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ABSTRACT. We show that the Gibbs states (known from [9] to be unique) of
Holder continuous potentials and random distance expanding maps coincide with
relative equilibrium states of those potentials, proving in particular that the lat-
ter exist and are unique. In the realm of conformal expanding random maps we
prove that given an ergodic (globally) invariant measure with a given marginal,
for almost every fiber the corresponding conditional measure has dimension equal
to the ratio of the relative metric entropy and the Lyapunov exponent. Finally
we show that there is exactly one invariant measure whose conditional measures
are of full dimension. It is the canonical Gibbs state.

1. INTRODUCTION

The thermodynamic formalism of random distance expanding maps has been
developed in [9]. It comprised and went beyond the previous work of Bogenschiitz,
Gundlach, Kifer, and others (see [3], [4], [1], [6], [7], and the references therein) on
random symbolic dynamical systems and random infinitesimally expanding maps
on smooth Riemannian manifolds. The work [9] thoroughly explored the concept of
Gibbs states of appropriately defined Holder continuous potentials. The work [11]
substantially developed the theory of relative equilibrium states of holomorphic
endomorphisms of the Riemann sphere and Holder continuous potentials.

In the present paper, after some preliminaries, we firstly deal (in Section [5) with
equilibrium states of Holder continuous potentials and random distance expand-
ing maps as defined in [9]. We prove that the Gibbs states (known from [9] to
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be unique) of such potentials coincide with relative equilibrium states of those
potentials, proving in particular that the latter exist and are unique.

Next, in Section |§|, we deal with conformal expanding random maps. In [9] the
Hausdorff dimension of almost all fibers was identified as the only zero of the
expected pressure function, and the corresponding conditional (fiber) measures of
the canonical Gibbs state p; were shown to have the same dimension. In the
present paper we look at an arbitrary ergodic (globally) invariant measure with
a given marginal m. As our main result we prove that for m-almost every fiber,
the corresponding conditional measure has dimension equal to the ratio of the
relative metric entropy and Lyapunov exponent. As a complementary result we
show that the canonical Gibbs state pu;, is the only ergodic invariant measure whose
conditional measures have dimensions equal to Hausdorff dimensions of their fibers.
In short, the Gibbs state py, is the only invariant measure of full dimension.

2. METRIC RANDOM DYNAMICAL SYSTEMS
We first recall the definition of a metric (measurable) random dynamical system.
Definition 2.1. A metric random dynamical system consists of the following ob-
jects:

e A Lebesgue probability space (X, F,m)
e An ergodic invertible measure-preserving transformation 6 : X — X
e A Lebesgue measurable space (7, B) of the form

J = U{x}XJx

The spaces J,, x € X are called the fibers of the random dynamical system.
e A measurable transformation T : J — J of the form

T(x,y) = (0(x), Tu(y)),
where T, : T — Jo@)-

Notation 2.2.
mx :J — X and 7wy : J — Y are the first and second projections, respectively.
For each z € X, i, : J, — J is defined by i,(y) = (x,y).

To do more dynamics, we define for every integer n > 0 and for every x € X
Tg = Tgn—l(x) e} Tgn—z(x) o0...0 Tx . jx — %7L(m)’

so that
T (z,y) = (0"(2), T (y))
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for all x € X and for all y € J,. Throughout the whole paper we are concerned
with T-invariant probability measures on J with marginal m. By M} (J) we
denote the collection of all probability measures p on (7, ) such that

pory =m,
and we set
M (T) = {p € My (T) i poT7H = pu}.

Denote by ex the partition of X into singletons. Since X is a Lebesgue space,
the partitions ex and 73! (cx) are measurable, and so each measure u € M} (J)
admits and is uniquely determined by its disintegration (u.).cx with respect to
the partition 73! (ex). In other words, there exists a system of measures (11, )zex
(called the canonical system of conditional measures), unique up to a set of m-
measure zero, such that for each x € X, p, is a measure on the fiber 7., and such
that

u(g) = /X ta(g2)dm(z)

for every p-integrable function g : 7 — R, where
Yo = g Otz
Moreover, a measure p € M} (J) is T-invariant, i.e. belongs to M} (T), if and
only if
pz 0 Tt = pg(a

for m-a.e. x € X.

The rest of this section is concerned with relative entropies. We follow the stan-
dard notation from deterministic entropy theory as used for example in Chapters
1 and 2 of [10]. We recall the following definition:

Definition 2.3. If € M} (T), and if « is a measurable partition of J finer than
mx (£x), then we let

h,(T16; ) := lim lHU (o™ |ry'ex),

n—oo M,

where
n
a = \/ T .
j=0

Moreover, let
hy, (T'10) := sup{h,(T|0; a)},
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where the supremum is taken over all measurable partitions « of J finer than
75 (ex) and having finite entropy relative to 75" (ex), i.e.

H,(a]my! (ex)) = /X H, (au)dm(z) < 400,

where «, := i, (). The number h,(T|0) is called the entropy of T relative to 6
with respect to the measure L.

To shorten notation, given a measure u € M, (T'), we now denote by A, (T'|0) the
collection of all measurable partitions a of J finer than 75" (ex) and having finite
entropy relative to 7' (ex). BY (fisy)(wy)es We denote the canonical system of
conditional measures of the measure u with respect to the partition T (¢ ), i.e.
pzy denotes the conditional measure supported on 7, *(7(y)). As in the deter-
ministic case, a good way to calculate relative entropies is by means of generating
partitions.

Definition 2.4. A partition o finer than 7y'(ex), i.e. belonging to A,(T6), is
said to be generating for T relative to 6 if and only if

o)

o . 7]' g

o = \/T a=,¢eyg,
Jj=0

where for two measurable partitions 3; and 8, on J, the relation 3, =, 3, means
that there exists a measurable set Z C 7 with u(J\ Z) = 0 such that 81|z = fa|z.

We have the following:

Proposition 2.5. If T : J — J is a metric random dynamical system, if u €
M, (T), and if « € A,(T|0) is generating for T relative to 0, then

hu(T10) = h(T16; o) = Hyu(eg| T (eg))
—~ / Hy,,, (€Jz|T;1(Tx<y>>) dp(z,y)

J
[ [ o, (sl i) dia(w)dm(a).
X J Tz

This is an adaptation to the random setting of the well-known Kolmogorov-Sinai
generator theorem. Its statement and an outline of its proof can be found in [I1].
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We end this section with a random version of the Shannon-McMillan-Breiman
theorem.

Theorem 2.6 (Theorem 2.2.5(iii) of [I]). If T : J — J is a metric random
dynamical system, if p € M}, (T), and if o« € A,(T|0), then for p-a.e. (z,y) € J,

] .
lim —log 11z (az (y)) = hu(T'|0; ).

n—oo N

3. TOPOLOGICAL RANDOM DYNAMICAL SYSTEMS

We say that a metric random dynamical system T : J — J is topological if for
every © € X, the fiber 7, is a compact metric space endowed with a metric p,
whose Borel g-algebra is equal to i '(B), and if sup,. y diam,(J,) < +oc.

Definition 3.1. We say that a topological random dynamical system T : 7 — J
is of global type if there exists a compact metric space (Y, p) such that

e For each x € X, J, CY, and p, = p|7. (Note that this condition implies
that 7 C X xY.)
e B=(F ® By)|7, where By is the o-algebra of Borel subsets of Y.
If 7, =Y for all z € X, then we say that T is of strongly global type. We call Y
the wvertical space of the topological random dynamical system T : J — J.

Let T : J — J be a topological random dynamical system. We denote by
Cm(J) the space of all measurable functions g : J — R such that g, is continuous
for all z € X. We further define

) = {5 € Cl) s [ lanldmio) < oo}

For each g € C,,(J) we let

n—1

Sn(g) = ZgoTj.

J=0

Denote by M, .(T) the set of all ergodic elements of M} (T). Let a function
¢ € CL(J), routinely called in such a context a potential, be given. The number

P10 = swp (0010 + [ oau) = sw () + [ oan)
peEML, (T) J HeEMa, o(T) J
is called the variationa pressure of ¢ and T relative to 6.

Given z € X, ¢ > 0, and an integer n > 0, we say that a set F' C 7, is (z,n,¢€)-
separated if for every two distinct points y, z € F there exists j € {0,1,...,n—1}
such that pgi(,) (T3 (y), T2(z)) > e. If our random dynamical T : J — J is of
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strongly global type, then the following quantity, called topological pressure, is
well-defined (see [2]):

(3.1) P.(o,T|0) := lii%limsupl/xlog sup (Z exp(anb(x,y))) dm(z),

n—oo T ECTx yeE

where the supremum is taken over all (z,n,e)-separated subsets E of J,. By
saying that (3.1)) is well-defined, we mean that for each n € N the integrand is
measurable. We have the following variational principle:

Theorem 3.2 ([2]). If T : J — J is a topological random dynamical system of
strongly global type and if ¢ € CL (T) is a potential, then

The hypothesis of strongly global type is strong indeed, and in fact it is too strong
for this paper; we brought up the above result only for the sake of completeness.
In what follows we will however work with maps of global type which is a much
weaker and more frequently satisfied assumption.

We end this section by formulating the following definition of equilibrium states.
They will be a primary object of our considerations in Section [o]

Definition 3.3. If ¢ € C} (J), then a measure p € M. (T) is called a relative
equilibrium state for the potential ¢ if

b, (T16) + /j odu = P(6,T10).

In Section |5| we will deal with the issue of the existence and uniqueness of equilib-
rium states in the context of random distance expanding dynamical systems.

4. DISTANCE EXPANDING RANDOM MAPS; PRELIMINARIES

Modifying a definition from [9] we call a topological random dynamical system
T:J — J distance expanding if all the mappings T, : J, — Jp@), * € X, are
open and surjective, and if there exist a measurable function n : X — (0, 400) and
a real number ¢ > 0 such that following conditions hold:

e (Uniform Openness)
TI(BI(Z7 779:)) 2 B9(r) (Tw(z)a 6)
for every (z,2) € J.
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o (Measurably Ezpanding) There exists a measurable function v : X —
(1, +00) such that

o) (Te(y), Te(2)) > Yapa(y, 2)
whenever z € X, y,z € J,, and p,(y, z) < 2771,.E|

o (Measurability of Degree) The map

X 3z deg(Ty) = sup #(T,'(y))
Y€JTp(a)

is measurable.

o (Topological Exactness) There exists a measurable function ng : X — N
such that
Tgs(x) (Bz(z7 f)) = ;70715(2)

for all z € X and for all z € 7.

(z)

o (Weak Perfectness)
€ := ess inf{inf{diam, (B, (2,€)) : z € J,} 1z € X} > 0.

e (Lipschitz Continuity) There exists L > 1 such that

o) (T (y), Tu(2)) < Lpx(y, 2)
for all x € X and for all y, 2z € J,.

e (Log Integrable Compactness) For every x € X and for every r > 0 let N,(r)
denote the minimal number of open balls with radii r needed to cover 7.
We assume that there exists a measurable function N : X — N such that

N,(£/4L) < N(z) for m-ae. z € X
and such that

log N (z) dm(z) < +oc.
X

Let us make some comments about this definition. Of course, Log Integrable
Compactness holds if

ess sup{N,(£/4L) 1 z € X} < +o0,
and in particular if

ess sup{N,(r) : z € X} < 00 Vr > 0.

I [9] the factor of 2 was incorrectly omitted from this inequality.
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Although this last condition looks somewhat restrictive, it is nevertheless always
satisfied if the random system 7" : J — J is of global type.

As a matter of fact the last three conditions of the above definition, i.e. Weak Per-
fectness, Lipschitz Continuity, and Log Integrable Compactness, were not needed
and did not appear in [9]. In the present paper we need them in order to construct
generating partitions with finite entropy. Thus the definition of a random distance
expanding map is more restrictive in the present paper than in [9].

We call a random distance expanding map T : J — J accessible if there exists
a partition a of J finer than 73! (ex) with the following two properties:

(a) There exists a log-integrable function N : X — N such that
#(a,) < N(z) for m-a.e. € X
(b) diam, () < €/(2L) for m-a.e. z € X.
Any such partition « is called accessible for T. We note the following.

Proposition 4.1. Every random distance expanding map of global type is acces-
sible.

Eroof. Let = {By, Bs,..., By} be a finite cover of Y by open balls with radii
&/AL. Define the partition v = {C,Cs,...,Cn} of Y by induction as follows.
Cy =B
Cos1: =B\ (CLUCU...UC,), 1<n<N-1
Let
o= 7 () VT (ex).
By its very definition « is finer than 73" (ex). Define N(z) := N; then (a) clearly
holds. Also, for every 1 < j < n and every x € X, we have that

diam(C; N 7,) < diam(C;) < €/(2L),
and so (b) holds too. The proof is complete. O

The importance of accessible partitions lies primarily in the following fact:

Proposition 4.2. FEvery accessible partition for a random distance expanding map
T:J — J belongs to A,(T|0) and is generating for every measure p € M, (T).

Proof. Let o be an accessible partition for 7' : J — J. Then

(ol (ex)) = [ o (n)dm(o) < [ log N(a)dm(a) < +oo,
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It immediately follows from the conditions of Uniform Openness, Lipschitz Conti-
nuity, and Weak Perfectness that

(4.1) N > &/(2L)

for m-a.e. x € X.
Now fix an = € X satisfying (4.1)), and suppose that a° # 7. Then there
exists A € a2 with #(A) > 2. Fix distinct y,z € A € a3°; then

o~

pgn(m)(Tg(y), T:Z‘(z)) S diamgn(x)(Tg(A)) S diamgn(x)(a(;n(m)) S /(2L) S Nz
Thus by the condition of Measurably Expanding we have

(4.2) o (o) (T (y), Te ™ (2)) > Yon () pon () (Th (), To (2)).

Let us write

n—1
Vo = H%ﬂ(m)-
i=0

Then iterating (4.2)) gives
e 2 por ) (T (), T3 (2)) 2 72 pa(y, 2)

and in particular the sequence (72)$° is bounded. On the other hand, by Birkhoft’s
Ergodic Theorem,

n—oo M,

1
(4.3) lim —log~2 :/ logydm >0
X

for m-a.e x € X. Thus, if we let Z be the set of x for which both (4.1)) and (4.3))
hold, then X \ Z has m-measure zero and for all z € Z, a>® = ¢7,. Thus the
partition « is generating and the proof is complete. O

Combining Proposition |4.2] with Proposition [2.5|and then with Theorem [2.6]yields
the following corollary which we will use twice in Section [6}

Corollary 4.3. If T : J — J is a random distance expanding map, if p €
J\/l,lme(T), and if o is a partition which is accessible for T, then for p-a.e. (z,y) €
J,

-1 n

lim — log i (e (y)) = hy(T]0).

n—oo M
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5. GIBBS AND EQUILIBRIUM MEASURES FOR DISTANCE EXPANDING RANDOM
Maps

Throughout this whole section 7" : J — J is an accessible random distance
expanding map. Following [9] fix o € (0,1]. By H*(J.) we denote the space of
Holder continuous functions on 7, with exponent «. This means that ¢, € H*(7,)
if and only if ¢, € C(J,) and v,(¢,) < oo where
|02(y) — d2(2)]
p3(y, 2)
A function ¢ € C}(J) is called Holder continuous with exponent a provided that
there exists a measurable function H : X — [1,+00) such that

log H € L*(m)

Vo (@) = sup{ : y7z€jx}.

and
Vo () < H, for m-ae. x € X.

We denote the space of all Holder continuous functions with fixed o and H by
HY(J, H) and the space of all Holder continuous functions with exponent a by
HY(T). Now, for every = € X, we consider the transfer operator

Ly=Lys:C(T) = C(Tow)
given by the formula
Logo(w) = > go(2)e”P 0w € Ty).
zET{l(w)

This is obviously a positive linear operator; moreover, it is bounded and its operator
norm is bounded above by

[£2loe < deg(T%) exp(]|]]oo)-
For every n > 0 and for u-a.e. x € X, we put
ﬁ; = £9n—1(x) ©...0 Em . C(jx> - C(j@n(x)).

Note that
L9, (w) = Z 92(2)e5 @) € Tynyy -

z€Ty ™ (w)
Then the dual operator L : C*(Jy()) — C*(Jz) is defined by
'C;:(:ué'(a:))gw = MG(x)(ngz)-

Proposition 5.1. Let T : J — J be a distance expanding random map, and let
E>0andn: X — (0,400) be as in the definition of distance expanding. For
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every (x,y) € J, the map T, has a unique inverse branch T;yl : Boy (T (y), &) —
B.(y,n.). Furthermore,

(51 pTo () Tok(w) < %pe<m><z,w> for all 2, w € Bygay(T(). €).

Proof. The existence of a unique inverse branch T, : By()(T:(y), &) — Ba(y, 1) is
equivalent to the assertion that # (7}, (2)NB,(y,1,)) = 1 for all z € By (Tw(y), §).
Now > is due to the Uniform Openness condition, while < is due to the Measurably
Expanding condition (and the fact that p,(z1,29) < 27, for all zq, 29 € B,(y,1:)).
Finally, (5.1) is due to the Measurably Expanding condition. 0

For (z,y) € J and n > 1, we let
-n -1 -1 -1
vay - Tzvy © TG(I)7TI(y) ©..-0 Ten_l(‘r)sznil(y).
Then iterating (5.1]) gives

px(T;;L(Z),T;;‘(w)) < ,yinpgn(x)(z,w) for all z,w € Byny (T} (y),§)-
Remark 5.2. In [9], the map 7, was improperly called the “unique continuous
inverse branch of T defined on Byn(y)(T7 (), &) that sends T (y) to y.” Strictly
speaking this is incorrect, since the shift maps give counterexample to unique-
ness. However, if n = 1, then it is the unique inverse branch of T, defined on
Byy(T:(y), §) and taking values in B,(y,7.), as the above proposition shows.

Following [9] we call a measure u € M! (T) a Gibbs state for a potential ¢ :
J — R if there exist measurable functions Dy : X — [1,400) and R: X — R
such that

1 pa (T (Bon () (T3 (2),€)))
< ’ < Dy(x)Dy(0"
D@ D07 (@) = exp(Sor.2) — SR APl
for every n > 0, for m-a.e. x € X, and for every z € 7,.

Let us recall from [9] (p. 18) that a random distance expanding map 7" : J — J
is said to satisfy the measurability of cardinality of covers condition if there exists
a measurable function a : X — N such that for m-a.e. = € X, there exists a
finite sequence wy, ..., wir € J, such that (Ji2, By(w],§) = J,, where ¢ is as in
the definition of distance expanding. Every accessible random distance expanding
map satisfies the measurability of cardinality of covers condition since £/(2L) <
&. This means that for accessible random distance expanding maps, we can use
Theorem 3.3 and Proposition 4.8 of [9], which we repeat (slightly modified) below |

2The measurability of cardinality of covers condition is not mentioned in the statement of
Proposition 4.8 of [9], but it is mentioned in Lemma 3.29 from which Proposition 4.8 follows.
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Theorem 5.3 (Theorems 3.1 and 3.3 of [9]). Let T : J — J be an accessible
random distance expanding map, and let ¢ : J — R be a Holder continuous
potential. Then

(a) There exists a unique measurable function X : X — (0,4+00) and a unique
measure vy € My, (J) such that

LoV o@) = AeVpx for m-a.e. v € X
(b) There exists a unique function q € Cp,(J) such that
Loqe = AaQo(z) and vy ,(qz) =1 for m-a.e. x € X.

Moreover q, € H*(Jy) for m-a.e. x € X.
(c) If we let
Hpx = Vo)
and if we let py be the unique measure in M. (J) whose system of condi-
tional measures is (fpq)zex, then iy is a T-invariant Gibbs state.

Theorem 5.4 (Proposition 4.8 of [9]). If T : J — J is an accessible random
distance expanding map, and if ¢ . J — R is a Holder continuous potential, then

the measure pg € ML (T) defined in the previous theorem is the unique T-invariant
Gibbs state for ¢.

Following [9] we put
EP(¢) = / log A dm.
b

The goal of this section is to prove that p, is the unique equilibrium state for the
potential ¢ : J — R. Let L, := ['¢?x be the transfer operator with potential

-~

Gr = ¢p +10g g, — log do(x) © T, —log A,

Then R .
Loge= s 'L4(92gs)  for every g, € L' (1,,).
Consequently
(5.2) L1, = Lo
and
(5.3) Litipow) = Hoa

for m-a.e. x € X.
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Our first step towards showing that p is a relative equilibrium state for ¢ is the
following lemma:

Lemma 5.5. If we let

~

(5:4) Hay = L301,0));

then the collection of measures (Jiyy)@y)es 5 a disintegration of js with respect
to the partition T~ (e 7).

Proof. First of all, note that the expression (5.4) depends only on T(x,y) =
(6(z), To(y)), and thus

(5.5) ﬁw,y = ﬁx,y’

for every y' € T, '(T.(y)) = T, ' (¢,,,)(y)- Thus we may write Iy 7-1() tO denote
the measure [, , for any y € T, ! (w). Also,

floy (T (Te))) = L(07,) (Mt 1))

(5.6)

In general, by (5.3), we have
How(92) = (Loboow)(92) = Koo (Lage) = /j (£292) (4) dbto o(a) (4)
0()
= / 0y(L92) dbtg o) (v)
To(x)
- / (L:6,)(92) Akt o) (y)
Jo(a)

= / ﬁx,Tgl(y) (gm) d/%,e(x) (y).
To(z)
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Hence,

o(9) = [ t10.(0,) dm) /LM%T (92) dbtgpoy () dm(z)

~ [ [ Brro0:) s 0 T2 ) dim(a)
X S To(x)

~ [ ] B tn90) st dma)
X S To(x)

_ /X /J . Tralae) Qtga() ()
:/jﬁx,y(gx)du(%y>~

This equality along with (5.5)) and (5.6) completes the proof. O

Now we are in position to prove the main result of this section.

Theorem 5.6. If T : J — J is an accessible distance expanding RDS and if
¢ J — Ris a Hélder continuous potential, then P(T, ¢) = EP(¢), and pys is the
only relative equilibrium state for ¢.

Proof. Consider an arbitrary measure u € ML (T). Recall that (Hay) @yyes de-
notes its canonical system of conditional measures with respect to the partition

T~'(e7). By the standard variational principle for finite sets we have for all
(xz,y) € J that

/li'l(T ) |:Hﬂzyy <8JZ|T;1(Tx(y))> + (bx:| d,ul‘/my —

= Hy,, (gjz’T Y, (y))) + /T—l(:r ) Gu Aptzy

< log Z e‘gz (@w)

weTy H(Tu(y))
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Thus, in view of Propositions [2.5] and [1.2], we get

b, (716)+ | G
J
— / Hﬂz,y <€jz |T;1(Tz(y))) d,u(x, y) + / / &Ex d,ux,y d:u(x’ y)
J T I (Te(y)

/ / [H“w (571|T;1(Tz<y))> + ¢x} dptay dpa(2, y)
T ST Y (T (y))
< 0.

Thus,

b (T10) + [ ¢du="1,(TI0) + | ddpu+ [ logA(z)du(z,y)
L e oo [ |

< /Xlog/\dm = EP(9).

The variational principle for finite sets also asserts that the equality in ([5.7)) holds
if and only if
¢?z w)
_ Duery @) &0 _ Bulw) g
SR> D DR
(5.9) weT; (T, (v)) © weTy  (T:(y)
= £;<5Tm(y)) = ﬁx,y-

Along with (5.8) and Lemma , this already shows that p4 is an equilibrium
state for ¢ and that P(T,¢) = EP(¢). We are thus left only to show that (5.9)
implies ft = pg. And indeed, it follows from (5.9)) that for every g, € C(J,) we
have

~

(E:::ua(a:))(gx) = M@(x)(zxga:) = (;ux o Taz_l) (E:ng) = Mg ((‘ngar) o Tx)

:/(@%w@wm@

T

= / fh,y (9o )dpte (y)

x

= e (9a)-
Thus, LA;,ug(x) = U, and so by induction,

/;;”,W () = Mz

for all n > 0. Therefore, applying Proposition 3.19 of [9] (uniform convergence of
the Perron-Frobenius operator), we get for m-a.e. x € X and for every g, € C(J,)
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that N ~
pa(ge) = B (L3 pgn()) (92) = T prgn (o) (L3 g)

= m pign(a) (119.2(92) Lon ()
n—oo

= fg,x(9a)-
S0, iy = flg . for m-a.e. x € X, meaning that u = py. The proof is complete. [

6. FIBERWISE HAUSDORFF DIMENSION OF INVARIANT MEASURES

In this section we deal with random conformal expanding maps.Their definition
is as follows. Firstly, we are given a topological random map f : J — J which
is of global type with a vertical space M. We further assume that M is a smooth
compact Riemannian manifold (possibly with boundary) and that there exists a
number k£ > 0 such that

(a) B(Jy, k) NOM = () for m-a.e x € X.

(b) There exists a > 0 such that all the fiber maps f, : J, — Jy) can be
extended to C'*—conformal maps from B(J,, k) to M, denoted by the
same symbols f,, which satisfy:

(b1) There exists a number L’ > 1 and a measurable function v : X — (1, L)
such that
1<y <|fi(z)]| <L <+
for m-a.e. x € X and for all z € B(J,, r), where |f.(z)] is the norm of the
derivative f.(z) of the map f, and the point z. By the conformality of f,,
the number |f!(z)] is simultaneously the similarity factor of f.(z).

(b2) J is fully invariant i.e.
T = £ (Jow) for m-ace. z € X.
(b3) The function

Je 3 (z,y) = log|fi(y)] € R
belongs to H*(J,), where

J. = | J{z} x B(T. k).

zeX

3The notation B(+,-) with no subscript indicates that the ball is taken with respect to the
ambient space M. In particular B, (y,r) = B(y,r) N Jy.
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(¢) The conditions of Measurability of the Degree, Topological Exactness, and
Weak Perfectness from the definition of distance expanding hold for every
&> 0.

If (a)-(c) are satisfied, then the map f is called a random conformal expanding
map.

The proofs of the following two statements are quite standard; see for instance [5]
p. 72 and [§] p. 73 for the corresponding proofs in their appropriate contexts. We
presnt them here for the convenience of the reader.

Proposition 6.1. Fvery random conformal expanding map is a random distance
expanding map.

Proof. Let f be a random conformal expanding map. Let 5’ > 0 be the minimum
of the injectivity radius over the set M \ B(OM, k), and let § = min(3', k). Let
¢ = (/(2L) and L = max(L',diam(M)/k). Let n, = & for every x € X. We
now claim that the conditions of Uniform Openness, Measurably Expanding, Lip-
schitz Continuity, and Log Integrable Compactness from the definition of distance
expanding are satisfied. Since the others were assumed to be satisfied, this will
show that f is a random distance expanding map. We will show the condition of
Measurably Expanding while the proof of the other three will be left to the reader.
Log Integrable Compactness follows just since f is of global type.

Fix z € X and y,z € J, with p(y,2) < 2n, = 2. Let 71 : [0,1] — M be a
length-minimizing geodesic from f,(y) to f.(z). Let ¢t be the largest number such
that there exists a path ¢; : [0,¢] — M such that f, o d; = ;. Then

(o) < $e<m|[o,ﬂ> < ,yiem - %pux(y), fo(2)) < $2L’§ <ole—p<n,

T x x

which implies that 0,(t) € B(J;, k). If t < 1, then this implies that J; can be
extended, so ¢t = 1. Let w = §;(1), and note that

oy, w) < 0(8)) < %p(fz(y), £:(2)).

On the other hand, f,(w) = v1(1) = f.(2). To complete the proof we need to show
that w = z. Let ds : [0, 1] — M be a length-minimizing geodesic from y to z. Then
p(y,09(t)) < 26 < k for all t € [0,1], so 72 := fr 009 : [0,1] — M is well-defined.
Furthermore
U(y2) < L'(62) <2L'E = 3;
on the other hand
Un) = p(faly), fu(2)) < 20°E = 3.
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Thus, v, and 7, are both paths from f,(y) to f.(z) of lengths less than or equal
to (. On the other hand, f.(y) € M \ B(OM, k) by (a); thus the exponential map
exp, is injective on B(0, 3). Thus 7, and 7, can be pulled back to B(0, 3), a simply
connected space. Thus v; and 7, are homotopic in B(f.(y), ). The homotopy
can be pulled back via f, and thus d; and d, are homotopic. In particular their
endpoints must be equal, so w = z. 0

For each (z,y) € J and n € N, let f 7 : B(f}(y),
continuous inverse branch of f' such that f"(f7(y)
need the following lemma:

§) — B(y,£&) be the unique
) = y. In the sequel we will

Lemma 6.2. There exists a measurable function Q : X — [0, +o0o] which is finite
m-a.e. such that

(6.1)

B (y,e” @@ |(f2) ()| 7r) € foy (B(f2(y),)) © B (y, €@ [(f7) ()| ') -
for everyn € N, for m-a.e. v € X, for every y € J, and for every r € (0,&].
Proof. Define ¢ : 7 — R by

¢(x,y) = —log|fr(y)]-
Since ¢ € H*(J,) by assumption, there exists a log-integrable function H : X — R
such that ¢ € H*(J,, H). Following [9] we define the function @ : X — [0, +0o0]
by
(6.2) Qe = Z(Heﬂ‘(z)) ('Yg»fj(m))_ .
j=1
By Lemma 2.3 of [9], @ is finite m-a.e. and

1Sné(, fri(wi)) — Snd(@, fr(w2))] < Qona) (plwr, w2))”

for all n € N, for m-ae. x € X, for every y € 7., and for every wy,wy €
B(f™y),&). In particular, for every w € B(f¥(y),&) we have

S0 (2, foy (W) = Snd(,y)| < Qor(2)&"

i.e.

(6.3) e~ Qon@t" =

1
o - = IFe [BL0)

Now fix x € X satisfying (6.3) for every n € N, y € 7., and w € B(f!'(y),§).
Fixn e Ny € J,, and r € (0,5]. Now the second inclusion of follows
directly from the second inequality of and the mean value inequality. The
first inclusion of is more subtle.

()] < s
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Suppose that z € B (y, e 9@ |(f7)(y)|™'r). Let & : [0,1] — M be a length-
minimizing geodesic from y to z.

Claim 6.3. §(t) € f,(B(f1(y),&)) for all t € (0,1).

Proof. Suppose not; let t; € (0,1) be the smallest value where the claim fails.
Then

(6.4) 12 (6(t)) € OB(f;(y),€)-

On the other hand, for all ¢ € [0,%), we have §(t) = f7(f(6(t))); letting w =
fr(6(t)), the first inequality of (6.3) can be rearranged to show that

(6.5) [(£2) (6(0))] < @@ (£2) ()

Now by the mean value inequality we have

p(f2 (), [1(8(t))) < e“r@ (1) (y)|p(y, 6(to))
< Q@ (Y (y)lply, z) < v <&,

which contradicts (6.4)). <
Thus, (6.5 holds for all ¢ € (0,1). Applying the mean value inequality yields
that z € f,7 (B(f;(y),7)), proving the first inclusion of (6.1)). O

If 4 € ML (f), then we call the number

Yulf) = /J log | £1(2)] du(z, 2) > /X log 7 dm > 0

the Lyapunov exponent of the invariant measure p with respect to the conformal
map f. For each x € X, the map f, : J, — Jo(») is Lipschitz and expanding, and
S0 since g(z) = iz © f5 ', we have that HD(p(,)) = HD(p;). So, by the ergodicity
of m, the function X > z — HD(u,) is constant m-a.e. We denote this common
number FD(u) and call it the fiberwise Hausdorff dimension of the measure p.
The first main result of this section is the following:

Theorem 6.4. If f : J — J s a random conformal expanding map and if
pwe ML (f) is ergodic then

FD(y) = lim inf (28#(B:(:1) _ 1 (/10)

r=0 logr Xu(f)
for m-a.e. x € X and for p,-a.e. y € J,.

We will prove the second equality first, as two directions, which will be separated
as lemmas.
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Lemma 6.5 (< direction). With the hypotheses of Theorem above,

lim inf log 2 (B:(y, 7)) < h.(f10)
T logr Xu(f)
for m-a.e. v € X and for p,-a.e. y € J,.

Proof. By Proposition [.1] there exists a partition a accessible for the map f : J —
J.

Claim 6.6.
(6.6) ay (y) € foy (Bon()(f3 (), €))
for all (x,y) € J and for all integers n > 0.

Proof. Fix z € al(y). Then for all j = 0,...,n, we have fI(z) € agiu)(fi(y));
since diam(ayg,(,)) < &, we have

f1(2) € B (f1(y), €)-
Let w = f ' (f7(2)); then
fi( )6397 (.f]()g) ‘:Ow"ana
and thus p(f7(z), fi(w)) < 2¢ for all f = 0,...,n. Thus by the Measurably

Expanding condition

I (2) = T (w) = fi(2) = fl(w)

for all j =0,...,n — 1. Tterating gives z = w, so z € f_ M Bon()(f1(y),))- q
On the other hand, by Lemma [6.2] we have
(6.7) o (Bonga) (f2(y),€)) € Ba (y, €9 @S| (£2) ()| 7'€)

where @ : X — [0, +00] is the (m-a.e. finite) function defined by (6.2)). Now,
by Birkhoft’s Ergodic Theorem and by the ergodicity of the dynamical system

(0 : X — X,m), there exists a constant A € (0, 400) such that for m-a.e. z € X
there exists an unbounded increasing sequence (ny(x))3° such that

(6.8) Qo (2) (r) < A

for all integers £ > 1. Also, by Birkhoff’s Ergodic Theorem and by the ergodicity
of the dynamical system (f : J — J,pu), there exists a measurable set X C X
such that m(X ) =1, and such that for all z € X there exists a Borel set jgg C Js

with ,ux(jx) = 1 such that for every € > 0, every x € X, and every y € T, there
exists N(z,y) > 1 such that

(f2) ()] = e € exp ((x,u(f) — €)n)
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for all n > N(z,y). Inserting this into (6.7) and using (6.8), formula yields
@ (y) € By (y,exp (= (xu(f) — )ni(x)))

forallz € X, forally € J,, and for all k > 1 large enough so that ng(z) > N(x,y).
Thus, putting

re(x) = exp (=(xu(f) — e)ni(x)) ,
we get

log 12 (Bu(y, () _ log pa(0z™ ™ (y)) _  log pa(a* ™ (9))
log 7y, () N log ry,() (Xu(f) = €)n()
Applying Corollary we have the following:

log :ux(Bw(yar)) f IOg ;uw(Bz(yvrk(x)))

lim inf < limin
r—0 log r k—o00 log ri(x)
—1 1
< lim log ftz () (y
) — ¢ ke gy OB H )
ERON
Xu(f) -

So, letting £ \, 0, we get that

o i 108 Ha(Ba(y: ) < h, (f10)
r—0 log r Xu(f)

for all # € X and for all Yy € J.. The proof is complete. 0

Now, we shall prove the other inequality, i.e.

Lemma 6.7 (> direction). With the hypotheses of Theorem[6.4] above,

lim inf log 2 (B:(y, 7)) > h.(f10)
o e xu(f)
for m-a.e. v € X and for p,-a.e. y € Jy.

Proof. Let @ : X — [0, +00] be the (m-a.e. finite) function defined by (6.2). By
Birkhoft’s Ergodic Theorem and by the ergodicity of m, there exists a constant
A € (0,+00) and a measurable set X, C X such that m(X,) = 1, and such that
for all z € Xy, if (ng(z))5° is the increasing sequence consisting of all n > 0 such
that Qpny) < A, then

i (@) — (@)
k—o0 N (]3)

=0.
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Consequently, for all x € Xy and for all € > 0 there exists k.(x) > 1 such that if
k > k.(z), then

(6.9) M (2) = ne(@)

Applying Corollary 9.1.9 of [I0] (in the printed version) with v = p o 7y and
r =¢&/(2L) yields the existence of a finite partition P = { Py, P»,..., Py} of Y into
Borel sets such that

~

diam(P) < %, v(0P) =0,

and such that for some constant C' > 0, we have
v(0,P) < Ca Ya >0,

where
p
0.P = (JB(P;a).
j=lij
Then

a=my'(P)Vry'(ex)ls

is an accessible partition.

Claim 6.8. For every e > 0 there exists a measurable set X! C Xy with m(X]}) =
1, such that for every x € X! there exists a measurable set jx{g C J. with
[ (jxlﬁ) = 1 such that for every y € ‘7;75, there exists an integer nél)(a:,y) >

Nk () () such that for every n > ngl)(x, ),

(6.10) Bon(ay (f3 (1), €7™) S aon@) (f7(y))-

Proof. By the fiberwise invariance of u, we have for all (z,y) € J

> 1o £y (Oementtpn(n)) = D g (@) (Deenpn(a)),
n=0 n=0
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and hence

/(Zux " (Dg-en Qg 4 )))> = X“"" }(Oe-engn(z)) dm(z)
:Z/X:um e—en Oy dm( )

8

n=0
Thus, there exists a measurable set X! C X, with m(X!) = 1 such that

Z,ux 6 snagn(x))) < 400 Vz € Xal

Thus by the Borel-Cantelli lemma, for every = € X! there exists a measurable set
jxl,s C J, with p, (jxlyg) =1, such that for every y € jl there exists ngl)(:c, y) >
Nk, () () such that y & f"(0c-<nagn(y)) for all n > n' )(2,y). Equivalently,
1.( ) ¢ ae—anagn(x).
This means that there exists j € {1,2,...,p} such that f'(y) & U,; B(F;,e™").
On the other hand, we have f7(y) € agn(z)(f2(y)) = Ps for some s € {1,2,...,p}.
We must have j = s, and so f(y) € P; \U#s (P;, e~c™). Therefore,
Bon(a) (f7(y),€7") € Ps = agn@) (£ (),
implying that (6.10]) holds. <
Let
Xy = ﬂ X! ()07 ({x € X : pe(0az) = 0}),
=0

and for each z € X 1, let
«/7;,1 = m jxl,l/k \ U [ 00gi )
k=1 Jj=0

Then m(X;) = 1, and ux(jm) =1 for all z € X.

As in the previous lemma, by Birkhoff’s Ergodic Theorem and by the ergodicity
of the dynamlcal system (f : J — J, u) there exists a measurable set X2 C X1
with m(XQ) = 1 such that for all z € XQ there exists a measurable set jx 2 C Jx 1
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such that p, <j;2> = 1 and such that for every y € j;g and for every € > 0, there

exists n (x,y) > ngl)(x, y) such that

(6.11) |(f2) ()] < e exp (xu(f) + £)n)

for all n > n® (z,y). Now fix z € X, and y € :7;’2. Since y ¢ f,7(Dagi(y)) for all
j € N, there exists K > 1 (depending on z, y, and ¢) large enough so that that
K~'¢ <1 and so that

(6.12) f2(B: (y, K '€exp (—(xu(f) + (2 +log L)e)n® (x,y)))) S oo (1))
forall 0 < g < ngz)(x,y). Now for each n € N let

sn(€) := K€ exp (—(xu(f) + (2 +log L)e)n) .
Fix an arbitrary n > n§2)(:c, y). By (6.12)), we have that
(6.13) fH(Bz (y,8n(€))) S pa(a) (f1(y))
forall 0 < g < ng)(x,y).
Claim 6.9. (6.13|) also holds for q such that nt? (x,y) < q<n.
Proof. Fix such a g. Since ¢ > ny_¢,)(x), there exists a unique k > k.(z) such that
(6.14) ne(x) < q < ngga(x).
Put

T () 1= K7€ exp (=, (f)(n — ni())) exp (e(ny(z) — (2 + log L)n)) .
Then by we get
e (@) (FOY ()] 2 sale)

and combining with Lemma [6.2| gives

£ @ ( By oy (S0 (), 7 (1)) ) 2

Rearranging, we see that

f;lk(w) (Bz (y, Sn(g))) - Benk(x)(x) (f;’bk(ﬂﬂ) (y)7 Tkm(x)) :



Now, by and (6.14) we have ¢ — ng(z) < eng(z). We therefore obtain

F4(Be(y:5a(e))) =
= fa ) () (B, (y, 5u(2)))

The last inclusion was written due to ((6.10)).
Thus, (6.13)) holds for all 0 < ¢ < n. It follows that
(6.15) Bz (y, 5n(€)) € i (y)

for all x € )/(\'2, for all y € :7;,2, and for all n > n§2)(ac,y).
Now fix z € X5 and y € J, 2. Since the sequence (s,(€))7° is geometric, we have

log fa (Buly. 7)) _ - Tog (Bl 5a(2))

lim inf =

r—0 logr n—oco log s,,(¢)

On the other hand, by (6.15) we have

n—o9 log s,(¢) n—co logsy(e)
1 n

n—oo —(xu(f)+ (3+logL)e)n

Finally, Corollary [4.3] yields

log . (a

i 108 Ha (% (y))
n—oo —n

and combining everything gives

r—0 log r Xu(f)+ (3+1ogL)e

=h,(f|0) for p-a.c. (z,y) €T

for p-a.e. (x,y)

eJ.

25
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Now letting € \, 0 gives

lim it 208 He (B (Y1) hu(f10)
r—0 logr Xu(f)
The proof of Lemma [6.7] is complete. O

Combining Lemmas [6.5| and [6.7] together with Theorem 8.6.5 of [10] (printed ver-
sion) proves Theorem [6.4]

We now want to address and fully answer the question of which invariant measures
are of full Hausdorff dimension. Specifically, for each ¢ € R consider the Holder
continuous potential

J 3 (x,y) — ¢u(z,y) = —tlog | fr(y)]-

Let p; be its unique relative Gibbs/equilibrium state. It was proven in [9] that
there exists a unique h € R such that EP(h) = 0. The proof of Theorem 5.2
(Bowen’s Formula) in [9] gives that

(6.16) FD(up) = h =HD(J,) > 0 for m-a.e. z € X.

Our second main theorem in this section is the following:

Theorem 6.10. If f : J — J is a random conformal expanding map, then py,, the
unique relative Gibbs/equilibrium state for the potential ¢p(x,y) := —hlog|fi(y)l,
is the unique ergodic measure [ € /\/lime(j) such that

(6.17) FD(u) = h(= HD(J,)) for m-a.e. z € X.

Proof. Obviously, formula (6.16]) shows that uy, satisfies (6.17)). For the uniqueness,
suppose that p satisfies (6.17)), i.e. FD(u) = h. Then by Theorem we have that

h,(f10) = hx.(f), or equivalently, that h,(f]6) + [ ¢»du = 0. Since EP(h) = 0,
by Theorem this means that p is an equilibrium state for the potential ¢;. But
since py, is such a state, a different assertion of Theorem yields p = pp. The
proof is complete. 0
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