since for every w € EY, {@u], (Xtw))} o2, is a descending sequence of compact sets, this
implies that the intersection ()", @u, (Xi(w,)) is a singleton. Call its only element 7(w).
We thus have a well-defined map

T EY - X=X,
veV
Fixing s > 0 and endowing E% with the metric ds(w,7) = exp(—s|w A 7|), where w A
7 is the longest common initial subword of w and 7, the map m : E}Y — X becomes
uniformly continuous. Its image, 7(EY), is called the limit set of the attractor of the graph
directed Markov system S, and is denoted by .J; or simply by J if only one system is under
consideration. It satisfies the equation

J = U gOe(JﬂXt(e)).
eck

A conformal graph directed Markov system S is referred to as a conformal iterated function
system if the set of vertices V' is a singleton and the incidence matrix A consists of 1s only.

A conformal graph directed system S = {p. }.cp is said to satisfy the separation condition
if
pa(X)N | @(X) =0
beE\{a}

for all @ € E. Then a global map 1" : | J,cp ¢e(X) — X is well-defined, given by the formula
T(p(w) =2, z€X.

Since T'(Js)
J

= we have also T(Jg) = Jg. By the separation condition, T7(Jg) =
Ueer #e(Js) C

is an open set of Jg. Observe also that

T1(7s) = J eeTs) 2 U gels) = Ts.

ecE ecF

;757
Js

So,
Tfl (75) = 75,

and we may regard the transformation 7' : T-!(Jg) — Jg as a conformal Walters map

with X = Jg and Xy = T7'(Js). The Walters conformal map T : T-1(Jg) — Jg is then
expanding if the original system S was hyperbolic and it is parabolic if the original system
S was parabolic.
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15. FINITE GRAPH DIRECTED MARKOV SYSTEMS; CONTINUITY OF HAUSDORFF
MEASURE

Let E be a finite set, let A : E x E — {0,1} be a primitive incidence matrix, and let
X be a compact connected subset of R? such that Int X = X. Let CGDMS(X, E, A) be
the collection of all contracting conformal graph directed Markov systems modelled on the
alphabet F with the incidence matrix A and the phase space X. The Walters conformal
map associated to each member of CGDMS(X, F, A) is a conformal expanding repeller.
The space CGDMS(X, E, A) is endowed with metric d given by the following form

(15.1) d(®, ) = ([lpe = Lelloo + ¢} = ¥ ll1s0)

eckE

The topology induced by the metric d is called the topology of uniform convergence. The
subset of CGDMS(X, F, A) consisting of all its elements satisfying the separation condition
is an open set. As was proved in [1] and [2], the convergence, with respect to this topology,
of elements of CGDMS(X, £, A) to an element satisfying the separation condition, entails
the sub-fine convergence of Walters expanding maps associated with them. So, as an
immediate consequence of Theorem we get the following.

Theorem 15.1. If E is a finite set and A : E x E — {0,1} is a primitive incidence ma-
triz, then each contracting conformal graph directed Markov system S € CGDMS(X, E, A)
satisfying the separation condition (if E is finite this simply means that if a,b € E and
a # b, then o (X) N pp(X) = 0) is a continuity point of the Hausdorff measure function
CIFS(X,E,A) 5 & — Hy,(Js) with CIFS(X, E, A) endowed with the metric d given by

formula .

Let SGDMS(X, E, A) denote the subspace of CGDMS(X, E, A) consisting of all similarities.
As a direct application of Theorem [15.1] we get the following.

Corollary 15.2. If E is a finite set and A : ExXE — {0, 1} is a primitive incidence matriz,
then each contracting graph directed Markov system S € SGDMS(X, E, A), so consisting of
similarities, satisfying separation condition is a continuity point of the Hausdorff measure

function SGDMS(X, E, A) > @ — Hy,(Js).

If all entries of A are 1s only (the case of iterated function systems) we write CIFS(X, E)
for CGDMS(X, E, A) and SIFS(X, FE) for SGDMS(X, E, A). The two special but very
important special cases respectively of Theorem and Corollary are these.

Theorem 15.3. If E is a finite set, then each contracting conformal iterated function
system S € CIFS(X, E, A) satisfying the separation condition is a continuity point of the
Hausdorff measure function CIFS(X,E) 3 & — Hy,(Jp) with CIFS(X, E) endowed with
the metric d given by formula .
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and

Corollary 15.4. If E is a finite set, then each contracting iterated function system S €
SIFS(X, E), so consisting of similarities, satisfying the separation condition is a continuity
point of the Hausdorff measure function SIFS(X, E) 3 & — Hy,(Js).

This corollary is the result proved by L. Olsen in [OI].

16. INFINITE ITERATED FUNCTION SYSTEMS

In this section we shall describe a class of conformal infinite Walters expanding maps the
Hausdorff measure function restricted to which is continuous. It will be more convenient
for us to use the language of iterated function systems. Let X C R be a closed bounded
interval. Given x € (0,1), v > 1, an integer [ > 0 and £ € (0,1] such that (1 — x%)7¢ > 1
let SIFS(X; k,7,1, &) be the collection of all conformal hyperbolic iterated function systems
S = {; }ien acting on X and consisting of similarities with the following properties.

(a) diam(p,+1(X)) < kdiam(p, (X)) for all n > [.

(b) max(¢n41(X)) < min(p, (X)) for all n > [.

(©) (max(pnss (X)), min(pn(X)) N Use gy 5(X) = 0 for all > 1
(d% min(p, (X)) — max(¢,41(X)) > ydiam(p, (X)) for all n > [.

The main result of this section is the following.

Theorem 16.1. Consider k,v,1,& with (1 — %)y > 1. Then the function
SIFS(X) Ky, l; 5) 25— Hhs(JS)
is continuous with the topology of fine convergence on SIFS(X; K, 7,1, £).

Proof. Suppose that (S,)° converges finely to S, in SIFS(X;k,v,[,£). Apply Corol-
lary for the set X becoming Js,. It yields that for every n > 1 there exists a finite
word w'™ € N* long enough so that

diam” (o) (X)) N
M, (91 (X))

Since the all the maps ¢, ) are similarities, we therefore get that

(1= &)%) Hy, (Js,)-

diam" (X) _ diam"" (SOS}ZL) (X))
M, (X) ma, (91 (X))

w(")

(16.1) > (1= K9%) V2 H,, (Js,).
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Consider now an arbitrary set F' C X such that
-1
FﬂUgojn )=0 and #{jeN: <pj( JNE #£0} > 2.
7j=1

Let p, = min{j : gog-")(X) NE #0} > 2 and let g, = sup{j : gog-n)(X) NF # 0}. Then
qn > pn and, using (a), we get that

(16.2)
() < Z mp, (¢ Z Il( ]h" = (diam(X)) ™" Z diam (X))

J=pPn J=pPn J=pn
qn—Pn

< (diam (X))~ 37 e diam'™ () (X))

mh

< (diam (X))~ (1 — &™)~ diam" (o) (X)).

On the other hand, since the gap between ¢\ (X) and gopn +1(X ) lies between the endpoints

of F, we get from (d) that diam(F) > ~diam (¢S (X)). Combining this with (16.2) and
D
(16.1) we obtain
diam"" (F)
(16.3) mp,, (F)

diam™ (X)
> ]_ — l{h" h"diamh" X > ]_ — Iig E—
> ( )k (X) = ( )Y ()

> (1= &)%) Hn, (Js,),
where the last inequality holds for all n > 1 large enough. Now fix a non-empty closed set
F, C J;, containing at least two points and such that
diam"" (F,,)

(16.4) mp,, (F5,)

< (1= &9)2Hy, (Js,).

Let k£ > 0 be the the least integer such that F,, C go(n)(JSn) with some word w of length

k. Then E, := (@&n)) 1(F,) C Js, and it intersects at least two distinct sets of the form

o (X), e € N. Since (gp&n))_l is a similarity and using 1} we get

diam"(E,)  diam"(F,)
M, (En) M, (Fr)

Combining this with (16.3)), we see that E, N J- o gojn (X) # 0 and therefore

(16.5) < ((1 = K92 Hy, (Js,).

diam(E,) > min{dist(¢{” (X), o/ (X)) : 1 <a < b < 1}
1
> - min{dist(p CX), QX)) 1<a<b<I}:=A

where the last inequality holds for all n > 1 large enough. Thus, it follows from this,

Corollary (16.4), and the equality of ((16.3)) that

(16.6) inf {% . E C X, diam(E) > A} < H,, (X™).
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Now the proof goes in the same way as the proof of Theorem with (12.5)) replaced by
(16.6). We are done. [
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