THE LAW OF ITERATED LOGARITHM
AND
EQUILIBRIUM MEASURES
VERSUS
HAUSDORFF MEASURES

FOR
DYNAMICALLY SEMI-REGULAR MEROMORPHIC
FUNCTIONS

BARTLOMIEJ SKORULSKI AND MARIUSZ URBANSKI

ABSTRACT. The Law of Iterated Logarithm for dynamically semi-regular mero-
morphic mappings and loosely tame observables is established. The equilib-
rium states of tame potentials are compared with an appropriate one-parameter
family of generalized Hausdorff measures. The singularity/absolute continuity
dichotomy is established. Both results utilize the concept of nice sets and the
theory of infinite conformal iterated function systems.

1. INTRODUCTION

It is one of the most urging questions in the ergodic theory of dynamical systems
to find out how mixing and how random is a given dynamical system preserving a
probability measures. There is an enormous literature on the subject establishing
fast, desirably exponential, decay of correlations, the Central Limit Theorem, and
the Law of Iterated Logarithm. The classical results concern Bernoulli shifts,
Markov chains, and Gibbs states of Holder continuous potentials for dynamical
systems exhibiting some sort of hyperbolic behavior. Strong stochastic laws such as
exponential decay of correlations and the Central Limit Theorem were established
in [§] for the class of dynamically semi-regular meromorphic functions. As was
shown in [7] and [§] this is a large class of functions indeed and its ergodic theory
and thermodynamic formalism was well developed and understood. What was
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missing there was the Law of Iterated Logarithm. Some attempt to fill this gap was
undertaken in [I]. In the present paper we establish the Law of Iterated Logarithm
in full. This means, for all loosely tame observables that in particular include
all bounded Holder continuous observables. Our approach is based on the one
hand on our observation that under relatively mild conditions the Law of Iterated
Logarithm for an induced (first return) map entails this law for the original system,
and on the other hand, on the fact (see [3], [I1], and [13]) that each dynamically
semi-regular function, as a matter of fact each tame meromorphic function, admits
first return maps that form a very well understood class of conformal iterated
function systems (see [6]). For this class of system all mentioned above stochastic
laws are known ([6]).

Sticking to the realm of dynamically semi-regular meromorphic functions, the sec-
ond theme of our paper is the issue of comparing the equilibrium states of tame
potentials with an appropriate one-parameter family of generalized Hausdorff mea-
sures. This circle of investigations goes back to the fundamental work [4] of N.
Makarov in potential theory (harmonic measure) and its dynamical counterpart
[T0]. The dichotomy phenomenon of singularity/absolute continuity observed in
[T0] has been afterward also detected in the context of parabolic Jordan curves
([2]) and conformal iterated function systems (see [14], comp [6]). In this paper
we exhibit it in the realm of meromorphic functions. As for the Law of Iterated
Logarithm our approach here utilizes the concept of nice sets that generate infinite
conformal iterated function systems in the sense of [6]. For them, as already men-
tioned, the dichotomy is known (see [14], comp [0]). It is then an easy observation
that it also holds for original meromorphic functions. The key technical issues
in here are to conclude that the asymptotic variance of an appropriate function
related to the induced system (IFS) is positive (this links our first them with the
second) and that these functions have finite moments of all orders.

2. PRELIMINARIES

Let f : C — C be a meromorphic function. The Fatou set of f consists of all points
z € C that admit an open neighborhood U, such that all the forward iterates f",
n > 0, of f are well-defined on U, and the family of maps {f"|y. : U, — C}22,
is normal. The Julia set of f, denoted by Jy, is then defined as the complement
of the Fatou set of f in C. By Sing(f~!) we denote the set of singularities of f~1.

We define the postsingular set of f: C — C as

PS(f) = | f(Sing(f1)).
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Given a set F € C and n > 0, by Comp(f~"(F)) we denote the collection of
all connected components of the inverse image f~"(F'). A meromorphic function
f:C— C is called tame if its postsingular set does not contain its Julia set. This
is the primary object of our interest in this paper.

We make heavy use of the concept of a nice set which J. Rivera—Letelier introduced
in [11] in the realm of the dynamics of rational maps of the Riemann sphere. In

[3] N. Dobbs proved their existence for tame meromorphic functions from C to C.
We quote now his theorem.

Theorem 2.1. Let f : C — C be a tame meromorphic function. Fiz z € J(f)\
P(f), L > 1 and K > 1. Then there ezists k > 1 such that for all r > 0 sufficiently
small, there exists an open connected set U = U(z,r) C C\ P(f) such that

(a) If V € Comp(f~™(U)) and VNU # (), then V C U.
(b) If V€ Comp(f~™(U)) and V. NU # 0, then, for all w,w' €V,

o g 1Y)
I L and < 5

(¢) B(z,r) CU C B(z,kr) C C\ P(f).

Let U be the collection of all nice sets of f: C — C, i.e. all the sets U satisfying
the above proposition with some z € J; \ PS(f) and some r > 0. Note that
if U =U(z,r) € U and V € Comp(f"(U) satisfies the requirements (a), (b)
and (c) from Theorem then there exists a unique holomorphic inverse branch
"+ B(z, kr) — C such that f,,"(U) = V. As noted in [I3] the collection S = Sy
of all such inverse branches forms obviously an iterated function system in the
sense of [5] and [6]. In particular, it clearly satisfies the Open Set Condition. We
denote its limit set by Js. We have just mentioned [5] and [6]. In what concerns
iterated function systems we try our concepts and notation to be compatible with

that of [6].

Keep f : C — Ca meromorphic function. The function f is called topologically
hyperbolic if

distguciia(Jr, PS(f)) > 0,
and it is called expanding if there exist ¢ > 0 and A > 1 such that

(S ()] = eA”

for all integers n > 1 and all points z € J¢ \ f~"(c0). Note that every topolog-
ically hyperbolic meromorphic function is tame. A topologically hyperbolic and
expanding function is called hyperbolic. The meromorphic function f : C — C is
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called dynamically semi-regular if it is of finite order, denoted in the sequel by p,
and satisfies the following rapid growth condition for its derivative.

(2.1) [f(2)] = s A+ [N A+ ()™, 2 €T,

with some constant x > 0 and «y, oy such that ap > max{—a;y,0}. Let h : J; — R
be a weakly Holder continuous function (frequently referred to as a potential) in
the sense of [§]. In particular each bounded, uniformly locally Holder function
h:Jp — R is weakly Holder. Fix 7 > a5 as required in [§]. Let

¢ = —tlog|f'|, + h

where |f(2)], is the norm, or, equivalently, the scaling factor, of the derivative of
f evaluated at a point z € J; with respect to the Riemannian metric |dr(z)| =
(14 |z|)"7|dz|. Let L; : Cyo(Jr) — Cyp(Js) be the corresponding Perron-Frobenius
operator given by the formula

Lig(z Z g

wef-1

It was shown in [§] that for every z € J; the limit

1
lim —log £;1(z)
n—oo M,
exists and takes on the same common value, which we denote by P(t) and call the
topological pressure of the potential ¢;. The following theorem was proved in [§].

Theorem 2.2. If f: C — Cisa dynamaically semi-reqular meromorphic function
and h : Jy — R is a weakly Hélder continuous potential, then for every t > p/a
(o == oy + ) there exist uniquely determined Borel probability measures my and
we on Jy with the following properties.

(a) Limy = my.
(b) P(t) = sup{h,(f) + [¢edp:po f' =pand [¢pdu > —oco}.
(c) o f~t =, [¢rduy > —o0, and

+/¢tdut:Pt

(d) The measures pi; and m; are equivalent and the Radon—Nikodym derivative
gﬂ% has a nowhere vanishing Holder continuous version which is bounded
above.



3. THE LAW OF ITERATED LOGARITHM; ABSTRACT SETTING

In this section we deal with issues related to the Law of Iterated Logarithm in the
setting of general measure preserving transformations. Let (X, i) be a probability
space and let T' : X — X be a measurable map preserving measure p. Let
g : Y — R be a square integrable function. We put

, 1

or(g) = limsup — / (Sn(9) = nul(g))* dp
n—oo X

and

ar(g) = liminfl/X(Sn(g) —nu(g))* dp.

n—oo M

In the case when these two numbers are equal, we denote by 02(g) their common
value and call it the asymptotic variance of g.

Let us now briefly recall the Rokhlin’s natural extension of the dynamical system
(T, ;). The phase space is

X = {(p)n<o : T(2y) = Tpp1 ¥V < —1}
The transformation T : X — X is determined by the the property that
(T(((zn)nzo)), = T(xx)
Let mp : X — X be the canonical projection onto the Oth coordinate, i.e,
WQ((ZL‘n)ngo) = Ip.

It is well-known (see [9] for example) that there exists a unique probability 7-
invariant measure £ on X such that

fromyt = p.
The dynamical system (T, fi) is a measure-preserving automorphism and
Ty © T=To Q-

This system is referred to as the Rokhlin’s natural extension of (T, ).
We say that two functions ¢; : X — R and ¢ : X — R are cohomologous in a
class C of function from X to R if there exists a function u € C such that

g—gr=u—uoT

Any function cohomologous to the zero function is called a coboundary.
We shall prove the following generalization and extension of Lemma 53 in [15].



6 BARTLOMIEJ SKORULSKI AND MARIUSZ URBANSKI

Lemma 3.1. Let (X, p) be a probability space and let T : X — X be a measurable
map preserving measure jt. Fix A, a measurable subset of X with positive measure

. Let 7 : A — N be the first return time to A and let Ty =17 : A — A be the
corresponding first return map. Assume that

«

(15" ([n, +00))) < constn™,

for some o > 8 and all n > 1. For every function g : X — R let g: A — R be
defined by the formula

Ta(x)—1

g(x) = Z goTi(z).

If g € Ly(p), o%(g9) > 0 and p(g) = 0, then g : A — R is not a coboundary in the
class of bounded measurable functions on A.

Proof. Seeking contradiction suppose that § : A — R is such a coboundary, i.e.
(3.1) g=u—uoTy

with some bounded measurable function v : A — R. Replace first the dynamical
system (T, 1) by its Rokhlin’s natural extension (T, fi), the set A by 75 '(A), the
function g by g o my and the function u by u o my. Then note that after such
replacements the equation will remain true and the set 7,'(n) (the set of
points with first return time n) will be mapped to the sets 7 (Tgl (n)) In particular
they will have the same measures, respectively p and . In conclusion, we may
assume without loss of generality that the dynamical system (7', i) is a measure-
preserving automorphism. For every n > 0 let

A, ={r € A:1a(x) >n}.
Fix an integer n > 1. For all z € A let
i=i(z) :=min{0 <1 <n:Tzx) € A}
If no such [ exists, set i = n. Let
j=j(x):=max{0 <l <n:T (zr)ec Al
If no such [ exists, set j = 0. We have,
0<i<j<n
and there exists a unique integer 0 < k < 5 — ¢ such that
7T (x)) = TA(T"(x)).
Hence we can write

Sng(x) = Sig(x) + S (§)(T"(2)) + Su-yg(T7(2)) = a(w) + b(z) + c(x).



In order to show that o%(g) = 0, we shall estimate

(3.2) </(5n(9))2du)2 = [1(Sn(g))ll2 < llallz + [[bll2 + [[e]]2-

We shall deal with each of these three Ly norms separately. Since b(z) = S{*(§)(T%(x))
and |S74(9)(T(2))| < 2||ul|s, we get immediately that

(3.3) 16112 < 2[ful|co-

Next, we estimate ||al|o. We have

n

a(x) =) Lig(z)Sig(w).

1=0
Applying Cauchy-Schwarz inequality, we therefore get

n

lall2 < Z IrwSigll =3 (/ “ilm(szg)?duf
= Z /]1 -1 pdp) ‘1‘(/(Slg)4dﬂ)é11
—Z DA ( /(Slg)4d,u)‘l‘
= Z )H1Si91s
=Z<u<r1<w>>i ZgT 4
= >>1121||90T8||4
T Z lgll
= ||g||4Zl e

Now notice that for u almost every x € X, there exist ' € A and an integer k > 1
such that T*(2') = z and 7a(2') > k +i(z) (the strict inequality can hold only if

(3.4)

3
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i(r) =nand T"(x) ¢ A). Hence,
i) c | TRtk + ).

k=1
Thus, as T': X — X is an automorphism, we get that

pli7 1) < 30 (T 4 1) = D7l (k4 ) = p(Avea)

k=1

Inserting this to (3.4]), we obtain

llalls < [lglla D Un(Ar))s < constllglla D U1+ 1)~/
=0

— =1
3.5 > a
(3:5) < Const||g||42l1_z
=1
< +00,

where the last inequality was written since o > 8. The upper estimate of ||c||2 can
be done similarly. Indeed, exactly as (3.4)), we obtain the following.

n

(3.6) lell> = 1S9 0 (T2 = [|Sa—sglls < llglla D (n = D(u(G*(1))*

=0

Now notice that if 7%*)(z) ¢ A, then c(z) = 0 and otherwise 77 (z) € A and
Ta(TV%) () > n — j(x). So,

57N C T (Anein) € T7(A)
Inserting this to (3.6[), we thus get

lello < llglla 300 = DA o = llglle 30— D(p(An_)’

= llglla > U(u(A)F < [|glla D lconsti=>/*
=1

=1

00 00
<|lglla ) < const||glls Y 177
=1 =1

< 400,

where the last inequality was written since o > 8. Combining this, (3.3), (3.5),
and inserting them to (3.2), we see that the integrals [(S,g¢)?du remain uniformly
bounded as n — oo. This obviously implies that 0%(g) = 0. This contradiction
finishes the proof. O

(3.7)



We shall now show that under mild conditions if a first return map satisfies the
Law of Iterated Logarithm, then so does the original map. Precisely, we say that
a p-integrable function g : X — R satisfies the Law of Iterated Logarithm if there
exists a positive constant A, such that

lim sup Sng — 1 J gdp =A,.
n—oco y/nloglogn g

From now on we assume without loss of generality that

p(g) = /gdu =0.

Keep a measurable set A C X with pu(A) > 0. Given a point € A, the sequence
(Tn(2))52, is then defined as follows.

7(x) :=7a(x) and T7,(z) =71 (T) + T(TT"_I(I) (x)).

What we were up to is the following theorem. Its proof can be also found in [I5].

Theorem 3.2. Let T : X — X be a measurable dynamical system preserving a
probability measure p on X. Assume that the dynamical system (T, ) is ergodic.
Fix A, a measurable subset of X having a positive measure . Let g: X — R be a
measurable function such that the function g : A — R satisfies the Law of Iterated
Logarithm with respect to the dynamical system (Ta, ). If in addition,

(3.8) / 8 dp < oo

for some~y > 0, then the function g : X — R satisfies the Law of Iterated Logarithm
with respect to the original dynamical system (T, ) and Ay = Aj.

Proof. Since the Law of Iterated Logarithm holds for a point x € X if and only
if it holds for T'(z), in virtue of ergodicity of T, it suffices to prove our theorem
for almost all points in A. By our assumptions there exists a positive constant A,
such that 5. o(2)
. g\ T
limsup ———— = A;.
n—»oop vnloglogn g

for pa-a.e. x € A. Since, by Kac’s Lemma,

(3.9) lim = = / Tdm = / Tdm =1,
n—oo N X A

pa-a.e. on A we thus have

S _ Sy
(3.10) lim sup »9 = lim sup n9

T —r = A,.
n—oo v/nloglogn n—oo /Ty loglogT, !
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pa-a.e. on A. Now, for every n € N and (almost) every x € A let k = k(z,n) be
the positive integer uniquely determined by the condition that

T(z) < n < g ().

Since

we have that

(3.11) Sng () _ St 9() 4 Sn—m(1)9(2)
' vnloglogn  y/nloglogn  y/nloglogn
Since by ((3.9)
lim Tr1(7) —1,
we get from (3.10)) that,

nooo v/nloglogn  nox kloglogk v

Because of this and because of (3.11]), we are only left to show that

(3.12) lim Snry9(®) _ 0
' n—oo y/nloglogn

ua-a.e. on A. To do this, note first that

Sner g% (@) _ J3I(TS ()
Vkloglogk Vkloglogk'

Take an arbitrary € € (0,). Since
p({z € A:|g|(Th(z)) > ey/kloglogk}) =
—u({xeA |9(z) > e\/kloglog k})

(3.13) = p({z € A: g1 (x) > ¥ (kloglog k)'+/%})

J 191 =dp
- €2+5<k log log k)1+5/2’

using ([3.8) we conclude that
Z“ {z € A:|j|(z) > e/kloglogk}) < oo.

So, applying Borel-Cantelli lemma, (3.12]) follows. We are done. O
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4. THE LAW OF ITERATED LOGARITHM; MEROMORPHIC FUNCTIONS

Let f : C — C be a dynamically semi-regular meromorphic function and ¢ > p/a.
Let & = {¢e}ecr be the iterated function system induced by some some nice
set U for f. Our first technical result, ultimately aiming at the Law of Iterated
Logarithm, is this.

Lemma 4.1. If f: C — Cis a dynamaucally semi-regular meromorphic function
and t > p/a, then

limsup%logut< U QSW(U)) < 0.

Proof. Noting that U N Jr—; f*(¢.(U)) = @ and repeating the proof of Proposi-
tion 6.3 from [I3], we show that

P.(t) := limsup % log Z exp(sup(S,_1(¢r 0 fo @) < P(t).

n—oo
|w|=n

Hence,

limsup%bgmt( U f(gzﬁw(U)) <

n—00
|w|=n

< limsup % log Y exp(sup(S,-1(¢r o f o d)) — P(t)(n — 1))

n—oo
|w|=n

=P.(t) - P(t) < 0.

Since, see Theorem [2.2(d), the Radon—Nikodym derivative 5—7‘:; is uniformly bounded
above, we thus get that

fim sup + Log (f( U m(@)) < P.(t) ~ P(1).

n—00
|w|=n

Since the probability measure p; is f-invariant, we have
(7 U 6) ) 2 (U o)
|w|=n |w|=n
and therefore,

limsupilogu{ U d)w(U)) < P.(t) = P().

n—oo
|w|=n
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So, finally,
1
. 1 < B
lim sup —log m( ng %(U)) < P.(t) - P(t) <0.
The proof is complete. 0

Because of Lemma 4.1 we obviously have some constant C' > 0 such that

(4.1) ut< U ¢W(U)> <COn™

|w|>n
for all n > 1. For every e € F let N, > 1 be the unique integer determined by the
property that f¥e o ¢, = Id. Let f : Js — Js be the first return map on Jg, i.e.
f is defined by the formula

f(@e(2)) = f¥(0e(2)) = =
for all e € E and all z € Js. N, is then the first return time to Js. Recall from
the previous section that given g : J; — R, the function g : Js : R is given by the
following formula.

Hod) = Y 90 Pl6.2)

for all e € E'and all z € Js. Let m; and fi; be the probability conditional measures
on Js respectively of m; and p;. The measure fi; is then f—invariant. Moreover,
my is the F-conformal measure for F', the summable Holder family consisting of
functions {gbl(f) }eck, defined by the following formula.

8 (2) = di(de(2)) — P(t)N..

In consequence, all the results proved in [6] for summable Hélder families apply, in
particular to measures m; and fi;. As an immediate consequence of Theorem [3.2]
we get the following.

Theorem 4.2. Let f : C — Chea dynamically semi-reqular meromorphic function
and firt > p/a. Let g : J; — R be a measurable function such that the function
g : Js — R satisfies the Law of Iterated Logarithm with respect to the dynamical
system (f, fiy). If in addition,
(4.2 91 dp, < o0

Iy

for some~y > 0, then the function g : J; — R satisfies the Law of Iterated Logarithm
with respect to the dynamical system (f, ) and Ay, = Ay.
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In order to be able to apply this theorem, we need a technical result establishing
(4.2) for a large class of functions from J; to R. This is the content of the following
lemma.

Lemma 4.3. Let ¢ : J; — R be a function, following [§] called loosely tame, of
the following form

U(z) = —slog|f'(2)] + k(2),
where s € R and h : J; — R is a weakly Holder continuous function. Then for
every v > 0,
b ding < +oc.
Js
Proof. Since the measure m; is proportional to m; on Jg, our equivalent task is to
show that

[ Ydmy < +o0.
Js

Fix € > 0. Because of expanding properties of the function f : C — C there exists
a constant C' > 0 such that

[W(2)] < Clf ()5
for all z € J(f). Therefor, for every e € FE and all z € Js we get,

iiﬂfjcbe ‘ fj\wfube )|
S DD LTCAB)EEyel | WYAVAICAB)
= CI Y G
Thus
(43
06.(:)) P61 ) =
- w<¢e<z>>weXp(sNeszstwe(z)) N)
< Crene ol (), e Yl + Sk = P

(

= C7 exp (SN, 1—re ¢e )) P(¢r)Ne)

=" eXp(SN8¢t ye Cbe Z)) (¢t 'ya) ) exp((P<¢t—'ya - P(¢t))N€)
(

=< C7 exp((P(¢r—re) — P(64)) Ne) e (e (Js).
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Since, by Lemma 7.5 in [§], the function (¢ — d1,t + 6;) 2 u — P(¢,) (01 > 0
sufficiently small) is real-analytic, we get a constant M > 0 such that for all € > 0
sufficiently small, we have that

|P(¢t—wa) - P(¢t)| § ME.

Formula (4.3)) then yields

(4.4) [ (6e(2))"me(@e(Js) < CTeMNemy o (de(Js)).

Now, for every k > 1 let

k

Ui = () f7(C\ D).

=0

Fixing u > p/aw, we have for every n > 1 that

(U i) =m0 O 0 W) £ w0 )

e€E:Ne=n
=mu(f " (Lug_,)) = ma(Lu;_, o f)
(4.5) = my (7L, (Lyg_, 0 f))
= m, (e—P(%)(n—l)Lz—l(G—P(%)EU(HULI o f)))
= My, (e—P(%)(n—l)Ez—l (ﬂUfH (e—P(¢u)£u]l)>
< Cymy (e*P(qﬁu)(n*l)[,Z*l (]lUﬁ_l))
with some constant C; > 0. Looking at this moment at the proof of Proposition 6.3

in [I2] and taking into account continuity properties of the Perron-Frobenius op-
erator L,, we conclude that there exist x > 0 and ¢y > 0 such that

My (L2 (Lge ) < Coe el @nn=D)

for all w € (t — §,t 4+ §) with some 0 < § < §; small enough and all integers n > 1.
Substituting this to (4.5)) we get that

(1.6) m U odse) < e

e€EE:Ne=n
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for all € (t —0,t+6). Fix 0 < e < min{d/~v,x/(2M)}4. Inserting then (4.6]) into
(4.4]), we obtain

[ 1épdm - Z / fdm =3 Y /( [$Pdm,

eEE Ne= n Pe(Js) n=1 Ne=n

< Z 3 s s ome(@e(Js))

n=1 Ne=n
<C,YZ Men Z My—ne ¢e JS )
(4.7) Ne=n
=C" Z eME"mt_%< U gzﬁe(JS))
n=1 Ne=n
< 070102 Z eMsneme
n=1
< CIC1Cy Y et
n=1
The proof is complete. U

Now we are in position to provide a short proof of the following theorem and its
corollary, both forming the main results of this sections.

Theorem 4.4. Let f : C — C be a dynamically semi-reqular meromorphic func-
tion and fir t > p/a. Let ¢ : J; — R be a loosely tame function. Then the
asymptotic variance afc(w) exists and, if U?(@D) > 0, equivalently if ¢ : J; — R is
not cohomologous to a constant in the class of Holder continuous functions on Jy,
then the function ¢ : J; — R satisfies the Law of Iterated Logarithm with respect

to the dynamical system (f, p) with Ay = \/_a (1) > 0.

Proof. Adding a constant to @ we may assume without loss of generality that
J¥du, = 0. The existence of the asymptotic variance ¢%(1)) was established in
Theorem 6.17 of [8]. The fact that ¢%(¢)) > 0 if and only if ¢ : J; — R is not
cohomologous to a constant in the class of Holder continuous functions on J; is
the content of Proposition 6.21 in [§]. In view of Lemma 5.2 in [§] the function
1& is Holder continuous, precisely its composition with the canonical projection
from EY onto Js is Holder continuous. Along with Lemma this implies (see
Lemma 2.5.6 in [6] and the beginning of the page 41 in [6]) that the asymptotic



16 BARTLOMIEJ SKORULSKI AND MARIUSZ URBANSKI

variance a}%(zﬁ) exists and, in addition with Theorem 2.5.5 and Lemma 2.5.6 in [0],

both in [6], that the function T/AJ satisfies the Law of Iterated Logarithm with respect
to the dynamical system (f, fi;) (with Aj; = a}%(w)) provided that sgj%(w) > (0. But

since, by Lemma 7.11 in [§], the function ¢ has all moments with respect to the
measure 4, we in particular have that ¢ € Ly(s). Then, using (4.1), Lemma
implies that 1@ is not a coboundary in the class of bounded measurable functions
on Js. It then directly follows from Lemma 4.8.8 that 0}%(1&) > 0. Now, with the
help of Lemma [£.3] the application of Theorem finishes the proof. 0

As an immediate consequence of this theorem, with the help of Theorem 6.20 in
[8], we get the following.

Corollary 4.5. Let f : C — C be a dynamically semi-reqular meromorphic
function and fir t > p/a. If ¢ : Jr — R is a loosely tame function (Y(z) =
—slog|f'(2)|r + k(2)) with s # 0, then the function ¢ : Jy — R satisfies the
Law of Iterated Logarithm with respect to the dynamical system (f, ) with Ay =

V20 (1) > 0.

5. EQUILIBRIUM STATES VERSUS HAUSDORFF MEASURES

Keep f: C — Ca dynamically semi-regular meromorphic function and ¢t > p/a.
Let

Dt = HD(I[Lt),
let the function ¢ : Js — (0, +00) be defined by the formula

C(¢e<z)) - - log ’¢/e(z>’7

Xt 3_/Cdﬂt-

The number y; is called the Lyapunov exponent of the measure p;. Let h :
(a,+00) — (0,400) (a > 0 small enough) be a non-decreasing function. This
function A is said to belong to to the lower class if

/00 @ exp(—%(h(r)Q) dr < 400

and let

and to the upper class if

/00 @ exp(—%(h(r)Q) dr = +o00.
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Associated to the function & is the function h defined for all sufficiently small ¢ > 0
by the following formula.

h(r) = rP exp (i\/i_t)h(— logr)y/—log 7’) :

Let finally H; be the Hausdorff measure on C induced by the gauge function h and
let

U= ¢+ Di¢ = P(dy) = —(t — Dy) log | f'[ + (h — P(e)).
Since the function ¢ : Js — R is Hélder continuous and since all the integrals

€ |y|"dp, (v > 2) are finite (see Lemma [4.3) where this is proved for all 4 > 0),
Theorem 4.8.3 in [6]) applies to give the following.

Theorem 5.1. Suppose that o*((;) > 0 and that h : (a,400) — (0,400) is a
slowly growing function. Then

a) If h belongs to the upper class, then the measures ji; and H; | ;. are mutuall
g H hlJs Y
singular.
b) If h belongs to the lower class, then fi; is absolutely continuous with respect
( 9 i y p
to Hiz'

We shall now prove a sufficient condition for 02(1@) to be positive. It is trivially
verifiable. Let J, ; be the set of points in Jy that do not escape to infinity under
the action of the map : C — C. It is called in the literature the radial (or conical)
Julia set of f.

Lemma 5.2. Ift # HD(J, ), then the function ¢, = —(t—Dy)log | f'|-+(h—P(¢:))
is not cohomologous to a constant in the class of Holder continuous functions on
Jy and o*(¢y) > 0. In particular this is true for all t > 2.

Proof. First observe that because of Theorem 8.1 (Volume Lemma) and Theo-
rem 6.25 (Variational Principle), both in [8], we have

h h
/wtdﬂt = —tXpu, T ) Xpe T txi + /hdut — P(¢)
1243 1243
&1) — by, (7) =t + [ B~ P&y
= 0.

We already know that v, is cohomologous to a constant in the class of Holder
continuous functions on Jy if and only if o?(¢);) = 0. So, assume that 1), is
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cohomologous to a constant. By (5.1]) ¢, is then a coboundary. By Theorem 6.20
in [§], we get that

(5.2) t =D,

The fact that v, is a coboundary equivalently means that the function — D, log | f'|~
is cohomologous to ¢, — P(¢;). But the topological pressure of the latter function
vanishes, whence P(—D;log | f’|.) = 0. Theorem 8.3 in [§] (Bowen’s Formula) then
implies that

(5.3) Dy = HD(J, ;).

This theorem is in fact in [8] formulated for dynamically regular functions only but
apart from dynamical semiregularity all what was needed there was the existence
of a zero of the pressure function of potentials —tlog|f’|,. Combining and
yields ¢ = HD(J, ). To complete the proof we are thus only left to notice
that HD(J, ;) < 2. We are done. O

As an immediate consequence of Theorem and Lemma [5.2| we get the following
main result of this paper.

Theorem 5.3. Let f : C — Cbea dynamically semi-reqular meromorphic function
and for every t > p/a let ¢, = —tlog|f'|; + h. Suppose that 02(@[)15) > 0 (this is in
particular true if t # HD(J,. ), more particularly if t > 2) and that h : (a,4+00) —
(0, +00) is a slowly growing function. Then

(a) If h belongs to the upper class, then the measures pi; and Hy| ;. are mutually
singular.

(b) If h belongs to the lower class, then py is absolutely continuous with respect
to Hiz'

Towards the end of the paper note that the function h.(t) = cy/loglogt, ¢ > 0,
belongs to the upper class if and only if ¢ < /2. With the consistent notation

71,:(7") = rPtexp (U(\/z_t) he(—logr)/—log r)

P e (“% N log3<1/r>) ’

we therefore immediately obtain the following consequence of Theorem
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Theorem 5.4. Let f : C — Cbea dynamically semi-regular meromorphic function
and for every t > p/a let ¢y = —tlog|f'|; + h. Suppose that o*(1;) > 0; this is in
particular true if t # HD(J, ¢), more particularly if t > 2. Then

(a) The measures pi; and Hy|;, are mutually singular for all 0 < ¢ < V2.
(b) The measure i, is absolutely continuous with respect to Hj, for all ¢ > V2.

Given k > 0 let H, be the standard Hausdorff measure corresponding to the

parameter x, i.e. H, = H,._,~ with the notation introduced above. Taking in
Theorem [5.4] ¢ = 0, we obtain the following.

Corollary 5.5. Let f : C — C be a dynamically semi-reqular meromorphic func-
tion and for every t > p/a let ¢, = —tlog |f'|- + h. Suppose that o2(ib;) > 0; this
is in particular true if t # HD(J, ¢), more particularly if t > 2. Then the measures
e and HHD(ut)|Jf are mutually singular.
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