Abstract

In this manuscript we introduce measurable expanding random systems, develop
the thermodynamical formalism and establish, in particular, exponential decay of
correlations and analyticity of the expected pressure although the spectral gap prop-
erty does not hold. This theory is then used to investigate fractal properties of con-
formal random systems. We prove a Bowen’s formula and develop the multifractal
formalism of the Gibbs states. Depending on the behavior of the Birkhoff sums of
the pressure function we get a natural classifications of the systems into two classes:
quasi-deterministic systems which share many properties of deterministic ones and
essential random systems which are rather generic and never bilipschitz equivalent
to deterministic systems. We show in the essential case that the Hausdorff mea-
sure vanishes which refutes a conjecture of Bogenschiitz and Ochs. We finally give
applications of our results to various specific conformal random systems and posi-
tively answer a question of Briick and Biiger concerning the Hausdorff dimension

of random Julia sets.
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Chapter 1
Introduction

In this monograph we develop the thermodynamical formalism for measurable ex-
panding random mappings. This theory is then applied in the context of conformal
expanding random mappings where we deal with the fractal geometry of fibers.

Distance expanding maps have been introduced for the first time in Ruelle’s
monograph [25]. A systematic account of the dynamics of such maps, including the
thermodynamical formalism and the multifractal analysis, can be found in [24]. One
of the main features of this class of maps is that their definition does not require any
differentiability or smoothness condition. Distance expanding maps comprise sym-
bol systems and expanding maps of smooth manifolds but go far beyond. This is
also a characteristic feature of our approach.

We first define measurable expanding random maps. The randomness is mod-
eled by an invertible ergodic transformation 6 of a probability space (X, %,m). We
investigate the dynamics of compositions

Txn = TB""(x) 0...OTX , n Z 1,

where the Ty : _#x — _Zg(x) (x € X) is a distance expanding mapping. These maps
are only supposed to be measurably expanding in the sense that their expanding
constant is measurable and a.e. % > 1 or [log ¥, dm(x) > 0.

In so general setting we build the thermodynamical formalism for arbitrary
Holder continuous potentials ¢,. We show, in particular, the existence, uniqueness
and ergodicity of a family of Gibbs measures {Vy}cx. Following ideas of Kifer
[17], these measures are first produced in a pointwise manner and then we carefully
check their measurability. Often in the literature all fibres are contained in one and
the same compact metric space and symbolic dynamics plays a prominet role. Our
approach does not require the fibres to be contained in one metric space neither we
need any Markov partitions or, even auxiliary, symbol dynamics.

Our results contain those in [5] and in [17] (see also the expository article [20]).
Throughout the entire monograph where it is possible we avoid, in hypotheses, ab-
solute constants. Our feeling is that in the context of random systems all (or at least
as many as possible) absolute constants appearing in deterministic systems should
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become measurable functions. With this respect the thermodynamical formalism
developed in here represents also, up to our knowledge, new achievements in the
theory of random symbol dynamics or smooth expanding random maps acting on
Riemannian manifolds.

Unlike recent trends aiming to employ the method of Hilbert metric (as for exam-
ple in [12], [19], [27], [26]) our approach to the thermodynamical formalism stems
primarily from the classical method presented by Bowen in [7] and undertaken by
Kifer [17]. Developing it in the context of random dynamical systems we demon-
strate that it works well and does not lead to too complicated (at least to our taste)
technicalities. The measurability issue mentioned above results from convergence
of the Perron-Frobenius operators. We show that this convergence is exponential,
which implies exponential decay of correlations. These results precede investiga-
tions of a pressure function x — P,(¢) which satisfies the property

Vo() (Tx(4)) :eP*“")/e“"xdvx
A

where A is any measurable set such that Ty|4 is injective. The integral, against the
measure m on the base X, of this function is a central parameter &P(¢) of ran-
dom systems called the expected pressure. If the potential ¢ depends analytically
on parameters, we show that the expected pressure also behaves real analytically.
We would like to mention that, contrary to the deterministic case, the spectral gap
methods do not work in the random setting. Our proof utilizes the concept of com-
plex cones introduced by Rugh in [26], and this is the only place, where we use the
projective metric.

We then apply the above results mainly to investigate fractal properties of fibers
of conformal random systems. They include Hausdorff dimension, Hausdorff and
packing measures, as well as multifractal analysis. First, we establish a version of
Bowen’s formula (obtained in a somewhat different context in [6]) showing that the
Hausdorft dimension of almost every fiber _#, is equal to /, the only zero of the
expected pressure &P(¢;), where ¢, = —tlog|f’| and 1 € R. Then we analyze the
behavior of h—dimensional Hausdorff and packing measures. It turned out that the
random dynamical systems split into two categories. Systems from the first cate-
gory, rather exceptional, behave like deterministic systems. We call them, therefore,
quasi-deterministic. For them the Hausdorff and packing measures are finite and
positive. Other systems, called essentially random, are rather generic. For them the
h—dimensional Hausdorff measure vanishes while the s-packing measure is infinite.
This, in particular, refutes the conjecture stated by Bogenschiitz and Ochs in [6] that
the A—dimensional Hausdorff measure of fibers is always positive and finite. In fact,
the distinction between the quasi-deterministic and the essentially random systems
is determined by the behavior of the Birkhoff sums

PY(@) = Pgn1() (@) + ... + P(@)

of the pressure function for potential @, = —hlog|f’|. If these sums stay bounded
then we are in the quasi-deterministic case. On the other hand, if these sums are nei-
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ther bounded below nor above, the system is called essentially random. The behavior
of P!, being random variables defined on X, the base map for our skew product map,
is often governed by stochastic theorems such as the law of the iterated logarithm
whenever it holds. This is the case for our primary examples, namely conformal DG-
systems and classical conformal random systems. We are then in position to state
that the quasi-deterministic systems correspond to rather exceptional case where the
asymptotic variance 6> = 0. Otherwise the system is essential.

The fact that Hausdorff measures in the Hausdorff dimension vanish has fur-
ther striking geometric consequences. Namely, almost all fibers of an essential con-
formal random system are not bi-Lipschitz equivalent to any fiber of any quasi-
deterministic or deterministic conformal expanding system. In consequence almost
every fiber of an essentially random system is not a geometric circle nor even a
piecewise analytic curve. We then show that these results do hold for many ex-
plicit random dynamical systems, such as conformal DG-systems, classical confor-
mal random systems, and, perhaps most importantly, Briick and Biiger polynomial
systems. As a consequence of the techniques we have developed, we positively an-
swer the question of Briick and Biiger (see [9] and Question 5.4 in [8]) of whether
the Hausdorff dimension of almost all naturally defined random Julia set is strictly
larger than 1. We also show that in this same setting the Hausdorff dimension of
almost all Julia sets is strictly less than 2.

Concerning the multifractal spectrum of Gibbs measures on fibers, we show that
the multifractal formalism is valid, i.e. the multifractal spectrum is Legendre con-
jugated to a temperature function. As usual, the temperature function is implicitly
given in terms of the expected pressure. Here, the most important, although perhaps
not most strikingly visible, issue is to make sure that there exists a set X,,,, of full
measure in the base such that the multifractal formalism works for all x € X,,,,.

If the system is in addition uniformly expanding then we provide real analyticity
of the pressure function. This part is based on work by Rugh [27] and it is the only
place where we work with the Hilbert metric. As a consequence and via Legendre
transformation we obtain real analyticity of the multifractal spectrum.

Random transformations have already a long history and the present manuscript
does, by no means, cover all its topics. Some of them can be found in Arnold’s book
[1] and in Kifer and Liu’s chapter in [20]. Let us however mention some interesting
results. Denote by .2, (T) the set of T-invariant measures from .Z}( 7). Let u €
M}(T). The fiber entropy hy, (T) of p is given as follows. If 2 = {R".,R?,...,R"}
is a finite partition of _#, then by %, we denote the partition of ¢ given by sets
RE:=RFN 7., k=1,...,n. Then

' 1 n—1

hy (T) = sup lim ;Hux( V %ew)-
z i=0

In fairly general random setting one can prove that this limit m-almost surely exists

(see e.g. [4]). Moreover, there is a following relation between the fibre entropy and

the topological pressure called Variational Principle (see e.g. [4], [14], [2])
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EP(@) := sup (/(pdu +hL(T))
ne(T)

It is also worth noting that in many cases the entropy and averaged positive Lya-
punov exponents can satisfy so called Margulis-Ruelle inequality (see e.g. [3]) or
Pesin formula (see e.g. [21]). We also refer the reader to [22].

We would like to thank Yuri I. Kifer for his remarks which improved the final
version of this monograph.



Chapter 2
Expanding Random Maps

For the convenience of the reader, we first give some introductory examples. In
the remaining part of this chapter we present the general framework of expanding
random maps.

2.1 Introductory examples

Before giving the formal definitions of expanding random maps, let us now consider
some typical examples.

The first one is a known random version of the Sierpiniski gasket (see for example
[15]). Let A = A(A,B,C) be a triangle with vertexes A, B,C and choose a € (A, B),
b e (B,C)and c € (C,A). Then we can associate to x = (a,b,c) a map

fr:A(A,a,c)UA(a,B,b)UA(b,C,a) — A

such that the restriction of f; to each one of the three subtriangles is a affine map
onto A. The map f; is nothing else than the generator of a deterministic Sierpiiski
gasket. Note that this map can be made continuous by identifying the vertices
A,B,C.

Now, suppose x; = (ar,b1,¢1),x2 = (az,b2,¢2),... are chosen randomly which,
for example, may mean that they form sequences of three dimensional independent
and identically distributed (i.i.d.) random variables. Then they generate compact sets

/xlﬁxz,)@,... = ﬂ (fxn O... Ofxl )71 (A)

n>1

called random Sierpiriski gaskets having the invariance property fx_ll( ) =
Hx1.x.x3,... For alittle bit simpler example of random Cantor sets we refer the reader
to Section 5.3. In that example we provide a more detailed analysis of such random
sets.
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Fig. 2.1 Two different generators of Sierpinski gaskets.

Such examples admit far going generalizations. First of all, we will consider
much more general random choices than i.i.d. ones. We model randomness by taking
a probability space (X, %8, m) along with an invariant ergodic transformation 6 :
X — X. This point of view was up to our knowledge introduced by the Bremen
group (see [1]).

Fig. 2.2 A generator of degree 6.

Another point is that the maps f, that generate the random Sierpinski gasket have
degree 3. In the sequel of this manuscript, we will allow the degree d, of all maps
to be different (see Figure 2.2) and only require that the function x — log(d,) is
measurable.

Finally, the above examples are all expanding with an expanding constant

R>y>1.

As already explained in the introduction, the present monograph concerns random
maps for which the expanding constants ¥, can be arbitrarily close to one. Further-
more, using an inducing procedure, we will even weaken this to the maps that are
only expanding in the mean (see Chapter 7).

The example of random Sierpifiski gasket is not conformal. Random iterations
of rational functions or of holomorphic repellers are typical examples of conformal
random dynamical systems. Random iterations of the quadratic family f.(z) = z> +c
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have been considered, for example, by Briick and Biiger among others (see [8] and
[9]). In this case, one chooses randomly a sequence of bounded parameters ¢ =
(c1,c¢2,...) and considers the dynamics of the family

Fcl,.“,cn :fcnofcnl o.,.ofcl , n>1.

This leads to the dynamical invariant sets
He={z2€C; F. . c,(2) Ao} and _Z.=0dH, .

The set 7 is the filled in Julia set and _Z. the Julia set associated to the sequence
C.

The simplest case is certainly the one when we consider just two polynomials
7+ 722+ A1 and z — 7% + A, and we build a random sequence out of them. Julia
sets that come out of such a choice are presented in Figure 2.3. Such random Julia
sets are different objects as compared to the Julia sets for deterministic iteration of
quadratic polynomials. But not only the pictures are different and intriguing, we
will see in Chapter 5 that also generically the fractal properties of such Julia sets
are fairly different as compared with the deterministic case even if the dynamics are
uniformly expanding. In Chapter 8 we present a more general class of examples and
we explain their dynamical and fractal features.

Fig. 2.3 Some quadratic random Julia sets
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2.2 Preliminaries

Suppose (X, 2, m, 0) is a measure preserving dynamical system with invertible and
ergodic map 0 : X — X which is referred to as the base map. Assume further that
(_ZxPx), x € X, are compact metric spaces normalized in size by diam,, (%) < 1.

Let
J=J{xx 2. 2.1)

We will denote by By(z,r) the ball in the space (_#,,px) centered at z € _#, and
with radius r. Frequently, for ease of notation, we will write B(y,r) for B(z,7),
where y = (x,z). Let

B:/xﬁfe(x) ,XGX,

be continuous mappings and let 7 : _# — _# be the associated skew-product de-
fined by
T(x,2) = (6(x), Tx())- (2.2)

For every n > 0 we denote T} := Tgn-1(y 0.0 T : Fx— Fon(x)- With this notation
one has T"(x,y) = (6" (x), T} (y)). We will frequently use the notation

x,=0"(x) , neZ.

If it does not lead to misunderstanding we will identify _#, and {x} x £#,.

2.3 Expanding Random Maps

AmapT: _# — ¢ iscalled a expanding random map if the mappings Ty : #, —
70 (x) are continuous, open, and surjective, and if there exist a function 17 : X — R,
X+ 1y, and a real number & > 0 such that following conditions hold.

Uniform Openness. T,(By(z,1x)) D Bo(y) (Tx(2), &) for every (x,z) € 7.

Measurably Expanding. There exists a measurable function y: X — (1,400), x = %
such that, for m-a.e. x € X,

pe(x)(E(ZI),’Ec(ZZ)) > %pPx(21,22) whenever p(z1,22) <My, 21,22 € /x .

Measurability of the Degree. The map x +— deg(Tx) := supyc 4, " #T.'({y}) is mea-
surable.

Topological Exactness. There exists a measurable function x — ng (x) such that

7}”5 w (BX(Z7 g)) = jené (x) ®) forevery z € /X andae. xe€X. 23)
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Note that the measurably expanding condition implies that 7| B(zn,) 18 injective
for every (x,z) € #. Together with the compactness of the spaces _Z it yields the
numbers deg(7) to be finite. Therefore the supremum in the condition of measura-
bility of the degree is in fact a maximum.

In this work we consider two other classes of random maps. The first one con-
sists of the uniform expanding maps defined below. These are expanding random
maps with uniform control of measurable “constants”. The other class we consider
is composed of maps that are only expanding in the mean. These maps are defined
like the expanding random maps above excepted that the uniform openness and the
measurable expanding conditions are replaced by the following weaker conditions
(see Chapter 7 for detailed definition).

1. All local inverse branches do exist.
2. The function 7y in the measurable expanding condition is allowed to have values
in (0,00) but subjects only the condition

/logyxdm>0.
X

We employ an inducing procedure to expanding in the mean random maps in order
to reduce then to the case of random expanding maps. This is the content of Chapter
7 and the conclusion is that all the results of the present work valid for expanding
random maps do also hold for expanding in the mean random maps.

2.4 Uniformly Expanding Random Maps

Most of this paper and, in particular, the whole thermodynamical formalism is de-
voted to measurable expanding systems. The study of fractal and geometric prop-
erties (which starts with Chapter 5), somewhat against our general philosophy, but
with agreement with the existing tradition (see for example [5], [17] and [12]), we
will work mostly with uniform and conformal systems (the later are introduced in
Chapter 5).

A expanding randommap T : _¢ — _Z is called uniformly expanding it

- Yo=infrex > 1,
- deg(T) 1= sup,cy deg(Ty) < o,
- Mgy = SUPex e (X) < oo

2.5 Remarks on Expanding Random Mappings

The conditions of uniform openness and measurably expanding imply that, for every
y = (x,z) € _Z there exists a unique continuous inverse branch
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Tyil Be(x)(T(y)ag) — Bx(y7 nx)

of T, sending Ty(z) to z. By the measurably expanding property we have

p(T, " (21), T, (22) < 7 'pla1,z2) for 21,22 € Bop (T(),6)  (24)

and
T, (Bo (T(3),€)) C Be(y, % &) C Bu(1,€).

Hence, for every n > 0, the composition
T,"=T, "o TT_&) o..oT !, o) Bon (T"(9), &) = B.(y,&) (2.5)
is well-defined and has the following properties:

T, : Bu(y (T" (), &) — By(y,€)

is continuous,
T"oT" = Id|39n(x)(T"()’>7§)’ LT (2) =2

and, for every z1,25 € Bgn(y) (T"(y),&).

p(T, " (z1), T, " (2)) < (%) 'p(a1,22), (2.6)

where ¥ = %Yp(x) - - Yor-1(x)- Moreover,

Y;c_n(BG”(x)(Tn(y)a é)) - Bx(ya (%{1)_16) C Bx(yvé)' 2.7)

Lemma 2.1 For every r > 0, there exists a measurable function x — n,(x) such that
a.e.

T Buler) = Foniag  forevery 2€ F. @9

Moreover, there exists a measurable function j: X — N such that a.e. we have

L8 (B ) (26)) = Fx forevery ze fi . (2.9)

Proof. In order to prove the first statement, consider J > 1 and let F be the set of
x € X such that %, > . If % is sufficiently close to 1, then m(F) > 0. In the following
section such a set will be called essential. In that section we also associate to such an
essential set a set X', . (see (2.10)). Then for x € X', ;, the limit lim,, e (7)1 = 0.
Define

Xipp={xeXp: () 1E<r).

Then X px C Xy k41 and Upen X7k = X', By measurability of x — ¥, X, p is
a measurable set. Hence the function

X\ p 2 x0n(x) == min{k : x € Xy gz} +ng (x)
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is finite and measurable. By (2.7) and (2.3),

T (By(2,7)) = Fgnrto

In order to prove the existence of a measurable function j : X — N define mea-
surable sets

Xeni={x€X ing(x) <n}, Xg = 0"(Xg,) and X; = U X,
neN

Then the map
Xe3x j(x):=min{neN:xe Xz}

satisfies (2.9) for x € Xé. Since m(0" (X ,)) = m(Xg ,) /* 1 as n tends to oo we have
m(Xé) =1.
O

2.6 Visiting sequences

Let F € . be a set with a positive measure. Define the sets
Vir(x):={neN:0"(x) e F} and V_p(x):={neN:07"(x)€F}.

The set V,p(x) is called visiting sequence (of F at x). Then the set V_g(x) is just a
visiting sequence for 8! and we also call it backward visiting sequence. By n;(x)
we denote the jth-visit in F at x. Since m(F) > 0, by Birkhoff’s Ergodic Theorem
we have that

m(X\p) =m(X'p) =1
where
X\ pi= {x € X : Vi (x) is infinite and lim Ll(x) = 1} (2.10)
j=e nj(x)
and X' - is defined analogously. The sets X/, ;. and X’ ; are respectively called for-
ward and backward visiting for F.

Let ¥ (x,n) be a formula which depends on x € X and n € N. We say that ¥ (x,n)
holds in a visiting way, if there exists F with m(F) > 0 such that, for m-a.e. x € XJ’rF
and all j € N, the formula ¥(6"/ (x),n;(x)) holds, where (1;(x))7_, is the visiting
sequence of F at x. We also say that ¥ (x,n) holds in a exhaustively visiting way,
if there exists a family F; € # with limy_,.om(F}) = 1 such that, for all k, m-a.e.
x € X\, andall j € N, the formula (6" (x),n;(x)) holds, where (1(x))7_, is the
visiting sequence of Fj at x.

Now, let f,, : X — R be a sequence of measurable functions. We write that

s-limf, = f
n—soo
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if that there exists a family F; € % with limy_,.,m(F,) = 1 such that, for all k and
m-a.e. x € X/+Fk and all j €N,

lim f,(x) = f(x)
Jjoyeo
where ()7 is the visiting sequence of F at x.
Suppose that g1, ...,gx : X — R is a finite collection of measurable functions and
let by,...,b, be a collection of real numbers. Consider the set

k
Fi={)g ' ((—o0,bi).
i=1

If m(F) > 0, then F is called essential for gi,...,g; with constants by,...,b, (or
just essential, if we do not want explicitly specify functions and numbers). Note
that by measurability of the functions g1, ..., gk, for every € > 0 we can always find
finite numbers by,...,b, such that the essential set F for gi,...,g; with constants
bi,...,b, has the measure m(F) > 1 —¢.

2.7 Spaces of Continuous and Holder Functions

We denote by €’ (_#) the space of continuous functions g, : _#y — R and by €(_#)
the space of functions g: _# — R such that, fora.e. x €X, x> gr 1= 5, € € (_7s).
The set ¢'(_#) contains the subspaces ¢°(_#) of functions for which the function
X+ ||gx|| is measurable, and ¢’'(_#) for which the integral

el = [ llgsllodm(x) <=

Now, fix a € (0,1]. By s#%(_#,) we denote the space of Holder continuous
functions on _#, with an exponent ¢. This means that ¢, € J€%(_#,) if and only if
¢Ox € €(_7x) and v(@,) < o where

va(@y) :=inf{H, : |9(z1) — @(22)| < Hpy (21, 22)}- 2.11)

where the infimum is taken over all z,z> € _#, with p(z1,22) < 1.

A function ¢ € €'(_¥) is called Holder continuous with an exponent & pro-
vided that there exists a measurable function H : X — [1,+e0), x — H,, such that
logH € L'(m) and such that v (@,) < H, for a.e. x € X. We denote the space of all
Hélder functions with fixed o and H by #°*(_¢ ,H) and the space of all a—Hdélder
functions by (7 ) = Uy> % 7, H).
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2.8 Transfer operator

For every functiong: ¢ — Candae. x € X let
n—1 .
Sngx =Y gxoT/, (2.12)
j=0

and, if g: X — C, then S,g = ):']’.;(l)go 6/. Let ¢ be a function in the Holder
space J¢%(_¢ ). For every x € X, we consider the transfer operator £, = Ly :
€ (x) = €( Zo(x) given by the formula

Zigx(w) = Y, &0, we Fop. (2.13)
Ti(z)=w

It is obviously a positive linear operator and it is bounded with the norm bounded
above by
[ Zlleo < deg(Ts) exp(]|@]|oo)- (2.14)

This family of operators gives rise to the global operator . : €'(_# ) — € (J) defined
as follows:

(L), (W) = Ly-11)86-1(x) (W)
For every n > 1 and a.e. x € X, we denote

chn = fgn—l(ﬂ O... O.,%( : (g(/x) — Cg(fgn(x))

Note that
Lrew) =Y g2 we Fouy, (2.15)

€T (w)

where S, ¢(z) has been defined in (2.12). The dual operator -Z;" maps C*(_Zpy))
into C*(_7y).

2.9 Distortion Properties

Lemma 2.2 Let o € %(_7 H), letn>1andlety= (x,z) € ¢. Then
n—1 .
S204(T5 " 001)) = ST " (02))| < P w2) T Hs ()
=0

for all wi,ws € B(T!(z),§).

Proof. We have by (2.6) and Holder continuity of ¢ that
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[S2:(T7" (1)) = Su (7" (w2))| < ) (T (17" (w1))) — u( T (7" (w2)))]

j=0

v ) (n-1)

_ xT n ) —vn—

L [t 7 on) = r 0 o)

n—1

~(n—j) ~(n—j)

: j:opa(Tnfm T Ty T ) o

hence [ S, @u(T " (W1)) = Su@(T, " (w2))| < p*(w1,w2) ¥i—g Hoi x (Jﬁ 0
Set
Q. :=0.(H ZH(, i) (Ygig) ™ ®, (2.16)

Lemma 2.3 The function x — Qy is measurable and m-a.e. finite. Moreover, for

every ¢ € % 7 ,H),
1Sn@x (T, (W1)) = Sn (T, " (w2))| < Qe"(x)Pa(W17W2)

foralln>1, ae x€X, every z € gy and wi,wy € B(T"(z),§) and where again
y=(x2).

Proof. The measurability of O, follows directly form (2.16). Because of Lemma 2.2
we are only left to show that O, is m-a.e. finite. Let y be a positive real number less
or equal to [log ¥,dm(x). Then, using Birkhoff’s Ergodic Theorem for 8!, we get
that

hmmf Zlogye, >x

J—ee

for m-a.e. x € X. Therefore, there exists a measurable function Cy : X — [1,4-0) m-
a.e. finite such that CY (x )e”f/2 < y’ i for all j > 0 and a.e. x € X. Moreover,

since log H € L' (m) it follows again from Blrkhoff ’s Ergodic Theorem that

1
lim —logHy-j(,) =0 m—a.e.
j—reo j

There thus exists a measurable function Cy : X — [1, +o0) such that
Hyi(y < Cr(x)e/®¥/* and  Hyj(,) < Ch(x)e 4/ (2.17)

forall j >0anda.e.x € X. Then, fora.e.xc€ X,alln>0andalla> j>n—1, we
have |
Hej(x) = Hef(nfj)(gn(x)) < CH(O”(x))eMﬂ)ax/zx'

Therefore, still with x,, = 6" (x),



2.9 Distortion Properties 15
O, = Z ij(}{czj—J)—a < Z CH(xn)e<"‘/)“%/4C§i‘(xn,l)e‘““‘f)%/z
j=0 =0

n—1
< C¥(xn1)Cr(xn) Y e~ 2n=ix/4 < CY (xXn—1)Cr (%) (1 —e /M1,
j=0

Hence
Qr < CH(07 (x))Ch (x) (1 — e /)™ < oo,






Chapter 3
The RPF-theorem

We now establish a version of Ruelle-Perron-Frobenius (RPF) Theorem along with
a mixing property. Notice that this quite substantial fact is proved without any mea-
surable structure on the space _#. In particular, we do not address measurability
issues of A, and g,. In order to obtain this measurability we will need and we will
impose a natural measurable structure on the space _# . This will be done in the next
chapter.

3.1 Formulation of the Theorems

Let T: ¢ — _# be a expanding random map. Denote by .#'(_#,) the set of
all Borel probability measures on _#,. A family of measures {{i},cx such that
tx € A1 (_Z) is called T—invariant if o T, ' = gy fora.e. x € X.

This chapter is devoted to the thermodynamical formalism. The main results
proved here are listed below.

Theorem 3.1 Let ¢ € 7°%( 7 ) and let £ = £ be the associated transfer opera-
tor. Then the following holds.

1. There exists a unique family of probability measures vy € . (_#y) such that

LV = Ve where Ay = Vg (L) m—ae. 3.1)

2. There exists a unique function q € €°(_#) such that m-a.e.
Zgx = lxqe(x) and  Vi(gx) = 1. (3.2)

Moreover, g, € H%(_¢y) for a.e. x € X.

3. The family of measures { L, := qyVx }xex is T-invariant.

17
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Theorem 3.2
1. Let

@ = @ +1loggy —logqge(y o T —logh,.
Denote £ := L. Then, for a.e. x € X and all g, € C(_75),

D?xngx H—w> /gx‘deVx~

2. Let ¢, = @, —log A. Denote L = ZLp. There exist a constant B < 1 and a
measurable function A : X — (0,00) such that for every function g € €°(_# ) with
gx € H%( ) there exists a measurable function Ag : X — (0,00) for which

12781 = ([ g0 r0dVo o0 ) aslle < A6 (0DA)B"
fora.e.x € X and everyn > 1.

3. There exists B < 1 and a measurable function A’ : X — (0,0) such that for
every fon(x) € L' (Hgn(x)) and every g, € %(_72),

|1t ((for () © TY)8x) — Hen (v (fom (x) )ik (&) |

= ”9”<x>(‘f6"<x>\)A’(G”(x)>(/ngldux+4%)8",

A collection of measures {f, }yex such that u, € .#'( Zv) is called a Gibbs
family for ¢ € 7% (_# ) provided that there exists a measurable function Dy : X —
[1,4e0) and a function x — P, called the pseudo-pressure function, such that

L (T BI0).6)
xp(5,0(3) — S,

forevery n > 0, a.e. x € X and every z € ¢, and with y = (x,z).

Towards proving uniqueness type result for Gibbs families we introduce the fol-
lowing concept. Notice that in the case of random compact subsets of a Polish space
(see Section 4.5) this condition always holds (see Lemma 4.11).

(Dg(x)Dy(6"(x))) Dy(x)Dy(0"(x))  (3.3)

Measurability of Cardinality of Covers There exists a measurable function X > x —

a, € N such that for almost every x € X there exists a finite sequence w}” N <

Fx such that USL B(wl,&) = -

Theorem 3.3 The collections {Vy}xex and {l}xex are Gibbs families. Moreover,
if 7 satisfies the condition of measurability of cardinality of covers and if {V; }xex
is a Gibbs family, then V. and v are equivalent for almost every x € X.
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3.2 Frequently used auxiliary measurable functions

Some technical measurable functions appear throughout the paper so frequently
that, for convenience of the reader, we decided to collect them in this section to-
gether. However, the reader may skip this part now without any harm and come
back to it when it is appropriately needed.

First, define

De(x) = (degT}") ™' exp(—2)|S,|) (3.4)

with n = ng (x) being the index given by the topological exactness condition (cf.
(2.3)). Then, let j = j(x) be the number given by Lemma 2.1 and define

Co(x) = %) deg(]}c{j)max {exp(2]|Sk@y ,[l) :0< k< j} > 1. (3.5)
Now let s > 1. Put
Conin(x) 1= ¢ e 1510 1= < (3.6)

and
Crnax (x) := €% deg (T}") exp(2]|S, P |-o) 3.7)

where 7 := ng (x). Then we define

. l—exp(—(s—1)H,_ v %r*
Bu(s) == Conin(X) 4 p(= (s DA, 7 ) : (3.8)
Co(x) re(0g) 1 —exp(—25Q.r%)
Since by (2.16)
sQc =50y Y | +sHe Y $, (3.9
(sQx , +Hy )Y ¢ =50:— (s — DH:_ % $. (3.10)

This, together with (3.5) and (3.6), gives us that

Conin (1) 5= D BT Gonin (%) <1.

0<Bils) = Co() 250, Colx) =

3.3 Transfer Dual Operators

In order to prove Theorem 3.1 we fix a point xy € X and, as the first step, we reduce
the base space X to the orbit

Oy, ={0"(x0),n € Z}.

The motivation for this is that then we can deal with a sequentially topological
compact space on which the transfer (or related) operators act continuously. Our
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conformal measure then can be produced, for example, by the methods of the fixed
point theory, similarly as in the deterministic case.

Removing a set of measure zero, if necessary, we may assume that this orbit is
chosen so that all the involved measurable functions are defined and finite on the
points of Oy,. For every x € Oy, let ¢, € €(_#) be the continuous potential of the
transfer operator .Z; : C(_#x) — C(_Zg(y)) Which has been defined in (2.13).

Proposition 3.4 There exists probability measures v, € M(_Z) such that
LiVo) =MV foreveryx € Oy,

where

Ay =2 (Vo)) (1) = V() (Z1). (3.11)

Proof. Let €*(_7.) be the dual space of €'(_7) equipped with the weak* topology.
Consider the product space

2(Oy) =[] € ()

xeﬁm

with the product topology. This is a locally convex topological space and the set

‘@<ﬁxo):: H //1(/)()

xeﬁx()

is a compact subset of Z(0y,). A simple observation is that the map

Y M Fow) = A (I

defined by P
x Vo (x)

H000) = Zv @

is weakly continuous. Consider then the global map ¥ : &2(0,) — (0, ) given
by

V= (Vi)eo,, — P(v) = (%ve("))xeﬁm )
Weak continuity of the ¥, implies continuity of ¥ with respect to the coordinate
convergence. Since the space & (0}, ) is a compact subset of a locally convex topo-

logical space, we can apply the Schauder-Tychonoff fixed point theorem to get
v e P(0y,) fixed point of W, i.e.

ag}*ve(x) = AcVy where Ay = a%c*ve(x)(]l) = Vo(x) (Z(1))

for every x € O,. O
Remark 3.5 The relation (3.11) implies

inf ¢®0) <A, < ||.L 1. (3.12)
)‘E/X
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A straightforward adaptation of the proof of Proposition 2.2 in [13] leads to the
following, to Proposition 3.4 equivalent, characterization of Gibbs states: if 7} A is
injective, then

Vorin (T2 () = & [ & S%av,. (3.13)
Here is one more useful estimate.

Lemma 3.6 For everyx € Oy, andn > 1,

inf exp (S,0,(z)) < —2— < sup exp (S,0,(2)). (3.14)
2€ Jx p( (p()) deg(ﬂl) ze}x p( (p())

Moreover, for every z € _#y and every r > 0,
Ve(B(z,r)) = D(x,r), (3.15)
where

D(x,r) == (deg(TM)) " inf inf Sy (a) — Sy (b 3.16
(xr) = (deg(1) " inf exp (_inf Sweula) = sup Swe(b)) (310

with N = n,(x) being the index given by Lemma 2.1. It follows that the set ¢ is a
topological support of Vy. In particular, with D (x) defined in (3.4),

Vi(B(,€)) > D¢ (x). (3.17)
Proof. The inequalities (3.14) immediately follow from
Vor(x) (L) = (L) Vor(x)) (1) = Ava(1) = A7

Now fix an arbitrary z € ¢, and r > 0. Put n = n,(x) (see Lemma 2.1). Then, by
(3.13),

Vi(B(z,r))A" sup e Sn#h(@) > g / eSO dy, > 1
a€B(z,r) B(z,r)

which implies (3.15). a

3.4 Invariant density

Consider now the normalized operator . given by
Z=A"1%, xeX. (3.18)

Proposition 3.7 For every x € Oy, there exists a function q, € *(_#) such that
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Ziqx = qo(x) and // @dvy = 1.

In addition,
qx(21) < exp{Q:p“(21,22) }qx(22)

forall zy,z0 € 7y with p(z1,22) < &, and
1/Cp(x) < gx < Cy(x), (3.19)
where Cy was defined in (3.5).

In order to prove this statement we first need a good uniform distortion estimate.

Lemma 3.8 Forallwi,wa € Zrandn>1

LA _ A ) (x) (3.20)
Zr Uway) L0 A(wy) — 07 '

where Cy is given by (3.5). If in addition p(wy,w2) < &, then

L) (0 (1)), G21)
() = OPLOP 00

Moreover,
1/Cp(x) < L7 L(w) <Cy(x) forevery we Frandn> 1. (3.22)
Proof. First, (3.21) immediately follows from Lemma 2.3. Notice also that

exp (Qxp%(wi,w2)) < expQx (3.23)

since diam(_¢#,) < 1. The global version of (3.20) can be proved as follows. If n =
0,...,j(x), then for every wi,wy € 75,

deg(T}" ) exp([|Sn@x_, [|)
exp(—[Sn@x_,[«)

£, (w) < 2 (w2) < Cp(0)Z 1 (w2).

Next, letn > j:= j(x). Take w) € ]}_J(wl) such that

SOV i (wi) = sup (€590 g 1()’))
yeszlj (Wl)

and wh € T,_!(wy) such that p,_;(w},w5) < &. Then, by (3.21) and (3.23),

L1 Awi) = L] (L)1) < deg(TY S0 20T (wh)

X—n

< deg(T{ )eSi90) %) L T1 (wh) < Co(0).Z0 1 (w2).
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This shows (3.20). By Proposition 3.4

/ L (D)dvy= / 1dv, , =1, (3.24)
I

S X—n

which implies the existence of w,w' € _#, such that £} 1(w) < 1and.Z 1(w')

>
1. Therefore, by the already proved part of this lemma, we get (3.22). ad

Proof. [Proof of Proposition 3.7] Let x € Oy,. Then by Lemma 3.8, for every k > 0
and all wi,wy € _Z, with p(wi,wy) < &, we have that
|28 L (wi) = L5 1(wa)| < Cp(x)20:p% (w1, w2)

and 1/Cyp(x) < .,Zkik]l < Cyp(x). It follows that the sequence

1,,,] N
CIx,n::*ch;kk]l ,h>1,
=

is equicontinuous for every x € Oy, . Therefore, there exists a sequence 7n; — oo such
that gy »; — gy uniformly for every x of the countable set Oy, . The functions g, have
all the required properties. a

Let
My *= qxVx, (3.25)

and let 4, := Zp x be the transfer operator with potential

@ = @r +1logg, _log‘ZO(x) 0T, —logh,.

Then
Lge = ——2L(guqy)  forevery g, € L' (). (3.26)
q96(x)
Consequently A
Ll =1g(y- (3.27)

Lemma 3.9 Forall go () € L' (Hg(v)) = L' (Vg(v)), we have
Px(8o(x) © Tx) = Ho(x) (8o (x)) - (3.28)
Proof. From conformality of v, (see Proposition 3.4) it follows that

L (o) (8x) = S o Le(ge)dg = A7 J oy (Zr8x4x)d Ve )

o (3.29)
=i £ (Ve(x))(gX‘Ix) = Vi(8xqx) = Hx(8x)-

So,if fx- (8o o Tx) € L'(y), then
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1 (8600 0 Te) fr) = 25 (o)) (8o © T) fr)

N » (3.30)
= Ho(x) («fx((ge(x) o Tx)fx)) = o) (20(02Zc(f)),
since . .
Z((go) o Te) fx) = 8o(0)-Lx(f)-
Substituting in (3.30) 1, for f; and using (3.27), we get the lemma. O

Remark 3.10 In Chapter 4 we provide sufficient measurability conditions for these
fiber measures v, and [i to be integrable to produce global measures projecting on
X to m. The measure U defined by (4.2) is then T-invariant.

3.5 Levels of Positive Cones of Holder Functions
For s > 1, set

Al ={g€%( 7)1 820, vilg) = L and glw1) < e'P" " 2)g )

for all wi,wp € _Z, with p(w,ws) < é} (3.31)

In fact all elements of A; belong to J#%(_#,). This is proved in the following
lemma.

Lemma 3.11 If g > 0 and if for all wy,wa € _#x with p(wi,w2) < & we have
g(wy) < eSQxP‘x(Wl-,Wz)g(Wz)’

then

va(g) < sOx(exp(sQ:&“))E | lglleo-

Proof. Let wi,wy € _Z, be such that p(w ,wa) < &. Without loss of generality we
may assume that g(w;) > g(wz). Then g(w;) > 0 and therefore, because of our
hypothesis, g(wz) > 0. Hence, we get

[g(w1) —g(wa)| _ g(w1)
lg(z2)] g(w2)

— 1 <exp (sQxp*(wi,w2)) — 1.
Then
lg(w1) —g(w2)| < 50 (exp(sQ:E¥))p* (w1, w2)llg]|w-

Hence the set A] is a level set of the cone defined in (9.13), that is

Al =6 N{g: vi(g) = 1}.
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In addition, in the following lemma we show that this set is bounded in 77°%(_Z,).

Lemma 3.12 Fora.e. x € X and every g € Aj, we have ||g||o < Cmax (x), where Ciax
is defined by (3.7).

Proof. Letg c Aj andletz € ¢,. Since g > 0 we get

/ ngXS/ gdv,=1.
B(z,8) Hx

Therefore there exists b € B(z,£) such that

8(b) <1/vi(B(z,6)) < 1/Dg(x),
where the latter inequality is due to Lemma 3.6. Hence

e’ Ox

De (x)

IN

g(z) < &P g (p) < Conax ().

A kind of converse to Lemma 3.11 is given by the following.

Lemma 3.13 If g € 5%(_¢x) and g > 0, then

g+va(g)/Ox

1
Vi) +va(g)/0r

Proof. Consider the function & = g +v(g)/Qx. In order to get the inequality from
the definition of Af, we take z1,z0 € _Zy. If h(z1) < h(zp) then this inequality is
trivial. Otherwise h(z1) > h(z2), and therefore

_ hz) = h(z2)| _ va(g)p®(z1,22)

o) T @Il S ve@/e. 2P )

O

An important property of the sets A; is their invariance with respect to the nor-
malized operator .7, = A, ! .%,.

Lemma 3.14 Let g € A]. Then, for everyn > 1,

Zn .
j}i:;; < exp (sQ, p* (Wi, w2)), Wi,wa € Fogn(yy with p(wi,wa) <E.

Consequently L7(AY) C Agn(y Jor a.e.x € X and all n > 1.

Notice that the constant function 1 € A} for every s > 1. For this particular func-
tion our distortion estimation was already proved in Lemma 3.8.
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Proof. [Proof of Lemma 3.14] Let g € A}, let pgn(y) (w1, w2) < &, and let 71 €

T, "(wy). Fory = (x,21), we put zo = Ty’"(wz). With this notation, we obtain from

Lemma 2.2 and from the definition of A; that

ong exp (S, 0«
R e oy o
SeXp< (w1, w2 (ZHQJ Toicy) % +sQu(¥) ))
Since B
- +:Z()Hej<x>(7/§_,-(§>)“" = Qgn(x), (3.33)
the lemma follows. O

Lemma 3.15 With Cy,;y, the function given by (3.6) we have that
.,?inﬂ_g > Crin(x)  forevery i > j(x) and g € A} ..

Proof. First, let i = j(x). Since [ A ~gdvy , =1 there exists a € _#, , such that

g(a) > 1. By definition of j(x), for any point w € _#, there exists z € ij (x)N
B(a,&). Therefore

Zi 8(w) 2 P g(2) > M0 e g(a) > Coin(4).

The case i > j(x) follows from the previous one, since ﬂ;] ) 8, € Ax—j(x)' a

3.6 Exponential Convergence of Transfer Operators

Lemma 3.16 Let B = Bi(s) (cf. (3.8)). Then for x € X, i > j(x) and gx_; € A{ ,
there exists hy € A} such that

(jig)x = vgzxi,igxfi = Peqx + (1= Bu)hs

Proof. By Lemma 3.15, we have GZZX’;igX?i > Cpin(x). Then by (3.19) for all w,z €
F with py(z,w) < &,
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Be((exp (5. (z.0) (@) — ax(w)) <
< Be((exp (s0up (2 w)) —exp (~ 5Qup*(2w)) ) x(2)
< Bs (exp (sQup(z,w)) —exp (—s0.py (2, w)))c(,, (x)
< BiCo(x) (1 — exp(—=250:py (z,w)) ) exp (sQspy (z,w))
< (exp (0P (zw) —exp (5~ Hy % %)p(w)) ) 21 g (2

< (eXP (SQXP;Z(ZaW)) —exXp ((SQLl +H, )nﬁ‘fpf (Z7w)>)"?xi7igx4 (2).
Since by (3.32), for h € A} |,
jx,]h(z) < exp ((stfl ""_fo])'yxi?p)?(zw))"?xflh(w)v
D?xi,[gx_,-(z) < exp ((stfl +H, )%ci?p)? (Zaw))agzci,;gx—z(w)'
Then we have that
B ((exp (5P (z.w) ax(2) — a:(w))
<exp (sQupy (2,w)) L 8x1(2) — L1 8 i (W)
and then
°?xi,,-gx7i (W) - ﬁXQx(W) <exp (stp,\(cx (Zv W)) ("?Z,\f,,»gxfi (Z) - ﬁX‘Ix(Z))'

Moreover, Bygy < Cpin(x) < .i%fﬂ, gx_;- Hence the function

_ °2in,,'gx—i - ﬁqu c AS

hy : .
X lfﬁx X

We are now ready to establish the first result about exponential convergence.

Proposition 3.17 Let s > 1. There exist B < 1 and a measurable function A : X —
(0,00) such that for a.e. x € X for every N > 1 and gx_,, € A} | we have

(LY 8)x = qallo = |4 85 y — Gillw < A(x)BY.

Proof. Fix x € X. Put g, := gy, Bu := Px,s A3 := A and (L"g); := (L"g)s,. Let
(i(n));-; be a sequence of integers such that i(n+1) > j(x_g(,)), where S(n) =
Yi—1i(k), n> 1, and where S(0) = 0. If g_g,) € A% (> then Lemma 3.16 yields
the existence of a function &, | € AiS(nfl) such that
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(jl(n)(g) S(n-1) = BfS(nfl)qu(nfl) +(1-Bs S(n— 1))hn—1
= (1*(1*ﬁ—s(n—1)))Q—s( 1+ (1= Bos(u1))tn—1-

Since

(27008 = (2(28))

('gl" v (ﬁ S(n—1)d—S(n—1) (1—ﬁ,s(n,1))h,,_1))
=B_g S(n—1)4—S(n—2) (lfﬁ_s(n_l)) (ji(n_l)(hnfl))

—S(n—2)

—S(n—2)

it follows again from Lemma 3.16 that there is i, € A® S(n-2) such that

Zi(n)+i(n—1) _
(Z g) —S(n—2)
= B_sti-1)9-s(n—2) + (1 = B_s(n—1)) (ﬁ*S(ﬂ*Z)qS(nfﬁ +(1- ﬁ*S(an))hn—Z)
= (1= (1= B stu2) (1= B0 1)) ) as-2) + (1= B0 ) (1= B 1) -1

It follows now by induction that there exists 2 € A such that
(DZZS(n)g) (Z’ n)+...+i l)g) _ (1 —H)E”))qx+H,§”)h
X X

where we set IT") = 51— Bx_gq))- Since h € A}, we have |h] < Cax(x). There-
fore,

(2%) = (1=

By measurability of 8 and j one can find M > 0 and J > 1 such that the set

< CnanWILY i gy €A%, (334)

G:={x:B,>Mand j(x) <J} (3.35)

has a positive measure larger than or equal to 3/4. Now, we will show that for a.e.
x € X there exists a sequence (nx);._, of non-negative integers such that no = 0, for
k>0, we have that x_j,, € G, and

#{n:0<n<nrandx_j, € G} =k—1. (3.36)

Indeed, applying Birkhoff’s Ergodic Theorem to the mapping 6~/ we have that for
almost every x € X,

#Ho<m<n—1:07Im
lim {0<m<n 0 ()GG}

n—yoo n

(16| A1) (x),
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where &(1|-#;) is the conditional expectation of 15 with the respect to the o-
algebra .#; of 8/-invariant sets. Note that if a measurable set A is 8 /-invariant,
then set Uf;(l)ﬂj (A) is @~ -invariant. If m(A) > 0, then from ergodicity of 8! we
get that m(Uj;(l)Gf (A)) = 1, and then by invariantness of the measure m, we con-
clude that m(A) > 1/J. Hence we get that for almost every x the sequence ny is

infinite and
lim K > i (3.37)
k—oony — 4J
Fix N > 0 and take [/ > 0 so that Jn; < N < Jn;y. Define a finite sequence
(S(k))ﬁ(:1 by S(k) := Jng for k < I and S(I) := N, and observe that by (3.37), we

have N < Jn;;4 < 4J?1. Then (3.19) and (3.34) give

12N 8xy — dsll < Hj)gyNgLN - (1-19)a,
< (1 _M)I(C‘P(x) +Cmax(x))
< (WT-M)N (Co(x) + Crax (%))

!
A1 lg]l-

This establishes our proposition with B = 41\2/1 —M and
A(x) := max{2Cpax (x)B~%, (Cop(x) +Crmax (%))},

where k} is a measurable function such that we have % > % for all k > kj. O
From now onwards throughout this section, rather than the operator 2, we con-

sider the operator .,ZZX defined previously in (3.26).

Lemma 3.18 Lets> landletg: ¢ — R be any function such that g, € 7€%(_7x).
Then, with the notation of Proposition 3.17, we have

|26~ ([ sutu )] < Cotomon( [ lestdns +4"2 290 Yoo

Proof. Fix s > 1. First suppose that g, > 0. Consider the function

_ 8x +Va(gx)/Qx

h
X A,

where Ay := Vy(gx) +va(gx)/Ox-

It follows from Lemma 3.13 that &, belongs to the set A} and from Proposition 3.17
we have

Llo—( [ &dve)qonin|| < ||ALhi— va(gX)oZ”llx = [ &xdVx)don(v)
- 0. -
= ‘ ALl e — Aqon ) + % (%n(x) - jx"ﬂx)

< (Aer%)A(Gn(x))B".

X

’ oo
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Then applying this inequality for g,q, and using (3.19) we get

Hf;’gx— (/gxdux)]len(x) _= qun ‘f" (8xqx) — /gqudvx)%n( )|
< Cpl0" /gxdlix-i-zva(équ))A(Q"(x))Bn

So, we have the desired estimate for non-negative g,. In the general case we can
use the standard trick and write g, = g — g, where g, g, > 0. Then the lemma
follows. a

The estimate obtained in Lemma 3.18 is a little bit inconvenient for it depends
on the values of a measurable function, namely CyA, along the positive 6—orbit
of x € X. In particular, it is not clear at all from this statement that the item 1. in
Theorem 3.2 holds. In order to remedy this flaw, we prove the following proposition.

Proposition 3.19 For m—a.e. x € X and every g, € €(_#), we have

— 0.

oo N—r0

Hjx"gx— (/gxd.ux)]le”(x)

Proof. First of all, we may assume without loss of generality that the function
gx € JC*(_#,) since every continuous function is a limit of a uniformly conver-
gent sequence of Holder functions. Now, let o7 > 0 be sufficiently big such that the
set

Xy ={xeX;Alx) <} (3.38)

has positive measure. Notice that, by ergodicity of m, some iterate of a.e. x € X is
in the set X,,. Then by Poincaré recurrence theorem and ergodicity of m, for a.e.
x € X, there exists a sequence n; — o such that 8" (x) € Xz, j > 1. Therefore we
get, for such an x € X/, from Lemma 3.18 that

/ x| dpt +4°% (équ)) < @B (3.39)

X

HD? 8x — /gxd.ux 0" (x

for every j > 1. Finally, to pass from the subsequence (n;) to the sequence of all
natural numbers we employ the monotonicity argument that already appeared in
Walters paper [29]. Since £, 1, = 1g(,), we have for every w € Fy,) that

inf gx()— gx() ()< Supgx()
Zeft ZET;( ) ze fx

Consequently the sequence

My o= ( sup Llgx(w))io
WG/gn(x)

is weakly decreasing. Similarly we have a weakly increasing sequence
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(Mnx)p—o=( inf ,,ngx( Do

WE Fonx)

The proposition follows since, by (3.39), both sequences converge on the subse-
quence (7;). O

3.7 Exponential Decay of Correlations

The following proposition proves item 3. of Theorem 3.2. For a function f, € L' (,)
we denote its L'—norm with respect to i, by

Ifell 1= / |uld .

Proposition 3.20 There exists a O—invariant set X' C X of full m—measure such
that, for every x € X', every fon(y) € Ll(ﬂ9n<x)) and every g, € H*(_7y),

‘ux((fO"(x)o ) ) Heon(x (fe" ).u'x(gx)| SA*(gXaen(x))BanG”(x)Hl
where
Al0070) = Co(0" () [ lela 4759 ) 0 ),
Proof. Set h, = g — [ g«dlL, and note that by (3.30) and (3.27) we have that

tx ((fon(e © TY')8x) — Mon(x) (fon(x ).ux(gx):
= Uon(x) (for(1)-2L (8x)) — Hon(e) (for(x) )Mix(g)  (3.40)
= Hgn(x) (for (L8 ().

Since Lemma 3.18 yields ||.2"hy || < A, (gx, 0" (x))B" it follows from (3.40) that
|t ((for(x) © TY)8x) — Heon(x) (fom(x) ) M (82) | / | for(v)-Lr' () |dtgn )

< Ai(gx,0"(x) Bn/‘f@”(x)’d.uﬂ”(x)

Using similar arguments like in Proposition 3.19 we obtain the following.

Corollary 3.21 Let fyn(y) € L' (Ugn(y)) and g, € L'(_#.), where x € X' and X' is
the set given by Lemma 3.20. If || fon (v |1 # O for all n, then

|.ux((f6"(x)07;cn)gx) Hon(x (fen ).ux(gx)‘
I for ) l1

—0 as n— oo,




32 3 The RPF-theorem

Remark 3.22 Note that if || fgn(y)||1 grows subexponentially, then

|1t ((Fon () 0 TV)8x) — Hgn(x) (fon () Hx(gx)| —> 0 as n— oo, (3.41)

This is for example the case if x — log || f||1 is m-integrable since Birkhoff’s Ergodic
Theorem implies that (1/n)log||fon(x)|l1 — 0 for a.e. x € X.

3.8 Uniqueness

Lemma 3.23 The family of measures x — Vv, is uniquely determined by condition
3.1).

Proof. Let V, be a family of probability measures satisfying (3.1). For x € X choose
arbitrarily a sequence of points wy, € _Zgn(,) and define

Vi 1= ("Z{) 5Wn .

7 L (wn)

Then, by Proposition 3.19, for a.e. x € X and all g, € €'(_#x) we have

. T o%cngx(wn) T agan(gx/Qx)(Wn) - Vx(gx) -
r}gl}ov)“’”(gx)f;}l_ﬁlo L (wy) —}g{}o Pn(1/q)(wy)  Va(1) = Vx(g:)- (3:42)

In other words,

Vin — Vx. (3.43)
7 p—oo
in the weak* topology. Uniqueness of the measures v, follows. O

Lemma 3.24 There exists a unique function q € €°(_¢) that satisfies (3.2).

Proof. Follows from Proposition 3.17. a

3.9 Pressure function

The pressure function is defined by the formula
x = P(@) :=logA,.

If it does not lead to misunderstanding, we will also denote the pressure function
by P,. It is important to note that this function is generally non-constant, even for
a.e. x € X. Actually, if the pressure function is a.e. constant, then the random map
shares many properties with a deterministic system. This will be explained in detail
in section 5. Note that (3.42) and (3.11) imply an alternative definition of P.(¢),
namely
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. Z:Hrl]l(wn—&-l)
F(9) = log(Vory (4 1) = i 108 n )

(3.44)
where, for every n € N, wy, is an arbitrary point from _Zgn ().

Lemma 3.25 For m-a.e. x € X and every sequence (W), C %
1 1 .,
}1_{136 ;S,,Pxfn - log £ 1y, (wn)=0.

Proof. By (3.19) and Proposition 3.17, we have that

1 A Bn < %’in]]'x—n(w)
ol AWE s

< Cp(x)+A(x)B"
for every w € _#Z, and every n € N. Therefore

log (c(,,l(x) - A(x)) <logZ" 1, ,(w)—logA! <log (Cw (x) +A(x))-

Lemma 3.26 For m-a.e. x € X and for every sequence y, € #,,, n >0,

n—ro0

1 1
s-lim (;S,,Px - log%”ﬂx(yn)) =0.

Proof. Using Egorov’s Theorem and Lemma 3.25 we have that for each § > 0 there
exists a set Fs such that m(X \ X5) < & and

1 1
=SuPc_, —— max log.Z 1, ,(y) —0
n

nye Jxy e
uniformly on Fg. The lemma follows now from Birkhoff’s Ergodic Theorem. ad

Lemma 3.27 If there exist g € L' (m) such that log || L1 ||« < g(x), then

=0.

oo

lim
n—oo

1 1
=S, P, — —log Z'1,
n n

Proof. Let F := Fg be the set from the proof of Lemma 3.26, let x € X ’+F and let
(nj) be the visiting sequence. Let j be such that nj < n < nj,;. Then

log Z1(y) <log|| L[| +S,-n,8(6" (x)) forevery y€ Fony.  (3.45)
Now, let (x) := || @x||- Since by (3.12) —log A, < || @x||w>
—logA = —log Ay’ —logAy, " < S Px+Su—n;h(6"(x)).

Then by (3.45)
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1

1 1 1 ; 1 .
=8P — —log LMy () < — S, Pi— — log 2/ 1y, )+ =Sn—n;(g+h) (0" (x)).
n n n; - l’lj J n '

J

On the other hand, fory € _Zgny)
log Z11(y) > log L LTyl )" () — Su 1 -n8(6" ()
and by (3.12),
log A} =log A" —logAg/ ™ ™" <log | L7 1|+ Sy, ,—nh(8" (x)).

The lemma follows now by Birkhoff’s Ergodic Theorem. a

3.10 Gibbs property

Lemma 3.28 Letw € 7., sety = (x,w) and let n > 0. Then
o HEBTOD g,

Proof. Fix an arbitrary z € _#, and set y = (x,z). Then by Lemma 2.3 and (3.13) we
have that

ve(T, " (B(T"(v),€)))
exp(Sn(y) — San((p))
(A')l:) V9” ( (Tn(y) g))supz 1T (BT (v),E)) eS"‘P(Z/)

- (A”) eSn(P )
< 957
On the other hand
V(T (BT (3),8))) (5 Vo (BT (3),6) i con ooy ) €7
exp(Sp@(y) = SuPx(@)) — (Am)~TeSnol o)
> Vou (o) (B(T"(y),&))e %"
The lemma follows by (3.17). 0O

Lemma 3.29 Let T : 7 — ¢ satisfy the condition of measurability of cardinality
of covers and let {Vv; .}, where i = 1,2, be two Gibbs families with pseudo-pressure
Sunctions x — P, x. Then, for a.e. x, the measures V| x and V, . are equivalent and

1 1 1
lim —S,, Py, = lim —S,, P, = lim —S§,, P,
k—o0 Ny k—o0 Ny k—o0 Ny
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where (n) = (ng(x)) is the visiting sequence of an essential set.

Proof. Let A be compact subset of _#Z, and let 6 > 0. By regularity of v, , we can
find € > 0 such that
V27X(BX(A,8)) < Vz,x(A) +4. (3.46)

Now, let N, be a measurable function such that & (y¥)~! < £/2. Set

Ah={yeT"(0,) 1 ANT" (B0, §)) # 0}

Let Z be a L,N, D, D-essential set of ay, Ny, D1,D; and let (n;) = (n(x)) be the
visiting sequence of Z. Fix k € N and put n = ny(x). Then we have

Axp

Ac|J U T,7"B(,,8) CBi(Ae).

I=lyea)]
By (3.3) it follows that
(an
Vix(A) < Z Y viu(T,"B(y],,8))< Di(x DZ Y exp(S,0(y) = SuPi (@)
yEA/ J yeAJ
(3.47)
Then by (3.46) and again by (3.3)
ay,
Vi(A) <D (x)Dexp(SuPax — SnPi x) Z Z exp(Sn@(y) — SpPox(9))
J=1yeal

Axp

< D1 (x)D2(x)D*exp(SuPox — SuPrx) Y, Y vax(T;"B(¥], . €))
Jj= l)eA’
< Dy (x)Da(x)D*Lexp(SyPsx — SuP1 1) V2. (B(A, €))
< Dy (x)Da(x)D*Lexp(SpPax — SuP1 1) (Vax(A) +8), (3.48)

since for y # y' such that y,y’ € T, (y){n), we have that
T,"B(y),,&)NT,"B(y],, &) =0

Hence the difference Sy, P — S, P1 x is bounded from below by some constant,
since otherwise taking A = _#, we would obtain that v; x( _Zx) =0on asubsequence
of (ng) in (3.48). Similarly, exchanging v; , with v,  we obtain that S, Py x — Sy, P>«
is bounded from above. Then, letting § go to zero, we have that Vix and v, , are
equivalent.

Note that

exp(_snpl,x)zrn]lx()’n) = Z Sn @) =SuPrx
YET " (¥n)
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<DIX)D Y Viu(T,"B(ya,§)) < Di(x)DVi o( Fy) = Di(x)D.
)’ET;n(Yn>
Then 1 1 |
;logo%c]lx(yn) - ﬁlog(Dl(x)D) < ;Snpl,x-
On the other hand, by (3.47), on the same subsequence
1= V): (jx) < D1 (X)DL Z eSn(Px(y)*SnPI,x
YET " (n)
Axp

for some y, € {y}(n, .., ¥u" }. Therefore, using Lemma 3.26 and the Sandwich The-
orem, we have that, for x € X, N X},

1 1

lim —S,, Py = lim —S,, P,.
k—roo Ny k—oo Ny

O

Remark 3.30 We cannot expect that P , = P.(¢) m-almost surely since, for any

measurable function x — gy, P x = Po(®)+ g« — 8o(x)» is also a pseudo-pressure
function (see Lemma 3.28).

3.11 Some comments on Uniformly Expanding Random Maps

By €°(_7) we denote the space of Z-measurable mappings g : ¢ — R with g :
_#« — R continuous such that sup,.y ||gx|le < eo. For Hy > 0, by J£*(_# ,Hp) we
denote the space of all functions ¢ in £ (_#)N %6, (_#) such that all of Hy are
bounded above by Hy. Let

HH )= | A S Ho).

Hy>0
For ¢ € J¢%(_# ,Hy) we put

Ho’)/fa
l—y o

0 :=H, Z y % =
j=1
Then Lemma 2.3 takes on the following form.
Lemma 3.31 For every ¢ € .%(_7 ,H),

00T (01)) — ST, (w2)) | < Qp% (i, w2)

foralln>1, all x € X, every z € 7, and every wi,wy € B(T"(z),§) and where
y=(x2).
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In this paper, whenever we deal with uniformly expanding random maps, we
always assume that potentials belong to JZ,%(_#). Hence all the functions Cyp(x),
Cinax (X), Cinin(x) and B defined respectively by (3.5), (3.7), (3.6) and (3.8) are uni-
formly bounded on X. Therefore, there exists A € R such that A(x) <A forall x € X,
where A(x) is the function from Proposition 3.17. In particular, we can prove the fol-
lowing.

Lemma 3.32 There exists a constant A, such that, for x € X and all y,y, € _Zx,

Rl
nxf(yl) _ AX < A;LBn.
%1 1()’1)
Proof. It follows from Proposition 3.17 that
|Ze (L)1) — Loy 1(32)| < 24B".

Then by Lemma 3.6 and (3.22) we have, for some x-independent constant A, , that

L), 1 AR B <A,B".
L1 () T (1)02) —






Chapter 4
Measurability, Pressure and Gibbs Condition

We now study measurability of the objects produced in the previous section. Up to
now we do not know, for example, whether the family of measures v, represents
the disintegration of a global Gibbs state v with marginal m on the fibered space
Z . Therefore, we define abstract measurable expanding random maps for which
the above measurabilities of A, gx, v, and i, can be shown. Then, we can construct
a Borel probability invariant ergodic measure on _# for the skew-product transfor-
mation T with Gibbs property and study the corresponding expected pressure.

Our settings are related to those of smooth expanding random mappings of one
fixed Riemannian manifold from [17] and those of random subshifts of finite type
whose fibers are subsets of NV from [5]. One possible extension of these works is
to consider expanding random transformations on subsets of a fixed Polish space. A
general framework for this was, in fact, prepared by Crauel in [10]. In Chapter 4.5
we show how Crauel’s random compact subsets of Polish spaces fit into our general
framework and, therefore, our settings comprise all these options and go beyond.

The issue of measurability of A, gy, Vx and i, does not seem to have been treated
with care in the literature. As a matter of fact, it was not quite clear to us even for
symbol dynamics or random expanding systems of smooth manifolds until, very
recently, when Kifer’s paper [19] has appeared to take care of these issues.

4.1 Measurable Expanding Random Maps

Let T: ¢ — _# be a general expanding random map. Define ny : _# — X by
Ty (x,y) = x. Let Z:= % 4 be a 6-algebraon ¢ such that

1. my and T are measurable,
2. forevery A € B, nx(A) € F,
3. #B| 4, is the Borel c-algebraon Z,.

By LY,(_#) we denote the set of all _y-measurable functions and by €A 7) the
set of all # ,-measurable functions g such that g, € €'(_#x).

39
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Lemma 4.l I[fg € 60(_ 7 ), then x + ||gx|e is measurable.

Proof. The proof is a consequence of item 2. Indeed, let (G,) be an increasing
approximation of |g| by step functions. So let G, = Yj- | ax14,, where (ay) is an in-
creasing sequence of non-negative real numbers, and A, are & ,-measurable. Then,
define

Xy =1y (Am) and X; := 7y (Ak) \ UT:k+17TX (Aj)

where k=1,...,m—1. Let
m
H,(x):= Z aily, (x) = sup Gy(x,y).
k=0 yeIx

Then the sequence (H,) is increasing and converges pointwise to the function x —
[18:x]leo- O

The space L}, (_#) is, by definition, the set of all g € LY, (_# ), such that [ ||gx||cdm(x) <

oo, We also define
Cu( F) = F)NL,( F)

and
AU I ) =G J)NA(F).

By .#/'(_#) we denote the set of probability measures and by .#,} (_# ) its subset
consisting of measures v’ such that there exists a system of fiber measures {V, }cx
with the property that for every g € L},(_#), the map x — [ 7, 8x dv, is measurable

and
/gdv/:// gxdvidm(x).
S IX S Iy

m=vomn! 4.1

Then

and the family (V)ycx is the canonical system of conditional measures of v/ with
respect to the measurable partition { /x}xex of ¢#. It is also instructive to notice
that in the case when _# is a Lebesgue space then (4.1) implies that v/ € ///,,11( 7).

The measure y' € .#'( #) is called T—invariant if ' oT~' = p'. If u' €
AML(_F), then, in terms of the fiber measures, clearly T—invariance equivalently
means that the family {{L,},cx is T-invariant; see Chapter 3.1 for the definition of
T-invariance of a family of measures.

Fix ¢ € ) (_#). Then the general expanding random map 7 : ¢ — ¢ is
called a measurable expanding random map if the following conditions are satisfied.

Measurability of the Transfer Operator

The transfer operator is measurable i.e. £g € €o(_¥) forevery g € €( 7).
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Integrability of the Logarithm of the Transfer Operator
The function X 3 x + log ||, 1||. belongs to L (m).

We shall now provide a simple, easy to verify, sufficient condition for integrabil-
ity of the logarithm of the transfer operator.

Lemma 4.2 Iflog(deg(Ty)) € L' (m), then x — log||.%1, || belongs to L' (m).
Proof. Recall that

e ol < Z () < deg(Tx)eH“"‘H"“.
Ti(z)=w

Hence —|[@y[| < log | £ 1| <log(deg(Tx)) + || @x|- O

4.2 Measurability

Now, we assume that 7 : _# — ¢ is a measurable expanding random map. In
particular, the operator .Z is measurable. Armed with these assumptions, we come
back to the families of Gibbs states { vy }xex and { i, }xex Whose pointwise construc-
tion was given in Theorem 3.1. Since we have already established good convergence
properties, especially the exponential decay of correlations, it will follow rather eas-
ily that these families form in fact conditional measures of some measures v and U
from ., (_#). As an immediate consequence of item (3) of Theorem 3.1, we get
that the probability measure (1 is invariant under the action of themap 7': 7 — ¢.
All of this is shown in the following lemmas.

Lemma 4.3 For every g € L},(_7), the map x — Vy(gy) is measurable.

Proof. 1t follows from (3.42) that

L el
lim G20y (g,
Sim ()

Then measurability of x — V,(g,) is a direct consequence of measurability of the
transfer operator. O

This lemma enables us to introduce the probability measure v on _# given by the

formula
V(g):// gxdvidm(x).
xJ 7,

This measure, therefore, belongs to .Z1(_#).

Lemma 4.4 The map X > x — A, € R is measurable and the function q: 7 >
(x,3) = qx(y) belongs to Ly (7).
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Proof. Since v € .#,}(_7 ), measurability of A’s follows from the formula (3.11)
and measurability of the transfer operator. Then measurability of A’s and of the
transfer operator together with lim,_,c $”7n11 = g, (see Proposition 3.17) imply
measurability of g. ad

From this lemma and Lemma 4.3 it follows that we can define a measure [ by
the formula

p) = [ [, vt @)

4.3 The expected pressure

The pressure function of a measurable expanding random map has the following
important property.

Lemma 4.5 The pressure function X > x — P.(@) is integrable.

Proof. 1t follows from the definition of the transfer operator, that
—[l@xll- <log Ve (Zil) <log||Z1]|e. (4.3)

Then, by (3.11) and integrability of the logarithm of the transfer operator, the func-
tion P,(¢) is bounded above and below by integrable functions, hence integrable.
O

Therefore, the expected pressure of ¢ given by

6P(9) = [ Plg)dm(x)

is well-defined.
The equality (3.42) yields alternative formulas for the expected pressure. In order
to establish them, observe that by Birkhoff’s Ergodic Theorem

EP(p) = lim 1lc)g Al forae xeX. (4.4)

n—oon

In addition, by (3.11), A = A7y (1) = Vgn() (Z{'(1)). Thus, it follows that

X

"%ck+n11x(wk+n)
ggkn (x) IL6” (x) (WkJrn) .

1

—logA = lim - lo

n 8 k—oo 1 g
However, by Lemma 3.27 we can get even more interesting formula.

Lemma 4.6 For every ¢ € J,%(_# ) and for almost every x € X

EP(@) = lim llog.,?gfll(wn)

n—oo g
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where the points w, € _Zgn(y) are arbitrarily chosen.

4.4 Ergodicity of u

Proposition 4.7 The measure L is ergodic.

Proof. Let B be a measurable set such that 7! (B) = B and, for x € X, denote by
B, the set {y € 7, : (x,y) € B}. Then we have that T, ' (Bg(y)) = By. Now let

Xo:={xe€X: u(By) > 0}.

This is clearly a 6-invariant subset of X. We will show that, if m(Xp) > 0, then
We(By) =1 for a.e. x € Xp. Since 6 is ergodic with respect to m, this implies ergod-
icity of T with respect to .

Define a function f by f, := 1. Clearly f, € L' (i) and fonx) o T} = fy m-a.e.
Let x € X' N Xp, where X’ is given by Proposition 3.20. Let g, be a function from
L'(_#,) with [ g.dp, = 0. Then using (3.41) we obtain that

r}gl(}oux((fe"(x) © T;rn)gx) — 0.

Consequently

/ grdpy =0.
By

Since this holds for every mean zero function g, € L' (_#;) , we have that i, (By) = 1
for every x € X' N Xp. This finishes the proof of ergodicity of T with respect to the
measure U. O

A direct consequence of Lemma 3.29 and ergodicity of T is the following.

Proposition 4.8 The measure | € #,\(_¥) is a unique T-invariant measure satis-

fying (3.3).

4.5 Random Compact Subsets of Polish Spaces

Suppose that (X,.%,m) is a complete measure space. Suppose also that (¥,p) is a
Polish space which is normalized so that diam(Y) = 1. Let By be the c—algebra of
Borel subsets of Y and let %y be the space of all compact subsets of Y topologized
by the Hausdorff metric. Assume that a measurable mapping X > x — _#Z, € Jy is
given.

Following Crauel [10, Capter 2], we say that amap X 3 x +— Y, C Y is measurable
if for every y € Y, the map x — d(y,Yy) is measurable, where

d(y,Yy) :=inf{d(y,yx) 1 yx € V; }.
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This map is also called a random set. If every Y, is closed (res. compact), it is called
a closed (res. compact) random set. With this terminology X > x— ¢, CY isa
compact random set (see [10, Remark 2.16, p. 16]).

Closed random sets have the following important properties (cf. [10, Proposition
2.4 and Theorem 2.6]).

Theorem 4.9 Suppose that X > x — Y is a closed random set such that Y, # 0.

(a) For all open sets V C Y, the set {x € X : Y, NV # 0} is measurable.

(b) The set ¢ := graph(x — Yy) := {(x,yx) : x € X and y, € Y/} is a measurable
subset of X XY i.e. 7 is a subset of & ® By, the product o-algebra of F and HBy.
(c) For every n, there exists a measurable function X 3 x>y, , € Y, such that

Yo =cl{yr, :n e N}

In particular, there exists a measurable map X 3 x — yy € Y.

Note that item (b) implies that _¢# is a measurable subset of X x Y. Let % 7= F®
%y\/ Then by Theorem 2.12 from [10] we get that for all A € & 4, nx(A) € Z#.

Now, let X 5 x — Y, be a compact random set and let r > 0 be a real number.
Then every set Y, can be covered by some finite number a, = a,(r) € N of open
balls with radii equal to ». Moreover, by Lebesgue’s Covering Lemma, there exits
R, = R,(r) > 0 such that every ball B(y,,R,) with y, € Y is contained in a ball from
this cover. As we prove below, we can actually choose a, and R, in a measurable
way. Hence for the compact random set x — _#, the measurability of cardinality of
covers (see Chapter 3.1, just before Theorem 3.3) holds automatically.

In the proof of Lemma 4.11 we will use the following Proposition 2.1 from [10,
p. 15].

Proposition 4.10 For compact random set x — Y, and for every &€, there exists a
(non-random) compact set Yo C Y such that

m({xeX Y, CY})>1—¢.

Lemma 4.11 There exists a measurable set X, C X of full measure m such that,
for every r > 0 and every positive integer k, there exists a measurable function
X! 3 x> yux € Yy and there exist measurable functions X, > x + ay € N and X}, >
x— Ry € Ry such that for every x € X,

Ay

U Bx()’x,kﬂ") DY,
k=1

and for every y, € Yy, there exists k =1,...,ay for which By(yx,Ry) C Bx(Yxx,7)-

Proof. Forn € NletY;,, CY be acompact set given by Proposition 4.10. Then the
set X, := {x € X : ¥y C Y/, } is measurable and has the measure m(X,) greater or
equal to 1 — 1/n. Define

X, = X,

neN
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Then m(X)) = 1.
Let {y, : n € N4} be a dense subset of Y. Since Y, /n 18 compact, there exists a
positive integer a(n) such that

a(n)

U BO&:7/2) D Y- (4.5)
k=1

Define a function X}, 3 x > ay, by a, = a(n) where n := min{k : x € X; }. The mea-
surability of X, gives us the required measurability of x — a;.

Let {y; : k € N} be a countable dense set of Y and m € N. For every k € N define
a function x — G, ; by

G.. = [ BOKr/2) i YN By, r/2) # 0
xk Y, otherwise.

Since, by Theorem 4.9 (a), the set {x € X : Yy N B(yk,r/2) # 0} is measurable, it
follows that X > x + Gy is a closed random set. Hence, by Theorem 4.9 (c), there
exists a measurable selection X 3 x +— y,x € Gy x. Note that, if yy x € B(yx,r/2), then
B(yk,7/2) C B(yxx, 7). Therefore, by (4.5),

Ux
U B(yrk;r) DYy DY, forall x€X,.
k=1

Finally, for x € X, let Ry > 0 be a real number such that, for y € Y} /,, there exists
k=1,...,U(n) for which B(y,R) C B(yx,r/2) C B(yxx,r). Then X, > x+— R, € Ry
is also measurable. a






Chapter 5

Fractal Structure of Conformal Expanding
Random Repellers

We now deal with conformal expanding random maps. We prove an appropriate
version of Bowen’s Formula, which asserts that the Hausdorff dimension of almost
every fiber ¢, denoted throughout the paper by HD, is equal to a unique zero of the
function ¢ — &P(r). We also show that typically Hausdorff and packing measures on
fibers respectively vanish and are infinite. A simple example of such a phenomenon
is a Random Cantor Set described.

Later in this paper the reader will find more refined and general examples of
Random Conformal Systems notably Classical Random Expanding Systems, Briick
and Biiger Polynomial Systems and DG-Systems.

In the following we suppose that all the fibers #, are in an ambient space ¥
which is a smooth Riemannian manifold. We will deal with C'*%—conformal map-
pings f; and denote then |f}(z)| the norm of the derivative of f, which, by confor-
mality, is nothing else than the similarity factor of f(z). Finally, let ||f]||- be the
supremum of | f{(z)| over z € _#,. Since we deal with expanding systems we have

|fi]| > v forae. x€X. (5.1

Definition 5.1 Let f : (x,z) — (0(x), fx(z)) be a measurable expanding random
map having fibers J, C'Y and such that the mappings fx : Zx — Zo(x) can be
extended to a neighborhood of #, inY to conformal C 4% mappings. If in addition
log||fi||« € L' (m) then we call f conformal expanding random map.

A conformal random map f: ¢ — ¢ which is uniformly expanding is called
conformal uniformly expanding.

5.1 Bowen’s Formula

For every t € R we consider the potential ¢,(x,z) = —tlog|f,(z)|. The associated
topological pressure P(¢;) will be denoted P(z). Let

47
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EP(1) = /X Py(t)dm(x)

be its expected value with respect to the measure m. In view of (5.1), it follows
from Lemma 9.6 that the function ¢t — &P(¢) has a unique zero. Denote it by /. The
result of this subsection is the following version of Bowen’s formula, identifying the
Hausdorff dimension of almost all fibers with the parameter 4.

Theorem 5.2 (Bowen’s Formula) Let f be a conformal expanding random map.
The parameter h, i.e. the zero of the function t — &P(t), is m-a.e. equal to the
Hausdorff dimension HD(_#) of the fiber fx.

Bowen’s formula has been obtained previously in various settings first by Kifer
[18] and then by Crauel and Flandoli [11], Bogenschiitz and Ochs [6] and Rugh
[26].

Proof. Let (Vy;)xex be the measures produced in Theorem 3.1 for the potential ¢,.
Fixx € X and z € _#, and set again y = (x,z). For every r € (0,&] let k = k(z,r) be
the largest number n > 0 such that

B(z,r) C £, "(B(f{(2),))- (52)

By the expanding property this inclusion holds for all 0 < n < k and lim,_,0 k(z,r) =
+o0. Fix such an n. By Lemma 3.28,

Ver(B(z,1) < Vi (fy " (B (2),€))) < exp (hQpn() 1(f¢)'(2)] " exp(—Fy (}?5)-3)

On the other hand, B(z,7) ¢ f; “"(B(£3+1(2),&)) for every s > k. But, since by
Lemma 2.3,

B(z,exp(—Qgs1 (yEDNAT (@) 718) € £ VBT (2).8)),

we get

exp(—Qgst1 (o EX) (AT (IT'E <r (5.4)
and |(f5) (z)| 7' < &7 exp(Qem(x)i“)r. Inserting this to (5.3) we obtain,

Ve (B(z,r)) < Eexp (hQen(x)) exp(hQgs+1 (x)’g'“) r’
exp(-P NI I 55)

or, equivalently,

_ s+1—n\/( n
log Vx,h(B(Z, r)) > hat thn(x> n ]’lQ9s+1<x)€O‘ N hlog () (f n(x) ) (fx (Z))D
logr - logr logr logr
—hlog&  —P!(h)
+ logr + logr

(5.6)
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Our goal is to show that

1 B
Jimint 1©8Yer (B 7))

mir logr >h forae. x€X andall z€ Z,.

Since the function x — Q. is measurable and almost everywhere finite, there exists
M > 0 such that m(A) > 0, where A = {x € X : Oy < M}. Fix n = n; > 0 to be the
largest integer less than or equal to k such that 8" (x) € A and s = s to be the least
integer greater than or equal to k such that 85*!(x) € A. It follows from Birkhoff’s
Ergodic Theorem that limy e sx /nx = 1. Of course if for k > 1 we take any r;, > 0
such that k(z,7;) = k, then limy_,o, 7. = 0.

Now, note that by (5.2), the formula

F(B(£2(2),6)) C Bz, exp(QannEN(f1) (2)]'6)
yields r < exp(an(x)éo‘)\(f;’)’(z)\’l:‘;. Equivalently,

—logr > log|(£{)'(2)| = §*Qpn(x) —log¢.

Since log| (") (z)| > log ¥} and since the function x — log ¥, is integrable and

X :min{l,/log}/dm} >0

we get from Birkhoff’s Ergodic Theorem that for a.e. x € X and all r > 0 small
enough (so k and ny and s; large enough too)

X X
- >Zp> 2y, )
logr 2n 3s (5.7)

Remember that 8" (x) € A and 8! (x) € A. We thus obtain from (5.6) that

.. dogvy,(B(z,r)) . 1 st lom\! 7 o 1,
liminf =51 T > h—3h112n_>s::p;10g(’( S (e@)|) ~2-P(h).
(5.8)

for a.e. x € X and all z € _#,. But as [P.(h)dm(x) = 0, we have by Birkhoff’s
Ergodic Theorem that
N
r}grolo EPX (h) =0. 5.9
Also, since the measure p;, is f-invariant, it follows from Birkhoff’s Ergodic Theo-
rem that there exists a measurable set Xy C X such that for every x € Xy there exists
at least one (in fact of full measure i, ;) zx € _Zx such that

1 N,
lim 7log ‘ (1) (z2)

Jreo

— 7= [ 1og|f(2)ldun(x.2) € (0,429).
S

Hence, remembering that 8" (x) and 8**!(x) belong to A, we get



50 5 Fractal Structure of Conformal Expanding Random Repellers

lim sup é log (’ (fsﬁ(;")/(ff(Z)) D

k—yo0

= limsupl <log ‘ (fj“)/(z)‘ —log ‘ (ff)/(Z)D

k—oo S

= limsup 1 <log ‘ (A1) ()

koo S

)

. 1 e !
< 11msup;log’(f,f+l)/(zx)‘ — hlgglfglog’(ff)/(zx)

k—>o0

~log|(£)'(z)

=1-1=0.

Inserting this and (5.9) to (5.8) we get that

1 B
i 10 V(B )

> h. 1
r—0 logr - (5.10)

Keepx € X, z€ #Zy and r € (0,§]. Now, let [ = [(z,r) be the least integer > 0
such that

£ (B(£i(2).8)) C B(z.r). (5.11)
Then, by Lemma 3.28,

Vx,h(B(Zv r)) > Vx,h(fy_l(B(fyg(Z)aé)))

5.12
> Dy (0 () exp(~ Qi)Y @) Texp(—BL ). O
On the other hand fyf(lfl)(B(fjﬁfl (2),€)) & B(z,r). But, since
£ VB (2),8)) € BOLexp(Qgi-1 ()EN(A) (2)]1E),
we get
r<&exp(Qgr1nE M)A I (5.13)

Thus |(fI71) (z)| 7! > &1 exp(erlflméa)r. Inserting this to (5.12) we obtain,

ven(B(zr)) > E7Dy (8! (x)e 200 |(fpr1y)' (£ ()] 7"
exp(thelq(x)éa)rhexp(fP;(h)). (5.14)

Now, given any integer j > 1 large enough, take R; > 0 to be the least radius r > 0
such that

£ (B(fl(2),8)) CB(z,r).

Then I(y,R;) = j. Since the function Q is measurable and almost everywhere finite,
and 0 is a measure-preserving transformation, there exist a set I' C X with positive
measure m and a constant E > 0 such that O, < E, D{(x) < E and Qe—l(x) <E
for all x € I'. It follows from Birkhoff’s Ergodic Theorem and ergodicity of the
map 0 : X — X that there exists a measurable set X; C X with m(X;) = 1 such that
for every x € X; there exists an unbounded increasing sequence (j;)7; such that
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6/i(x) € I for all i > 1. Formula (5.13) then yields

~logR;, > ~EE® +log& +log| (/' (2)| = ~EE® +logE +logyl ' = £,
where the last inequality was written because of the same argument as (5.7) was,
intersecting also X; with an apropriate measurable set of measure 1. Now we get

from (5.14) that

log Vv, (B(z,R;. 2locE 2E 2h1 2hECE
M§h+°7§’_7._7f10g|‘(f9ji71<x))/||w_ 5.
logR;, XJi XJji X Ji XJi
2h1 21 .
_2hogS 21,
xXJi X Ji

Noting that [y P:(t)dm(x) = 0 and applying Birkhoff’s Ergodic Theorem, we see
that the last term in the above estimate converges to zero. Also % log [(fgii—1())'ll-=
converges to zero because of Birkhoff’s Ergodic Theorem and integrability of the
function x — log||fi||- Since all the other terms obviously converge to zero, we

thus get fora.e.x € X and all z € /x, that

log vy (B log v, »(B(z,R};
liming 128 Ver (BE 7)) < 1imjnfw

<h.
r—0 logr i—vo0 logR;,

Combining this with (5.10), we obtain that

1 B
fimint 1©8Yer (B 7))

=h
r—0 logr

for a.e. x € X and all z € _Z,. This gives that HD(_#;) = h for a.e. x € X. We are
done. a

5.2 Quasi-deterministic and essential systems

We now investigate the fractal structure of the Julia sets and we will see that the ran-
dom systems naturally split into two classes depending on the asymptotic behavior
of Birkhoff’s sums of the topological pressure Py(h).

Definition 5.3 Let f be a conformal uniformly expanding random map. It is called
essentially random if for m-a.e. x € X,

limsup P} (h) = +oo and 1irr_1>ian)'c’(h) = —oo, (5.15)
n—roo

n—se0

where h is the Bowen’s parameter coming from Theorem 5.2. The map f is called
quasi-deterministic if for m—a.e. x € X there exists L, > 0 such that
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—L, <P!h) <Ly for m-almostall x€X andall n>0. (5.16)

Remark 5.4 Because of ergodicity of the transformation 0 : X — X, for a uniformly
conformal random map to be essential it suffices to know that the condition (5.15)
is satisfied for a set of points x € X with a positive measure m.

Remark 5.5 If the number

o2(P(h)) = Tim + (Sn(P(h)))zdm >0

n—eo p

and if the Law of Iterated Logarithm holds, i.e. if

/ B
2062(P(h)) =1i R 206%(P(h
lrgw \/nloglogn \/nloglogn

m-a.e., then our conformal random map is essential. It is essential even if only the
Central Limit Theorem holds, i.e. if

m({xeX:Pil/(ﬁh)<r}> Gm —s* /202 (P() g

Remark 5.6 If there exists a bounded everywhere defined measurable function u
X — R such that Pe(h) = u(x) —uo 0(x) (i.e. if P(h) is a coboundary) for all x € X,
then our system is quasi-deterministic.

For every o > 0 let 52 refer to the a-dimensional Hausdorff measure and let
P* refer to the a-dimensional packing measure. Recall that a Borel probability
measure U defined on a metric space M is geometric with an exponent « if and only
if there exist A > 1 and R > 0 such that

A%< Ww(B(z,r)) <Ar®

for all z € M and all 0 < r < R. The most significant basic properties of geometric
measures are the following:
(GM1) The measures p, 7%, and 2% are all mutually equivalent with Radon-
Nikodym derivatives separated away from zero and infinity.
(GM2) 0 < % (M), P*(M) < ~oo.
(GM3) HD(M) = h.

The main result of this section is the following.

Theorem 5.7 Suppose f: ¢ — ¢ is a conformal uniformly expanding random
map.

(a) If the system f: ¢ — ¥ is essential, then H"(_¢y) =0 and 2"(_7,) = +
for m-a.e. x € X.

(b) If, on the other hand, the system f: 7 — Z is quasi-deterministic, then for
every x € X VI is a geometric measure with exponent h and therefore (GMI)-(GM3)
hold.
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Proof. Part (a). Remember that by its very definition &P(h) = [ P.(h)dm(x) =0. By
Definition 5.3 there exists a measurable set X; with m(X;) = 1 such that for every
x € X; there exists an increasing unbounded sequence (n j);‘;1 (depending on x) of
positive integers such that
lim P’ (h) = —oo. (5.17)
Joree
Since we are in the uniformly expanding case, the formula (5.12) from the proof of
Theorem 5.2 (Bowen’s Formula) takes on the following simplified form

Vi(B(z,7)) > D' exp(—PL% () (5.18)

with some D > 1 and all z € _#,. Since the map is uniformly expanding, for all
Jj > 1large enough, there exists r; > 0 such that I(z, ;) = n;. So disregarding finitely
many terms, we may assume without loss of generality, that this is true for all j > 1.
Clearly lim;_,., 7; = 0. It thus follows from (5.18) that

Vx,h(B(Z’ rj)) > Dilr?exp(_P;lj(h))
forall x € Xy, allz € _Z, and all j > 1. Therefore, by (5.17),

Ven(B Ven(B i ;
limsupM > limsupM >Dp! limsupexp(fP;" (h)) = +oo

r—0 r Jj—roo rj Jj—reo

which implies that 7% (_¢,) = 0.

The proof for packing measures is similar. By Definition 5.3 there exists a mea-
surable set X, with m(X,) = 1 such that for every x € X, there exists an increasing
unbounded sequence (s j)‘]’f’zl (depending on x) of positive integers such that

lim P/ (h) = oo (5.19)

Jreo

Since we are in the expanding case, formula (5.5) from the proof of Theorem 5.2
(Bowen’s Formula), applied with s = k(z, r), takes on the following simplified form.

Vi(B(z,7)) < D' exp(—PEE" () (5.20)

with D > 1 sufficiently large, all x € X and all z € _#,. By our uniform assump-
tions, for all j > 1 large enough, there exists R; > 0 such that k(z,R;) = s;. Clearly
lim; .. R; = 0. It thus follows from (5.20) that

Ven(B(z,rj)) < DR} exp(—PY (h))
forall x € Xp, allz € _Z, and all j > 1. Therefore, using (5.19), we get

Vin(B Vin(B(zR; .

timing Y BE)  pi i Yt BERD)  py s intexp(—p (1)) = 0.
h i h i

r—0 r Jreo Rj jree
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Thus ﬁh(/x) = o0, We are done with part (a).

Suppose now that the map f: _# — _# is quasi-deterministic. It then follows from
Definition 5.3 and (5.18) along with (5.20), that for every x € X and for every r > 0
small enough independently of x € X, we have.

(LD) ' < vy (B(y,r)) < LD, x€X, z€ _#..

This means that each v, ;, x € X, is a geometric measure with exponent /2 and the
theorem follows. O

As a straightforward consequence of this theorem we get a corollary transpar-
ently stating that essential conformal random systems are entirely new objects, dras-
tically different from deterministic self-conformal sets.

Corollary 5.8 Suppose that conformal randommap f: ¢ — ¢ is essential. Then
for m-a.e. x € X the following hold.

(1) The fiber 7. is not bi-Lipschitz equivalent to any deterministic nor quasi-
deterministic self-conformal set.

(2) P is not a geometric circle nor even a piecewise smooth curve.

(3) If _#x has a non-degenerate connected component (for example if Z, is con-
nected), then h =HD(_#,) > 1.

(4) Let d be the dimension of the ambient Riemannian space Y. Then HD(_#,) < d.

Proof. Ttem (1) follows immediately from Theorem 5.7(a) and (b3). Item (3) from
Theorem 5.7(a) and the observation that 7! (W) > 0 whenever W is connected.
The proof of (4) is similar. Since (3) obviously implies (2), we are done. O

5.3 Random Cantor Set

Here is a first example of an essentially random system. Define
fo(x) =3x(mod1) forx € [0,1/3]U[2/3,1]
and
f1(x) =4x(mod1) forx € [0,1/4]U[3/4,1].

Let X = {0,1}%, 6 be the shift transformation and m be the standard Bernoulli
measure. For x = (...,x_1,X0,X1,...) € X define fx = fx), fi' = fogn-1(x) 0 fon-2() ©
...ofyand

=

Se= () 71(0,1)).

n=0

The skew product map defined on (J,cy Jx by the formula

fxy) = (0(x), fx(v)
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generates a conformal random expanding system. We shall show that this system is
essential. To simplify the next calculation, we define recurrently:

&) ={ 3 020 &) = Gy (DE - 1)

Consider the potential @' defined by the formula ¢ = —tlog&,(1). Then

Sn@ = —tlog&(n).

Let C, be a cylinder of the order n that is C,, is a subset of _#, of diameter (&,(n)) ™!
such that f7'|¢, is one-to-one and onto Zon(x)- We can project the measure m on _#;
and we call this measure .. In other words, ti, is such a measure that all cylinders
of level n have the measure 1/2". Then by Law of Large Numbers for m-almost
every x

log 1 (Cy) log2 _ log4

i logdiam(C,)  (1/n)log&(n)  logl2

Therefore the Hausdorff dimension of ¢, is for m-almost every x constant and equal
to h. Next note that
H(Cn)

diam(C,)"

= exp(—SyP) (5.21)

where
P, :=1log2 —hlog&,(1).

This will give us the value of the Hausdorff and packing measure. So let Zy,Z;,...
be independent random variables, each having the same distribution such that the
probability of Z, =log2 — hlog3 is equal to the probability of Z, = log2 — hlog4
and is equal to 1/2. The expected value of Z,, &P, is zero and its standard deviation
o > 0. Then the Law of the Iterated Logarithm tells us that the following equalities

Y s s % . 1 +...+2,
1 f——=—-V20 d 1 ———=V20
parel v/nloglogn V2o an lﬂlsﬁp v/nloglogn V2
hold with probability one. Then, by (5.21),
My (Cn) .. ,ux(cn)
1 ———— =00 d 1 f——— =
TP diam(C, )" and  Taln diam(C, )"

for m-almost every x. In particular, the Hausdorff measure of almost every fiber 7
vanishes and the packing measure is infinite. Note also that the Hausdorff dimension
of fibers is not constant as clearly HD(_#y~) = log2/log3, whereas HD(_#\=) =
log2/logd =1/2.






Chapter 6
Multifractal analysis

The second direction of our study of fractal properties of conformal random expand-
ing maps is to investigate the multifractal spectrum of Gibbs measures on fibers. We
show that the multifractal formalism is valid. It seems that it is impossible to do it
with a method inspired by the proof of Bowen’s formula since one gets full measure
sets for each real o and not one full measure set X,,, such that for all x € X,,,,, the
multifractal spectrum of the Gibbs measure on the fiber over x is given by the Leg-
endre transform of a temperature function which is independent of x € X,,,,. In order
to overcome this problem we work out a different proof in which we minimize the
use Birkhoff’s Ergodic Theorem and instead we base the proof on the definition of
Gibbs measures and the behavior of the Perron-Frobenius operator. In this point we
were partially motivated by the approach presented in Falconer’s book [15]

Another issue we would like to bring up here is real analyticity of the multifractal
spectrum which we establish for uniformly expanding systems. The proof is based
on real-analiticity results for the expected pressure which are treaded separately in
Chapter 9 since this part involves different methods.

6.1 Concave Legendre Transform

Let ¢ € H,(_#) be such that &P(¢) = 0. Fix ¢ € R. We will not use the function
qx and therefore this will not cause any confusion. Define auxiliary potentials

Qg (V) = q(@c(y) — P(@)) — tlog| f1(y)]-

By Lemma 9.5, the function (gq,t) — &P(q,t) := EP(@,;) is convex. Moreover,
since log|f1(y)| > log % > 0, it follows from Lemma 9.6 that for every g € R there
exists a unique T'(q) € R such that

éap((P%T(q)) =0.
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The function ¢ — T(g) defined implicitly by this formula is referred to as the tem-
perature function. Put

Pq := Pq,1(q)
By Dr we denote the set of differentiability points of the temperature function
T. By convexity of &P, for A € (0,1),

EP(Aq1 + (1= A)q2, AT (q1) + (1= 1)T(q2))
<AEP(q1,T(q1)) + (1= A)EP(q2,T(g2)) = 0.
Since t — EP(Aq1 + (1 — A)qa,t) is decreasing,
T(Aq1+(1=2)q2) < AT(q1)+(1-A)T(q2).

Hence the function ¢ — T'(g) is convex and continuous. Furthermore, it follows
from its convexity that the function T is differentiable everywhere but a countable
set, where it is left and right differentiable. Define

L(T)(«):= inf (ag+T(q)),

—coLg<oo
where

a€Dom(L) = [ lim —T'(¢7),lim —T"(g")].

q——> g

We call L the concave Legendre transform. This transform is related to the (classi-
cal) Legendre transform L by the formula L(T)(a) = —L(T)(—o). The transform
L sends convex functions to concave ones and, if g € Dr, then

L(T)(=T'(q)) = ~T'(q)g+T(q)-

Lemma 6.1 Let g € Dr. Then for every € > 0 there exists ¢ > 0, such that, for all
6 €(0,0), we have

EP((146)q,T(q)+ (qT'(q) +€)5) <0

and
EP((1-8)q,T(q)+(—4qT'(q) +€)d) <0.

Proof. Since the temperature function 7 is differentiable at the point g, we may
write
T(q+8q9) =T(q)+T'(q)8q+0(5).

for all & > O sufficiently small, say & € (0, 5é1>). So,
T(q)+(qT' (q)+€)6 —T((1+8)q) =8 +0(8) > 0.
Then, in virtue of Lemma 9.6, we get that

EP((148)q,T(q)+ (qT'(q) +€)8) < EP((1+8)q), T((1+8)q)) =0,
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meaning that the first assertion of our lemma is proved. The second one is proved

similarly producing a positive number 6 Settmg then &, = m1n{6 (2)} com-
pletes the proof. a

6.2 Multifractal Spectrum

Let u be the invariant Gibbs measure for ¢ and let v be the ¢@-conformal measure.
For every o € R define

Ki(@) == {y € Jrrdy(y) = lim 08B0 7)) _ a}‘

r—0 logr

and

x(B(Y,
K : {yE Y  the limit hmM

does not exist}.
r—0 logr

This gives us the multifractal decomposition

= |§ Ki(a) wK;.

a>0

The multifractal spectrum is the family of functions {gy, }.cx given by the formulas

8, (@) := HD(Ky ().

The function dy, (y) is called the local dimension of the measure pi, at the point y.
Since for m almost every x € X the measures (i, and Vv, are equivalent with Radon-
Nikodym derivatives uniformly separated from O and infinity (though the bounds
may and usually do depend on x), we conclude that we get the same set K, () if in
its definition the measure (L, is replaced by Vv,. Our goal now is to get a “smooth”
formula for g, .

Let u, and v, be the measures for the potential ¢, given by Theorem 3.1. The
main technical result of this section is this.

Proposition 6.2 For every q € Dy there exists a measurable set X,,, C X with
m(Xuq) = 1 and such that, for every x € X4, and all g € Dy, we have

gu(=T'(9)) = —qT"(9) + T(q)

Proof. Firstly, by Lemma 9.4, for every 0 < R < & there exists a measurable func-
tion Dg : X — (0,4c0) such that forall g € R, allx € X, ally € _#,, and all integers
n > 0, we have

D=7 (07)) < vqxog (( "(y), R)))

S oG IR 7 <Dk (60"(x), (6.1)
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where ¢* := (q,T(q))* as defined in (9.1). In what follows we keep the notation
from the proof of Theorem 5.2. The formulas (5.2) and (5.11) then give for every
j>landevery 0 <i <k, that

D" (67(x)) " exp(q(S,90(») — PL(@))|(A) ()| <
< Vgx(B(y,r)) < ©2
< DY (6'(x))) exp(g(Sig(y) ~ Pi(@) [(£) )] .

By O, we denote the measurable function given by Lemma 2.3 for the function
—log|f’|. Let X, be an essential set for the functions X 3 x— Ry, X 3 x— a(x), x —
Oy, and X > x > Dg(x) with constants R, 4, 0 and Dé. Let (n;)T be the positively
visiting sequence for X, at x. Let X, be the set given by Lemma 9.5 for potentials
Og15 q,t € R?. Let
X = X4 NX .

Let us first prove the upper bound on g, (—7"(g)). Fix x € X, . Fix & > 0. For every
J > Tlet {wi(xn;) : 1 <k < a(xy;)} be a & spanning set of /xnj- As EP(¢,) =0, it

follows from Lemma 9.6 that y:= %é’P(d)q’T(qul) < 0. So, in virtue of Lemma 9.5,
there exists C > 1 such that

1wy () < Ce™™ (6.3)

4.7 (q) e~

forall j <1andall k=1,2,...,a(6"% (x)) < 4. Now, fix an arbitrary & € R such
that g&; > 0. For every integer [ > 1 let

/ / 1 log vy (B(y,r)) ’ 1
= - — - = < —F 2 < — -
Kierd) = {y € K1) T'(0) - el < 5T < /) 4 ey
forall 0 <r< l/l}.
Note that .
K:(—=T'(q)) = | K«(2,1). (6.4)
=1
Let

a(xn;)

L (x) =4 z€ U F o) = Kea, )N f ™ (B(f"1(2),6/2)) # 0

Then

e | £ B((),E/2)). (6.5)

ZGF,,] (x)

For every z € I, (x), say z € £ (i (x4,)), choose
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¢ Kele, )N f " (Bwe(on,). £ /2)).

Then B(wi(xx,),§/2) C B(f"(2),&), and therefore

£ (Blwil,).€/2)) € £ (BUF(2).8)-

It follows from this and (6.5) that

e c | £ TBUME).8). (6.6)

ZGF (x)

Put
AVE =0 (A @) and AP @)= 0I(ATY ()]
We then have

W) c £ B(2),8) Bz rP(3).

Therefore, assuming j > 1 to be sufficiently large so that the radii rj.l) (2) and rﬁ.l) (2
are sufficiently small, particularly < 1/1, we get

log v (f: " (B(f"1(2),8))) _ logvi(B(2).07' (1) (@) ")
—log|(£7)(2)] B —logl( ¢ )I
_ logvi(B(3) AY@) ) .

<

J

" log(rV(z )>+logQ N

—T'(q) + |&]-

and

logvi (£ (B(f"1(2).8))) _ logve(B(2),0l(A")' (&) ")
—log|(£7) (2)| B —log|(£:")(2)
log v, (B(2), r§2) (2))

= @ 5 =
log(r?)(2)) ~ log 0

—T'(q) - |&]-

Hence,

gl (log vi (2™ (B(f"1(2),8))) — (T'(9) +|e2]) log | (/) (2)]) <0

and

lal (log vi (1 ™ (B(s"1(2),8))) — (T'(q) — |&2]) og | (/) (2)]) > 0.

So, in either case (as &g > 0),

—q(logvx(f: 7 (B(f"(2),£))) — (T'(q) — |e2 ) log | (/) (2)]) <0
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or equivalently,

vl (£ (B (2), €)1 (f) ()7 -8 < 1. (6.7)

Putt = —qT'(q) + T(q) + & + &gq. Using (6.7) and (6.3) we can then estimate as
follows.

Z diam*qT’(Q)JrT(Q)JrEﬁEzq(f:"f( (f"(2), g))) =

zeF,,j(x)
Z d1am +81 nj (B(fn-f (2)’6)))diam—qT’(q)+£2q (f?._nj (B(fnj (2)75)))
161",1 ()
S M (< O T (S [ K
ZEFnj(x)
= (057" Y. exp(q(Sy0(2) =P (9)) — (T(q) +erlog|(£7) (2)])-

ZEFnj(x)
exp(q(PL () — 51, 0(2)) | (") (2) |47 (=224
S(Qéfl)Z’quAqu Y Qg Y exp(q(Sn,;9(z) — Pl ())—

zanI. (x) ZGFnj (x)
—(T(q)+e&1)log|(£) (2)]) exp(q(P{ (@) — Su, @(2))) | (£ (2) 4T @224
<(QE)¥et% Y (05T Y exp(q (sn;p() Pl (g))—
z€ln; (x) z€ly; (x)

—(T(q)+e&)log|(£7) @) v (£ " (B(F"1(2),€))) (£ (2)[a" (@)=
< (O Y (0T Y exp(a(Sn () — P ()~
€l z€ly; (x)
—(T(q) +&)log|(£”) (2)])
a(x,, )
< (Qé 2t 1% Z $¢qT(q )+ep X ]l(wk(x”j))

< C(QE")* e a(x, )e " < C(QE ") 1o qe ).,

Letting j — oo and looking also at (6.6), we thus conclude that 577 (K,(&,,1)) = 0.
In virtue of (6.4) this implies that .7#” (K.(—T"(g))) = 0. Since & > 0 and &4 > 0
were arbitrary, it follows that

gu(—T'(q)) =HD(K.(=T"(q))) < —qT'(q) + T (q). (6.8)

Let us now prove the opposite inequality. For every s > 1 let s_ be the largest integer
in [0, s — 1] such that 8~ (x) € X, and let s be the least integer in [s+ 1,4e0) such
that 6°+(x) € X,. It follows from (6.2) applied with j =, and i = k_, that (5.4) is
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true with s+ 1 replaced by k., and (5.13) is true with [ — 1 replaced by /_, that

log Vy.i(B(.r)) _ —4"logDz +4(S1. 9(y) — P (9)) — T(9)log (/') )

logr - log€ +E&20 —log|(fi ) (v)]
and
log Vg (Br)) 4" lozDe +4(Sk9(y) — A (9)) T (a)log () )|
logr B log& — E¢Q —log|(AH) ()]
Hence,
limsupw <

r—0 IOg r

. P (g)— S,H(P(y)> . log|(A) ()]
1 T(g)l —— 7 2 (69
< limsup (" gl ()0 ) TS m ) ¢

and

logv, (B
liminf Og ‘LX( (y7 r)) Z
r—0 logr

wint (PO =500 Ly g 0)
= i (ST ) OGO ¢

Now, given € > 0 and &; > 0 ascribed to € according to Lemma 6.1, fix an arbitrary
0 € (0,0]. Set

ol = ¢s(,16) = 0(148)0.7(q)+ (a7 (g) +&)5 €XP (— (1 + ) P(¢g))

and
2

0% = 0.3 = 0u-sur s ariaresexp(~(1+8)P(9y)).

Since

éDP(q)(l)) = gP(¢(]+5>q,T(q)+(qT/(q) ) 1 + 3 /P (I)q
= &P (¢(1+6>q.,r<q>+<qrf<q>+e>6)

and

&P(¢1?)) = EP(D(1-8)q.T(q)+(~qT"(g)+¢ (1-9 /P %u)d

= 6P (¢<176>q,T<q>+<qu'<q>+e>6)’
1) such
Jw) <

it follows from Lemma 6.1 and Lemma 9.5, there exists = K(q,s d) € (0,
that for all k = 1,2, and all n > 1 sufficiently large, we have 1 5 log Z " (

logk for all x € X, and all w € _Zgn(,). Equivalently,
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Ll (@)(w) < <. ©6.11)

Now, forall xe X/, all j>1,all 1 <k <a(6"(x) <d,andall z € " (wk(x,,j)),
define

AR) = {y € £ (BOn(,). €)) : BU™ (0),R) € Blwi(wa,). )}

Note that

U A(z) = 7 (x). (6.12)
Fix any g € D7 and set
Ae= sup {max{(1+8)q,T(q)+(aT'(a) +£)8)",
0<6<6¢
((1-8)a.T(q) + (~aT'(q) +£)3)"} }.
Let x € X/.. Set

M = exp(08(—qT'(q) +T(q) — €))-

Then, using (6.12), Lemma 2.3 (for the potential (x,z) — log|f.(z)|, (6.2), and
(6.11), we obtain

Vax({y € i v 5 (B 0).R)) 2 (A7) ()] - @10y =
= vl € Fervaa(R (B(f”f R))I(AY ()~ T0=¢ > 1)
=Viullye A qx(ﬁ B0 R)) (Y )P0 T 00 > 1
5/,« Vi (5 (B (). RD) (AT )P T, ()

aln;)
<Y X / (£1).R))

k=1

ZEf)C (wk xn

() () ST @+ T @) gy, ()

Z Py Ve (£ (B(wi(xa)). £))))
k=1 ZEf)C (wk(xn )

(7Y (2) P @4 T @)y, (A(2))

a(xnj)
_M Z Z vg,x(f;nJ(B(Wk xn] ) f]'j |5 qT 9)+T(q)—¢).
e o)
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V(£ (Bwi(xn,), €))))
alxa))
M Z Z v1+6 B(wk xn ) f”/ |5 —qT'(q)+T(q)—¢)
S cer " tndan,)
a(x,,j) .
gMD?EZ Z exp ((1+5) (S1,0(2) = P/ (9(2)) — (1+ 8)Py( q’))
e tmelm))
|(£) (2| M@0 E3T @ T @) exp(— (14 )PP (¢,(2)))

a(xnj)

—mpf Y% exp(<1+6>q(sn,.¢<z>—Pffw(z))—<1+6>Px< i)

Sleer ™ wten,)
AT ( @193 exp(— (14 8)PY (94(2)))
a(xnj)
:MD?e Yy g;{l)(ﬂ)(wk(x,,j))gMD?fax"f. (6.13)
k=1 X

Therefore,
qux (Ve Zettigx(fy V(B (),R))) = [(f7) ()| @HT@)4e}) < oo

Hence, by the Borel-Cantelli Lemma, there exists a measurable set /]qu C I
such that v, (7. ) =1and

#{j >1:vga({ye i lv‘q,X(fyinj(B(f”j(Y)’R)))
> (£ ()|~ @+ T (@) 8})} <o (6.14)

Arguing similarly, with the function (})(l) replaced by ¢(2), we produce a measurable
set 7). C Fysuchthat vy (7, ) =1 and

#{72 1v(fy € Aot (57 (BUP <y>,R>>>
fnj (—qT'(9)+T(q)) +8})} oo, (615)

Set

/x - ﬂ /]t{l/n,xﬂ/fl/n,x'
n=1

Then v, (_7J) = 1 and, it follows from (6.13) and (6.1), that for all y € _#, we
have
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0
q(P:’ (@) = Sn;0(y))

am i\
iz log|(fe')' (v)]
Since lim;,_so Z—; = 1, it thus follows from (6.9) and (6.10) that

=—qT'(q)

dv,..(v) = —4T"(a) + T (q), (6.16)
and (recall that v; , = v, and T'(1) = 0)

1 B
lim Ogvx( (‘x’ r)) — _T/(q)
r—0 logr
for all y € #/. As the latter formula implies that ¢ C K(—T’(g)), and as

Vox(Z4) =1, applying (6.16), we get that

¢ (~T'(q)) = HD(K.(~T"(q))) = HD(_#8)) = —T"(q) + T (q).
Combining this formula with (6.8) completes the proof. a
As an immediate consequence of this proposition we get the following theorem.

Theorem 6.3 Suppose that f(x,z) = (0(x), fx(z)) is a conformal random expand-
ing map. Then the Legendre conjugate, g : Range(—T') — [0,+c0), to the temper-
ature function R 5 g — T(q) is differentiable everywhere except a countable set of
points, call it D%, and there exists a measurable set X;nq C X with m(Xnq) = 1 such
that for every a € Di.) and every x € X, we have

8u. () = g(@).

6.3 Analyticity of the multifractal spectrum for uniformly
expanding random maps

Now, as in Chapter 9.4, we assume that we deal with a conformal uniform random
expanding map. In particular, the essential infimum of ¥ is larger than some y > 1
and functions H,, ng(x), j(x) are finite. In addition, we have that there exist con-
stants L and ¢ > 0 such that

Sn(px(y) < —nc+L (617)

for every y € _#, and n and &P(¢) = 0. With these assumptions we can get the
following property of the function 7.

Proposition 6.4 Suppose that [ : ¢ — _7 is a conformal uniformly random ex-
panding map. Then the temperature function T is real-analytic and for every q, we
have
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f/ pdu,

T'(q)= —————
@ Iy logl|f'ldug

<0. (6.18)
Proof. The potentials

Oges(v) = q(@:(y) — Pe(@)) — tlog | £1(v)]-

extend by the the same formula to holomorphic functions C x C 3 (g,t) — @y (y).
Since these functions are in fact linear, we see that the assumptions of Theorem 9.17
are satisfied, and therefore the function R x R 5 (q,7) — &P(q,t) is real-analytic.
Since |f](y)| > 0, in virtue of Proposition 9.18 we obtain that

dEP(q,t
# — _// log | fy]d g xdm(x) < O. (6.19)

Hence, we can apply the Implicit Function Theorem to conclude that the tempera-
ture function R 3 g — T(q) € R, satisfying the equation,

&P(q,T(q)) =0,

is real-analytic. Hence,

_dEP(@;)  dEP(q,1) IEP(g,1) /
0= dq N 8q t=T(q) + T t:T(q)T (CI)
Then
JEP(q,
T'(q) = — i lr (0= P)dpgdm(x)
JEP(q, — ;
) |=r(0) | 5 —log|fild g dm(x)

|y @udlgdm(x) — [y Pdm(x) [, edy,
I 7 log|fildpg xdm(x) [ loglf'|duy

So, we obtain (6.18). It follows, in particular, that
T'(q) <0, (6.20)

since by (6.17), the integral [ 7 @d |, is negative. ad

Combining this proposition with Proposition 6.2 we get the following result
which concludes this section.

Theorem 6.5 Suppose that f: ¢ — _Z is a conformal uniformly random expand-
ing map. Then the Legendre conjugate, g : Range(—T') — [0,+o0), to the temper-
ature function R 3 g — T(q) is real-analytic, and there exists a measurable set
Xna C X with m(X,nq) = 1 such that for every o € Range(—T') and every x € Xyq,
we have

8u.(0) = g(@).






Chapter 7
Expanding in the mean

In this chapter we show that the main achievements of this manuscript, including
thermodynamical formalism, Bowen’s formula and multifractal analysis, also hold
for a class of random maps satisfying an allegedly weaker expanding condition

/logyxdm(x) > 0.

We start with a precise definition of this class. Then we explain how this case can
be reduced to random expanding maps by looking at an appropriate induced map.
The picture is completed by providing and discussing a concret map that is not
expanding but expanding in the mean.

7.1 Definition of maps expanding in the mean

Let T: ¢ — _# be a skew-product map as defined in Section 2.2 satisfying the
properties of Measurability of the Degree and Topological Exactness. Such a ran-
dom map is called expanding in the mean, if for some & > 0 and some measurable
function X 3 x — %, € R4 with

/ log fidm(x) > 0

we have that all inverse branches of every 7 are well defined on balls of radii &
and are ()~ !-Lipschitz continuous. More precisely, for every y = (x,z) € _# and
every n € N, there exists

T Bon( (T"(v),8) = I

such that

69
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L T" o™ =1dlg, , 1oy ) and T,"(T(2)) = 2,

d X
2. p(T; (1), Ty " (22)) < (%) ™' p(21,22) for all 21,22 € Bgn(y) (T"(3), ).

7.2 Associated induced map

In this section we show how the expanding in the mean maps can be reduced to our
setting from Section 2.3.

LetT: _¢ — _# be an expanding in the mean random map. To this map and to a
set A C X of positive measure we associate an induced map 7 in the following way.
Let 74 be the first return map to the set A, that is

T4(x) =min{n > 1:0"(x) € A}.

Define also
TA ()C) -1

604 (x) := 0% (x) and 4, := H Yoi(x)-
j=0

Then the induced map T is the random map over (A, B, m,) defined by

T, =T*Y forae. xcA.

The following lemma show that the set A can be chosen such that T is an expand-
ing random map.

Lemma 7.1 There exists a measurable set A C X with m(A) > 0 such that
Yax>1 forallxeA.
Proof. First, define inductively
A :={x:logy, > 0}
and, fork > 1,
Apy1i={x €A logys, « > 0}.
Since
0< / log Yedm(x) = / log Y, xdm(x) = / log ¥4, xdm(x),

X A Ag

we have that m(A;) > 0 for all k > 1. Obviously, the sequence (Ay);”_, is decreasing.

Let

A=()Ax and E=X\A.
k=1

Notice that the points x € E have the property that logy? < 0 for some n > 1.
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Claim: m(A) > 0.

If on the contrary m(A) = limg_,. m(Ay) = 0, then m(E) = 1. Since the measure
m is O—invariant, we have that m(E.) = 1 where

Ew=()67"(E).

n=0

For x € E.. we have that logy? < 0 for infinitely many n > 1. This contradicts
Birkhoff’s Ergodic Theorem since, by hypothesis, [log?y; > 0. Therefore the set
A has positive measure.

Since m(A) > 0, T4 is almost surely finite. Now let x € A. Then, for every point
6/(x), j=1,...,7a(x) — 1, we can find k() such that 8/ (x) € X \ A;(;). Put

K(x) =max{k(j):j=1,...,1a(x) — 1} + L.

Hence x and 64 (x) are in Ag ) and 6/(x) ¢ Ag(,) for j=1,...,74(x) — 1. Hence
T4 (x) = Tag, (x), and therefore

’YA,X = YAK(X),X > 1
O

In the following A C X will be some set coming from Lemma 7.1 and T = T™
the associated induced map. For this map, we have to consider the following appro-
priated class of Holder potentials. First, to every y = (x,z) we associate the neigh-
borhood

=3

Uz) = U T" (Bor( (T"(3).€)) € A
n=0
Fix & € (0,1]. As in Section 2.7 a function ¢ € ¢’'(_#) is called Holder continu-
ous with an exponent o provided that there exists a measurable function H : X —
[1,4e0), x — Hy, such that

/ logHydm(x) < oo (7.1)
Jx

and
va(@y) < Hy forae. x €X.

The subtlety here is that the infimum in the definition (2.11) of v, is now taken
over all zi,z0 € _#, withz1,20 € U(2), z € _#x. For example, any function, which is
H,—Holder on the entire set _Zy is fine.

Let T be an expanding in the mean random map and ¢ a Holder potential accord-
ing to the definition above. Having associated to T the induced map T, one naturally
has to replace the potential ¢ by the induced potential
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Ta(x)—1

P.()=Y, @oiy(T{(2)):
=0

Although, it is not clear if the potential ¢ satisfies the condition (7.1), the choice of
the neighborhoods U (z) and the definition of Holder potentials make that Lemma 2.3
still holds. This gives us an important control of the distortion which is what is
needed in the rest of the paper rather than the condition (7.1) leading to it. The
hypothesis (7.1) is only used in the proof of Lemma 2.3.

7.3 Back to the original system

In this section we explain how to get the Thermodynamic Formalism for the original
system.

With the preceeding notations, for the expanding induced map T the Thermo-
dynamical Formalism of Chapter 3 and, in particular, the Theorems 3.1 and 3.2
do apply. We denote by V,, i, and g,, x € A, the resulting conformal and invari-
ant measures and the invariant density respectively for 7. We now explain how the
corresponding objects can be recovered for the original map 7. Notice that this is
possible since we only induced in the base system.

First, we consider the case of the conformal measures. Let V,, x € A be the mea-
sure such that o

L Vo) = AxVix

If x € A we put v, = V,. If x ¢ A, then by ergodicity of 0, almost surely there exists
k € N, such that 6%(x) € A and 6/(x) ¢ A for j=0,...,k— 1. Then we put

(L) Ver ()

S IC)

(7.2)

Therefore, the family { Vv, },cx’ is a family of probability measures well defined for X
in a subset X’ of X with full measure. This family of measures has the conformality

property
D%*Vek(x) = A’xvx.

where A, = V() (Z;1), x € X'. Notice also that SP(¢) = EP(9).

Similarly, from the family {fi;}ca of T-invariant measures one can recover a
family {t }rex of invariant measures for the original map 7. Indeed, for x € A and
j=0,...,74(x) — 1 it suffices to put

Hoi(y = RyoT, /.
Then, with ggj(,) = Z£!(g,), we have that

dlgi() = 99i(x)4Vei(x)-
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Hence Theorem 3.1 and Theorem 3.2 among with all statistical consequences
hold for the original map. Moreover, since &P(@,) = &P(¢;) their zeros coincide
and consequently Bowen’s Formula and the Multifractal Analysis are also true for
conformal expanding in the mean random maps.

7.4 An example

Here is an example of an expanding in the mean random system. Define

1 15,2 -
_ x5 if x€(0,1/3]
fol®) {16x—15 if xe[15/16,1]

and
fi1(x) = 16x(mod 1) for x € [0,1/16]U[15/16,1].

Let X = {0,1}%, 0 be the shift transformation and m be the standard Bernoulli
measure. For x = (...,x_1,x0,x[,...) € X define

Jx :fxov f; :fen—l(x) Ofgn—2<x) o...0f%
and

5= ﬁ(f;’)_l([OJ])-

n=0

For this map, y = 1/2 and y; = 16 are the best expanding constants that one can
take. With these constants we have

/log Tedm(x) > 0.

Therefore, the map is expanding in the mean but not expanding.
Note that the size of each component of ([0, 1]) is bounded by

ap =16""1(1/2)7"0, (7.3)
where n; :=#{j=0,...,n—1:x;=i},i=0,1. Since

. ho .on 1
lim — = lim — = =
n—e n n—oo 2

almost surely, we have that lim,_,..a, = 0. Hence, for almost every x € X, Z,isa
Cantor set. Moreover, by (7.3), almost surely we have, that,

1
EP(f) < lim —log2"16~"17(1/2) !
n—oo
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<log2 —1(1im " log 16— "10g2) = log2 (1 21
= log e 7 g n g g -

Therefore, by Bowen’s Formula, the Hausdorff dimension of almost every fiber _#,
is smaller than or equal to 2/3. Notice however that for some choices of x € X the
fiber _Z, contains open intervals.



Chapter 8
Classical Expanding Random Systems

Having treated a very general situation up to here, we now focus on more concrete
random repellers and, in the next section, random maps that have been considered
by Denker and Gordin. The Cantor example of Chapter 5.3 and random perturba-
tions of hyperbolic rational functions like the examples considered by Briick and
Biiger are typical random maps that we consider now. We classify them into quasi-
deterministic and essential systems and analyze then their fractal geometric prop-
erties. Here as a consequence of the techniques we have developed, we positively
answer the question of Briick and Biiger (see [9] and Question 5.4 in [8]) of whether
the Hausdorff dimension of almost all (most) naturally defined random Julia sets is
strictly larger than 1. We also show that in this same setting the Hausdorff dimension
of almost all Julia sets is strictly less than 2.

8.1 Definition of Classical Expanding Random Systems

Let (Y,p) be a compact metric space normalized by diam(Y) =1 andletU C Y. A
repeller over U will be a continuous open and surjective map T : V7 — U where V7,
the closure of the domain of T, is a subset of U. Let ¥ > 1 and consider

R=%U,y)={T :Vr - U y-expanding repeller over U} .

Concerning the randomness we will consider classical independently and identically
distributed (i.i.d.) choices. More precisely, we suppose the repellers

Tops T oo T (8.1)

are chosen i.i.d. with respect to some arbitrary probability space (I,.%y,mp). This
gives rise to a random repeller Tx’é =T, ,0..0Ty, n> 1. The natural associated
Julia set is

= m T,,"(U) where x = (xo,%1,...).

n>1

75
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Notice that compactness of Y together with the expanding assumption, we recall
that y-expanding means that the distance of all points z;,z, with p(z1,z2) < nr is
expanded by the factor y, implies that _# is compact and also that the maps T € Z
are of bounded degree. A random repeller is therefore the most classical form of a
uniformly expanding random system.

The link with the setting of the preceding sections goes via natural extension. Set
X = I%, take the Bernoulli measure m = moZ and let the ergodic invariant map 6 be
the shift map o : I# — IZ. If 7w : X — I is the projection on the 0" coordinate and if
x — T is a map from [ to Z then the repeller (8.1) is given by the skew-product

T(x,2) = (06(x),Tyy(2) , (r2)€ 7 =J{x}x 7. (8.2)

xeX

The particularity of such a map is that the mappings 7 do only depend on the 0"
coordinate. It is natural to make the same assumption for the potentials i.e. ¢, =
@r(x)- We furthermore consider the following continuity assumptions:
(T0) I is a bounded metric space.
(T1) (x,z) = T '(z) is continuous from _¢ to # (U), the space of all non-empty
compact subsets of U equipped with the Hausdorff distance.
(T2) For every z € U, the map x — @,(z) is continuous.

A classical expanding random system is a random repeller together with a poten-
tial depending only on the 0""—coordinate such that the conditions (T0), (T1) and
(T2) hold.

Example 8.1 Suppose V,U are open subsets of C with V compactly contained in
U and consider the set Z(V,U) of all holomorphic repellers T : V¢ — U having
uniformly bounded degree and a domain Vr C V. This space has natural topologies,
for example the one induced by the distance

p(T1,12) = du (V1. Vr,) + (11 = T2) v, v Il

where dy denotes the Hausdorff metric. Taking then geometric potentials —tlog|T’|
we get one of the most natural example of classical expanding random system.

Proposition 8.2 The pressure function x — P.(®) of a classical expanding random
system is continous.

Proof. We have to show that x — A, is continuous and since Z"1(y)/-2'1(y)
converges uniformly to A, for every y € U (see Lemma 3.32) it suffices to show that
x— 2 (y) does depend continuously on x € X. In order to do so, we first show
that condition (T1) implies continuity of the function (x,y) — #T, ' (v).

Let (x,y) € X x U and fix 0 < &’ < & such that B(wy,&’) NB(w»,&’) = 0 for all
disjoint wy,ws € T, !(y). From (T1) follows that there exists § > 0 such that

S

dn(T'0) T, () <5 whenever p((x.y),(¢,y)) <.
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But this implies that for every w € T, ! (y) there exists at least one preimage w' €
7;71 (y')NB(w,&"). Consequently #TXT1 (') > #T,7'(y). Equality follows since T is
injective on every ball of radius £’, a consequence of the expanding condition.

Let x € X, let W be a neighborhood of x and let y € U. From what was proved
before we have that for every w € T, !(y), there exists a continuous function x’
zw (') defined on W such that Ty (z,,(x')) =y, zw(x) = w and

T, () = {zw(@) s w e T )}
The proposition follows now from the continuity of ¢y, i.e. from (T2). ad

We say that a function g : I — R is past independent if g(@) = g(7) for any
o, 7 € I” with o[ = 7. Fix k € (0,1) and for every function g : IZ — R set

vic(8) = sup{via(g)},

n>0

where
vien(g) = K" sup{|g(@) — g(7)] : @[ = T[o}-
Denote by Hy the space of all bounded Borel measurable functions g : 2 — R for
which v, (g) < 4eo. Note that all functions in Hy are past independent. Let Z_ be
the set of negative integers. If I is a metrizable space and d is a bounded metric on
1, then the formula
di(o,7) = Z 27"d (@, )

n=0

defines a pseudo-metric on I, and for every 7 € I, the pseudo-metric d, restricted

to {t} x N, becomes a metric which induces the product (Tychonoff) topology on
{7} xN.

Theorem 8.3 Suppose thatT : ¢ — ¢ and ¢ : # — R form a classical expand-
ing random system. Let A : 1% — (0, 4-0) be the corresponding function coming from
Theorem 3.1. Then both functions A and P() belong to Hy with some k € (0,1),
and both are continuous with respect to the pseudo-metric d...

Proof. Let y € U be any point. Fix n > 0 and ,7 € IZ with |} = t|. By

Lemma 3.32, we have
Ly ()
»2”;1(@)]1@)

2z,
T

— Aop| <AK" and -
gg(f>]1(y)

< Ax"

with some constants A > 0 and k € (0, 1). Since, by our assumptions, .22+ 1 (y) =
£ (y) and fé’(w)]l(y) = Zé‘m]l(y), we conclude that [A, — A¢| < 24K™. So,

vi(A) <2A.

Since, by Proposition 8.2, the function A : IZ — (0,+4-o0) is continuous, it is therefore
bounded above and separated from zero. In conclusion, both functions A and P(¢)
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belong to H, with some x € (0,1), and both are continuous with respect to the
pseudo-metric d . a

Corollary 8.4 Suppose thatT : Z — 7 and ¢ : 1% — R form a classical expand-
ing random system. Then the number (asymptotic variance of P(9))

o(P(9)) = lim -+ [ (5.(P(9)) ~n5P(9)) dm >0

n—eo n

exists, and the Law of Iterated Logarithm holds, i.e. m-a.e we have

. PI-néP() . P(9) —néP(¢) _
- ZGZ(P((])))_hrrlgglfW§hmsupW— 206%(P(9)).

n—yoo

Proof. Let @ : I — I be the canonical projection onto the Oth coordinate and
let 4 = n~!(#), where % is the c-algebra of Borel sets of I. We want to ap-
ply Theorem 1.11.1 from [24]. Condition (1.11.6) is satisfied with the function ¢
(object being here as in Theorem 1.11.1 and by no means our potential!) identi-
cally equal to zero since |m(A N B) —m(A)m(B)| = 0 for every A € 4" := 9N
o' (4)N...c7™(¥) and B € 47 = (/5,067 /(¥), whenever n > m. The inte-
gral [|P(¢)*+9dm is finite (for every § > 0) since, by Theorem 8.3, the pres-
sure function P(¢) is bounded. This then implies that for all n > 1, |P(¢)(®) —
E(P(9)|9]) ()] < vie(P(¢))x", where vic(P(¢)) < +-oo. Therefore,

[ 1P@) = E(P(©)/%)ldm < vi(P(9)x"

whence condition (1.11.7) from [24] holds. Finally, P(¢) is %6” -measurable, since
P(¢) belonging to Hy is past independent. We have thus checked all the assump-
tions of Theorem 1.11.1 from [24] and, its application yields the existence of the
asymptotic variance of P(¢) and the required Law of Iterated Logarithm to hold.

O

Proposition 8.5 Let g € ;. Then 6%(g) = 0 if and only if there exists u €
z

C((supp(mg))%) such that g —m(g) = u—uo & holds throughout (supp(mg))%.
Proof. Denote the topological support of mg by S. The implication that the coho-
mology equation implies vanishing of 62 is obvious. In order to prove the other
implication, assume without loss of generality that m(g) = 0. Because of Theorem
2.51 from [16]) there exists u € L,(m) independent of the past (as so is g) such that

g=u—uoc (8.3)

in the space Ly(m). Our goal now is to show that u has a continuous version and
(8.3) holds at all points of SZ. In view of Lusin’s Theorem there exists a compact
set K C % such that m(K) > 1/2 and the function u|g is continuous. So, in view
of Birkhoff’s Ergodic Theorem there exists a Borel set B C SZ such that m(B) = 1,
for every @ € B, 0 "(®) € K with asymptotic frequency > 1/2, u is well-defined
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on U= ..,67"(B), and (8.3) holds on U,/ o "(B). Let Z_ = {—1,-2,...} and
let {mc} .z be the canonical system of conditional measures for the partition
{{z} x N} _;z_ with respect to the measure m. Clearly, each measure mc, projected
to IN, coincides with m... Since m(B) = 1, there exists a Borel set F C SZ- such
that m_(F) = 1 and mc(BN ({t} x I'')) = 1 for all T € F, where m_ is the infinite
product measure on %~ . Fix 7 € F and set Z = py(BN ({7} x I'V)), where py : I” —
I is the natural projection from 1% to I'V. The property that m(BN ({t} x I'V)) =1
implies that Z = SN. Now, it immediately follows from the definitions of Z and B
that for all x,y € Z there exists an increasing sequence (n);._, of positive integers
such that o~ (tx), 0" (ty) € K for all k > 1. For every 0 < ¢ < n; we have from
(8.3) that

ng—q

Y (s(a’(c7™(2))) — g(c’ (0™ (x))))

Jj=0

LY (g(07(o () — s(a’ (o (ex)))

J=ng—q+1
= (u(o™™(7y)) —u(c™"(1x)) + (u(7x) — u(7y)).

Since g € Hy, we have

"ZF: (g(c/ (7™ (1y))) —g(0/ (67 ™(1y))))
J=
= Z: lg(0/ (67 (1y))) —g(0’ (o7 (1))
=
< nkZ_qu(gm"k*-" <ve(g)(1— 1K)~k
Jj=0

Now, fix € > 0. Take g > 1 so large that v(g)(1 — k) ™' k7 < £/2. Since the function
g : I — R is uniformly continuous with respect to the pseudometric d, there exists
6 > 0 such that |g(b) — g(a)| < % whenever d(a,b) < 8. Assume that d(x,y) < 0

(so d(o7(tx),07(ty)) < & for all i > 0) It follows now that for every k > 1 we
have

() — u(y)| < vie(g) (1~ 1)K +61287] +lu(a™™(1y)) —u(c™" (1x))|

<&+ S ulo (2) ~ ulo ™ ()

I ST

4 (o (1y) ~ (o~ (z)).

Since 67" (1x),0 ™ (ty) € K for all k > 1, since limy_,. d (0 (Tx), 07" (1Y) =
0, and since the function u, restricted to K, is uniformly continuous, we conclude
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that

lim |u(c™ " (ty)) —u(c " (7x))| =0.

k—o0
We therefore get that |u(7x) —u(Ty)| < € and this shows that the function u is uni-
formly continuous (with respect to the metric d) on the set

w=JBn({r}x1)

TeF

Since W = % (as m(W) = 1) and since u is independent of the past, we conclude
that u extends continuously to SZ. Since both sides of (8.3) are continuous functions,
and the equality in (8.3) holds on the dense set W N o' (W), we are done. ad

8.2 Classical Conformal Expanding Random Systems

If a classical system is conformal in the sense of Definition 5.1 and if the potential
is of the form @ = —rlog|f’| for some ¢ € R then we will call it classical conformal
expanding random system

Theorem 8.6 Suppose f: ¢ — 7 is a classical conformal expanding random
system. Then the following hold.

(a) The asymptotic variance 6*(P(h)) exists.

(b) If 6*(P(h)) > O, then the system f : ¢ — ¥ is essential, #"(_#y) =0 and
P Fy) = +oo for m-a.e. x € I”.

(c) If, on the other hand, 6*(P(h)) =0, then the system f: ¢ — ¢, reduced in the
base to the topological support of m (equal to supp(mo)Z ), is quasi-deterministic,
and then for every x € supp(m), we have:

(cl) v)ﬁ’ is a geometric measure with exponent h.

(c2) The measures v;', ji”hqu, and @hb@ are all mutually equivalent with Radon-
Nikodym derivatives separated away from zero and infinity independently of x € I”
andy € Z..

(€3) 0 < M _gy), P"(_7,) < o0 and HD(_#) = h.

Proof. Tt follows from Corollary 8.4 that the asymptotic variance 6*(P(h)) exists.
Combining this corollary (the Law of Iterated Logarithm) with Remark 5.5, we con-
clude that the system f: _# — _¢ is essential. Hence, item (b) follows from The-
orem 5.7(a). If, on the other hand, 6%(P(h)) = 0, then the system f: ¢ — 7,
reduced in the base to the topological support of m (equal to supp(mg)%), is
quasi-deterministic because of Proposition 8.5, Theorem 8.3 (P(h) € ), and Re-
mark 5.6. Items (c1)-(c4) follow now from Theorem 5.7(b1)-(b4). We are done. O

As a consequence of this theorem we get the following.

Theorem 8.7 Suppose f: ¢ — 7 is a classical conformal expanding random
system. Then the following hold.
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(a) Suppose that for every x € IZ, the fiber Fx is connected. If there exists at least
one w € supp(m) such that HD(_#,,) > 1, then HD(_¢y) > 1 for m-a.e. x € I~.

(b) Let d be the dimension of the ambient Riemannian space Y. If there exists at
least one w € supp(m) such that HD(_#,,) < d, then HD(_#) < d for m-a.e. x € I”.

Proof. Let us proof first item (a). By Theorem 8.6(a) the asymptotic variance
o%(P(h)) exists. If 62(P(h)) > 0, then by Theorem 8.6(a) the system f: _# — £ is
essential. Thus the proof is concluded in exactly the same way as the proof of The-
orem 5.8(3). If, on the other hand, 6%(P(h)) = 0, then the assertion of (a) follows
from Theorem 8.6(c4) and the fact that HD(_#,,) > 1 and w € supp(m).

Let us now prove item (b). If 62(P(h)) > 0, then, as in the proof of item (a), the
claim is proved in exactly the same way as the proof of Theorem 5.8(4). If, on the
other hand, 6(P(h)) = 0, then the assertion of (b) follows from Theorem 8.6(c4)
and the fact that HD(_#,,) < d and w € supp(m). We are done. O

8.3 Complex Dynamics and Briick and Biiger Polynomial
Systems

We now want to describe some classes of examples coming from complex dynamics.
They will be classical conformal expanding random systems as well as G-systems
defined later in this section. Indeed, having a sequence of rational functions F =
{fu}y_o on the Riemann sphere € we say that a point z € C is a member of the
Fatou set of this sequence if and only if there exists an open set U, containing z such

=

that the family of maps { f,|v, };r_, is normal in the sense of Montel. The Julia set
Y (F) is defined to be the complement (in ©) of the Fatou set of F. For every k >0
put Fi = { fixn } and observe that

I (Ferr) = fi F (Fi))- (8.4)
Now, consider the maps
fe(@) = facx) =2 +e, d>2.
Notice that for every € > 0 there exists J; > 0 such that if |c| < J, then
fe(B(0,€)) C B(0,¢).
Consequently, if @ € B(0,€)Z, then 7 ({fu, }y) C{z€C: |z| > €} and
|fao (2)] = e~ (8.5)

for allz € f({fwarn ;1.0:0)' Let S(d) = sup{&g L E> d-1 1/d} Fix 0 < S < 6(61)
Then there exists € > “3/1/d such that § < 8. Therefore, by (8.5),
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|foo, ()] = de?™! (8.6)

for all ® € B(0,8)%, all k >0 and all z € _# ({fu,,, }rro)- A straight calculation
([81, p- 349) shows that §(2) = 1/4. Keep 0 < 6 < 6(d) fixed. Let

Fas =1{fac:c€B(0,8)}.

Consider an arbitrary ergodic measure-preserving transformation 6 : X — X. Let m
be the corresponding invariant probability measure. Let also H : X — .%, 5 be an
arbitrary measurable function. Set f; , = H (x) for all x € X. For every x € X let s
be the Julia set of the sequence {fgn(y)}o, and then ¢ = J,cx . Note that,
because of (8.4), fux(_7x) = Fo(x)- Thus, the map

fd,5,9,H(xay) = (6(x)7fd,x(y)) X EX,}’ S /)ﬁ (87)

defines a skew product map in the sense of Chapter 2.2 of our paper. In view of (8.7),
when 6 : X — X is invertible, f; 5 ¢ & is a distance expanding random system, and,
since all the maps f; are conformal, f4.5.0.5 1s a conformal measurably expanding
system in the sense of Definition 5.1. As an immediate consequence of Theorem 5.2
we get the following.

Theorem 8.8 Let 0 : X — X be an invertible measurable map preserving a prob-
ability measure m. Fix an integer d > 1 and 0 < 6 < 6(d). Let H : X — F, 5 be
an arbitrary measurable function. Finally, let fy 5 ¢ y be the distance expanding
random system defined by formula (8.7). Then for almost all x € X the Hausdorff
dimension of the Julia set _Z is equal to the unique zero of the expected value of
the pressure function.

Theorem 8.9 For the conformal measurably expanding systems f; s o g defined in
Theorem 8.8 the multifractal theorem, Theorem 6.4 holds.

We now define and deal with Briick and Biiger polynomial systems. We still keep
d>2and 0 < § < §(d) fixed. Let X = B(0,5)% and let

6 : B(0,8)” — B(0,8)%

to be the shift map denoted in the sequel by o. Consider any Borel probability
measure mg on B(0,8) which is different from &, the Dirac & measure supported
at 0. Define H : X — .7, 5 by the formula H(®) = fy o, The corresponding skew-
product map f; 5: # — _Z is then given by the formula

fd.ﬁ(a)az) = (G(w)afd,wo(z)) = (G(w)azd+a)0)a

and f;5.0(z) =29 4 @p acts from Fy 10 Fg(a). Where fo = 7 ((fao,)50)-
Then f: ¢ — 7 is called Briick and Biiger polynomial systems. Clearly, f: ¢ —
¥ is aclassical conformal expanding random system.

In [8] Briick speculated on page 365 that if § < 1/4 and myg is the normalized
Lebesgue measure on B(0,8), then HD(_#,) > 1 for m -ae. ® € B(0,5)" with
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respect to the skew-product map
2
(@,2) = (0(@),2" + a).

In [9] this problem was explicitly formulated by Briick and Biiger as Question 5.4.
Below (Theorem 8.10) we prove a more general result (with regard the measure on
B(0,8) and the integer d > 2 being arbitrary), which contains the positive answer
to the Briick and Biiger question as a special case. In [8] Briick also proved that if
0 < 1/4 and the above skew product is considered then A;(_#,) = 0 for all w €
B(0,8)N, where A, denotes the planar Lebesgue measure on C. As a special case
of Theorem 8.10 below we get a partial strengthening of Briick’s result saying that
HD(_#,) < 2 for mi-ae. @ € B(0,5)N. Our results are formulated for the product
measure m on B(0,8)%, but as m, is the projection from B(0,8)% to B(0,8)" and
as the Julia sets _#, @ € B(0, )% depend only on |, i.e. on the future of @, the
analogous results for m and B(0,8)Y follow immediately. Proving what we have
just announced, note that if @y € supp(mo) \ {0}, then

HD(_ Z47)) = HD(_7 (fu)) € (1,2)

(the equality holds already on the level of sets: /wgo = 7 (fw,)), and by [9], all the
sets _Zp, O € B(0, 5)2, are Jordan curves. Hence, since f: # — _Z is a classical
conformal expanding random system, as an immediate application of Theorem 8.7
we get the following.

Theorem 8.10 If d > 2 is an integer, 0 < & < 8(d), the skew-product map f; s :
F — 7 is given by the formula

f16(0,2) = (0(0), fo.w (2)) = (6(@),2 + ),

and my is an arbitrary Borel probability measure on B(0,8), different from &, the
Dirac 8 measure supported at 0, then for m-almost every ® € B(0, 6)Z we have
1 <HD(_%p) < 2.

8.4 Denker-Gordin Systems

We now want to discuss another class of expanding random maps. This is the setting
from [12]. In order to describe this setting suppose that X, and Zy are compact
metric spaces and that 6y : Xo — Xo and Tp : Zgp — Zy are open topologically exact
distance expanding maps in the sense as in [24]. We assume that Tj is a skew-
product over Zp, i.e. for every x € X there exists a compact metric space ¢, such
that Zo = Uyex, {x} X _#x and the following diagram commutes
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T
Zo " .7z
3 3
)
Xo LA

where 7(x,y) = x and the projection 7 : Zy — Xp is an open map. Additionally, we
assume that there exists L such that

dx, (60(x), 60(x")) < Ldx (x,x') (8.8)

for all x € X and that there exists & > 0 such that, for all x,x’ satisfying dx, (x,x") <
&, there exist y,y’ such that

d((x,y),(*¥,y)) <§. (8.9)

We then refer to Ty : Zg — Zp and 6y : Xo — X as a DG-system. Note that

To({x} x Zx) C{B0(x)} X ()

and this gives rise to the map Ty : _#x — Zg(x)-

Since Tj is distance expanding, conditions uniform openness, measurably ex-
panding measurability of the degree, topological exactness (see Chapter 2) hold
with some constants ¥, > ¥ > 1, deg(7T;) < N| < oo and the number n, = n,(x)
in fact independent of x. Scrutinizing the proof of Remark 2.9 in [12] one sees that
Lipschitz continuity (Denker and Gordin assume differentiability) suffices for it to
go through and Lipschitz continuity is incorporated in the definition of expanding
maps in [24]. Now assume that ¢ : Z — R is a Holder continuous map. Then the
hypothesis of Theorems 2.10, 3.1, and 3.2 from [12] are satisfied. Their claims are
summarized in the following.

Theorem 8.11 Suppose that Ty : Zy — Zy and 6y : Xo — Xo form a DG system and
that ¢ : Z — R is a Holder continuous potential. Then there exists a Holder contin-
uous function P(9) : Xo — R, a measurable collection {V.}cx, and a continuous
function q : Zy — [0,+o0) such that

(@) Vg,(v)(A) = exp(Pc(9)) J4 e %dv, for all x € Xy and all Borel sets A C _#y such
that Ty |4 is one-to-one.

(b) f/X gxdVv, = 1 for all x € X,.

(c) Denoting for every x € Xo by L the measure q,V, we have

Z (T, ' (A)) = w(A)  for every Borel set AC .

we 9(;1 (x)

This would mean that we got all the objects produced in Chapter 3 of our paper.
However, the map 6y : X9 — X need not be, and apart from the case when Xj is fi-
nite, is not invertible. But to remedy this situation is easy. We consider the projective
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limit (Rokhlin’s natural extension) 6 : X — X of 0y : Xo — Xp. Precisely,
X ={(xn)n<0: Oo(xy) = X411V < =1}

and
0 ((xn)nﬁo) = (90()6,,)),,30.

Then 0 : X — X becomes invertible and the diagram

0

X X

p p (8.10)

o
Xo 0

Xo

commutes, where p((x,,)n < O) = x¢. If in addition, as we assume from now on, the
space X is endowed with a Borel probability 6p-invariant ergodic measure my, then
there exists a unique f-invariant probability measure measure m such that mo !

myg. Let
Z:=J{x} x Zu-
xeX

We define the map T : Z — Z by the formula T'(x,y) = (6(x),T,(y)) and the po-
tential X 3 x — @ (xp) from X to R. We keep for it the same symbol ¢. Clearly the
quadruple (T,0,m, ¢) is a Holder fiber system as defined in Chapter 2 of our paper.
It follows from Theorem 8.11 along with the definition of 8 a commutativity of the
diagram (8.10) for x € X all the objects Pc(¢) = Py, (¢), Ac = exp(P(9)), gx = qx,»
Vi = Vy,, and U = [y, enjoy all the properties required in Theorem 3.1 and Theo-
rem 3.2; in particular they are unique. From now on we assume that the measure m
is a Gibbs state of a Holder continuous potential on X (having nothing to do with ¢
or P(¢); it is only needed for the Law of Iterated Logarithm to hold). We call the
quadruple (T, 0,m, ¢) DG*-system.

The following Holder continuity theorem appeared in the paper [12]. We provide
here an alternative proof under weaker assumptions.

Theorem 8.12 If dx (x,x') < &, then |A, — Ay| < Hd¥ (x,X').
Proof. Let n be such that

dx (071 (x), 0% () < & and dx (6" (x),0%"(x)) > &;. (8.11)
Letze T~2"*(y)and 7/ € T=2"*1(y/). Then forall k=0,...,n— 1
0(T4(2)) — @(T*(2))| < Cd*(TH(2), TH(2)) < Cy "y *H Ve,
Then

Cg yfom
-y

1S:0(2) — Spp(2)] <
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Put C' :=C& /(1 —y %). Then

n—1
LM (w) o fe(x>]l(w) o

1 <L n d ‘ 1 7 < Om'

’ °¢ 2wyl = €7 an 7SOl <y
Then i

| L)y, 2 (w )/ <a2Cy o, (8.12)
fe(x) 1(w) ,fe(x,>]1 w')
Let o := (atlogy)/(2logL). Then by (8.11)
2n 2n (V) o nyo!
,},—noc _ L—Zna’ < (d(e ()C), 0 (x ))) < (d(x7x ))
éf"L—z’"’" 106’

Then (8.12) finishes the proof. a

Since the map 6y : Xy — Xp is expanding, since m is a Gibbs state, and since
P(9) : Xo — R is Holder continuous, it is well-known (see [24] for example) that
the following asymptotic variance exists

oX(P(9)) = lim - [ (5,(P(6)) ~n&P(0)) am.

n—oo g1
The following theorem of Livsic flavor is (by now) well-known (see [24]).

Theorem 8.13 Suppose (T, 0,m, ) is a DG*-system. Then the following are equiv-
alent.

(a) 62(P(¢)) = 0.

(b) The function P(¢) is cohomologous to a constant in the class of real-valued con-
tinuous functions on X (resp. Xo), meaning that there exists a continuous function
u:X — R (resp. u: Xo — R) such that

P(¢)—(u—uo®) (resp. P(¢)— (u—uobp))

is a constant.

(c) The function P(9) is cohomologous to a constant in the class of real-valued
Holder continuous functions on X (resp. Xo), meaning that there exists a Holder
continuous function u : X — R (resp. u : X — R) such that

P(¢)— (u—uo®) (resp. P(¢)— (u—uobyp))

is a constant.
(d) There exists R € R such that P! (¢) = nR for all n > 1 and all periodic points
x € X (resp. Xp).

As a matter of fact such theorem is formulated in [24] for non-invertible (8y) maps
only but it also holds for the Rokhlin’s natural extension 8. The following theorem
follows directly from [24] and Theorem 8.11 (Holder continuity of P(¢)).
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Theorem 8.14 (the Law of Iterated Logarithm) If (T, 0,m, @) is a DG*-system and
if 62(P(¢)) > 0, then m-a.e. we have

s PE(@) —néP(9) P(¢) —néP(9) _
_ 202(P(¢))_11’g1£1fWghmsupW_ 262(P(9)).

n—oo

8.5 Conformal DG*-Systems

Now we turn to geometry. This section dealing with, below defined, conformal
DG#*-systems is a continuation of the previous one in the setting of conformal
systems. We shall show that these systems naturally split into essential and quasi-
deterministic, and will establish their fractal and geometric properties. Suppose that
(fo, o) is a DG-system endowed with a Gibbs measure my at the base. Suppose also
that this system is a random conformal expanding repeller in the sense of Chapter 5
and that the function ¢ : Z — R given by the formula

¢ (x,y) = —log|f;(y)],

is Holder continuous.

Definition 8.15 The corresponding system (f,0,m) = (f,0,m, ) (with 0 the Rokhlin
natural extension of 6y as described above) is called conformal DG*-system.

For every ¢t € R the potential ¢, = t¢, considered in Chapter 5, is also Holder
continuous. As in Chapter 5 denote its topological pressure by P(t). Recall that &
is a unique solution to the equation &P(¢) = 0. By Theorem 5.2 (Bowen’s Formula)
HD(_#,) = h for m-a.e. x € X. As an immediate consequence of Theorem 5.7, The-
orem 8.14, and Remark 5.6, we get the following.

Theorem 8.16 Suppose (f,0,m) = (f,0,m,9) is a random conformal DG *-system.
(a) If 62(P(h)) > O, then the system (f,0,m) is essential, and then

AN F)=0 and P 7)) = too.

(b) If. on the other hand, o*(P(h)) =0, then (f,0,m) = (f,0,m,$) is quasi-
deterministic, and then for every x € X, we have that vf is a geometric measure
with exponent h and, consequently, the geometric properties (GM1)-(GM3) hold.

Exactly as Corollary 5.8 is a consequence of Theorem 5.7, the following corol-
lary is a consequence of Theorem 8.16.

Corollary 8.17 Suppose (f,0,m) = (f,0,m,9) is a conformal DG*-system and
62(P(h)) > 0. Then the system (f,0,m) is essential, and for m-a.e. x € X the fol-
lowing hold.

1. The fiber Z. is not bi-Lipschitz equivalent to any deterministic nor quasi-
deterministic self-conformal set.
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2. Z, is not a geometric circle nor even a piecewise smooth curve.
3. If 7. has a non-degenerate connected component (for example if 7 is con-
nected), then

h=HD(_7:) > 1.

4. Let d be the dimension of the ambient Riemannian space Y. Then HD(_#;) < d.

Now, in the same way as Theorem 8.7 is a consequence of Theorem 8.6, Corol-
lary 8.17 yields the following.

Theorem 8.18 Suppose (f,0,m) = (f,0,m,9) is a conformal DG*-system. Then
the following hold.

(a) Suppose that for every x € X, the fiber f#, is connected. If there exists at least
one w € supp(m) such that HD(_#,,) > 1, then

HD( 7)) >1  form-ae xclI”.

(b) Let d be the dimension of the ambient Riemannian space Y. If there exists at
least one w € X such that HD(_#,,) < d, then HD(_¢,) < d for m-a.e. x € X.

We end this subsection and the entire section with a concrete example of a con-
formal DG*-system. In particular, the three above results apply to it. Let

X::Stlsdz{ze@:k\:é}.

Fix an integer k > 2. Define the map 6y : X — X by the formula 8p(x) = &' ~*xk.
Then 6)(x) = k&' *x*~! and therefore |6}(x)| = k > 2 for all x € X. The normalized
Lebesgue measure Ay on X is invariant under 6. Define the map H : X — %, by
setting H (x) = f. Then

foo0(x,y) = (k8" *X1 g% +x).

Note that (f907Hl()7 60,A0) is a uniformly conformal DG-system and let (fg #,60,A)
be the corresponding random conformal G-system, both in the sense of Chapter 5.
Theorem 8.16, Theorem 8.18, and Corollary 8.17 apply.

8.6 Random expanding maps on smooth manifold

We now complete the previous examples with some remarks on random maps on
smooth manifolds. Let (M, p) be a smooth compact Riemannian manifold. We recall
that a differentiable endomorphism f : M — M is expanding if there exists y > 1
such that

AW = vl forall xe Mandallve T,M.

The largest constant ¥ > | enjoying this property is denoted by y(f). If v > 1, we
denote by &’ (M) the set of all expanding endomorphisms of M for which y(f) > 7.
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We also set

y>1

i.e. &(M) is the set of all expanding endomorphisms of M.

8.7 Topological exactness

We shall prove the following.

Proposition 8.19 Suppose that M is a connected and compact manifold and that
fn € EM), n > 1, are endomorphisms such that

limy oo [ [ 1(f) = +oo.
j=1

Denote Fy = fyo fx—10...0 f1, k > 1. Then, for every r > O there exist k > 1 such
that
F(B(x,r)) =M foreveryxeM.

In particular, if U is a non-empty open subset of M, then there exists k > 1 such that
FU)=M.

Proof. Let f € &(M), set Y = y(f) and notice first of all that for such a map the
implicit function theorem applies and yields that f is an open map. The manifold M
being connected, it follows that f is surjective. Moreover, if B is any path starting at
apoint y = f(x), then there is a lift o starting at x. The expanding property implies
that

length(B) = length(f o) > ylength(at).

In particular, if f3 is a geodesic between y = f(x) and a point y’ € M, then there is a
point X’ € M such that f(x') =y’ and

p(Y) > vp(x,x).

This shows that for every r > 0 and every x € M we have

f(B(x,r)) D B(f(x),7r).

The proposition follows now from the compactness of M. ad

8.8 Stationary measures

Let M be an n—dimensional compact Riemannian manifold and let / be a set
equipped with a probabilistic measure mg. To every a € I we associate a differen-
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tiable expanding transformation f, of M into itself. Put X = IZ and let m be the prod-
uct measure induced by mg. Forx=...a_japa; ... consider @, := —log| detf;0 |. We
assume that all our assumptions are satisfied. Then the measure v = voly; (where
voly is the normalized Riemannian volume on M) is the fixed point of the operator
2y with Ar = 1. Let g, be the function given by Theorem 3.1, and let u, be the
measure determined by d L, /dV, = g.

We write IZ = I™N x IN where points from /™" are denoted by x™ = ...a_sa_;
and from IV by x* = aga .... Then x x* means x = ...a_japa .... Note that g,
does not depend on x™, since nor does ;" 1(y). Then we can write g, := ¢, and
[y = . Since f(g 0 fay) = Ug(y) We have that

.ux*(gofa):“x*a(g) (8.13)

for every a € I.
Define a measure u* by du* = du,—dm™ (x~) where m™ is the product measure
on I~N. Then by (8.13)

[ (o fadmola) = [ i (g0 fa)dm (x°)
— [ [ e dlyam™ (" Ymo(a) = (s).

Therefore, (* is a stationary measure (see for example [28]).



Chapter 9
Real Analyticity of Pressure

Here we provide, in particular, the real analyticity results that where used in the
proof of the real analyticity of the multifractal spectrum (Chapter 6.3). We putted
this part at the end of the manuscript since, as already mentioned, it is of different
nature. It is heavily based on ideas of Rugh [26] and uses the Hilbert metric on
appropriately chosen cones.

9.1 The pressure as a function of a parameter

Here, we will have a careful close look at the measurable bounds obtained in Chap-
ter 3 from which we deduce that the theorems from that section can be proved to
hold for every parameter and almost every x (common for all parameters).

In this section we only assume that 7 : ¢ — ¢ is a measurable expanding
random map. Let (1), 9?) € 7%,(_#) and lett = (1,12) € R?. Put

|t| := max{|ti],|t2|} and " :=max{1,]t|}. ©.1)
Set ¢ =: tl(p“) +t2(p(2) and
9=l +]p)]. 92)

Fix o > 0 and a measurable log-integrable function H : X — [0,-+o0) such that
oM, 0 ¢ 6 ( 7 ,H). Then for all x € X and all y1,y, € _#,, we have

|01 (v2) — @ (31)] < Helt1]pE (2, 31) + Helta|p (v2,1) < 2[t|Hep (v2,31)

Therefore ¢, € S ( 7 ,2t|H) C A% (7 ,2t"H). Also, for all x € X and all y €
Hx, we have

15202 (0)] < 1115008 )] + 12118087 0)] < [¢11S0 0 ()] < [#]][S P e

91
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This implies
12 clloo < [2]]1Sn Pl oo < 2718 P |- 9.3)

Concerning the potential ¢, we get

o (y2) — 0P ()| < 2Hp% (y2,31).

9c02) = @)l < [0t 02) = oV (o) +
Thus
o A 7,2H). (9.4)

Denote by Ct, C; max> Cr min» D¢ ; and B (s), the respective functions associated to the
potential ¢; as in Chapter 3.2. If the index ¢ is missing, these numbers, as usually,
refer to the potential ¢ given by (9.2). Using (9.3) and (9.4), we then immediately
get
Deg ,(x) > D’é,(p, 9.5)
Ci(x) < exp(Qx(2t°H)) 0121??,' {exp (2| |Skx ,[) }

r* 9.6)

< (exp(@u(2t) ax (explCllsion 1)} ) =Gy
Cr.min (¥) > exp(—Qx(26"H) ) exp(—21" ||y @x] o) = Conin ()", 9.7)
Cr.max (¥) = exp(Q.(2t"H) ) deg(T1") exp (267 |[S, x| |oo) < Comax ()", 9.8)

and therefore,

= (Gt (Gt -

o\ !
S (Gl (G DEG SN
Co(x) 250y
Finally we are going to look at the function A(x) and the constant B obtained in
Proposition 3.17. We fix the set

G:={x:B:>Mand j(x) <J}

as defined by (3.35). Note that by (9.1), for x € G we have, B, > M". Denote by
G'_ the corresponding visiting set for backward iterates of 8, and by (1) the corre-
sponding visiting sequence. In particular lim_,.. % > 2. Putting B, = /T — M~
and

A () = max {275, (1B, ", C () + Can ()},
as an immediate consequence of Proposition 3.17 and its proof along with our esti-
mates above, we obtain the following.

Proposition 9.1 For everyt € R?, for every x € G'_, and every g, € Ay
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12185 = Grxlleo < As(x)BY.

More generally, if g, € 7%(_#x), then

Hzﬁlxgx* (/gxd‘ut,x)ﬂHoo

< G500 ([ lenl a4 2500 (0000 3.

In here and in the sequel, by q; x, A}, and £, x we denote the respective objects for
the potential @;.

Remark 9.2 It follows from the estimates of all involved measurable functions, that,
for R>0andt € R such that |t| < R, the functions A, and B; in Proposition 9.1 can
be replaced by Apax(r 1} and Buax(r 1y respectively.

Now, let us look at Proposition 3.19. Similarly as with the set G, we consider the
set X4 defined by (3.38) with A(x) generated by @. So, if x € Xy, then A;(x) < &
for some finite number .« which depends on 7. Denote by X , the corresponding
visiting set intersected with G’_. Therefore, the following is a consequence of the
proof of Proposition 3.19 and the formula (3.43).

Proposition 9.3 For every R > 0, every x € XA)_H and every g € € (_#x) we have

that
} 0.

Moreover, we obtain the following consequence of Lemma 3.28 and (9.5).

lim sup {Hﬁf’xgx - (/gxd.ut,x)]le"(x)

Lemma 9.4 There exist a set X' C X of full measure, and a measurable function
X 3 x +— Di(x) with the following property. Let x € X', let w € ¢y and let n > 0.
Puty = (x,w). Then

(Dy(0(x))) " < ~2th (BIT0),5)))

< xp(5n () —SuP )~ PO

forallt € R2.

For all t € R? set
EP(t) := EP(¢y).

We now shall prove the following.

Lemma 9.5 The function &P : R? — R is convex, and therefore, continuous. There
exists a measurable set X¢' such that m(Xg') = 1 and for all x € X¢ and all t € R?,
the limit

lim llog.,?;’fx]l (Wn) 9.9

n—eoeo n

exists, and is equal to &P(t).
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Proof. By Lemma 4.6 and Lemma 3.27 we know that for every r € R? there exists
a measurable X, with m(X/) = 1 and such that

1
lim —log.Z" 1(w,) = hm ;logl" = &P(t) (9.10)

n—seo

for all x € X/. Fix A € [0,1) and let t = (t;,55) and ¢’ = (¢{,1;) € R%. Holder’s in-
equality implies that all the functions R > 7 — Llog L (wn), n > 1, are convex.
It thus follows from (9.10), that the function R? > ¢ — &P(t) is convex, whence

continuous. Let
X=X
teQ?

Since the set Q is countable, we have that m(X,) = 1. Along with (9.10), and den-
sity of Q? in R?, the convexity of the functions R? > ¢ — %log 2" 1 (wy,) implies
that for all x € X/ and all ¢ € R?, the limit lim,_. % log £/ 1(wy) exists and rep-
resents a convex function, whence continuous. Since for all # € Q? this continuous
function is equal to the continuous function &P, we conclude that for all x € X/ and
all t € R%, we have

lim 1log.,iﬂtf’x]l(wn) = &P(1).

n—eo p

We are done. O

Lemma 9.6 Fix 1, € R and assume that there exist measurable functions L : X >
x—= L, eRandc:X > x> ¢y >0 such that

Sn®x1(z) < —nex+L,  forevery z€ #¢ and n>1. (9.11)
Then the function R 3 t; — &P(t1,12) € R is strictly decreasing and

lim (fP(tl,tz)——oo and tl_i}m EP(t1,1) =+  m—a.e. 9.12)
| oo

H—+

Proof. Fix x € X¢. Lett; <t}. Then by (9.11)

Z exXp (Sn(P(zl ) (Z)) = Z eXp (tlSn(pl (Z)) exXp (tZSn(PZ (Z))

2€T " (wn) 2€T " (wn)

= Y exp(6Su1(2) exp(128.92(2)) exp((11 —11)S, 91 (2))
2€Ty " (wn)

2 Z exp (115, P2(2)) exp (125,92 (2) ) exp (11 — 1) (Ly —ncx))
ze Tx7n (Wn)

= Z exp (SH(P(ti ,tz)(z)) exp((ti —11)(ney fo))
ZETxin <W)l>

Therefore,

1 1
Tog Z () > log Zy ) L 0wn) + (1 —11) (e~ Lu/n).
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Hence, letting n — oo, we get from Lemma 9.5 that &P (t;,1,) > &P(t11,12) + (] —
t1)cy. It directly follows from this inequality that the function # — &P(t1,52) is
strictly decreasing, that lim; . EP(t1,12) = —co and that lim;, o &P (t1,12)

oo,

o

9.2 Real cones

We adapt the approach of Rugh [26] based on complex cones and establish real
analyticity of the pressure function. Via Legendre transformation, this completes
the proof of real analyticity of the multifractal spectrum (see Chapter 6).

Let J;, := St = H%( 7)) and let A, := H  DiHi . its complexification.

Gy =Cpy={g€ H:g(wr) < estpa(Wl’WZ)g(wz) if p(wy,wa) <&} (9.13)

Whenever it is clear what we mean by s, we also denote this cone by %%.
By ;" we denote the subset of all non-zero functions from €. For [ € (J4)*,
the dual space of .7;, we define

l
k(@) sup Ml
gecg’;r |<l7g>|

Then the aperture of €; is
K(%)) :=inf{K(%;,1):1 € (54)",1 #0}.
Lemma 9.7 K(%?) < oo. This property of a cone is called an outer regularity.
Proof. Letwy € 7, k=0,...,N be such that UiX:lB(wk,é) = 7. Define
Ly
lo(g) = k;g(wk)- 9.14)

Then by Lemma 3.11 we have

lglla < (sQu(exp(sQ:E“) +1)lIgl -
< (SQx(eXp(SQxéo‘)) + 1) exp(s0:E¥)lo(g)-

Note that ||lp||q = Ly, since lo(g) < Ly||g|le < Ly||gl|a and Ip(1) = Ly = Ly||1]|q-
Hence

ol llglle

log) = Ky =Ly (st(exp(sté“)) + 1) exp(sQ:E%). (9.15)

O
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Let
SO Yo+ He % S
S, . .

!
g Oy
By (3.33) for s > 1, s, < 5. Moreover, like in (3.32) we have the following.

Lemma 9.8 Let g € 6 and let wi,wy € Fgy with p(wi,w2) < E. Then, for y €

T, (wr)
e‘P(y) g y) /
= ¢ . 9.16
e(P(T\Tl(wz)) g(Ty_l(Wz)) = exp {SQ(x)QG(x)p (W17W2)} ( )
Consequently
«ng(wl) , o
Zglw) = exp { sy Qo P (w1,w2) }

Lemma 9.9 There is a measurable function Cg : X — (0,0) such that

M < Cgr(x) foreveryi> j(x)and g€ €
ZaE Ve

Proof. First, leti = j(x). Leta € T,"(z) be such that

Si?Wg(a) = sup 5iVg(y).
YETx:i;(Z)

By definition of j(x), for any point w € _#, there exists b € T,"'(w) NB(a,&). There-
fore
L1 80w) 2 0 g(2) > exp(Sige () = Sigpe (@)™ e g (a)
> exp(_ZHSj(x) (PX,']-(X) ||°° - SQX)
= j
deg(Ty. )

21 8(z) > (Cr(x) "L 8(2)

where
exXp ( —50x — 2||Sj(x)(Px,j(x) ||°°)
Cr(x) := ) > 1. 9.17)
deg(T"})

The case i > j(x) follows from the previous one, since .Z, ':.j ® 8, € ‘fx{j . O

Lets > 1 and s’ < s. Define

Tyi=T,,y:= SUp 1—exp (= (s+5)0ur") < s+¢
A re0g) 1—exp(—(s—s)Qur®) ~ s—5"

9.18)

Lemma 9.10 For g, f. € %j/,
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SUPye g, lgx(v)| "
e e €
infye 1) 78O

Proof. Forall w,z € _Z, with pi(z,w) <&,

lg/ fill (exp (sQup(2.0)) ful2) — fulw))
> T8/ full- (exP (sQupE(2)) = exp (' Qup (W) ) £(2)
> (eXP (sQpy(z,w)) —exp (—5'Qup (va)))gx(z)
> exp (sQupy (2, ) 8x(2) — &x(w).
Then exp (sQup () (ullg/ Fllwfile) = 8:(2) ) = Tllg/Fllofi(w) —:(w). O

We say that g, € € is balanced it

ﬁg;; < Cg(x) forall y,y, € 7. (9.19)

Let gy, fx € €. Put By 5(fv, &) :=1inf{7 > 0: 7f, — g € €} and define the Hilbert
projective distance Pdist : €; x € — R by the formula

PdiStx(fxagx) = PdiStx,s(fxagx) = log(ﬁx,s(fxagx) : ﬁx,s(gxafx))~

Let _

Ay = diames (LY (67 R)),
where diamcg;R is the diameter with respect to the projective distance and j = j(x).
Then by Lemma 9.8, Lemma 9.9 and Lemma 9.10 we get the following.

Lemma 9.11 Ifg,, f: € ‘5;, are balanced, then

/

Pdist,(fy, gx) < 2log (S“/ .
Ss— S

Cr (x))

and, consequently,
/

A, < 2log (HS

s—s

Cr (x)) .

9.3 Canonical complexification

Following the ideas of Rugh [26] we now extend real cones to complex ones. Define
€ :={le () 1|4 >0} and

Cex =18 € Hex Vi ey Re(ly, g) (b, g) > 0}



98 9 Real Analyticity of Pressure

Denote also by 671 the set of all g € € | such that g # 0. There are other equivalent
definitions of ¢ . The first one is called polarization identity by Rugh in [26,
Proposition 5.2].

Proposition 9.12 (Polarization identity)
Co=Half +ig"): f*+g" € G andac C}.

In our case we can also define €¢ | as follows. Let p(w,w’) < &. Define

Ly (8) i= g(w) — e QP 0 g 3y
and
Foi={lyw:pwn') <&} C e

Then
¢y ={g € H::Vierl(g) > 0}.

Later in this section we use the following two facts about geometry of complex
numbers. The first one is obvious and the second is Lemma 9.3 from [26].

Lemma 9.13 Given cy,cy > 0 there exist p1, p2 > 0 such that if so := c1py and

Ze{re":1<1+5s,

u| <2p1+2s0},

then there exist o, 3,y > 0 such that ReZ > o, ReZ < B, ImZ < y and yc; < Q.

Lemma 9.14 Ler 71,25 € C be such that Rez; > Rezp and define u € C though

2 _ o2
imz; , ¢ —¢€

¢TUE Ren — Reny
eeZ|_e €22

Then
< |Im(z1 — 22)| Im(z —zz))2
~ Re(z1 —2) Re(z1—z2)/

Let @ =Re ¢ +iIm ¢ be such that Re ¢, Im ¢ € J#%(_# ). We now consider the
corresponding complex Perron-Frobenius operators %, o, defined by

| Argu| and 1§|u2\§1+(

Ziogxw)= Y ®Cg(z), we o).

Ti(z)=w

Lemma 9.15 Let w,w',z,7 € _#y such that p(w,w') < & and p(z,Z') < &. Then, for
all 81,82 € CK;R;

lw,w’ (ﬂ,(pgl)lz,z’ (zr,(ng) _
Lyw (ZxRe981)l 7 (ZLiRe 0&2)

where '
ZeA = {re": 1 <r<1+s3,|ul <2||Im@||w+2s0}. (9.20)

and
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— Ol
5= Veme)r® ©21)

(s = 55()) Qo(x)

Proof. Fory € T,”!(w), by y we denote 7, ! (w'). Then for g € €,

Lyt (Zr08) 1= Lepg(w) — QP W) 2 a(w))

- Y eP0)g(y) — QP (0) g0 0) g (1)) = Y n(e.g),
yeT () YT )

where . )
1y (9,8) i= e?0g(y) — 0P 01U g ).

Define implicitly u, so that ny(Re (p7g)e”mq’<y)uy =ny(@,g). Put z; := @(y) +
logg(y) and 75 := —sQp*(w,w') + @ (') +1ogg(y’). Then

. 21 _ 22
ezlmzlu — ¢ ¢ .
y eRezr _ pRezp

By (9.16)
Re ¢(y) —logg(y) — (Re@(y') +1ogg(y')) = —s4(Qop ™ (Wi, w2).

Hence
Re(z1 —22) > (s = 54()) Qo) P (W1, w2).
We also have that

[Tm(z1 —22)| < va(Im @)y, *p% (w1, w2),
since Im(z; —z2) = Im@(y) — Im @(y'). Therefore, by Lemma 9.14

vo(Im @)y *

|Arguy| < sp:= ——2  and 1< |uy]> <1453
’ (s— slfa(x))Qe(x) ’ °
Since
lw,w’ (o%m(Pg) = Z n)’((PNg) = Z eilm(p(y)uyny(Re(pag)v
yeT;l (w) yET;l (w)
lw,w/ (o%c,q)g) —7
lw,w/ (%,Re (pg)
where _
ZEA, = {re": 1 <r<1+s3,|ul <2|[Im@||w+ 250}
Similarly

lw,w’ (e%r,(pgl )lZ,Z’ (G%I,(PgZ)

=7
Lyw (ZxRe981): 7 (ZLiRe0&2)
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for possibly another Z € A,. O

Let py1, p2 be the real numbers given by Lemma 9.13 with

o A
c1 = _ % and cy = coshjx.

(s - S;)Qx

Having Lemma 9.15, Lemma 9.13 and Lemma 9.11 the following proposition is
a consequence of the proof of Theorem 6.3 in [26].

Proposition 9.16 Ler j = j(x). If
[ImS;pc |l <p1 and ve(ImS;@y ;) < pa, (9.22)

then '
L (G, )

J

Let [ (the functional defined by (9.14)). Then by Lemma 5.3 in [26] we get

[lfollellglle

K:=K(€ .l) =
ol B0 Tl

<K, :=2V2K'

where K is defined by (9.15). By I we denote the functional which is a normalized
version of (1/Ly)ly. So ||I||¢ = 1. Then, for every g € 67 ,

1<

<K, (9.23)

9.4 The pressure is real-analytic

We are now in position to prove the main result of this chapter. Here, we assume
that7: ¢ — _Z is uniformly expanding random map. Then there exists j € N such
that j(x) = j for all x € X. Without loss of generality we assume that j = 1.

Theorem 9.17 Let tg = (ty,...,t,) € R", R > 0 and let
D(to,R) :=={z=(z1,---,2n) € C" : Vi |zx — tx| < R}.

Assume that the following conditions are satisfied.

(a) For every x € X and every w € _Zy, 2+ @, x(w) is holomorphic on D(to,R).
(b) For z € R"N\D(19,R), ¢« € Hf ».

(c) For all z € D(to,R) and all x € X, there exists H such that ||@,x||q < H.

(d) For every € > 0 there exists 6 > 0 such that for all z € D(tp,0) and all x € X,

||Im‘Pz,x||oc <e.

Then the function D(ty,R) "R" 3 z+— EP(@;) is real-analytic.
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Proof. Since we assume that the measurable constants are uniform for x € X we get
that from Proposition 9.16 and condition (d) that there exists r > 0 such that, for all
7€ D(ty,r) and all x € X,

o%,xq ((g(é,x_1 ) - (g(éax'

Then by (9.23),
|22, (1)

o
L(Z2 (1)

no (1
Therefore, by Montel Theorem, the family % is normal. Since, for all z €
R"ND(ty,r) and all x € X we have that

"%}?X—n (]1) (W) CIz,x(W)
lx(%r,lx,n(]l)) oo l)c(ﬂlz,)c)7

we conclude that there exists an analytic function z — g, »(w) such that

<K.

20 (1)(w)
(2 (1) o gzx(w). (9.24)
Since, in addition,
2 () L)) 20 (1)(w)
4 ) " ierm = (A m))

we therefore get that

2 ("Z;ilx—n (1) (w)

L2 (]l))) n—yoo L, ("%‘(gzxx»gxm'

Thus, using again (9.24), we obtain .Z, (g;x) = L, (L. x(8z.x))&x, 2 As for all z €
D(l‘o, I’) NR",

P 9zx Lyq:x
X T - ’
¢ lx(‘]ax) Z;cvzo QZ,X(Wk)
we conclude that,
l
lx1 (v%.xgz,x) = lxl ("%W T ) = )L n (qXI 7Z) ! (9'25)

lx(qux) o lx(Qz,x)

By the very definitions

Ly
Ly, (cgz,xgz,X) = (1/Ly) Z vgz,xgz,x(wk)

k=1

and
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D%,xgz,x(w) = Z e(pz’X(y)gz,x(Y)~
yery ' (w)

Denote g; (w) by F(z) and @ (w) by G(z). Then, for z = (z1,...,24) € D(to,7/2),
and I'(u) = z+ ((r/2)e*™ ... (r/2 ) i) where u = (uy,...,u,) € [0,27]", by
the Cauchy Integral Formula,

F(&)
— d&| <2K/r
8zk ‘ ‘277.'1 /(é]—Z])...(ék—zk)z...(<§2—22) ‘g - /
for k =1,...,n. Similarly we obtain that

G
G ‘ <2H/r

fork=1,...,n. Then, fork=1,...,n,

9?0 g 0., () 98
- e ‘ _ ‘ Bea0) p0: g o (y) + €92 0) 2520)
< (2H/r)e" K + " (2K /).
It follows that there exists Cq such that for all x € X,
dl
’7’” ( aZ:gZ”‘) <c,. (9.26)

Using (3.19) we obtain that
Cp' < di(y) <Co

and then
Co' <Llqrx(v) <Cp

for all x € X. Moreover, it follows from Lemma 3.6 that A, « > exp(—|| ¢y, x|
Then

).

L, (g1.x,)
)

x(‘]t,x

20 := by (Lo x81px) = Arx— > exp(—sup H(px||oc,)C(;2 > 0.
xeX

Hence, by (9.26), there exists r; > 0 so small that
L (Z:x8z.x) € D(20,20/2)
for all z € D(ty,r|). Therefore, for all x € X we can define the function
D(ty,r1) 3 z— logly, (L x82x) € C.

Now consider the holomorphic function
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[ /10ng1 (L x8zx)dm(x).

Since the measure m is O-invariant, by (9.25)

/ 1ogly, (L5182 )dm(x) / 1og}L”Mdm( )
X(‘]z.,x)

—/log,)u”dm—l-/lxl Gzx,)dm— /l qzx)dm(x /loglzxdm EP(¢@y)

for z € D(tp,r;) NR". Therefore the function D(tg,r1) NR" > z+— &P(¢,) is real-
analytic. O

9.5 Derivative of the Pressure

Now,letT: _# — _# be uniformly expanding random map. Throughout the section,
we assume that ¢ € 77, (_# ) is a potential such that there exist measurable functions
L:X>x—LceRandc:X > x> ¢, > 0 such that

Sn@(z) < —ncy+ Ly 9.27)
foreveryz € Zcandnand y € J4,(_ ¢ ). Fort € R, define
¢ =19+ y.

Let R > 0 and let |t9| < R/2. Since we are in the uniform case, it follows from
Remark 9.2 that there exist constants Ag and Bg such that, for ¢ € [-R, R],

%’&gx
gxdvt X
qG”

(Ilgxlloo +2V(§“) )ARB’,E. (9.28)

Proposition 9.18
d é"P

/ Pudpydm(x) / pdy’.

Proof. Assume without loss of generality that |f| < R/2 for some R > 0. Let x —
y(x) € Y, be a measurable function and let

EP(1,n) = / %Mgzggnx(y(x,,))dm(x).

Then lim,_,. &P(t,n) = &P(t) by Lemma 4.6. Fix x € X and put y, := y(x,). Ob-
serve that
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d2]" 1, (yn) Sn(9h) ()
ST xANR ) n\rx Sn x
o 2 e 0:(y)

ye " (J’n)

n—1
=Y Y SV 1y Z "( @ 0T ) (yn)-

J=0yeT " (yn)
Since S,(91)(¥) = S,(91)() + Su_ (@) (T) we have that

L@ 0 T () = L (04,4010 (0 (30))-

Then by a version of Leibniz integral rule (see for example [23], Proposition 7.8.4
p- 40)

dEP(t,n) :/ YL (00 L0 (v(xn))

di «i@,x]lx(yn) ()
Since
L (0 LD 0n) = N2 (01, L) ()
and

L L) = AL ()
we have that
L@y oij)(y,,) _ lxj (q)x,ogjx )(yn)
L) L)

(9.29)

The function ¢; ﬁ,{x]lx is uniformly bounded. So does its Holder variation. There-
fore it follows from (9.28), that there exists a constant Az and By such that

va?tfl;,j ((ij'vgt{x]IX) )/, — (/(Pxf?ri:]lxdv)tcj) Hw < ARBxij

and
Haf” yn /CIx -1,

From this by (9.29) it follows that

é ARB;lea

J (ijo?,{)(]ldeij 7ARB;1€71 iﬂt’,’x(‘Px,« © ij)(yn) I ‘ij"?t{xﬂxdv)tcj JFARB;?J
1 +ARB}1€ - .,?xn]lyx (yn) - 1 —ARB?Q ’

Since m is O-invariant, we have that

//(pxl.,?@xy 1, dv dm //(prf A dvidm(x).

Hence, for large n,
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ff(px(n Zn l"%‘jﬂt X—.i)dv)tfdm(x) _% ;Z(%(ARB??_j) < dé"P((plﬂ/l)

1 +ARBj - dt
1 o (LEid 2L e )avidm(x) - Lyl (ArBy )
1 —AgB}, '
Therefore
tim YN _ [ o dutam)

uniformly for z € [-R,R]. O
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of the degree, 8
backward visiting sequence, 11 of cardinality of covers, 18
balanced, 97 of the transfer operator, 40
base map, 8 measurable expanding random map, 40
Bowen’s Formula, 48 measurably expanding, 8

Briick and Biiger polynomial systems, 82
t larity, 95
classical conformal expanding random outer reguiarty
systems, 80
classical expanding random system, 76
concave Legendre transform, 58

polarization identity, 98
pressure function, 32
projective distance, 97

conformal g
DG*-systems, 87 pseudo-pressure function, 18
expanding random map, 47
uniformly expanding map, 47 random cantor set, 54

random compact subsets of Polish spaces, 43

DG*-system, 85 random repeller, 75

DG-system, 83 random Sierpinski gasket, 5

repeller over U, 75

essential, 12 RPF-theorem, 17

essentially random, 51

exhaustively visiting way, 11 Tinvariance

expanding in the mean, 69 of a family of measures, 40

expanding random map, 8 of a family of measures, 17

expected pressure, 42 of a measure, 40

temperature function, 58
topological exactness, 8
transfer
dual operators, 19
operator, 13

Gibbs family, 18
Gibbs property, 34

Hélder continuous with an exponent &, 12, 71
Hilbert projective distance, 97

induced map, 70 uniform openness, 8
induced potential, 71 uniformly expanding random map, 9
integrability of the logarithm of the transfer
operator, 41 visiting sequence, 11
invariant density, 23 visiting way, 11
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