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ABSTRACT. A new result for stability of Markov semigroups is presented. We apply this
result to the equation of the passive tracer in a compressible random flow showing that
the velocity of a particle converges weakly to some random vector.

1. INTRODUCTION

The main aim of this paper is to show the utility of lower bound technique in the theory
of Markov semigroups acting on measures. For the first time this technique was used by
Lasota and Yorke in [10]. The authors proved therein the existence and uniqueness of an
absolutely continuous invariant measure for the Frobenius-Perron operator corresponding
to piecewise monotonic transformations (see [10]). The methods developed by Lasota and
Yorke were applied to Markov operators and semigroups of Markov operators defined on
densities (see [9] and the references therein).

Lower bound technique demonstrates its utility in examining Markov semigroups acting
on measures as well (see [11]).

Our paper is closely related to paper [8] where we established sufficient conditions for
the existence of an invariant measure for Markov semigroups. Here we extend these results
and formulate criteria for stability. We also prove some results concerning the sweeping
property of a Markov semigroup.

In the second part of our paper these results are applied to general stochastic differential
equations. Finally, we show that a good example of application of our results is the
equation describing the passive tracer in a compressible random flow. Further references
to this equation may be found in [6]. Indeed, applying our results we obtain then that the
velocity of the passive tracer converges weakly to some random vector.

2. MARKOV SEMIGROUPS

Let (X, p) be a Polish space and let B(X) denote the o-algebra of Borel sets. By B,(X)
we denote the space of bounded Borel-measurable functions equipped with the supremum
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norm. Let (FP;)i>o be the Markovian semigroup defined on By(X). For each t > 0 we
have P,1 = 1 and P > 0 if ¢ > 0. Throughout this paper we shall assume that the
semigroup is Feller, i.e. P/(Cy(X)) C Cp(X) for all ¢ > 0 and stochastically continuous,
i.e. for ¢ € Cy(X) and z € X we have tli%i Py)(x) = ¢(x). Here Cy(X) is the subspace of

bounded continuous functions. By £,(X) we will denote the subspace of bounded Lipschitz
functions. Let M denote the space of all probability Borel measures on X. By supp p we
denote the support of the measure p. By M;(A) for A € B(X) we denote the subspace of
probability Borel measures that are supported in A.

We say that p, € M, is invariant for (P> if

[ Pot@an) = [ v

for every ¢ € By(X) and ¢t > 0. Alternatively, we can say that P/u, = p, for all t > 0,
where (FP;)¢>o denotes the semigroup dual to (F;);>o, i.e. for a given Borel measure p and
t > 0 we set

Pru(A) = /X P14(z)p(dx) for A € B(X).

Let pu. € M; be an invariant measure for a semigroup (P;);>o. The semigroup (F;)i>0
is called asymptotically stable if the sequence (FP;u);>¢ converges weakly to u, for any
€ M;y. We shall denote this by w-lim; .o, P;'1t = fi..

We say that a transition semigroup (F;);>o has the e-property if the family { P }i>¢ is
equicontinuous at every point x of X for any bounded and Lipschitz continuous function

(8

We say that a semigroup (FP;);>o is sweeping from some family = C B(X) if
tlim Pru(A) =0
for every set A € = and every measure u € M;.

For a given t > 0 and pu € M define Q'y := ¢t} fot P*uds. When t = 0 we adopt the
convention Q% := p. We also write Q'(z,-) in the particular case when p = d,. Let

(2.1) T = {a: € X : the family of measures (Q'(x, '))tzo is tight } :

Proposition 1. Assume that (P;);>o has the e-property. Then the set T is a Gs—set. In
particular T is Borel measurable.

Proof. Let x € T and let n € N. Since (Q*(z, -)):>0 is tight, there is a compact set K, ,, C X
such that

Qt(xaKx,n) > 1—1/n fOI'tEO
Let f®" € L£,(X) be an arbitrary function satisfying

1Kz,n S fx7n S 1K;/7?7
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where K¢ := {y € X : dist (y, K) < ¢}, € > 0, denotes an e-neighborhood of K C X. By
the e—property we may choose 9, , > 0 such that

|P,fo"(x) — P.f""(y)| < 1/mn fort > 0 and y € B(x,0,).
For y € B(x,0,,,) we have

t /n T,n t _ 1 ! T,n
QU > [ Q) = 1 [ P
1t
(2.9) > ;/0 P, f*"(x)ds — 1/n
= [ Q@) — 1n
> Q' (z,Kyp) —1/n>1-2/n fort>0.

Set
G, = U B(x,6.n) for n > 1.
xeT
To finish the proof we show that

T = ﬁ G.
n=1

Obviously 7 C (., G,. Now let y € ())_, G,,. Then for any n € N there exists y, € T
such that y € B(yy, 0y, ). From (2.2) it follows that

t 1/n
Q(y,Kyi)Zl—l/n for t > 0.
LeCam’s theorem (see [2]) shows that (Q'(y, -))i>0 is tight. This completes the proof. O

Lemma 1. Let T : X — 2%, ¢ >0, be the multifunction given by the formula

(2.3) I'(x) = supp P60, forze X.
If (P))t>0 has the e-property, then
(2.4) I'"T)cT fort>0.

Proof. Assume, contrary to our claim, that I'7(z) \ 7 # 0 for some T'> 0 and z € 7. Let
y € I'T(x)\ 7. From the definition of 7 and Theorem 3.1 in [12] it follows that there exist
a strictly increasing sequence of positive numbers (7;);>1 satisfying lim; o, 7; = 400, a
positive number ¢ and a sequence of compact sets (K;);>; such that

(2.5) QU (v, K;) >e, Vix>1
and
(2.6) min{p(z,y):x € K;,y € K;} > ¢ for i # 7.

This part of the proof parallels mostly the proof of Proposition 2.1 in [13] but we provide
it here in full for the convenience of the reader and since some details are different. Indeed,
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we claim that there exist sequences (fn)ns1 C Lu(X), (n)ns1 € My(B(x,1/n)) and an
increasing sequence of integers (m,,),>1 such that

(2.7) 1k, < fo < 1Kfn/n4 and Lip(f,) <4/e, forn>1.

Here Lip(f) := sup{|f(z) = f(y)|p~" (z,y) : © # y}. Moreover,

(2.8) @%<UK$>§d4bmzo

i=n

and
(2.9) |Pfn(x) — Pfu(y)| <e/4 fort >0,y € supp vy,

fi == 0 and f, = 2;:11 fi, n > 2. The above is shown by induction on n. Let
n = 1. Since y € supp P}d,, we have Pjo.(B(y,d6)) > 0 for all § > 0. Define the
probability measure v; by the formula v () = (P;0.(B(y,1))) ' P;d.(- N B(y,1)). Since
vy < (Pjo.(B(y,1))) ' Pfd,, from the fact that x € 7 and Lemma 2 in [8] it follows that
the family (Q'11);>0 is tight. Thus, there exists a compact set K such that

(2.10) Q' (K <eg/4 for t>0.

Note however that K N K4

-7 # () only for finitely many i-s, by (2.6). Hence there exists an
integer my such that

th(U Kf/4> <e/4 fort>0.

i=mq
Let f; be an arbitrary Lipschitz function satisfying 1 Ky < fi<1 e+ and Lip( fl) <A4/e.
ml -

Assume now that for a given n > 1 we have already constructed fl, cos Sy Ve Uny
ma, ..., my satisfying (2.7)-(2.9). Since (P fn41)t>0 is equicontinuous we can choose § <
1/(n+ 1) such that |P;fpi1(x) — Pifoya(y)| < /4 for all t > 0 and y € B(x,0). Suppose
furthermore that v,y := (Pgd,(B(z,0))) ' Pf,(- N B(z,d)). Since the measure is sup-
ported in B(z,d) condition (2.9) holds with f,; in place of f,, and v, in place of v,.
Tightness of (Q'V,11)i>0 can be argued in the same way as in case n = 1. In consequence,
one can find m,; > m, such that

Qv | |J K| <e/a fore>o0.

1=Mp41

Finally, we let f,,1 be an arbitrary continuous function satisfying (2.7). )
Observe that conditions (2.6) and (2.7) imply that the series f := >, f; is uniformly
convergent and f € L£,(X). We easily check (see the argument given in [8]) that

/X QT (y, dw) f (w) — / QT (duw) f(w) > £/2.

X
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Hence, there must be a sequence (t,,y,) such that ¢, € [0,T,,,], yn € suppv, C B(x,1/n)
for which P, f(y) — P, f(yn) > €/2, n > 1. This clearly contradicts equicontinuity of
(P.f)i>0 at the point y. O

Remark 1. From the proof of Lemma 1 it follows that if (Q*x);>0 is tight for some p € M,
then supppu C 7.

In [8] it has been proved the following theorem.

Theorem 1. Assume that (P;)i>o has the e-property and that there exists z € X such that
for every 6 >0 and x € X,

(2.11) ligninf Q'(z, B(z,9)) > 0.
Then (P)t>o0 admits a unique invariant probability measure 1. Moreover
(2.12) W- lim Q'v = p,

for any v € My that is supported in T .

In [8] we have also provided an example showing that the set 7 for the semigroup (P;):>o
satisfying the assumptions of the above theorem may not be the entire space X.

Remark 2. From the above theorem it follows that if a probability measure v is supported
in 7, then (Q'v)>0 is weakly convergent. Hence (Q'v);>¢ is tight, by Alexandrov’s theorem.

Remark 3. Let (P,);>o satisfy the assumptions of Theorem 1 and let p, be its invariant
measure. Then z € supp p,. Indeed, by Fatou’s lemma and (2.11) we have

p(B(z,7r)) = liginf Q'u.(B(z,r)) = hm mf/ Q0. (B(z,7)) . (dz)

/ liminf Q*6,(B(z,7))p.(dx) > 0 for any r > 0.
be

t—oo

Proposition 2. If (P,);>0 satisfies the assumption of Theorem 1, then the set T given by
(2.1) is closed.

Proof. Assume, contrary to our claim, that z € c17 \ 7. Since (Q'(z,-)):>0 is not tight,
there exists (see Theorem 3.1 in [12]) a strictly increasing sequence of positive numbers
(T})i>1 with lim; o 7; = 400, a positive numbers ¢ and a sequence of compact sets
(Ki)iZI such that

(2.13) QU (x,K;) >e  foralli>1
and
(2.14) min{p(z,y):x € K;, ye K;} >¢  fori#j.

Let . be a unique probability measure for (F;);>0, by Theorem 1. By Ulam’s lemma
we may choose a compact set K C X such that

(2.15) 1 (K) >1—¢/2.
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Since K is compact, there exists Ny € N such that

(2.16) KP®NK=0 fori> N,

Further, let f be an arbitrary Lipschitz function such that

(2.17) Y 1k (2) < fla) <) Lyep(x) forze X,
i=No i=No

Since (P;f)i>0 is equicontinuous, we may choose r > 0 such that
(2.18) |P.f(z) — Pf(y)| <e/2 forye B(zx,r)and t > 0.
Since x € clT, we have T N B(xz,r) # 0. Fix y € T N B(x,r). From (2.13) it follows that
T, G K;) > ¢ fori> N,.
i=Np
By the definition of f we obtain then

—/ P,f(x ds—/f Tz, dy) > Q" ( UK

=Ny

Consequently, by (2.18) we have

_/ P.f(y ds>—/ P.f(x ds——/ |Pof(x) — Pof(y)lds

>e—e/2=¢/2,
which, in turn, by (2.16) gives

(2.19) U K% > 2= /Ti P, f(y)ds > /2.

i=Np+1 0

On the other hand, from the fact that w-lim; ., Q'0, = p., it follows that
lim inf Q'(y, K*/°) > pu.(K) > 1 —¢/2,

by the Alexandrov theorem and condition (2.15). Thus, by (2.16) we have

lim sup Q' (v, U Ke/ < lim sup Q*(y, X \ K*/°)
t—o00 t—o00

=Ny
<1 lim inf Qi(y, K5/%) <1—(1—¢/2) =¢/2,

which contradicts condition (2.19). This finishes the proof. [

The following lemma is a straightforward application of the Arzela—Ascoli theorem.
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Lemma 2. Let F be a family of uniformly bounded and equicontinuous functions. Then

/X Felp - /X fdu.

provided w-1imy, oo by, = s fOT fip, ftx € M.

sup — 0 as n — oo,

fer

The proof is standard and we leave it for the reader. Indeed, it is enough to observe
that by the Prokhorov theorem (see [1]) we may assume, without loss of generality, that
X is compact. Application of the Arzela—Ascoli theorem finishes then the proof.

For a given closed set A C X and positive constants 7 and « with a < 1, we set
MIA) ={peM;:Tv<n lizgn inf P/ (A7) > 1—a}.

Observe that M7 (A) is a convex set and
(2.20) Pr(MI(A) c MI(A)  forallt>0.
The following lemma will be useful in the sequel.

Lemma 3. Let (P,)i>o have the e-property. Then for every closed set A C X and positive
constants n, o« with o < 1, the set M1 (A) is open in the weak topology of M.

Proof. Let positive constants 1, o with o < 1 and a closed set A C X be given. Fix
e M!(A). To finish the proof it is enough to show that for every sequence of probability
Borel measures (fi,),>1 that converges weakly to p, we have u, € M!(A) for all n large
enough. By the definition of the set M (A) there exists v < 7 such that

h?ii?f Piu(A") >1—a.
Choose o > 0 such that v+ o < n and let ¢ be a Lipschitz function such that
14v(2) < o(x) < 1pvto () for all x € X.
Fix (fn)n>1 such that w-lim,, oo pt, = p. Since (P;)i>¢ has the e-property, the family

{P,p}i>0 is equicontinuous and

(2.21) sup

t>0

/ P'odpy, —/ Ptsodu‘ — 0,
X X

by Lemma 2. On the other hand, we know that

Podu= | odPu> | 140dP"
(2.22) /thou /Xw tﬂ_/XA "
> P (A >1—a+6

for t large enough and some © > 0. From (2.21) and (2.22) it follows that

/ Pypdp, >1—a+6/2
X
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for n and t large enough. Since

/ Pypdpy, = / ed Py, < Pt*:un(An—w)»
X X

we finally obtain
liltrn inf P/, (A™7) > 1 -«

for n large enough. This completes the proof. [

Proposition 3. If (P,):>o satisfies the assumptions of Theorem 1, then (P;)i>o i sweeping
from compact sets disjoint from T .

Proof. Assume, contrary to our claim, that there exists a compact set K disjoint from 7,
a positive constant a and a probability measure p such that

(2.23) lim sup P u(K) > a.

t—o0

Since the assumptions of Proposition 2 are satisfied, 7 is closed. Therefore there exists
1 > 0 such that
inf{p(z,y) 1z € K,y e T} >n.

Set M := M 5(T) and observe that M +# . Indeed, from Lemma 1 we obtain that

), € ;Mv . Since M is open in the weak topology, by Lemma 3 there exists ¢ > 0 such that

v € M provided that suppv C B(z,0).

Let x € K. Since lim inf; .., Q*(z, B(z,0/2)) > 0, there exists t, > 0 such that a, :=
P} 6,(B(z,0/2)) > 0. Further, since P} is a Feller operator, there exists r, > 0 such that
Py 0y (B(z,0/2)) > /2. Obviously,

K C U B(z,ry)

zeK

and since K is compact, there exist, say, z1,...,x,, € K such that
K C UB(:Ei,TJCi).
i=1
Set © := minj<;<,, @, /2. Define the constant
v :=sup{f > 0: P;u > Bv for some v € M and to > 0}.

Choose v € M and to > 0 such that Py > pr holds with 3 > v—0a/(2m). Observe that
if Pyp > B for some v € M, then from (2.20) it follows that Py > Bu; for t > ty with
some v; € M. Therefore we may assume that P} j(K) > a, by (2.23), and consequently

(P — 60)(K) = a - a/2 = a2
Hence there exists j € {1,...,m} such that
(Poi = Bv)(B(z;,12,)) 2 af (2m).
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Further, we have

Py (Pt = B)(B(2,0)) = [ oo (@)(PL, o~ B p)(da)

xT
J X

= [ P bt )P = 80)(de) = [ B Bz o) (Poa = ) ()
> [ P aB(0)) (P - 9v)(do) = Baf(2m).
B(x]-,Tx )

Set
(P{;j+t0u - ﬁPt’;j v)(-NB(z,0))
(P1tt.j+t0# - ﬁP{;jV)(B(Z’U))
and observe that 7 € //\/lv, since supp 7 C B(z,0). Let
v=p(03+ @a/(2m))’1P;;jl/ + Oa/(2m) (8 + Oa/(2m)) 'v.

7(-) =

Since P} v,V € M and M is convex, we obtain that 0 € M. Further
I
Pl it = (8 + 00/ (2m))7,
which is impossible as § 4+ ©a/(2m) > ~. This completes the proof. [J
Our note is aimed at proving the following generalization of Theorem 1.

Theorem 2. Let (P,)>o satisfy the assumptions of Theorem 1 and let p, be its invariant
measure. Assume also that

(2.24) hg(i)gf P}6,(B(z,0)) > 0,
with z such as in Theorem 1. Then
(2.25) v&t/—lim Piv = p,

for any v € My that is supported in T .

Proof. We divide the proof into two steps.
Step I: We are going to show that for every § > 0 there exists > 0 such that

(2.26) litm inf Pv(B(z,0)) > «

for every v € Mj supported in 7. To do this fix § > 0. From the e—property it follows
that there exists n > 0 such tht

1
(2.27) li%n inf P60, (B(z,0)) > 3 litm inf P/9.(B(z,0/2)) forye B(z,n).
It is shown in the same way as condition (3.42) in Lemma 4 in [8]. Set

fy::%limiant*éz(B(z,é/m) and 0 = p.(B(zm))/2.

t—o00
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From condition (2.24) and Remark 2, we obtain 7,9 > 0. To finish this part of the proof
we show that condition (2.26) holds with v = 9. Fix v € M; supported in 7. From
Theorem 1 and Alexandrov’s theorem we have

lim inf Q"v(B(2,1)) = n(B(2,n)).
Hence there exists ty > 0 such that
Po(B(zm)) > 0.

Consequently,
litrn inf P'v(B(z,0)) = litm inf P, v(B(z,0))
Fatou’s lemma

(2.28) > /X lim inf P} 6,(B(z,9)) Py v(d)

t—o00

> / lim inf P, (B(z,0)) P v(dr) > 0 = a.
B(z,m))
Since v was an arbitrary probability measure supported in 7, Step I is complete.

Step II: To finish the proof we will show that
(2.29) lim sup

100 /Xptf(x)yl(dx)_/Xptf(x)ug(dx)

for any f € £,(X) and 14,15 € M, supported in 7. Fix an € > 0 and let f € £,(X). By
the e—property we may find v > 0 such that

(2.30) |Pif(y1) — Pif(ya)| < e/2

for t > 0 and y1,y2 € B(z,7). Fix v1,v5 € Mj that are supported in 7. From Step I we
may choose a > 0 such that condition (2.26) holds. By induction we will define a sequence
of positve reals (¢;);>o and four sequences of probability measures (v4);>0, (V4)i>0, (114)i>0,
(1b)i>0 such that suppv¥ C B(z,7), suppuf C T for k= 1,2, i > 1 and

(2.31) Pg‘;pf_l = avf 4+ (1 —a)u? fori=1,2 and k > 1.

=0

If k=0 wesetto=0 vl =pu =viand v = pd = vp. If k> 1 and t,_y, i, 571

pi=t b=t are given, by Step I and the fact that supp ' € 7, i = 1,2, we may choose

tr > 0 such that
(2.32) Pip ' (B(z,7) > fori=1,2.
Now we define

Py uf Y (B(z,7))

(2.33) Vi) = for i = 1,2,

1

(2.34) pEC) = = (Pt — k() fori=1,2,
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From (2.32) it follows that p¥ € M;. Further suppv? C B(z,7) for i = 1,2. Obviously,
condition (2.31) holds. Hence supp uf C supp Py ,uf_l. On the other hand, from Lemma 1

and Proposition 2 it follows that supp P/ uf‘l C 7T for i = 1,2 and consequently supp uf C
T foriv=1,2.
Using (2.32) it is easy to verify that

Py Vi = aPt*2+~--+tk+tyi1 +a(l - a)Pter-..thkthyZ?
+ ool —a)" P - (1= )Pk
fori=1,2, k> 1and t > 0. Since

[ @it~ [ f(y)Pt*Vé“(dy)‘ -| [ Rrwtan - [ Ptf(y)lé“(dy)' <2

for all ¢ > 0, by (2.30), we conclude from (2.35) that

/X Pf (@) (dz) — /X P ()va(de)

Since ¢ > 0 was arbitrary, this finishes Step II. The proof is complete. [

(2.35)

lim sup <e.

t—o00

3. AN APPLICATION TO STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

Using Theorems 2 we establish the stability for the family defined by the stochastic
evolution equation of the form

(3.1) dZ(t) = (AZ(t) + F(Z(t))) dt + RAW ().

Here we assume that X is a real separable Hilbert space, A is the generator of a Cjy-
semigroup S = (S(t));>0 acting on X, F' is a mapping (not necessarily continuous) from
D(F) C X to X, R is a bounded linear operator from another Hilbert space H to X,
and W = (W(t))i>0 is a cylindrical Wiener process on ‘H defined over a certain filtered
probability space (2, F, (F;)i>0, P).

Let Zy be an Fy-measurable random variable. By a solution of (3.1) starting from Z,
we mean a solution to the stochastic integral equation (the so called mild solution)

Z(t):S(t)ZO+/tS(t—s)F(Z(s))ds+/tS(t—s)RdW(s), £>0,

see e.g. [3], where the stochastic integral appearing on the right hand side is understood
in the sense of 1to. We suppose that for every x € X there is a unique mild solution
7% = (ZF)>0 of (3.1) starting from x, and that (3.1) defines in that way a Markov family.
We assume that for any z € X, the process Z7(t), t > 0 is stochastically continuous.

The corresponding transition semigroup is given by P(x) = Ev(Z*(t)), t > 0, ¥ €
By(X), x € X. We assume that it is Feller.

A function ®: X — [0,400) will be called a Lyapunov function, if it is measurable and

lim ®(z) = oo.

[|]| x —o0
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We shall assume that the deterministic equation

(3.2) de—it) —AY(t) + F(Y(t)), Y(0) =2z

defines a continuous semi-dynamical system, i.e. for each x € X there exists a unique
continuous solution to (3.2) that we denote by Y* = (Y*(t), t > 0) and for a given ¢ the
mapping = ~— Y*(t) is measurable. Furthermore, we have YY" (s) = Y*(t 4 s) for all
t,s>0and x € X.

A set K C X is called a global attractor for equation (3.2) if

e it is invariant under the semi-dynamical system generated by (3.2), i.e. Y*(t) € K,

t >0 for any x € K,
e for any ¢, R > 0 there exists T such that Y*(t) € K +¢B(0,1) for t > T and

lz]lx < R.
If for any ¢ € By(X) and ¢t > 0 we have

[ v@mian) = [ oo,
X X
we say that v, € M is invariant for (3.2).

The family (Z7(t))i>0, v € &, is stochastically stable if for every e, R, t >0
(3.3) inf )]P’(||Z”(t) —Y*(t)[[x <€) > 0.

z€B(0,R

We derive from Theorem 2 the following result concerning stability of Z.

Theorem 3. Assume that:

e a global attractor IC of the semi-dynamical system (Y*(t), t > 0) defined by (3.2)
15 a singleton,
e there exists a certain Lyapunov function ® such that

supE®(Z%(t)) < oo, for any x € X,
>0

o the family (Z*(t))i>0, * € X, is stochastically stable and its transition semigroup
has the e-property.

Then, the corresponding transition semigroup (P;)i>o is asymptotically stable.
Proof. Let K = {z}. In [8] we have checked that (P;):>¢ satisfies the assumption of Theorem
1 and 7 = X. To finish the proof it is enough to show that condition (2.24) holds. Fix

d > 0. Since sup,oE(®(Z*(t))) < +oo for some Lyapunov function ®, there exists a
bounded Borel set D C X such that

for t > 0.

DO | —

(3.4) Fy6.(D) >
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On the other hand, from the fact that the family (Z%(t)):>0, © € &, is stochastically stable
we have

iglf)P(HZx(t) —Y*(t)||x <e)>0 for any t,e > 0.
Let to > 0 be such that Y*(ty) € B(z,6/2) for x € D and let € = §/2. Then
v = ilellf)IP(HZx(to) —zllx < 9) > 0.

Consequently,

litm inf P’5,(B(z,0)) = litrn inf Py, 0.(B(2,0)) = lim inf/ 1p(.5)(x) Pl 0-(d)
—00 —00 X

t—o0

:liminf/ Py 1ps)(x) P} 6.(dx) :hminf/ P 6.(B(2,9))(x) Pfo.(dz)
x x

t—o0 t—o0

t—o0

> liminf | P} 6,(B(2,6))(x)Fd.(dx) > ylign inf P;6,(D) > ~/2.
D o
This completes the proof. [

4. APPLICATION TO THE PASSIVE TRACER MODEL

In the last section we are concerned with some model of transport of a passive tracer in
a compressible random flow (see [5, 6, 7]). Applying Theorem 3 we will be able to prove
that the distribution of velocity of a particle is weakly convergent to some distribution.
This result is in the same spirit as results in [8], where was derived the weak law of large
numbers for the trajectory of a particle described by the model mentioned above.

Let us consider the ordinary differential equation

dx(t)
dt
where V' is the random field. We assume that this field is spatially periodic, i.e.

V(t,x + 2me;) =V (t,x), V>0, zeRY, j=1,...,d,

(4.1) —V(tLx(t), x(0)=x,

where €; = (0,...,1,...,0), 5 = 1,...,d are unit versors in R% It is additionally zero

J/

-~

j-th posiiton
mean Gaussian, with the covariance matrix

Rij(t — s,z —y) = E[Vi(t,2)Vj(s,y)]
whose Fourier transform in the z-variable is given by

- 1
Ri,j(h, k) = (27r>d

Here T¢ := [0,27)4. Let S, (d) denote the space of all non-negative definite, Hermitian
matrices. We assume that the energy spectrum & := [€; ;]: Z% — S, (d) and mizing rates

/w e %R, i (h,x)dr = e YWIE (k) i j=1,...,d k€ Z
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v: 24— (0, +00) satisfy the following assumption: there exist m > d/2+1 and a € (0, 1)
such that

(4.2) NP =D y(B)[* R ITr E(R) < +oc.
kezd
Moreover,
4.3 inf y(k) = v, > 0,
(4.3) Jnf v(k) =
(4.4) lim ~(k) =0,
|k|—4o00
and
(4.5) / sup e YW k| dt < oo,
0 kezd

Here TrA denotes a trace of a given matrix A. We will also need the following non-
degeneracy assumptions of the spectrum

(4.6) VkezZ?  det E(k)#0.
Given r > 0 we denote by H" the Sobolev space which is the completion of
(4.7) {5 c C®°(T4RY: [ &(z)de = 0}
Td

with respect to the norm [[€|[3, := 3"y 74 k|2 |E(K)|2, where £(k) := (27)~ Jpa §()e ™ kda,
k € Z¢ are the Fourier coefficients of £. Note that obviously H* C H" if u > r.
Let A, be an operator on H" defined by

~

(4.8) AL(k) = —y(k)EK),  kezZd,

with the domain

(4.9) D(A) = {eer 3 hPH|Ew] < oo

kezd

Since the operator is self-adjoint it generates a Cy-semigroup (S, (t))i>0 on H". Moreover,
for u > r, A, is the restriction of A, and 5, is the restriction of .S,.. From now on, we will
omit the subscript r writing A and S instead of A, and §,.

Let @ be a symmetric positive-definite bounded linear operator on L3 := H° given by

QL(k) == v(k)E(K)E(R), ke Z

Let m be the constant appearing in (4.2) and let H := H™ and V := H™*"!. Note that by
Sobolev embedding, see e.g. Theorem 7.10, p. 155 of [4], there exists a constant C' > 0
such that

(4.10) [€ller(pagey < CllEll,  VE€H.
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Let Z(s,z) := V(s,x +x(s)) be the Lagrangian observation of the environment process,
or shortly the observation process. It is known, see [6] and [7], that Z(s,-) solves the
equations

(4.11)  dz(t) = [AZ(t) + B(Z(t), Z(t))] dt + Q2w (¢),  Z(0,-) = V(0,x(0) +-).

where W is a certain cylindrical Wiener process on some probability space A (2 =
(Q>f7 (Ft)t>07 )) and

(412)  B(v, (Zw] o ij e ) €M, 2 eT

By (4.10), B(-,-) is a continuous bilinear form actlng from H x H into H™ .

Given & € ‘H let (Z5(t));>0 denote the value at ¢ > 0 of a solution to (4.11) satisfying
7Z5(0,2) = &(z) for z € T?. As usually, the transition semigroup is given by the formula:
Pip(&) = Ep(Ve(t,xe(t) + +)) for v € H. It is known (see for instance [3]) that the
Feller property and stochastic continuity hold for the transition semigroup. Moreover,
it has been proved, see [8], that this semigroup satisfies the assumptions of Theorem 3.
Having this we were able to derive that the Markov family (Z%(#))s>0 is mean * ergodic
(see [8, 14]). Applying Theorem 3 we obtain, in turn, that the transition semigroup (P;);>o
is asymptotically stable.

We are in a position to formulate the following proposition.

Proposition 4. Under assumptions (4.2) — (4.6) there exists a distribution V such that

dx
vglgl g (s) =V.
Proof. From the fact that (P;);>o is asymptotically stable it follows that the distribution
L(Z(s,x)) of the vector Z(s,z) tends weakly to p., where p,. denotes the unique invariant
measure of (P)¢>g. Let 7 : H — R denote the function given by the formula r(z) = z(0).
From condition (4.10) we immediately obtain that r is continuous. Hence L(r(Z(s,x))
converges weakly to . or~'. Let V = u, or~!. Observation that r(Z(s,z)) = Z(s, 0) =
V(s,x(s)) = $%(s) finishes the proof. OJ
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