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CHAPTER 1

Introduction

We consider meromorphic functions f : C — C of finite order p = p(f) that satisfy
the following conditions. These functions built a very general class as we will see
in Chapter 3 where we provide various examples.

DEFINITION 1.1 (Rapid derivative growth). A meromorphic function f has rapid
derivative growth if there are o, > max{0, —a;} and x > 0 such that

(1.1) [f(2)] = 6711+ [2]™) (1 + |f(2)|%)
for all finite z € J(f) \ f~(c0).

DEFINITION 1.2 (Balanced growth). The meromorphic function f is balanced
if there are k > 0, a bounded function as : J(f) NC — [ay, @] CJ0, 0] and
o1 > —ay = —inf ay such that

(12) KL+ )+ FE)0) < ()] < L+ 2™+ F()]2)
for all finite z € J(f) \ f~1(c0).

We will make some natural restrictions on the function oz (given in Definition 3.1).
Notice that most of our work does rely only on the weaker rapid growth condition.
The balanced version of it is only used in the last two chapters.

Throughout the entire text we use the notations
a=a;+a, and, foreveryr €eR, T=qa;+T.
The precise definition of hyperbolicity is given in the next Chapter.

DEFINITION 1.3 (Dynamically reqular functions). A balanced hyperbolic mero-
morphic function f of finite order p(f) is called dynamically reqular. If f satisfies
only the rapid derivative growth condition then we call it dynamically semi—regular.

It was observed in [MyU2] that the whole theory of thermodynamical formal-
ism applies to the very general class of dynamically semi-regular meromorphic func-
tions provided one does work in the right Riemannian metric space (C, do = v |dz|).
More precisely, if ¢ = —tlog|f’|, is a geometric potential with ¢ > p/a and with

7@ = I ey )

5



6 1. INTRODUCTION

the derivative of f with respect to the metric o, then the right choice of the metric
is

|dz|
IRERE
where 7 € (0,a,) is such that ¢ > p/7 > p/a (for simplicity we will denote the
metric o, just by 7). The main point in [MyU?2] is that one can show with the
help of Nevanlinna Theory that the transfer operator

Lipw)= > |f' @) ez) , ¢eC(I(f)NC),

z€f~H(w)

do(z) =do,(z)

is bounded for all ¢ > p/a. In here Nevanlinna Theory also plays the first rate role,
see particularly Chapter 2.

The class of dynamically regular meromorphic functions captures the classes of hy-
perbolic meromorphic functions considered in [CS1], [CS2], [KU2], [KU3], [UZ1]
and [UZ2], and goes beyond, see Chapter 3 (Balanced Functions) for the exam-
ples. The results proven so far in the field of ergodic theory of transcendental
functions are compactly presented in the survey article [KU4]. In the present work
we provide a systematic account of ergodic theory and thermodynamic formalism
of dynamically regular meromorphic functions and tame potentials, i.e. of the form

—tlog|f'|s + h,

where h is a weakly Holder bounded function. We then apply this thermodynamic
formalism to perform the multifractal analysis of Gibbs states of tame potentials
for a single dynamically regular map and, what seems to be especially worth to
emphasize, for a family of maps being of bounded deformation and uniformly bal-
anced.

The contents list included in the beginning of this article explains what the article
deals with and what all this is about. We do not want to repeat it and we only
comment on few selected points.

In Chapter 6.1-2 a dynamically regular function is still kept fixed but the complex-
valued tame potentials depend holomorphically on the parameter. Theorem 6.2,
establishing holomorphic dependence of Perron-Frobenius operators on the para-
meter is the source of all following analyticity results. Its proof is considerably
simpler and works under weaker assumptions than in earlier corresponding results
(cf. [UZ2] for ex.). These assumptions are relatively easily verifiable. Passing to
the topological pressure and the real case, the potential is let to depend linearly
on a real parameter. The corresponding Perron-Frobenius operator is canonically
complexified and is demonstrated to depend holomorphically on the (complex) pa-
rameter. This technical fact is a source of a number of interesting consequences.
Among them real analyticity of topological pressure and other objects like eigen-
functions and contracting ”remainders” produced in the process of developing the
thermodynamic formalism. A uniform version of exponential decay of correlations
finishes the Section 6.2.

Section 6.3, Derivatives of the Pressure Function, motivated by the appropriate
parts of [PU] establishes formulas for the first and second derivatives of topological
pressure. Even in the classical cases of distance expanding or subshift of finite type
cases, this is not an easy task. In our present context, the calculations, especially of
the second derivative, are tedious indeed. One of the sources of technical difficulties
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is the fact that loosely tame potentials are unbounded, and therefore, do not belong
to the Banach space of bounded Holder continuous functions.

DEFINITION 1.4 (Divergence type). A meromorphic function f is of divergence
type if the series

(1.3) Stw)= Y |
sef i (w)

diverges at the critical exponent (which is the order of the function ¢ = p; w is any
non Picard exceptional value). In the case f is entire we assume instead of (1.3)
that, for any A, B > 0, there exists R > 1 such that

R
T _
(1.4) / <7"1) dr —B(logR)'™" > A
log R rht

where T is the characteristic function of f.

In the entire case (1.3) is not sufficient for our needs. This is why we allow ourselves
to modify in this case the usual notion of divergence type. This notion is in fact a
condition on the growth of the characteristic function. For example, if

lim inf ) > 0,

r—00 r

then the function is of divergence type.

In Chapter 7, where the multifractal analysis is performed on the whole radial
Julia set J,.(f), we take fruits of all the previous sections, especially Section 6. Real
analyticity of the multifractal spectrum is established for all dynamically regular
transcendental maps and Gibbs states of all tame potentials. The multifractal
spectrum is also shown to be the Legendre conjugate of the temperature function.
Volume Lemma, the Billingsley’s type formula for the Hausdorff dimension of Gibbs
measures of tame potentials, is proven and, as a by-product, Bowen’s formula for
the Hausdorff dimension of the radial Julia set J,(f) from [MyU2] is reproved.

In Chapter 8 we deal with analytic families of dynamically regular meromorphic
functions. More precisely, the Speiser class S is the set of meromorphic functions
f:C— C that have a finite set of singular values sing(f~1). We will work in the
subclass Sy which consists in the functions f € S that have a strictly positive and
finite order p = p(f) and that are of divergence type. Fix A, an open subset of C%,
N > 1. Let

Ma ={fatrea CSo

be a holomorphic family of dynamically regular meromorphic functions such that
the singular points sing(fy ') = {a1,x, .., aa,») depend continuously on X € A.

DEFINITION 1.5 (Bounded deformation). A family My is of bounded deforma-
tion if there is M > 0 such that for all j =1,...., NV

‘3fx(2)
o,

<M|fi(z)] , ANEA and z € T(f»).
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We will see that this bounded deformation condition yields the existence of a holo-
morphic motion

2z € J(fro) = 2a = Ga(2) € T(fr)
that conjugates the dynamics and has the additional property that G converges
to the identity uniformly on the whole plane as A — A°.

DEFINITION 1.6 (Uniformly balanced). A family M is uniformly balanced pro-
vided every f € M, satisfies the condition (1.2) with k, a1, as independent of
f € M. Concerning s, this means that for every z € J(fo) the map

AEA— 0427)\(2’)\)

is constant.

Fixing a uniformly balanced bounded deformation family of divergence type dy-
namically regular transcendental functions we perform the multifractal analysis for
potentials of the form
—tlog |f§\|a +h,

where h is a real-valued bounded harmonic function defined on an open neigh-
borhood of the Julia set of a fixed member of A. We show that the multifractal
function Fy(A, o) depends real analytically not only on the multifractal parameter
a but also on A. As a by-product of our considerations in this chapter, we reproduce
from [MyU2], providing all details, the real-analytic dependence of HD(J,-(fx)) on
A (Theorem 8.11). At the end of this chapter we provide a fairly easy sufficient
condition for the multifractal spectrum not to degenerate.



CHAPTER 2

Nevanlinna Theory and Dynamically Preliminaries

2.1. Nevanlinna Theory and Borel Sums

The reader may consult, for example, [Hy]|, [H1], [JV], [Nevl], [Nev2] or [CY]
for a detailed exposition on meromorphic functions and on Nevanlinna theory. In
the whole text we use the terminology meromorphic function for a transcendental
meromorphic function f of the plane C into the sphere C and we always suppose
that f is of finite order
) log T'(r)
p=p(f)= lim sup ogr <%

Here and in the following we use the standard notation of Nevanlinna theory. For
example, n(r,a) is the number of a-points of modulus at most r, N(r,a) is defined
by dN(r,a) = n(r,a)/r and T(r) is the characteristic of f (more precisely the
Ahlfors-Shimizu version of it; these two different definitions of the characteristic
function only differ by a bounded amount). Notice that f is of finite order p if and
only if the integral

< T(r)
(2.1) / o) dr
converges for u > p and diverges if u < p. This integral may converge or diverge

for the critical exponent u = p. Following Valiron we introduce the following (and
remember that for entire functions we take the different version given in (1.4).

DEFINITION 2.1. A meromorphic function f of finite order p is of divergence

type if
> T(r)
/ ] dr = oo.

More adapted for our concerns will be the characterization of the order and the
divergence type in terms of the sum

(2.2) Y(u,a) = Z lz7%, aeC.
f(z)=a
z#0

The relation between this sum and the integral (2.1) goes via the average counting
number N(r,a) and Nevanlinna’s main theorems. The first main theorem (FMT)
as stated in [Er] or in [H1, p. 216] yields

COROLLARY 2.2 (of FMT). For every a € C there is O, > 0 such that
N(r,a) =0, <T(r) forall r>0.

9
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In the case f(0) # a one has ©, = —log[f(0), a] where [a,b] denotes the chordal
distance on the Riemann sphere (with in particular [a,b] < 1 for all a,b € C).

From the second main theorem (SMT) of Nevanlinna we need the following
version which is from [Nev1l, p. 257] ([Nev2, p. 255] or again [H1]) and which is
valid only since f is supposed to be of finite order.

COROLLARY 2.3 (of SMT). Let a1,a2,a3 € C be distinct points. Then
T(r) < N(rya1) + N(r,a2) + N(r,a3) + S(r)

for every r > 0 and with S(r) = O(log(r)).

Putting togeth:er these two re§u1ts one has for any r > 0, any three distinct
points a1, as,a3 € C and any a € C that
(2.3) N(r,a) —©, <T(r) < N(r,a1) + N(r,az) + N(r,a3) + S(r).
The error term S() also depends on the points a;. It has been studied in detail and
sharp estimates are known. The following results from Hinkkanen’s paper [Hk] and

also from Cherry-Ye’s book [CY]. We use here the notion of hyperbolicity which
is defined in the next section.

LEMMA 2.4. Let f be a hyperbolic meromorphic function of finite order p that
is normalized such that 0 € D(0,T) C Fy, f(0) ¢ {0,000} and f'(0) # 0. Then, for
every A < T'/4, there exists Cy = C1(A) > 0 and Cy > 0 such that

AN(R+A,a) >T(R)— (3p+1)logR— C; — Csylog |a]
for every a € J(f) and every R > T.

PROOF. Since f is expanding there is ¢ > 0 such that |f/(z)| > ¢ > 0 for all
z€ J(f). Let 0 < A’ < min{d(f), T} such that A = 2KA’/c < T/4 where K is an
appropriate Koebe distortion constant. Consider then a € J(f) and o’ € D(a, A").
Since all the inverse branches of f are well defined on D(a,2A’) we have

n(r+A,a) >n(r,d’) , r>0.
Consequently
Bon(r,a") Bn(r+A,a)
N(R,d") = / 7’dr§/ ———=dr

0 r 0 r

R+A R+A
_ / n(t,a) t it < T / n(t,a) it
A t t-A T-AJ; t

< gN(R +A,a) forevery R>T.

Choose now a1, az, a3 € D(a, A’), any three points that satisfy |a; —a;| > A’/3 for
all i # j. It follows then from the sharp form of SMT given in [Hk], the fact that
f is of finite order, along with the normalisations stated in the lemma that
3
AN(R+A,a) > Y N(R.a;)>T(R)— S(R,a1,0a2,a3)
i=1
> T(R)—(3p+1)log R— Ci(A) — Cs logal

for every a € J(f) and for all R > T. O



2.1. NEVANLINNA THEORY AND BOREL SUMS 11

It follows from SMT that the convergence of the integral (2.1) implies the conver-
gence of

(2.4) / T N(a)

ru-{-l

for all @ € C. Conversely, if the integral (2.1) diverges then (2.4) also diverges for
all but at most two (the Picard exceptional values) points a € C.

Let us now come back to the sum (2.2). If 0 < 79 < r, then by the definition
of the Riemann-Stieltjes integral and with integration by parts,

—w__ [Tdn(t,a)  n(r,a) n(ro,a) "n(t,a)dt
(25) Z |Z| - /7»0 tu - rt - ru +u‘/ro W

0

(2.6) = n(r.a) _nlro,a) (N(n a) N( ro, > " N(t, al ) dt
ru 6‘ ru fut

It follows now easily that the convergence behav1or of X(u,a) is the same as the
one of the integral (2.4). We thus have

THEOREM 2.5 (Borel-Picard). Let f be a meromorphic function and let £ ¢ C
be the set of the (at most two) Picard exceptional values. Then f is of finite order
p if and only if

Y(u,a) < oo if u>p and
Y(u,a) = oo if u<p

for all a € C\ €. Moreover, ¥(p,a) = oo for some a € C if and only if
Y(p,a) =00 for all acC\E&;.

The following uniform estimate is crucial for our needs.

PropPOSITION 2.6. Let f be meromorphic of finite order p and let K C C such
that dist(f(0),/C) > 0. Then, for every u > p, there is M,, > 0 such that

1

Y(u,a) = Z P ‘u_M forall ae K.
f(z)=a

PROOF. Let 0 < 1 < dist(f(0),K). Then n(ro, a) = N(rg,a) =0 and

n(r,a " N(t,a)dt
I
r tu+1
f(z)=a
ro <lz| <r
for every a € K and r > rq. We have lim,_ ”(ff) = lim, e NEL’“) = 0 since

u > p. It follows from the assumption dist(0, f~1(K)) > 0 that the constant O,
in FMT (Corollary 2.2) can be chosen to be independent of a € . It follows that
there is A, > 0 such that

< T(r
Y (u,a) S/,« ru(+2 dr + A, =

for every a € K. O
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2.2. Dynamical preliminaries and hyperbolicity

For a general introduction of the dynamical aspects of meromorphic functions
we refer to the survey article of Bergweiler [Bw1]. We collect here the properties
of interest for our concerns. The Fatou set of a meromorphic function f : C — C
is denoted by Fy and the Julia set by j(f) We write

J(H=T(f)nC.
By Picard’s theorem, there are at most two points zo € C that have finite backward
orbit O~ (20) = U,,>0 f "(20). The set of these points is the exceptional set &;.

In contrast to the situation of rational maps it may happen that £ C J (f).
Iversen’s theorem [Iv, Nevl] asserts that every zy € £; is an asymptotic value.
Consequently, £; C sing(f ~1) the set of critical and finite asymptotic values. The
post-critical set Py is defined to be the closure in the plane of

U £ (sing(f=H)\ f7(0)) -
n>0

The Julia set splits into two dynamically different subsets. First, there is the
escaping set

Lo(f) ={z € J(f); lim f"(z) = oo}.
And, more importantly to us, its complement, the radial (or conical) Julia set

Tr(f) = T () \ Ia(f)-

The Hausdorff dimension of the radial Julia set will be called hyperbolic dimension
of the function f.

A classical fact based on Montel’s theorem and the density of repelling cycles
is that if U is any open set with nonempty intersection with the Julia set and if K
is any compact subset of J(f), then there is N > 0 such that fN(U) D> K. The
following is more convenient for our needs.

LEMMA 2.7. Let 6 > 0 and denote U,, = D(w, ). For any R > 0 there exists
N = N(R) > 0 such that, if K = J(f) N D(0, R), then fN(U,) D K for any
we K.

PROOF. Suppose to the contrary that there exists R > 0 and, for any N > 0,
wy € K = J(f) N D(0, R) with K \ f¥(U,,) # 0. We may suppose that wy —
w € K. But then there is Ny > 0 such that f~(D(w,d/2)) does not contain K for
any N > Ny. This is impossible. (I

2.2.1. Hyperbolicity. Let us introduce the following definitions.

DEFINITION 2.8. A meromorphic function f is called topologically hyperbolic if

1.
5(f) = ZdISt (J(f),Ps) >0.
and it is called expanding if there is ¢ > 0 and v > 1 such that

[(f")' ()] = ey forall z€ J(f)\ f~(c0)-
A topologically hyperbolic and expanding function is called hyperbolic.
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The Julia set of a hyperbolic function is never the whole sphere. We thus may and
we do assume that the origin 0 € Fy is in the Fatou set (otherwise it suffices to
conjugate the map by a translation). This means that there exists T' > 0 such that

(2.7) DO, T)NJ(f)=0.

The derivative growth condition (1.1) can then be reformulated in the following
more convenient form:

There are ay > 0, a1 > —ay and k > 0 such that
(2.8) [F'(2)] = 57z f ()]
for all z € J(f)\ f~(c0).

Similarly, the balanced condition (1.2) becomes
There are k > 0, a bounded function as : J(f) — [ag, @2] CJ0,00[ and a; >
—a, = —inf o such that
(2.9) R F(2)]72) < UF(2)] < 2| f ()] 2
forall z € J(f)\ f~ (o),

and the metric

(2.10) dr(z) = |z|77|dz|.

Note that for a function f that satisfies (2.9) we have

(211) 2" 2 =T f )T 2 ) 2 2 If T, 2 e T\ fHo0).
Here and in the whole text the symbols =< and =< signify that equality respectively

inequality holds up to a multiplicative constant that is independent of the involved
variables.

It is well known that in the context of rational functions topological hyperbol-
icity and expanding property are equivalent. Neither implication is established for
transcendental functions. However, under the rapid derivative growth condition
(2.8) with a; > 0 topological hyperbolicity implies hyperbolicity.

ProprosITION 2.9. Every topologically hyperbolic meromorphic function satis-
fying the rapid derivative growth condition with a3 > 0 is expanding, and conse-
quently, hyperbolic.

Proof. Let us fix v > 2 such that yx'T® > 2. In view of rapid derivative
growth (2.8) and (2.7)

(2.12) If'(2)| > k7T forall z€ J(f)
and

(2.13) [f'(2)l 2~ forall ze€ f~H(I(f)\ D(0,R))
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provided R > 0 has been chosen sufficiently large. In addition we need the following.

Claim: There exists p > 1 such that
|(f") (2)] >~ forall n>p and z € D(0,R)NJ(f).

Indeed, suppose on the contrary that for some n, — oo and z, € D(0,R) N J(f)
we have

(2.14) [(f7) (zp)| < -

Put 6 = 0(f). Then for every p > 1 there exists a unique holomorphic branch
o D(f”P(zp),Qé) — C of f7" sending f"™(zp) to z,. It follows from i—
Koebe’s Distortion Theorem (cf. Lemma 2.11) and (2.14) that

(2.15) 17 (D170 (25),26)) 2 D (2,8/(27))

or, equivalently, that f"»(D(z,,6/(27))) C D(f"(2),20). Passing to a subse-
quence we may assume without loss of generality that the sequence {z,}72; con-
verges to a point z € D(0,R) N J(f). Since D(Py,26) N D(f™(zp),26) = 0 for
every p > 1, it follows from Montel’s theorem that the family {f”? |D(2,(27)-16) };il
is normal, contrary to the fact that z € J(f). The claim is proved.

Let p = p(7, R) > 1 be the number produced by the claim. It remains to show
that

(7Y (2)| >2>1 for every z€ J(f).

This formula holds if |f/(2)| > R for j = 0,1, ..., p because of (2.12), (2.13) and the
choice of . If | f7(2)| < R for some 0 < j < p, the conclusion follows from (2.12)
and the claim. O

2.2.2. Analytic families. The class of Speiser S consists in the functions f
that have a finite set of singular values sing(f~'). The classification of the periodic
Fatou components is the same as the one of rational functions because any map of
S has no wandering nor Baker domains [Bw1]. Consequently, if f € S then f is
topologically hyperbolic if and only if the orbit of every singular value converges to
one of the finitely many attracting cycles of f. This last property is stable under
perturbation, a fact that is needed for the next remark:

Fact 2.10. Let fyo € H be a hyperbolic function and U C A an open neighbor-
hood of A° such that, for every A € U, f\ satisfies the balanced growth condition
(2.9) with Kk > 0,a7 > 0 and a, > 0 independent of A € U. Then, replacing U by
some smaller neighborhood if necessary, all the f) satisfy the expanding property
for some ¢, p independent of A € U.

2.3. Distortion properties

We start with the following well-known result.

LEmMA 2.11 (Koebe’s Distortion Theorem). There exists a constant Ko > 1
such that if D C C is a geometric disk, and g : D — C is a univalent holomorphic
function, then for all w,z € %D

g’ (w)]
lg'(2)]

1— Koz —w| < <1+ Kslz —w|,
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or equivalently
[lg'(w)] = 19" ()] | < K2lg' (2)l|z = wl.
Since log(1 + z) < z for all > —1, it follows from the first inequality above that

|log |g'(w)| —log |g'(2)|| < Ka|z — wl.

Given T > 0 we denote by I the class of all univalent holomorphic functions
whose domains are geometric disks in C\ D(0,7T) with Euclidean radii < 1 and
whose ranges are contained in C\ D(0,7T). We shall prove the following Lemma in
which we write again
(2.16) () = | () A2

lg(2)I

the derivative of g with respect to the Riemannian metric 7 (given in (2.10)).

LEMMA 2.12. There exists a constant K = K, > 1 such that if g : D — C
belongs to KCr, then for all z,w € %D7

[log |g'(w)|> —logg'(2)l-] < K(1 +1g'(2)])|z — wl|

and

g/ )l _ e
L 1|<K<1+g<>|>| !

PRrROOF. Rewrite (2.16) in the logarithmic form:

log|g' ()|~ = loglg'(§) + Tlog €] — 7log |g(&)!-
Then, using in turn the second part of Lemma 2.11,
| loglg'(w)|- —loglg'(2)]+| =
= |log|g'(w)| —log |g'(2)| + 7 log(|w|/|z]) + T log(|g(2)|/|g(w)])]

1o 1 et (1 Y 4 mon (1 4 192~ 9(@)
< lloglg'(w)] ~ tog g/ ()] + 1o {1+ 21 ) 4 710 (14 125 2l

< Kplz —w| + 7T Hw — 2| + 7T 11 + K|z — wl)|g'(2)||z — w]
< (K2 + T Y+ (T (1 + 2K5)|g'(2)]) |z — w|
< (Ko +7T7H (14 2K2)) (1 + |g'(2)])|[w — =],

T

< Ksolz —wl+ —|w—z|+

2]

and the first formula constituting our lemma is proved. Applying to it the Mean
Value Theorem, we get with some A € [min{|¢'(w)|-, ¢’ (2)|+}, max{|g’(w)|+, 9" (2)|+}],
that

AT (w)l- = 19" ()l < KA+ g (2)])] 2 — wl.
So, invoking the first part of Theorem 2.11, we get
g’ (W)l = 19" (2)l-| < K (1 + K2)|g'(2)|(1 + 19" (2)])] 2 — wl,

and the second part of our lemma is also proved with appropriately large K > 1. [
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Denote by KM the subclass of Kr consisting of those functions g for which ||g’||s <
M. Lemma 2.12 takes then the following form.

COROLLARY 2.13. There exists a constant K = K, 7 > 1 such that if g :
D — Cis in K, then for all z,w € %D,
llog ¢ (w)] —log g’ (2)|;| < K|z — w]|
and
g’ (W)l
9’ (2)]-

- 1‘ < K|z —w|.
Here is the typical example of application of the above distortion lemmas.

LEMMA 2.14. Let f : C — C be a hyperbolic meromorphic function and let
d = 0(f) > 0. For every 7 > 0 there exists a constant K, > 1 such that for every
integer n > 0, every w € J(f), every z € f~™(w) and all z,y € D(w,d) , we have
that

(2.17) K '< m <K,.

Here and in the rest of the text f ™ signifies the inverse branch of f™ defined
near f"(z) mapping f"(z) back to z.
2.4. Hoélder functions and dynamical Holder property

Let f : C — C be a meromorphic hyperbolic function and denote § = §(f)
the constant given by the topological hyperbolicity of f. Fix g € (0,1]. Given
h:J(f)— C, let

v3(h) = sup {

be the (-variation of the function h. Any function with bounded g-variation will
be called (-Hélder or simply Holder continuous if we do not want to specify the
exponent of Holder continuity. Let

[IAllg = vs(h) + [[]]oo-

|h(y) = h(z)]

oy — 2] for all x,y € J(f) With0<|y—x|<6},

be the norm of the space
Hg =Hg(T(f)) ={h: T(f) — C: [|h][s < oo}.

Any member of Hg will be called a bounded B-Holder continuous function. The
function log|f’|- is not necessary Holder continuous which is the reason for the
following slightly more general from of Holder continuity. In order to introduce it
consider w € J(f) and denote the f—variation of a function h : J(f)ND(w,d) — C
by

[h(z) = hly)|

(2.18) V3,w(h) = sup { g

; x,yeﬂf)mD(w,a)}.
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A function h : J(f) — C is called S-weakly Holder continuous if Vi ,(ho fi') is
bounded uniformly in w € J(f) and a € f~!(w). Denote

Va(h) = sup sup Vgw(go fa_l).
weJ (f) acf~1(w)

and let H};’ be the space of bounded weakly B—Hélder continuous functions equipped
with the norm

R[lls = Va(h) + [[A] -
Both spaces Hg, Hg endowed with their respective norms are Banach spaces densely
contained in the space of all bounded continuous complex valued functions Cj with
respect to the || - || norm.

LEmMmA 2.15. If f: C — Cisa hyperbolic meromorphic function, then

(1) Hy  HE with ||| [ls < |1} and
(2) log|f’|- is weakly 1-Holder continuous.

PROOF. The inclusion of the spaces with control of the respective norms results
from the expanding property of f. The second assertion is a consequence of the
distortion Lemma 2.12. O

Given n > 0, let

(2.19) Suh(z) = h(z) + h(f(2)) + -+ h(f"7}(2)).

LEMMA 2.16. For every 8 > 0 there exists ¢z > 0 such that if h: J(f) — C is
a weakly g-Hoélder function, then

[Suh (£ () = Suh(f7" (@) < caVa(W)ly — =
foralln > 1, all ,y € J(f) with |z —y| < 0 and all v € f~"(x).
PRrROOF. Denote a = f, " (x) and b = f, " (y). For k =0,...,n — 1 we have that
R(fE(B)) = h(f*(@)] < V(W) 1 (0) = (@) < e PV (R E =0y — f
by Koebe distortion (cf. (2.11)) and the expanding property. Since v > 1,

8

c

|Snh(b) — Sph(a)| < mvﬁ(hﬂy — |’

which proves the lemma. (I

A simple application of the Mean Value Theorem to the function z +— e*
together with the previous Lemma 2.16 gives the following.

LEMMA 2.17. Let h : J(f) — C be a weakly S—Holder continuous function.
Then there exists a constant ¢ depending only on 3 and the variation Vg(h) such
that

| exp(Suh(f, " () — exp(Suh(f, ()| < ¢ |exp(Suh(f; " ()] ly — I’
foralln > 1, all z,y € J(f) with |z —y| < and all v € f~"(x).






CHAPTER 3

Balanced functions

Here we illustrate with various examples how general the growth and the balanced
growth conditions are. Since we are interested in hyperbolic functions f we can
and do assume that

(31) |f/|u(f) >c>0 and ‘f|‘J(f)ZT>O

The second condition is indeed our standard assumption 0 € F; which allows to
deal with the versions (2.8) and (2.9) of the growth and balanced growth condition.
We first give some general comments on the exponents a1,y and formulate the
precise version of the as function. Then we present various families of meromorphic
functions to which the theory of this memoir applies.

3.1. The precise form of as

For entire functions the balanced growth condition (2.9) is in fact a condition
on the logarithmic derivative of the function. Indeed, for all known balanced entire
functions and, in particular, for the ones we describe below one has as = 1 and
a1 = p — 1 with, as usual, p being the order of the function. The balanced growth
condition signifies then that the logarithmic derivative of the function is of polyno-
mial growth of order p — 1. For entire functions with bounded singular set this is
a general fact (see Lemma 3.1 in [MyU2]).

For a meromorphic function f with pole b of multiplicity ¢, we have |f'| <
lf |1+% near the pole b. If f satisfies the balanced growth condition then necessarily
as <1+ % near b. In order to be able to handle meromorphic functions with poles
of different multiplicities we introduced the variable function . It must however
satisfy the following condition.

DEFINITION 3.1. If f is entire then we suppose ag = 1 1. If f has poles then
we suppose that

sup{qs , g» multiplicity of the pole b} < oo
and that

1
aQ:inf{l—f—, bpoleoff}<a2<a2<oo.
Qv

n fact, only a2 = ¢ > 0 is needed.

19
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3.2. Classical families

Here we present various classical families that fit into our context. First of all,
the whole exponential family f(z) = Aexp(z), A # 0, clearly satisfies the balanced
growth condition with a; = 0 and ag = 1. More generally, if P and @ are arbitrary
polynomials such that

f(z) = P(2)exp(Q(z))
satisfies (3.1), then

P+ QP
) =
P

which explains that all these functions satisfy the balanced growth condition with
a1 = deg(Q) — 1 and ag = 1. One can also consider functions

f(z) = Poexp(Q(2))

where again P, @ are polynomials such that (3.1) is satisfied. Then f is again
balanced with 1 = deg(Q) — 1 and as = 1. Note that the order of these functions
is p = deg(Q). Consequently 2 = 1.

Since one can replace in these considerations the exponential function by any
arbitrary balanced meromorphic function g one can produce in this way large fam-
ilies of balanced meromorphic functions . For example, if P, @ are (non constant)
polynomials such that f = P o go @ satisfies (3.1) then f is balanced.

[f] = [ 40 @1 £

Assuming still (3.1), the following functions are also balanced:
The sine family. f(z) = sin(az + b) where a,b € C and a # 0.

The cosine-root family. f(z) = cos(vaz + b) with again a,b € C and a # 0.
Note that here a; = —% and ay = 1 which explains that negative values of «y
should be considered in (2.8) and (2.9).

The tangent family. Certain solutions of Ricatti differential equations like,
for example, the tangent family f(z) = Atan(z), A # 0, and, more generally, the
functions .

2z
f) = ool
e?*" + D
The associated differential equations are of the form w’ = kzF¥"1(a + bw + cw?)
which explains that here oy = k — 1 and as = 2.

with AD — BC #0.

Elliptic functions. All elliptic functions are balanced. Indeed, if f: C — C
is a doubly periodic meromorphic function, then there is R > 0 such that every
component V, of f~1({z € C:|z| > R} U{oo}) is a bounded topological disc, and
there is k > 0 such that for every pole b and any z € V;, \ {b} we have

LM <17 < slfE)IM

where ¢, is the multiplicity of the pole b. From the periodicity of f and the as-
sumption |f’||7(s) = ¢ > 0 easily follows now that f satisfies (2.9) with oy = 0
and )

g2:inf{1—|——
b

;bef—l(oo)}
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More generally, the preceding discussion shows that for any function f that has at
least one pole one always has

1 1
a, < inf{l +—:be fﬁl(oo)} and sup{l +—:be fﬁl(oo)} < sup as(2).
v 9o zeJ(f)
3.3. Functions with polynomial Schwarzian derivative

The exponential and tangent functions are examples for which the Schwarzian de-

rivative
(Y Ly
S(f)(f’> 2(f’>

is constant. By Mdbius invariance of S(f), functions like

e* e®
— and ——
Ae? + e~ ? er —e*

also have constant Schwarzian derivative. Examples for which S(f) is a polynomial
are

f(z) = / exp(Q©))de . Q a polynomial,

and also
(3.2) f(z) = a Ai(z) + b Bi(z)

cAi(z) + d Bi(z)

with ad —be #0

and with A7 and Bi the Airy functions of the first and second kind. These a linear
independent solutions of ¢” — zg = 0 and, in general, if g1, go are linear independent
solutions of

(33) g//+Pg:07
then f = Z—; is a solution of the Schwarzian equation
(3.4) S(f)=2P.

Conversely, every solution of (3.4) can be written locally as a quotient of two linear
independent solutions of the linear differential equation (3.3). Note that, if g1, g2
are two linear independent solutions of (3.3), then the Wronskian W (g1, g2) has
zero derivative and is therefore constant (and it is non-zero).

Nevanlinna [Nev3] established that meromorphic functions with polynomial
Schwarzian derivative are exactly the functions that have only finitely many as-
ymptotical values and no critical values. Moreover, if such a function has a pole,
then it is of order one. Consequently the maps of this class are locally injective. We
also mention that any solution of (3.4) is of order p = p/2, where p = deg(P) + 2,
and it is of normal type of its order (cf. [H2]).

THEOREM 3.2. Any meromorphic function f with polynomial Schwarzian de-
rivative is of divergence type and is balanced provided |f'|| 75 > ¢ > 0 with
ay = deg(S(f))/2 and ay € [1,2]. Moreover, ay = 2 if all the asymptotical values
of [ are finite.
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PRroOF. The asymptotic properties of the solutions of (3.3) are well known due
to work of Hille ([H3], see also [H2]. We follow [L1]). First of all, there are p critical
directions 61, ..., 0, which are given by

argc+ pd = 0 (mod 2)

where c is the leading coefficient of P(z) = c2P~2 + ... In a sector
2
S; = {|argz—0j| < 1—5; 2| >R},
p

R > 0 is sufficiently large and § > 0, the equation (3.3) has two linear independent
solutions

“iexp(iZ +o(1)) and
92(2) = P(2)~

ea:p( — 17 + 0(1))

Bl sl

where

# 2

Z:/ P(t)? dt = fc%z%(l—ko(l)) for z—o00 in S;.
2Re'% p

Therefore, if f is a meromorphic solution of the Schwarzian equation (3.4), then

there are a,b,c,d € C with ad — bc # 0 such that

(3.6) £() = ag1(z) + bg2(2)
cq1(z) + dga(2)
Observe that f(z) — a/c if z — oo on any ray in S; N {argz < 6;} and that
f(z) = b/d if z — oo on any ray in S; N {argz > 6;}. The asymptotic values of f
are given by all the a/b, ¢/d corresponding to all the sectors S;, j = 1,...,p.
With this precise description of the asymptotic behavior of f we can now proof
Theorem 3.2 as follows. The Mobius transformation ®(w) = ‘c’fﬁis satisfies the
differential equation

(3.7) w® (w) = a + BO(w) + P (w)
where o = —ab/é, 8 = (ad + bc)/6, v = —cd/d and § = ad — be. If g = 2%, g1, g

the functions given by (3.5), then the meromorphic function f is f = ® o g in the
sector S; (see (3.6). Note that

ZGSj.

;9192 — 9195 Wilgi1,92) K
9 = 2 = 2 ==
g3 93 2

for some non-zero constant k. It follows then from (3.8) that

k k
J =0 0gg = ~(a+Bf +7f7) % = ——(a+ Bf +f2).
g 93 9192

Because of (3.5),
91(2)g2(2) = P(z)f% (1+0(1)) for z— o0 in Sj.
This leads to
Pl =25 o+ BF(z) +1f2(2)| for z€8;.
Because of our standard assumption [f'|| 75y > ¢ > 0 it is clear now that f is

balanced in J(f) N'S; with oy = § —1 and ag = 1 or az = 2 depending on

v = —cd/d. In fact, as = 1 precisely when cd = 0. Notice that this implies that
one of the asymptotic values is infinity.
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The sectors Sj, j = 1,...,p, cover a neighborhood of infinity. Since f can

only have simple poles, |f/| =< |f |1+% = |f|? near a pole b. From a compactness
argument follows now easily that f is balanced, i.e. satisfies the condition (2.9),
and that as = 2 in the case when all the asymptotic values of f are finite.

It remains to check that f is of divergence type. Take zyp € S; and let wo = f(z0)
and w = &' (wg). Now, z € f~!(wy) N S; if and only if

~g1(2)

(cf. (3.5). Recall that the order of f is p = p/2. From the 1-periodicity of the
exponential function and since |Z| < |2[P/2 in S; it follows that

>l 3 k=

=exp(2iZ+o(1)) =w

f(z)=wo Q(Z) —w
z e Sj
which precisely means that f is of divergence type. O

3.4. Functions with rational Schwarzian derivative

If f is a meromorphic function with polynomial Schwarzian derivative and if
@ is any polynomial then it is easy to check that g = f o Q is of divergence type
and balanced with oy = deg(Q) — 1 + deg(S(f))/2 and as = aa(f) (still provided
(3.1) holds). Since g has critical points as soon as deg(Q)) > 1 it cannot be a
function with polynomial Schwarzian derivative. So here we have a first large class
of balanced functions that are solutions of

(3.8) S(f)=R

with R a rational map. Functions with rational Schwarzian derivative have been
studied by Elfving [Elf] who generalized the work of Nevanlinna cited above. These
functions do also fit very well into our context. Let us simply focus on the following
class of entire functions which have been considered by Hemke in [HK]:

(3.9) f(z)= /Oz P(&)exp(Q(E))dé+c, P,Q polynomials, c € C.

These maps are precisely the entire functions with only finitely many singular values
counted with multiplicity (see Corollary 2.13 of [HK]).

PROPOSITION 3.3. If f is given by (3.9) such that [f'||7(s) > ¢ > 0, then f is
a balanced function with a1 = deg(Q) — 1 and ap = 1.

PROOF. For k =1,...,deg(Q) define
2k+ )7 —argq
deg(Q)

where ¢ is the leading coefficient of Q(z) = ¢z%9(Q) + ... Since exp(Q(Re*®*))
decreases very fast when R — oo, sp = limpg_.o f(Re'®*) is a finite asymptotical
value of f. For z € C choose k such that

Py =

™

deg(Q)

<argz < P +

Vs
5 Geg(Q)
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and define 3(z) = s,. Lemma 4.1 in [HK]| states that
P(2)e?®)

qE) + (9(|z|deg(P)_deg(Q))eQ(z) for |z| > R>0.

f(z) =5(2) +
It follows that
() = SEIQE)] = [F @1+ 0|0 @)-eo@)|
which implies

'@ = 1Q()f(2) =3(2)|  for |2 = R

and the assertion follows. O

3.5. Uniform balanced growth

Let us recall that a family My is uniformly balanced provided every f € My
satisfies the condition (1.2) with &, a1,y independent of f € M. Uniform bal-
anced growth is verified by various families. Here are some examples.

PrOPOSITION 3.4. Let f: C — C be either the sine, tangent, exponential or
the Weierstrass elliptic function and let fy(z) = f(Aaz® +Ag_12% 1+ ...+ o), A =
(Ady Ad—1, -y Ag) € C*xC?. Suppose A’ is a parameter such that fyo is topologically
hyperbolic. Then there is a neighbourhood U of A° such that My = {f\ ;A € U}
is of uniform balanced growth.

REMARK 3.5. Instead of the Weierstrass elliptic function one can take here
any other elliptic function. This follows immediately from the above discussion on
elliptic functions. Note that then as cannot be taken constant since the poles of
such functions can have different multiplicities.

PRrOOF. All the functions f mentioned have only finitely many singular values,
they are in the Speiser class. The function fyo being in addition topologically
hyperbolic, its singular values are attracted by attracting cycles. As we already
remarked in the previous section, this is a stable property in the sense that there
is a neighbourhood U of A° such that all the functions of My = {fy ;X € U} have
the same property. In particular, no critical point of fy is in J(fy). The function
f satisfies a differential equation of the form

(f)r=Qof

with @ a polynomial whose zeros are contained in sing(f~!). For example, in the
case when f is the Weierstrass elliptic function then

(f")? =A(f —e)(f —e2)(f —es)

with eq, e, e3 the critical values of f. Let A € U and denote Py(z) = A\gz? +
Aa—12% 1 4+ ...+ Xo. Since

(f2)7 = (fTo PAP)P = Qo fa(P)?

and fx(z) # 0 for all z € J(f)), the polynomials P{ and @ do not have any zero in
J(fr). Consequently

[PA(2)] = || and [Q(2)] = [2|7 on J(f3)
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with ¢ = deg(Q). Moreover, restricting U if necessary, the involved constants can
be chosen to be independent of A € U. Therefore,

1A = )72
for z € J(fy) and A € U. We verified the uniform balanced growth condition with
a;=d—1and ay = % depending on the choice of f. In the case of the Weierstrass
elliptic function one has ay = 3/2. O






CHAPTER 4

Perron—Frobenius Operators and Generalized
Conformal Measures

In this chapter we follow and generalize [MyU2], make available the thermodynam-
ical formalism for very general potentials and establish Theorem 4.15. Throughout
the whole chapter we suppose that f : C — C is dynamically semi-regular, i.e. a hy-
perbolic meromorphic function of finite order p that satisfies the growth condition
(2.8).

4.1. Tame potentials

The class of potentials we have in mind is the following.

DEFINITION 4.1. A function ¢ : J(f) — C is called tame (or, more precisely,
(t, B)~tame) if there is t > £ and a bounded weakly G-Holder continuous function
h:J(f) — C such that

¢(z) = —tlog|f'(2)a, + M(2) , 2€T(f).
A function ¢ that satisfies this definition but with arbitrary ¢ € R (or with ¢ > 0) is

called loosely tame (respectively 0 —tame). We also use these notions of tameness
for complex-valued functions.

Note that in this definition we have taken the derivatives with respect to a fixed
metric (depending on f only). But for any tame ® = —tlog|f’|,, +h we can make
a cohomologous change of potential and (without changing the name) switch to

¢(2) = —tlog |f'(2)|- + h(2) = (2) + (ay — T)t(log|2| — log|f(2)]),
where

(4.1) 7 € (0,a5) 1is chosen such that ¢ > @ =2 7
T oa+T

Since cohomologous functions share the same Gibbs (or equilibrium) states (see
Theorem 5.19) and since the whole point of this work is to study ergodic and
geometric properties of Gibbs states, we can and do work with ¢ as well as with
®. In other words, we can work with the metric dr we like to and we will indeed
always take 7 depending on ¢t > p/a such that (4.1) is satisfied.

Now we collect some basic properties for these potentials. Notice first that every
loosely tame function is a (usually unbounded) weakly Holder continuous function
(cf. Lemma 2.15). The distortion properties given in Lemma 2.16 and in Lemma
2.17 yield the following.

27
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LEMMA 4.2. For every loosely tame potential ¢ = —tlog|f’|, + h: J(f) — C,
h € Hy, there is c¢g > 0 such that
Sud(£, " () = Sud(fy " (2))| < esVa(h)ly — x|’

forallm >0, all z € J(f), allv € f~"(2) and all z,y € D(z,0). Here K > 1 is the
distortion constant from Lemma 2.12.

We also have a dynamically Holder property for loosely tame potentials.

LEMMA 4.3. If ¢ : J(f) — C is a (t,)-loosely tame potential, then there
exists ¢ = ¢4 > 0 depending only on § and V3(¢) such that

| exp(Snd(f5" (1)) — exp(Snd (£ (@)))| < ¢ |exp(Snd (£ (@))) |y — =I”
foralln >0, all z € J(f), all v € f~"(2) and all z,y € D(z,9).

As an immediate consequence of this lemma, applied with n = 1, and the left-hand
side of (2.11), we get the following.

COROLLARY 4.4. If ¢ : J(f) — C is a (¢, 5)-tame potential with ¢ > 0 and
B € (0,1], then e® € Hg.

4.2. Growth condition and cohomological Perron—Frobenius operator

Throughout the rest of the chapter we consider ¢ = —tlog|f'|; + h a tame
potential with real-valued function h € Hg The transfer operator L4 associated
to a tame potential ¢ is defined by

(4.2) Loglw)= > g2 exp(d(2)) = > g(2)|f'(2)|;" exp(h(2))
z€f~ 1 (w) z€f~H(w)

where g is a function of the Banach space Cy(J(f)) of bounded continuous functions
on J(f). If we deal with (geometric) potentials ¢ = —tlog|f’|; then we also use
the notation £; for £_;1og /|, . Note that for n > 1

po(w) =Y g(2)exp(Sné(2))
zef~m(w)
and
(4.3) L1 - b o f1) = b2 Lihy.
for all functions 1,12 : J(f) — C. We also have
[Logl < el™l=Lyjg|  forall g€ Cy(T(]))

and, in particular,

Lol(w) X Ll(w)= Y (') = D I

(4.4) zef~1(w) zef~1(w)
. t
k —#t
< |w|t(g277‘) Z |Z|
zef~H(w)

because f satisfies the growth condition (2.8). Form the Borel-Picard Theorem 2.5
we see that the last sum is finite. From our standard assumption 0 ¢ J(f) and
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since t7 > p we get that the uniform control of this last sum given in Proposition
2.6 applies and explains that there are My, My > 0 such that

(4.5) Loll(w) < My <My forall weJ(f).

- ‘w|t(92_7—) -
Put

M, = Mfulog|f’\7 if u> p/f'
This uniform control secures continuity of the operator L4 on the Banach space

Cy(J(f)) of bounded continuous functions endowed with the standard supremum
norm. We therefore have

THEOREM 4.5. Assume that f : C — C is dynamically semi-regular. Then, for
every tame potential ¢, the transfer operator L, is well defined and acts continu-
ously on the Banach space Cy(J(f)).

We conclude this part with the following two observations.

LEMMA 4.6. Let 6 = 6(f) > 0, let ¢ = —tlog|f’|s + h be a tame potential and
let ¢ = ¢(8,V3(4)) be the constant given in Lemma 4.3. Then

‘[,Z]].('UJQ) — L3 (w1)| < LG (wy)|wy — wy|?
and
Ly1(wy) < (14 clwy — w2|ﬁ)£§gﬂ(w2)
for every n > 0 and for all wy,ws € J(f) with |w; — wa| < 6.

PrROOF. For wi,ws € J(f) with |w; — wa| < & we have

C30(wr) — L30(wa)| < > \eswﬂfl"(m)) — Snd(@)

acf—m(w2)
< Z S |y — wy |°
a€ f=m(w2)
= L3 (ws) [we — w1|5
because of Lemma 4.3. O

LEMMA 4.7. For every tame potential ¢ and for every R > 0 there exists

Ky r > 1 such that
Cg]l(wl) S K¢7R£z:ﬂ.(w2)
for every n > 0 and for all wy,ws € J(f) N D(0, R).

PROOF. Let § = §(f) > 0 and set K = J(f)ND(0, R). Lemma 2.7 asserts that
there is N = N(R) > 0 such that for any wy,ws € K there is z € D(w,d) with
fN(z) = ws. Hence £Z+N]1(w2) > eSNd’(Z)Egll(z). It follows from the previous
Lemma 4.6 that there is C = C(¢) > 1 such that

L3l (wy) < CLY(2) < Ce™SNPEI LI M (wy) < Ce™NEI MY L1 (w5)

for every n > 0. The assertion follows because the function exp(—Sy) is well-
defined and continuous on the compact set J(f) N D(0,R + §) N f~V(K), and
therefore it is bounded there. (]
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4.3. Topological pressure and existence of conformal measures

We first need the notion of topological pressure. Let us start with the following
simple observation.

LEMMA 4.8. The number limsup,, ., +log £}1(w) is independent of w €
J(f).

PROOF. Let wy,w; € J(f) be any two points and denote again 6 = 4(f).
Lemma 4.7 yields that there is k = k(¢, |w1], |wz|) > 0 such that

Lol(wy) < kLG (wa)  for every n > 0.

Therefore 1 1
li —log £31 <l —log £31
1Trlrisot<1)p ~log £ (w1) < 171Lrisot<1jp log L (w2)
which shows the lemma. (]

DEFINITION 4.9. The topological pressure of ¢ is

(4.6) P(¢) = P(¢, w) = limsup % log L51(w) , we T(f).

We will see later (Corollary 4.18) that the sequence + log Lil(w), w e J(f),
actually converges which permits then to define the pressure P(¢) as the limit of
this sequence.

Further properties of transfer operators L4 rely on the existence of conformal
measures.

DEFINITION 4.10. A probability measure m,, is called pe~?-conformal if one of
the following equivalent properties holds:
1) For every E C J(f) such that fg is injective we have

mo(F(B)) = [ pe~*ame.

2) my is an eigenmeasure of the adjoint L7 of the transfer operator L4 with
eigenvalue p:
Limg = pmg.

The equivalence between these conditions is a straightforward calculation (see
for example [DU1] where the finiteness of the partition can be replaced by its
countability).

If the Holder function h = 0 then we deal with geometric potentials ¢ =
—tlog|f'|o and we simply denote by m; the conformal measure m_;oq|s/|,. Note
that then the measure mg, the Euclidean version of m;, defined by the requirement
that dm$(z) = |z|*2'dmy(2) is p|f’|'-conformal (but m¢ is not necessary a finite
measure).

Our aim now is to construct conformal measures for a given tame function
¢ with the precise information on the conformal factor, namely we want to have
p = eP(®) In the case the conformal factor p = 1 or, equivalently, if the topological
pressure P(¢) = 0, and if the potential is ¢ = —t log|f’|, these measures are
simply called ¢-conformal. In [Su] Sullivan has proved that every rational function
admits a probability conformal measure. As it is shown in [MyUZ2], in the case of
meromorphic functions the situation is not that far apart. All what you need for the
existence of a conformal measure is the rapid derivative growth; no hyperbolicity
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is necessary !. We adapt here the very general construction of [MyUZ2] in order to
get

THEOREM 4.11. If f: C — Cisa meromorphic function of finite order with
non-empty Fatou set satisfying the growth condition (2.8), then for every tame
potential ¢ there exists a Borel probability eF(?)e~¢-conformal measure mg on

JI(f)-

The rest of this section is devoted to the proof of Theorem 4.11. We may again
assume without loss of generality that 0 ¢ J(f). Fix w € J(f). Observe that the
transition parameter for the series

oo

Z n5£n

is the topological pressure P(¢). In other words, ¥, = 400 for s < P(¢) and X, <
oo for s > P(¢). We assume that we are in the divergence case, e.g. Yp4) = 00.

For the convergence type situation the usual modifications have to be done (see
[DU1] for details). For s > P(¢), put

1 (o]
- Z eins(‘cg)*éw
5 n=1
The following lemma follows immediately from definitions.

LEMMA 4.12. The following properties hold:
(1) For every g € Cp(C) we have

1 - —ns n 1 - ns n
/gdys_zs;e / ¢gd5w:Z—SZe Lyg

n=1

(2) s is a probability measure.

1 L50w
dis €

1 oo
(3) £¢1/s = Ze—<n+1>8(cg+1)*5w = v, —

The key ingredient of the proof of Theorem 4.11 is to show that the family (vs)ss p(s)
of Borel probability (see Lemma 4.12(2)) measures on C is tight and then to apply
Prokhorov’s Theorem. In order to accomplish this we put

r={z€C:|z| > R}
and start with the following observation.

LEMMA 4.13. For every (t, 5)-tame potential ¢ there is C = C(¢,7) > 0 such
that

Lolu,)w) < 7= for every w e I(f),

where v = #.

1Since f is not supposed to be hyperbolic Fy = ? may occur. But then the Lebesgue measure
is 2-conformal.
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PROOF. We have that ¢ = —tlog|f’| +h with ¢ > % and h a bounded Hélder

continuous function. From the growth condition (2.8) and Proposition 2.6, similarly
as (4.4), we get for every w € J(f) that

tollhlloo
_ h(z)| ¢ —t R€ —7t
Li(Ly,)(w) = > e ()] Si‘wv(%_ﬂ ) ||

zef~1(w)NUg zef~1(w)NUg

t o ||h]| oo
e D D PG e

- e f~1(w)
O

Now we are ready to prove the tightness we have already announced. We recall
that this means that

Ve >0 3R >0 such that vs(Ur) <e forall s>P(¢) .

LEMMA 4.14. The family (v,)s>p(g) of Borel probability measures on C is tight
and, more precisely, there is L > 0 and ¢ > 0 such that

ve(Ugr) < LR™® forall R>0ands > P(¢) .

PRrROOF. The first observation is that

Lyt (Log)(w) = ) Yo OIS )

yEf~(w) z€f~1(y)NUr

10N (= ¢ .
= > 6S"h(y)|(f")(y)lft%(]lUR)(y)SRh%ﬂ(w)-
yef—(w)

where the last inequality follows from Lemma 4.13. Therefore, for every s > P(¢),
we get that

1 - —ns prn ¢ 1 - —ns pn—1
vs(Ur) = Z—s;e 2(1y,)(w) < Rﬁi;e £y (w)
c 11 . 2C 1
- = ;27(1 + Z:le £31(w)) < ST
This shows Lemma 4.14 and the tightness of the family (vs)s>p(e)- d

Now, choose a sequence {s;}52,, s; > P(¢), converging down to P(¢). In view
of Prokhorov’s Theorem and Lemma 4.14, passing to a subsequence, we may assume
without loss of generality that the sequence {v, 521 converges weakly to a Borel
probability measure mg on J(f). It follows from Lemma 4.12 and the divergence
property of Xp(4) that Lime = eP(¢)m¢. The proof of Theorem 4.11 is complete.

4.4. Thermodynamical Formalism
We can now establish the following main result of this chapter.

THEOREM 4.15. If f : C — C is a dynamically semi-regular meromorphic
function, then for everytame potential ¢ the following are true.
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(1) The topological pressure P(¢) = lim, . = log L1 (w) exists and is inde-
pendent of w € J(f).

(2) There exists a unique pe~?-conformal measure m, and necessarily p =
eP(@) . Also, there exists a unique Gibbs state I, i.e. pe is f-invariant
and equivalent to my.

(3) Both measures mg and pg are ergodic and supported on the radial (or
conical) Julia set J,(f).

(4) The density py = dpg/dmg is a nowhere vanishing continuous and
bounded function on the Julia set J(f).

The remaining part of this chapter is devoted to the proof of this key result.

4.4.1. Existence of the Gibbs (or equilibrium) states. Let us start by
making the following observation which is an immediate consequence of the choice
of the T—metric (see (4.5)).

LEMMA 4.16. We have lim,,_,oc L1 (w) = 0.
We consider now the normalized transfer operator
ﬁ¢ = e_P(¢)E¢,
and establish the following important uniform estimates.

PrOPOSITION 4.17. There exists L > 0 and, for every R > 0, there exists
lr > 0 such that R
for all m > 1 and all w € J(f) N D(0, R).

Before going to proof this, let us clarify the situation about the topological
pressure.

COROLLARY 4.18. The limit lim,, o = log L3 1(w), w € J(f), exists.

PrROOF. We start with the proof of Proposition 4.17 by establishing the right
hand inequality. Because of Lemma 4.16 we can fix Ry > 0 sufficiently large in
order to have L,1(w) <1 for all |[w| > Ry. We show now by induction that

K¢,R0
mg(D(0, Ro))

Here and later in this proof Ky r > 1 is the constant coming from Lemma 4.7 with

(4.7) ||ﬁg]l\|oo <L:= for every n > 0.

L4 replaced by the normalized operator ﬁ¢. For n = 0 this estimate is immediate.
So, suppose that it holds for some n > 0. Still because of Lemma 4.16, there exists
wWpt1 € J(f) such that
£Z+lﬂ(wn+l) = ||£Z+11[”oo'
If |wp41] > Ro, then
L5 W oo = L5 W (wnr1) < (L5 1|loo Ly (wpir) < L.

In the other case, |w,+1| < Ry, it follows from Lemma 4.7 that

1= /ﬁgﬂn dmg > »/D(OR )ﬁg“n dmg > K;,}%ﬁgun(wnﬂ)mw(o,Ro))
» 410
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and so (4.6) holds. Increasing Ry if necessary, we may suppose now that mg ({|w| >
Ro}) < 4. Let R > Ry. We have

A A 1
1=/£gﬂdm¢§/ Acg_ﬂqug—‘r*.
D(0,Ro) 4

Hence, for any n > 0 there is z, € D(0,Ro) N J(f) with ﬁgll(zn) > 3/4. If
w € D(0,R) N J(f) is any other point we have for any n > 0

Ky rLO1(w) > L1 (2,) > 3/4
which shows the left hand inequality. ([

The Perron-Frobenius operator ﬁd) sends the Radon-Nikodym derivatives of Borel
probability f-invariant measures p absolutely continuous with respect to the con-
formal measures my to the Radon-Nikodym derivatives of measures 1o f ~1. Hence
the positive fixed points of my measure 1 of this Perron-Frobenius operator are in
one-to-one correspondence with f-invariant measures absolutely continuous with
respect to the measures mg. Therefore, we can now continue in the usual way,
namely, use the uniform estimates of the normalized transfer operator given in
Proposition 4.17 to construct a fixed point py : J(f) — R of [Z¢ which then gives
the Gibbs (or equilibrium) state jiy = pyMmeg.

THEOREM 4.19. There exists a f-invariant measure 114 which is absolutely con-
tinuous with respect to the conformal measure m,. Moreover, the density function
po = dg/dmg satisties

lr < pp(w) <L forevery we J(f)ND(0,R)
with [, L the constants from Proposition 4.17. In addition
po(w) < fw| ™" Jwe J(f),
hence

lim pg(w) = 0.

w—00

Proor. We have to construct a normalized fixed point pg of ﬁ¢. Consider the
natural candidate

1~ s
po(w) = lim inf - Zﬁ’;]l(w) , we J(f).
k=1
Clearly, if h, = £ 371, EA’;]I, then Ly (hy,) = hn+%(ﬁg+1l—ﬁ¢,ﬂ). Fix w € J(f)
and choose n; — oo such that hy; (w) — py(w). Then ﬁ¢(hnj)(w) — pe(w). Let
e >0 and j > jp such that ﬁ¢(hnj)(w) — pg(w) < e. The series
Z e?()—P(d) — ﬁ¢ﬂ(w)
zef~ 1 (w)

being convergent and c3 < hy;, pg < c2, for all j, there are zq,..., 2y € f~Yw) such

that
N

Lo(ps)(w) = po(z)e? =)= P@
k=1

<eg.
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On the other hand,
N

£ > ﬁ¢(hnj)(w) — pg(w) > Z hnj(zk)eqs(z’“)*P(d’) — pg(w) .
k=1

Let j1 > jo such that for all j > j; and k=1,...,. N
B (2)e? =) > (21)e?E) =P _ /N
It follows that

N
26> 3 palz)e? PO — py(w) 2 Lolps)(w) — pis(w) — <.
k=1

Therefore pg(w) > Lg(py)(w) for all w € J(f). Equality follows from

/ﬁqs(%) dmg = /qu dmg =1,

the last identity resulting from the fact that mg is a fixed point of the operator

conjugate to ﬁ¢. The function pg being a fixed point of ﬁ¢ we get from Lemma
4.16

1p6(w)] = [Lopg(w)] < [lpgllocLyl(w) =0 if w— oo
with polynomial decay given by (4.5). Allin all, duy = py dmy defines a f—invariant
probability measure having all the required properties. (|

We conclude with the following additional fact.

PROPOSITION 4.20. The density py = dpg/dmy is continuous.

PRrROOF. For wi,ws € J(f) with |w; — wa| < & we have
£31(w) = £31(y)| = £31(y) [y - 21” < Lly — o

because of Lemma 4.6 and since we have the uniform bound of the normalized

transfer operator given in Proposition 4.17. Therefore the sequence (ﬁgﬂ)n>1 is

equicontinuous and the same is true for (h, = 237 | £21) _ . Arzela-Ascoli’s
Theorem gives now continuity of pg. B O

4.5. The support and uniqueness of the conformal measure

Keep my to be the ¢-conformal measure constructed in Theorem 4.11. This
theorem and Lemma 4.6 lead to the following.

LEmMA 4.21. If f : C — C is a dynamically semi-regular function and ¢ :
J(f) — R is a tame potential, then for every z € J(f), every v € f~"(z) and every
set B C D(z,d), we have that

Kt exp(Sud(f, " (w)) = P(¢)n)me(B) <
my(f7(B)) = /B exp(Sn (£ () — P(&)n)dm(w)
< Ky exp(Snd(f, " (w)) — P(¢)n)my(B),

where K4 comes from Lemma 4.6.
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We shall now prove the following.

PROPOSITION 4.22. There exists M > 0 such that for my-a.e. z € J(f)
liminf | f"(x)] < M.

In particular, mg (I (f)) = 0 or equivalently mg(J-(f)) = 1.

Proof. Let M > 1. For every z € f~1(D¢(0, M)) we have by the left-hand side
of (2.11) that

[F' (D) = |27 f(2)[%=277 = M%7
Therefore,
e??) < el\h\loo‘f/(zﬂ;t < Mft(2277)|z|7t72.

Cover now J(f) with countably many open disks {D(wy,, §)}32, centered at J(f),
and then form the partition {A4,}52, inductively as follows. Ay = D(wy,d) and
Apt1 = D(wpi1,6)\Uj—y A;. Take an arbitrary Borel set B C D(0, M). We then
have by the Proposition 2.6 that

me(f7HB) =me (BN An)) = me(f~H(B N Ay))

M

> my(f2 (BN A))

0zef—1(wn)

n

M

S M (B0 A

n=0 Zef_l(wn)

MmN Tmy (BN A,)

n=0

= M1 @2y, (B).
We showed that there is ¢ > 0 such that for every B C D°(0, M)
mg(f~H(B)) < eM ™" Dmgy(B).

Since BN f~YB)N...N f~=(B) c D¢(0, M), we therefore get for every n > 1
that
me(BNfHB)N---Nf(B)) <mg(fH(B)N---Nf(B))

=my(fH(BNfYB)N...nf-"D(B)))
<eM M my (BN, 0 o m(B)).
Therefore we obtain by induction that
me(BN f7HB)N---N f(B)) < (eM™122=))"my(B).

Since 7 < a,, this implies that for all M large enough

mo(() £~ (D40, M))) =0
n=0
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and consequently
me(|J £75(() £7(D°(0, M)))) =0.
k=0 n=0

The proof is finished. O

THEOREM 4.23. The measure my, is the unique pe~?-conformal measure and
the conformal factor is necessary p = e”'(%). In addition, the measure my is ergodic
with respect to each iterate of f.

Proof. Fix j > 1 and Suppose that v is a pe~?-conformal measure. The
same proof as in the case of the measure m = mg shows that v(Io(f)) = 0.
Let J. n(f) be the subset of J,.(f) defined as follows: z € J,. n(f) if and only if
the trajectory of z under f/ has an accumulation point in J(f) N D(0,N). Ob-
viously, Uy Jr.n(f) = J-(f) and by Proposition 4.22 there exists M > 0 such
that v(Jrm(f)) = m(Jrm(f)) = 1. Fix z € J. n(f). Then there exist y €
J(f)ND(0,N) and an increasing sequence {ny}32; such that y = limy_.oo f"*(2).
Considering for k large enough the sets f7"*(D(y,2d)) and f, "™ (D(y,d/(2K))),
where f, ™ is the holomorphic inverse branch of f™ defined on D(y, 46) and send-
ing f™(z) to z, using conformality of measures m and v along with the distortion
control from Lemma (4.3), as well as Koebe’s Distortion Theorem, we easily deduce
that
(4.8)

By (1)~ p™"™ exp(Sn, 6(2)) < v(D(z, gl(f”’“)'(Z)Fl)) < Bn(v)p~ " exp (S, 6(2))

for all £ > 1 large enough, where By (v) is some constant depending on v and N.
Let M be fixed as above. Fix now FE, an arbitrary bounded Borel set contained
in J,.(f) and let B/ = E N J,. p(f). Since m is regular, for every z € E’ there
exists a radius r(z) € (0,¢) of the form from (4.8) (and the corresponding number
n(x) = ni(z) for an appropriate k) such that

(4.9) m( U D(z,r(z))\ E') <e.

zEE’

Now, by the Besicovi¢ Covering Theorem (see [G]), we can choose a countable sub-
cover {D(z;,r(x;))}22, withr(z;) < e and n(z;) > e, from the cover {D(z,7(z)) }rep
of E’, of multiplicity bounded by some constant C' > 1, independent of the cover.
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Therefore, assuming e”(®) < p and using (4.8) along with (4.9), we obtain

W(E) = () £ 3 uDasr(@))) < Bar) - o7 exp(Sne (1)

< Bar(v)Bar(m) > m(D(x, 7(x)))p~ ") P (9)n(@)
i=1
(4.10) < BM(V)BM(m)Cm(U D(z;, r(xi)))(ePw)pfl)n(mi)

1

< Bag(v)Ba (m)Cm(| ) D(a. () (7)™

< OB (v)Bar (m) (@ p 1) (e + m(E'))

= CBa(v) By (m) (eP(¢>)p—1)571 (e+m(E)).

Hence letting € \, 0 we obtain v(E) = 0 and consequently v(J(f)) = 0 which is
a contradiction. We obtain a similar contradiction assuming that p < e(®) and
replacing in (4.10) the roles of m and v. Thus § = eP(®) and letting € \, 0 again,
we obtain from (4.10) that v(E) < CBp(v)Bay(m)m(E). Exchanging m and v,
we obtain m(E) < CBp(v)Bpy(m)v(E). These two conclusions along with the
already mentioned fact that m(J.(f)) = v(J-(f)) = 1, imply that the measures
m and v are equivalent with Radon-Nikodym derivatives bounded away from zero
and infinity.

Let us now prove that any e () e~¢-conformal measure v is ergodic with respect
to f7. Indeed, suppose to the contrary that f=7(G) = G for some Borel set G C
J(f) with 0 < v(G) < 1. But then the two conditional measures vg and v;(s)\a

_ v(BNG) _v(BNJ()\G)
vg(B) = @) vigne(B) = TVIH\G)

would be e/P(?)e=Si%_conformal for f7 and mutually singular. This contradiction
finishes the proof. O



CHAPTER 5

Finer properties of Gibbs States

Finer ergodic and stochastic properties of the Gibbs states can only be ob-
tained if we consider the action of the transfer operator on smoother functions then
Cy(J(f)). Hoélder continuous functions turn out to be fine. The starting point is
the two norm inequality of Lemma 5.1 which along with Lemma 5.2 enables us to
apply the powerful Ionescu-Tulcea and Marinescu theorem. Its consequence in turn
is the so called spectral gap (Theorem 5.4). It tells us that all the eigenvalues of ﬁ¢
acting on Holder functions are in a disk of radius strictly less then one excepted the
number 1 which turns out to be a simple eigenvalue with eigenfunction the density
ps = dugy/dmy. We describe then how this leads to further ergodic properties of
the Gibbs states and also to the Central Limit Theorem via exponential decay of
correlations and Liverani-Gordon’s method. The studies of Gibbs states are com-
pleted by establishing the variational principle and the characterization of tame
potentials giving rise to the same Gibbs (equilibrium) states. The latter is done by
means of cohomologies.

Throughout this chapter f : C — C is always assumed to be a dynamically
semi-regular function.

5.1. The two norm inequality and the spectral gap
The key ingredient for all further properties is the following.

LEMMA 5.1. If ¢ : J(f) — R is a tame potential with a Holder exponent 8 > 0
then there exists a constant ¢; > 0 such that

; 1
1£39lls < 5llglls + c1llgllo

for all n > 1 large enough and every g € Hg. In particular, ﬁ¢(H5) C Hp.

PrROOF. Fixn > 1, g € Hg and z,y € J(f) with [y — z| < 4. Put V,, = f~1(x)
and ¢, = exp(Sn(;S — P(gb)n). Then

1L59(y) = Lig@) = | D oalF" W™ W) = D dulfs " (@))g(f; " ()

VeV, vEVR
(5.1) < g @) e (™) @) = dn((f)(@)] +
veV,
+ 3 el @)™ () — 9(f" (@)
veV,

This can be estimated by using Lemma 4.3 for the first term, Koebe’s distortion
theorem (Lemma 2.11) together with the expanding property for the second term

39
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and by employing Proposition 4.17 as follows:
1L39(y) — Lg(x)] =

< S gl 3 0nlfi (@) - |2 — yl?

veV), veV,
+ D el ™) @)os(a) £ () = £ (@)
veV,
< lgllooLp (@) |y — 2|7 +vs(g) ey ™) ly — 21 D |n(fy ™ ()]
veV,
< L(llglloe + v vp(g)) |y — /7.
This shows that there are ¢1,co > 0 such that
(5.2) v3(L39) < erllgllo + 27" lgll < oo

In particular ﬁg (9) € Hp. The inclusion L4(Hg) C Hp is proved. Tt then follows
from (5.2) that

1£591l6 < e2v™""Iglls + eillglloe + 11£59]oc
< 27 "lgllp + (er + L)|glloo-
The proof is thus finished by taking n > 1 so large that coy =" < % [l

In order to apply the theorem of Ionescu-Tulcea and Marinescu we need the follow-
ing.

LEMMA 5.2. Suppose that ¢ : J(f) — R is a tame potential. If B is a bounded
subset of Hg (with the ||-||g norm), then £4(B) is a pre-compact subset of Cj (with
the || - ||co norm).

PRrROOF. Fix an arbitrary sequence {g,}52; C B. Since by (5.1) the family
ﬁ¢(B) is equicontinuous and, since the operator ﬁ¢ is bounded, this family is
bounded, it follows from Ascoli’s theorem that we can choose from {Lg(gn)}2%,
an infinite subsequence {ﬁ¢(gnj)};?°;1 converging uniformly on compact subsets of
J(f) to a function ¢ € Cp. Fix now ¢ > 0. Since B is a bounded subset of C, it
follows from Lemma 4.16 that there exists R > 0 such that |£sg(z)| < /2 for all
g € B and all z € J(f) N DO, R). Hence

(5.3) [¥(2) < /2

for all z € J(f) N D°(O, R). Thus |ﬁ¢(gng)(z) —(z)| <eforallj >1andall z €
J(f)N D(O, R). In addition, there exists p > 1 such that \ﬁ¢(gn7)(z) —Y(z)| <e
for every j > p and every z € J(f) N D(0, R). Therefore |ﬁ¢(gn])(z) —YP(z)] <e
for all 5 > p and all z € J(f). This means that Hf(z,(gnj) — ]| < € for all

J > p. Letting £ \, 0 we conclude from this and from (5.3) that L4(g,,) converges
uniformly on J(f) to ¢ € C,. We are done. O

Combining now Lemma 5.1 and Lemma 5.2, we see that the assumptions of The-
orem 1.5 in [IM] are satisfied with Banach spaces Hg C Cp and the bounded
operator Ly : C, — Cp preserves Hg. It gives us the following, where the fact that
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the unitary eigenvalues form a cyclic group follows from Lemma 18, Theorem 4.9
and Exercise 2 (p. 326/327) in [Sch].

THEOREM 5.3. If ¢ : J(f) — (0,00) is a tame potential with a Holder exponent
3, then there exist a finite cyclic group v1,...,7, € S' = {z € C : |z] = 1},
finitely many bounded finitely dimensional operators Q1,...,Qp : Hz — Hg and
an operator S : Hg — Hpg such that

P
Li=) 'Qi+S"
=1

for all n > 1,
Q?=Qi, QioQ; =0,(i #j),QioS=S0Q;=0
and
15™]s < C€"
for some constant C' > 0, some constant £ € (0,1) and all n > 1. In particular all
numbers 71, ...,7, are isolated eigenvalues of the operator ﬁ¢ :Hg — Hg and this

operator is quasi-compact.

We can now prove the following culminating result of this section concerning the
spectrum of ﬁ¢ acting on the Holder space Hg with (3 the exponent of the potential
¢. Note that we already know an eigenfunction of the eigenvalue 1 which is the
density ps = dug/dmy. This function is a fixed point of £4 because it has been
constructed as a limit pg = lim;_, n—1] vy ﬁ’;ll (cf. Proposition 4.20). It follows
from Lemma 5.1 that pg is well in Hg.

THEOREM 5.4. Let ¢ : J(f) — (0,00) be a tame potential with a Holder
exponent 3. Then we have the following.

(a) The number 1 is a simple isolated eigenvalue of the operator f¢ :Hg — Hp
and all other eigenvalues are contained in a disk of radius strictly smaller
than 1.

(b) With S : Hg — Hg as in Theorem 5.3, we have

,é¢ = Ql + S,
where Q1 : Hg — Cpy is a projector on the eigenspace Cpy (given by the
formula Q1(g) = ([ gdme)py, Q1o S =S50Q1 =0 and

1515 < cen
for some constant C' > 0, some constant £ € (0,1) and all n > 1.

Here is a useful application. As we explain in a while, this property yields in
particular mixing of the system (and is sometimes called directly mixing).

COROLLARY 5.5. With the notations of Theorem 5.4 we have, for every n > 1,
that £} = Q1 + S™ and that L%(g) — ([ gdmg) py exponentially when n — oo.
More precisely,

£306) - ([ yims) oo =150 < Mol o My
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PrROOF. We first show that 1 is the only unitary eigenvalue and that it is a
simple eigenvalue which means that the associated eigenspace is generated by the
density pg. So, suppose that

Lyg=¢g
with some £ € C of modulus one and some non-zero g € Hg. Since, by Theorem 5.3,

the unitary eigenvalues form a finite cyclic group, there exists { > 1 such that & = 1.
We then have
Eib g=g.

Since ﬁ¢ preserves the class of real-valued functions, the same is true for Reg and
also for Img. Hence, it is sufficient to consider real such g : J(f) — R. Denote
gf = max{0,¢} and g; = min{0,g}. The operator ﬁ¢ being positive, we have
g = EAQ,Q(—)Ir > 0,9 = [:l¢go_ < 0and g = Lié)g = g§ 4+ g7. Clearly there is
not a unique decomposition of g in a positive and a negative function. But The
functions gq , gy are extremal in the sense that they are the smallest functions that
have this property. Consequently g;” > g5 and g; < gy . Since these functions are
continuous and since [ g dmy = [ gf dmy we have gi = g4 and, for the same
reasons, g; < gq -

One of these two functions is not identically zero. Suppose that gg' has this
property. Then i = gér Mg is a positive measure of finite mass that is fl-invariant
and equivalent to p1g = pgmg. Since, by Theorem 4.23, the measure 4 is ergodic
with respect to f!, we conclude that go+ Mg = cppmg for some ¢ > 0. Consequently
g5 = cpy € Cpy. The same argument is valid for the negative parts g, provided it
is not identically zero. It does follow that the initial function g € Cpy and that 1
is the only unitary eigenvalue.

The spectral gap comes now from Theorem 5.3. It remains to justify the claimed
form of the projector Q1. If Q1(¥) = kpy, then

k= /k:p¢dm¢ = /Q’f@/}dm¢ for every n > 1.

Along with the equality £7 = Q7 4+ S™ and the formula [|S™||, < C&" the claim
follows. .

5.2. Ergodic properties of Gibbs States

We now investigate further the Gibbs state py of the potential ¢ (cf. Theroem
4.15). Due to Theorem 5.4 this f-invariant measure ;14 has much finer stochastic
properties than ergodicity of all iterates of f. These follow after the following
definitions.

DEFINITION 5.6. The set
J(f) = {{wn}plo € J(£)™ : f(wny1) = wy for all n > 0}

is called the Rokhlin natural extension of J(f). Notice that the map f:Jf) —
J(f) given by the formula

J?({Wn}zo:o) = {f(wn)}nto
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is a homeomorphism. For every n > 0 let m, : J(f) — J(f) be the projection given
by the formula

Wn({wn};z.ozo) = Wn-
It is well-known that for every Borel probability f-invariant measure on J(f) there
exists a unique Borel probability f-invariant measure fi on J(f) such that jior, ! =

p for all n > 0. The dynamical system (J(f), f : J(f) — J(f),f1) is called the
Rokhlin natural extension of the dynamical system (J(f), f : J(f) — J(f), ).

DEFINITION 5.7. A measure preserving authomorphism (X, 4,7 : X — X, u)
(A is the o-algebra on X with respect to which the map T': X — X is measurable)
is said to be K -mixing if for an arbitrary finite collection Ag, A1, Ao, ... A, of subsets
from A, we have

Jim_sup{|u(Ao N B) — u(Ao)u(B)[} =0,

where, for every n > 1, the supremum is taken over all sets B from the sub o-algebra
of A generated by the sets {T7(A4;):1<i<r,j>n}.

K-mixing is a very strong stochastic property. Any K-mixing authomorphism is
ergodic, and moreover, it is mixing of any order. The corresponding concept to
K-mixing for non-invertible maps is that of metric exactnes.

DEFINITION 5.8. A measure preserving endomorphism (X, A, T : X — X, pu)
is metrically ezact provided that the o-algebra (2, T~ "™(A) is trivial, i.e. consists
only of sets of measure 0 and 1.

The link between the concepts recalled in the three above definitions is given by
the following.

THEOREM 5.9. A measure preserving endomorphism (X, A, 7 : X — X, p) is
metrically exact if and only if its Rokhlin natural extension (7', i) is K-mixing.

We shall now prove the following.

THEOREM 5.10. The dynamical system (f : J(f) — J(f), ue) is metrically
exact, or equivalently, its Rokhlin natural extension is a K-system.

Proor. Put u = pg, m = mg and p = pg. Denote by B the Borel o-algebra
of J(f). According to Definition 5.8 we are to show (7~ "(B) consists only of
sets of measure 0 or 1. In order to prove this property, let A € (", 7~ "(B) and
w#(A) > 0. Then for any n > 0 there exists a set A,, € B such that A = f~"(4,).
Hence for any ¢ € C, and n > 0 it follows that

(5.4) /A Wdm = /A () dm
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/An(/wdm)pdmz/An(/wdm)du:u(An)/wdm:M(A)/wdm_

Fix now ¢ > 0. By Corollary 5.5 there exists N > 1 so large that ||£Ag(w) —
(J ¥ dm)h|| < e. Therefore, using (5. 4) and (5.5), we obtain

[vinsin fo- |

and

/wdm ) hdm — cN )dm‘
AN

N — m m
S/ANII%W) </wd il d
<em(An) <e,

and, letting € — 0,

(5.6) / dm = u(A)/wdm.
A
Setting 1 = 1 we obtain m(A) = u(A) and therefore the formula

1) 4 XB dm
p(A)
defines a probability measure on the Borel field B. In view of (5.6) we have that

for any ¢ € Cy. Hence the measures m and m are equal. By (5.7), m(A¢)
m(A°) = 0. Therefore u(A°) = 0 and we are done.

(5.7) (B) = (B €B),

ol

5.3. Decay of correlations and Central Limit Theorem

This topic concerns the asymptotic behavior of sums S, = Zz;é o fk for
appropriate ¢ : J(f) — R. Since the Gibbs state p, is ergodic it follows from
Birkhoffs ergodic Theorem that

Su(e) — [wdno for po—ae. 2 eI,

In the centered case ([ wdu¢ = 0), that we consider from now on, it follows in
particular that the sequence =SpY — 0 pg—almost surely.
Denote

U(p) =vof
and consider X, = U1 = 1o f¥. Due to the invariance of Lg, these X}, are random

variables that have all the same distribution. The classical Central Limit Theorem
(CLT) says that ﬁSnw converges in distribution to a Gaussian random variable

N(0,0?) if o2 > 0 and, most importantly, if the variables X}, are independent. This
is however not the case and the defect of independence of ¥ and U™ = ¢ o f™ is
measured by the correlation C,, (¢, 1) = C(¢,9 o ) defined below. We will see
that the mixing property of Corollary 5.5 yields exponential decay of this correlation
function. This kind of asymptotic independence for these variables allow to apply
Liverani-Gordon’s method and to show that the CLT is satisfied.
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We start with two observations concerning the operator U* dual to U. The first
one says that U* is conjugate to the transfer operator.

LEMMA 5.11. The dual operator U* of the restriction of U to L?(ue) is given
by

L
U*g:M Mgy — a.e.

Po
for g € L?(ug), where p, denotes the density iﬁi—i as before.

PROOF. If g, € L?*(uy), then, still by (4.3),
<U) 6 > =< .UW) >= [ 9o 1) dus
= /g%(w o f)dmg = /ﬁzb(gpzb) Y dmy

:/E¢(gp¢) by =< Ly(9ps) o>
Po ¢ ps

LEMMA 5.12. The operator U* o (U*)¥ is the orthogonal projection of L% (1)
onto U*(L?(ug)) for any k > 0.

PROOF. Let g € L?(ug). We only need to show that for
v=woft, veL(uy),
we have
< g—U*U**g 4 >=0.
But this follows immediately from the f-invariance of fi4:
< URU* g, UMp >=< Ug,¢p >=< g, U"p > .
O

5.3.1. Observables. We consider a space of observables which goes beyond
bounded Holder functions because we want that it contains in particular all loosely
tame potentials.

DEFINITION 5.13. For § € (0, 1] and with pg = dug/dmg we set

: L
O = {6: T(f) = Ci Lolpsv) € Hg and v € 12, } = LGN LG

LEMMA 5.14. If % is a loosely tame potential, then ¢ € Og.

Proor. This fact is a particular case of Lemma 6.9. So we postpone the proof
to Chapter 6. O



46 5. FINER PROPERTIES OF GIBBS STATES

5.3.2. Decay of Correlations. Let v; and 13 be real square-y14 integrable
functions on J(f). For every positive integer n the n-th correlation of the pair
11,19, is the number

(5.8) Coltbr, ) = / r - (Y20 ™) djig — / by dp / a g

provided the above integrals exist. Notice that, due to the f-invariance of uy, we
can also write

Crn(1,12) = /(l/h — EYn) (2 — Et) o f7) dpg,
where we put Ev = [ dpue.

THEOREM 5.15. There exists C' > 1 such that for all ¢y € Og,¥2 € L' (my)
|G (W1, 2)| < CE"(|Lo((h1 — Ev1)py)l|glltbz — Eva|l 11 (my)>

where £ € (0,1) comes from Theorem 5.4(b).

PRrROOF. Replacing 1; by ¥; — E(1);) if necessary we may suppose that the mean
of the ¢;, i = 1,2, is zero. With (4.3) we have that

Cn(Y1,92) = /¢1¢2 o f"pydmy = /ﬁg(w1p¢)w2 dmg.
But
(5.9) L3 (1pg)] = |S" (L (W1ps))] < €M Lo (W1p4)
because of Corollary 5.5 and since L4 (1)1 py) € Hg. Hence,
[Ca (1, 92)] = €1 Lo (W106) Il %2 1 ()

as claimed. 0

REMARK 5.16. If both functions 1,92 € O and have zero mean then we have
the estimation

1Con (o, 62)] = €71 £ (o)l / paldmg.

5.3.3. The Central Limit Theorem. Our next goal is to prove the Cen-
tral Limit Theorem (CLT) for a large class of random variables induced by the
dynamical system f: J(f) — J(f) via Gordin—Liverani’s method. The variables
under considerations are X, = UFy = ¢ o f¥. Let us recall that CLT means
that ﬁsnw = ﬁ ZZ;é Uk4)(2) converges in distribution to the Gaussian random

variable A'(0,02). More precisely, for any ¢ € R,

u<{z SVOE %Sﬂ/’(z) = t}) o 127r

Tn [ exp[—u?/20?] du.

THEOREM 5.17. If 4 is any loosely tame g—Holder continuous function or, more
generally, if ¢ € | B€(0,1] Og, then the asymptotic variance

(5.10) o* =on, () <67 () = /W dpg + 2Z/¢¢ o fFdug
k=1
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exists and one of the following two cases occurs:

(i) If 02 > 0, then the CLT holds.
(ii) If 02 = 0, then Uty = v o f is measurably cohomologous to zero.

In addition, if ¢ is a bounded function, then equality in (5.10) holds.

Case (ii) is usually the exceptional situation. We come back to this in the next
section.

The rest of this section is devoted to the proof of CLT. A way of establishing it
under very weak independence assumptions is to use Martingales approximations.
This method was initialized by Gordin [Go] and then used by several other authors
including Liverani [Liv]. The method by Gordin works under the condition

o0
L?*—convergence: Z HUkU*k’(/JHL2(IL¢) < 0.

k=0
Liverani used the following weaker condition. Note however that he makes in ad-
dition the assumption ¢ € L° which is not the case for functions of Og. We will
see that we are somehow in an intermediate situation.

L'-convergence: Z /¢zp o fk dpg| < oo and
k=0
Z U**4p converges in L' ().
k=0

Notice that the first sum of the above condition involves |Cor(¢,¢ o f¥)| =
[ o f¥dug (we still suppose [t dugs = 0) which explains that this is in fact a
weak asymptotic independence condition for the variables 1 o f*.

LEMMA 5.18. If ¢ € Op is bounded with [t du, = 0 then the L?-convergence
property holds. For general mean zero ¢ € Og the L'-convergence property is
satisfied and, moreover,

(5.11) 1T L1 gy = €
for any k > 1 where £ € (0,1).

ProOF. Consider first ¢ € Og with [ dus = 0. From the relation between
U* and the transfer operator given in Lemma 5.11 we have U*¥y = iﬁ(’;(wqu).
Hence it follows from (5.9) that

/ U dpy = / (£ (0po) | dme < €5 Lo(tbpo)5.
By Remark 5.16,

|G, )| = I/wwof’“ dyi| = X110 pollallv]

L,

for every k > 1. The L'-—convergence condition is thus verified.
If 1 € Og is in addition bounded then

U6y =< UMU6,0 > ol [ UH(U61) dits = 0l [ 101 di
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still by the f-invariance of j14. The conclusion, that in this case the L?—convergence
holds, comes now from the preceding L'—estimation. O

ProOF OF THEOREM 5.17. Consider first the case of a centered bounded Holder
function ¢ € Hg. Then the L?-convergence condition is satisfied and we are in the
confortable situation where there exists a inverse Martingale approximation (Y%)g
with respect to the filtration Fy = f~%(Fy) € L?(uuy), (Fo) the Borel o—algebra,
and a function b also in L?(ug) such that

Uk =Y, + U —U*1 | k>1.

The Yj, being square integrable stationary and ergodic one knows that they satisfy
CLT. Since

1 1 1,

and since ﬁ(U”b —b) — 0 as n — oo one therefore has CLT for (¢ o f*)p. A
direct calculation gives

o = B(V) = [P dus 23 wwo i dng
k=1

(see [Liv] for details).

For general centered 1 € Og we have a good L'-convergence (cf. Lemma
5.18) but % is not bounded contrary to the assumption made by Liverani. His
perturbation argument allows to get CLT but we only have an upper bound for
the asymptotic variance. Let us briefly explain this. Firstly, the above function
b is given by b = Y 1, U*k4p. Therefore, the L'-convergence condition yields
b€ L'(ug). In order to be able to work again in L? one introduces

by = Z )\_kU*k'l/J
k=0

where A > 1. Clearly by — b in L*(pe). Set similarly
Yag = UMYy = Uy — URby + XT1UR 1y € L2 ().

The same direct calculation as before gives this time
o0
a?(Yan) = 0*(Yan) < /%112 dpg+2> A Fpgpo fFdug
k=1
and Fatou’s Lemma yields for the asymptotic variance of Y3, = limy_; Y

oY1) <liminf 2 (Vi) < [ 6P duo +2 3 v o £ dp
k=1

In particular the (Y})y are again in L?(us) and CLT holds. Let us conclude by
mentioning that o2 = 0 clearly implies that 1 o f =bo f — b. (]
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5.4. Cohomologies and 02 =0

Let F be any class of real-valued functions defined on J(f). Two functions ¢, :
J(f) — R are said to be cohomologous in the class of function F if there exists a
function w € F such that

6—b=u—uof.

THEOREM 5.19. If ¢, : J(f) — R are two arbitrary tame functions, then the
following conditions are equivalent:

(1) o = phop-

(2) There exists a constant R such that for each n > 1, if f"(2) = z (z € J(f)),
then

Snd(2) — Snt(z) = nR.

(3) The difference 1) — ¢ is cohomologous to a constant R in the class of Holder
continuous functions.

(4) The difference ¢ — ¢ is cohomologous to a constant in the class of all
functions defined everywhere in J(f) and bounded on bounded subsets of

J(f)-
If these conditions are satisfied, then R = S = P(¢) — P(¢).

PrOOF. (1) = (2). It follows from Theorem 5.4 and Lemma 4.21 that there
exists a constant C, > 1 (remember that f™(z) = z) such that for every k > 1
Colexp(kSnd(2) = P(9)kn) < pg(f ¥ (D(2,0))) < C.exp(kSpé(2) — P(¢)kn)
and
OV exp(KSuth(2) — P6)kn) < g (2 (D(2,8))) < C: exp(kSu(=) — P()kn).
Since g = fy, this gives that

_ _ ep(kSa6(2) — P(8)kn))

2
= axp(kS,(z) — P)kn)) ~ <

or equivalently

C7? < exp(k((Snd(2) — Suth(2)) — (P(¢) = P(¥))n)) < C2
and
2108 C. < K((S.0(2) — Su(2) — (P(6) ~ P()n) < 2log ..
Therefore, letting k ' 0o, we conclude that S,¢(z) — S,¢(z) = (P(¢) — P(¢))n.
Thus, putting R = P(f) — P(g) completes the proof of the implication (1) = (2).
(2) = (3). Define
n=¢—-¢—-R
Since the measure p4 is ergodic and positive on non-empty open sets, the set of
transitive points of f has a full measure py. Fix a transitive point w € J(f) and
put
I={ffw):k>1}.
Define the function @ : I' — R by setting
k—1
a(ff(w)) =Y n(f (w)).

j=0
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Let us first show that u is Hélder continuous. So, suppose that with some 1 < k < [,
the modulus |f*(w) — f!(w)| < § is so small that

(5.12) I —k >1log(IC5~1)/log .

Let 779 = ff_k((lu_))k) be the holomorphic inverse branch of f'~*defined on D(f!(w),44)

and mapping ﬂ(w) to f¥(w). In view of the expanding property and (5.12) we have
for every z € D(f!(w),2d) that

5P @)= ) < 117D @O @) ) )] < 076 < 2

Thus f;(lfk) (D(fY(w),20)) € D(f"(w),25). Hence, in view of Brouwer’s Fixed
Point Theorem, there exists y € D(f!(w),26) such that f; ‘" (y) = y. In par-
ticular, f'=%(y) = y. Since for every 0 < i < l— k and for the map ffj’,i(w) :

D(f'(w),46) — C, we have ffl i) = = fl=k=io £707F) e obtain that

Pt PR @) = AR (PR @)) = £ ()

or, in other words, for all j =0,1,...,1 — k,

(5.13) Fy) = 507 (7 ).
Since also
P w) = FR5 07 (F (w))

and since both f!(w) and f'=*(y) = y belong to D(f!(w),2d), weak Holderity of
the function n: J(f) — R yields for all 0 < j <1 — k that
(5.14)

(7 (1)) = (7 (FF(w)] < Vi(p) \ffk+7 LI )) = G O (F w))
< Va(@) K2 (SR04 (f449 1 w))| 7 | £7E () — £ (w))?
< Vy(p)e Py PRt |y — fhw)|”

B

From (5.13) we get

ly = 5 (w)] < K| ) ) = fHw) 2470,

Combining this with (5.14) we obtain

lo(F7(y)) — (7 (fF(w)))| = Vi(p)y AUk HD (7‘("’” + | fF(w) - fl(w)l)ﬂ :

So we also get
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for all j =0,1,...,l —k. Hence, using our assumption (2) with z replaced by y, we
obtain

la(f'(w)) = a(fH(w))| =
-1 I—k—1

k—
= Z =1 > ((=F(FFw) —n(f(y))

j=k 7=0
l—k—1
(5.15) < S0 (180 (FF(w)) — (7 W) + (7 (fF(w))) — ¢ (9))])
7=0
l—k—1
< 30 PED (1R w) — )| + A
7=0

B

IA

(If*(w) = f(w)[ +~*7)
Now, for every z € J(f) put

u(z) = limsup 4(€).
§—z; €€l

In view of (5.15) u(z) is a finite real number. It also follows from (5.15) and from
the fact that [ — k — oo if f'(w) — f*(w) that

(5.16) u(z) =a(z) forall z€T.

Take now two arbitrary points a,b € J(f) and suppose that f™*(w) — a and
f™ (w) — b. Passing to subsequences, we may assume without loss of generality
that ny —my — oo and |f™* (w) — f™ (w)| < J. Passing to the limit k¥ — oo it then
follows from (5.15) that

[u(b) — u(a)] < b —al’.

So, u: J(f) — R is f-Holder and it follows from (5.16) together with the equality
w(z)—9(z)—R = u(z)—u(f(z)) for all z in the dense set I" that ¢ —1)— R = u—uo f
on J(f). The proof of the implication (2)=-(3) is complete.

The implication (3)=-(4) is obvious.

(4)=(1). Fix z € J,m, where the sets J, y were defined at the beginning of
the proof of Theorem 4.23 and M > 0 is such that mg(Jrar) = my(Jrar) =1
(Proposition 4.22). There then exists an unbounded increasing sequence {nx}72,
such that |f™*(z)| < M for all k > 1. Using Lemma 4.21 along with 1-Koebe’s
distortion theorem and the standard version of Koebe’s distortion theorem, we get
that

mo (B I ) < mo (1 (B (:),9)))

< Kgexp(Sy, ¢(2) — P(¢)ng)mg (B(f™(2),0))
< Ky exp(Sn, ¢(2) — P(¢)ny)
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and
(5.17)

mo (B @I ) 2 me (£ (BU™ () 1K719)) )
1

> K, oxp(Su,6(2) = P(6)ni)mo (B(f™ (2), 7K 19))
> Kng(ﬁ exp(Sn, ¢(2) — P(o)ny),

where Z, = inf{my(D(w, (4K)7'6)) : w € J(f) N D(0,2M)} is positive since the
set J(f) N D(0,2M) is compact and the topological support of m,, is equal to the
Julia set J(f). Obviously, analogous inequalities hold for the potential .

By (4) we know that there is a constant .S and a function u such that ¢ — ¢ =
S+wuo f—u. Since u is locally bounded there is 7' > 0 such that for every z € J, us
and ny as above

1S, (¢ — ) (2) =S| < T.

It follows that
(KyCpe™) ™ Zyexp((P(¥)) — P(¢) + S)ny) <

_ me (B A1) (2) )

= my (B(2, 4710 (f) (2)71))

< KyCype' Z exp((P(4) — P(¢) + S)ny).
Suppose that S # P(¢) — P(¢). Without loss of generality we may assume that
S < P(¢) — P(¢)). But then, using the right-hand side of (5.18), we conclude that
mg(Jr,a) = 0. This contradiction shows that S = P(¢) — P(¢). Then (5.18)
implies that the measures my and my are equivalent on J, ps. Since mgy (JT’ M) =
My (Jr, M) = 1, these two measures are equivalent as considered on J(f). Since
the measures ug and py, are ergodic and equivalent respectively to mg and my,, we
conclude that ps = py. Thus the proof of the implication (4)=-(1), and therefore
the entire proof of Theorem 5.19, is complete. ([

(5.18)

We can now precise the exceptional case 0% = 0 in CLT (Theorem 5.17). For
example, in the setting of rational functions and with ¢ = log|f’| this only can
happen for some special functions namely for Tchebychev polynomials, for z — z¢
and for Lattes maps ([Zd], see also [My1] where a simplification of Zdunik’s work
is given). The following can be interpreted as a generalization of this to our class
of meromorphic functions.

THEOREM 5.20. If ¢ € Uﬁe(o,l] Op is a loosely t-tame function with ¢ # 0,
then
2
J/L¢ (w) > O'

The proof goes in two steps. In the first one the regularity of the coboundary
function is improved.

ProprosITION 5.21. If ¢ : J(f) — R is a tame function and ¢ : J(f) — R

is a loosely tame function, then oz . () = 0 if and only if 7 is cohomologous to a

constant function in the class of Holder continuous functions on J(f).
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Proor. We already know from Theorem 5.17 that 03 . (¢) = 0 if and only if
there is a measurable function u such that

(5.19) Y =—tlog|f |, +h=u—-uof  py—ae.

Our aim is to show that v has a Holder continuous version of order s > 0 being a
common Hoélder exponent of ¢ and ).

In view of Luzin’s theorem there exists a compact set K C J(f) such that
te(K) > 1/2 and the function u|x is continuous. Consider a disk D, = D(z,4),
z € J(f). From Birkhoff’s ergodic theorem (but here one has to work in the
natural extension) follows that there exists a Borel set B C D, N J(f) such that
te(B) = pe(D,) and for every z € B f ™ (x) visits K with the asymptotic frequence
> 1/2 where f; " denotes any inverse branch of f™ defined on D,. Consider two
arbitrary elements p, 7 € B. Then there exists an unbounded increasing sequence
{n;} such that f. " (p), f« " (7) € K for all j > 1. Using (5.19) we get

[u(p) — u(r)] < |ulfi™ (p) —u(f™ (T))’ +

S, 0 (f ™ (p)) = S, (f ™ (7)) -

Now, since lim; o dist(fs 7 (p), f« ** (7)) = 0, since both f. " (p) and f. " (1)
belong to K and since u|k is uniformly continuous (as K is compact), we conclude
that

Jim u(£7 () = (" (7)) = 0.
Hélder continuity of u|p results now from the distortion property of Lemma 4.2.
The assertion follows then from this continuity together with the density of B in

D, NJ(f). O

PROOF OF THEOREM 5.20. The following fact is proven in [Bw2]: if f is any
transcendental entire function, then f? has infinitely many repelling fixed points.

Let us show the same statement for a hyperbolic transcendental meromorphic
(and non-entire) function. Such a function f has a pole b which is not an asymp-
totic value. Consequently f~!(b) is an infinite set and, using Brower’s fixed point
Theorem, it is then easy to construct a sequence of fixed points p,, for f2.

In both cases, entire and meromorphic, it follows from the growth condition
that

(5.20) |(f2) (pn)| — 00 if n— oo.

Suppose now that O’Z¢ () = 0 where ¥ = —tlog|f’| + h is a loosely tame potential

with ¢ # 0. Then Proposition 5.21 yield that there is u continuous such that
Yp—c=u—uof

for some constant ¢. But this leads to

0 =u(pn) — u(f*(pn)) = —tlog|(f*) (pn)|r + h(pn) + h(f(pn)) — 2¢

for all n > 1. Since h is bounded we therefore have a contradiction to (5.20). O
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5.5. Variational Principle

In this section we give a variational characterization of Gibbs states of tame po-
tentials and dynamically semiregular meromorphic functions, which is very close to
the classical one. We begin by proving the following general lemma.

Recall that given a countable partition P of J(f), for every x € J(f) we denote by
P(x) the only element of P containing z. Given in addition 1 < n < +o0, we put

If also a Borel probability f-invariant measure p is given, the partition P is said to
be generating for p provided that for p-a.e. = € J(f) the set P>°(z) is a singleton.
We start with the following.

LEMMA 5.22. If f is a dynamically semi-regular meromorphic function, ¢ :
J(f) — R is a loosely tame potential and p is a Borel probability f-invariant
measure on J(f) with respect to which the function ¢ is integrable, then also the
functions log|f/(2)|+, log | f'(%)|, and log |z| are integrable.

PROOF. Integrability of the function log|f’(2)|, follows immediately from in-
tegrablility of ¢ since ||¢ + 6(¢)||~ is finite. From (2.11) we get that
(5.21)

log|f'(2)lr = —7log|f(2)] + log|f'(2)| + Tlog|z| = (@ — 7)log | f(2)| + 7 log|2|.

Since o, > 7 and both functions log |z| and log | f(z)| are uniformly bounded below,
we thus conclude that both log |z| and log |f(2)| are integrable. Consequently, the
first part of (5.21) yields that log|f’(2)| is integrable. O

Endow now the extended complex plane C with the spherical metric and denote by
diamg(A) the spherical diameter of any subset A of C. Since, under the assumptions
of Lemma 5.22, the logarithm of the function z — C|z|72|f’(z)|~! is u-integrable
for every C' > 0 and since C with the spherical metric is a compact Riemannian
manifold, as a direct consequence of Mane’s Theorem (see Lemma 13.3 in [Mane])
we have the following.

LEMMA 5.23. With the assumptions of Lemma 5.22, for every constant C' > 0
there exists a countable partition P, of J(f) into Borel sets with the following
properties.

(a) Hy(Pu) < 400, where H,(P,) = ZPEPH —u(P)log u(P) is the entropy
of the partition P,,.
(b) diam,(P,(2)) < Clz| 72| f/(2)| 7! for prae. z € J(f).

For every Borel probability f-invariant measure p let J, : J(f) — [1,+00] be the
(weak) Jakobian of the measure p, i.e.

H(F1(A)) = /A TN E) du(€)
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for every z € J(f) and every Borel set A C D(f(z),20). As a consequence of
Lemma 5.23 (see [Py], comp. [PU]J), we get the following.

LEMMA 5.24. With the assumptions of Lemma 5.22, h,(f) = [ log J,dpu.
The main result of this section is the following.

THEOREM 5.25 (Variational Principle). If f : C — C is dynamically semi-
regular and if ¢ : J(f) — C is a tame potential, then the invariant measure pg4 is
the only equilibrium state of the potential ¢, that is

P() = sup{h,. () + / oy}

where the supremum is taken over all Borel probability f-invariant ergodic measures
p with [ ¢dp > —oo, and

Do) =t + [ édu.
PrOOF. We shall show first that
(5.22) b, + [ odis = P(6).
Indeed, fix C > 0 so small that if 2| > T, z € AN J(f) and diam,(A) <
Clz|2|f'(2)| 7, then A C D(2,68|f'(z)|/4). Since [ |¢|duy < +oo, we have the
partition P = P,,, given by Lemma 5.23. Since, by Koebe’s i—Distortion Theorem

and Lemma 5.23(b), f-1(D(f(2),8)) C D(z,0|f'(2)|/4), for us-a.e. z € J(f), we
conclude that the restriction f|p(.) is injective, and consequently,

P"(z) € f7M(D(f"(2),9))
for pra.e z € J(f) and all n > 1. Since lim, .o diam(f;"(D(f"(2),0))) = 0, we
thus see that each element of partition P*° is a singleton, meaning that the partition
P is generating for the measure ug. Applying Birkhoff’s Ergodic Theorem and the
Breiman-McMillan-Shanon Theorem for the f-invariant measure 14 and utilizing
Lemma 4.21 along with Theorem 4.15(4), we therefore get for pg-a.e. = € J(f)
that

% log (g (P"(2)))

< lim inf 1 log 114 (fz_n (D(f"(m), 5)))

—h,, = lim
M¢ n—oo

n—oo n
< liminf * (log(204(x)) + S.0(x) ~ P(9)n)
— Jim ©8,0(e) ~ P(¢) = [ 6dus ~ P(o).

Formula (5.22) is proved.
We now shall prove the following.

Claim 1: If p is an ergodic f-invariant Borel probability measure on J(f) such
that [ —¢du > —oo, then h,(f) + [ ¢dp < P(¢); if in addition x is an equilibirum

state for ¢ and f then J, = p(ZZT -exp(P(¢) — ¢) u almost everywhere on J(f).
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Proof. Let £, : L>°(u) — L°°(u) be the Perron-Frobenius operator associated to
the measure pu. £, is determined by the formula

> T e

yef~(z)

Using Theorem 5.4, the f-invariance of p and Lemma 5.24, we can write

o ()

(5.23) _ p¢.exp(¢>—P(¢>)) <p¢~exp(¢—p(¢))>
/ Jitpgof duZH/lOg Jitpsof dp

= 1+/logp¢du—/10gp¢ofdu+/(¢—P(¢))du+/logJ#du

-1 +/¢du —P(¢) + hyu(f).

Therefore h,(f) + [ ¢pdp < P(¢) If P(¢) = h,(f) + [ ¢dp, we can extend the last
line of (5.23) by writing 1+ [ ¢du—P(¢) + h,(f) = 1. Hence, the ”>” in the third

s-exp(¢—P(¢)) _

line of (5.23) becomes an equality sign, and we get 2 T oot 1 pae We
w P

are done with Claim 1.

Thus, we are left to show that 114 is a unique equilibrium state for ¢. We need the
following.

Claim 2: Any ergodic equilibrium state p for f and ¢ is absolutely continuous
with respect to fig.

Proof. For all integers [,{ > p := max{1,d} let J, 5 ;(f) be the set of all those
points in J(f)ND(0, k) whose w-limit set intersects D(0,1). Since the measure y is
ergodic, u(J,(f) = Uki>p Jrk(f)) =1, and in order to prove our claim it suffices
to show that for all £, > p there exists C; > 0 such that

(524) /J(A) § Ck$lm¢(A)

for every Borel set A C J, 1,.1(f). Indeed, take an arbitrary point € J;.;;(f). There
then exists an unbounded increasing sequence (n;)52; such that f"i(z) € D(0,1)
for all j > 1. Put

() = 0107 ()

It follows from %-Koebe’s Distortion Theorem that D(z,7;(z)) C f= ™ (D(f"(2),6))
and applying Lemma 4.3 along with Claim 1, we get with Gy := inf{p,(&) : { €
D(0,2k)} > 0, that

lpsllo
(525 (DGzyr3()) = 574) Co exp(Sn, 6(2) = P($)n;) (D (" (2),6))

< pollocGy s exp(Sn, $(2) — P()n;).
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On the other hand, it follows from Koebe’s Distortion Theorem that D(z,r;(z)) D
f2 " (D(f™(2),(4K)7'6)), and therefore, apllying Lemma 4.21
me(D(z,7(2))) = K5 ey exp(Sn, 6(2) — P(@)n; ) u(D(f" (), (4K)~'4))
< K(;lcqﬁMl eXp(Snj ¢(Z) - P(¢)nj)a
where M — [ = inf {mgy(D(§, (4K)718)) : £ € D(0,1)} > 0. Combining this and
(5.25), we get that
u(D(z,7(2))) < Koc3 Gy pglloo My ' mg (D(z,7(2)))-

Using now Besicovic Covering Theorem, (5.24) follows in the same way as that
employed in Theorem 4.23. We are done with Claim 2.

Now, the conclusion of the proof of Theorem 5.25 is straightforward. Since any two
ergodic invariant measures are either equal or mutually singular, it follows form
Claim 2 that 114 is the only ergodic equilibrium state for ¢ and we are done. O

As is a first useful application of the variational principle we see that the particular
choice of the metric o, does not influence the pressure.

ProrosiTION 5.26. If f: C — C is dynamically semi-regular and if
Or = _tIOg‘f/‘T'i'h:‘](f) —C

is a tame potential, then the pressure P(¢,) does not depend on 7.

PROOF. Let 71 # 72. The conformal measures mg_,mg, are related by
| dmy, = |2 dm .

In particular they are mutually absolutely continuous. Since by Theorem 4.15

we have unicity of the corresponding Gibbs states g, ,pg,, they must coincide.

Call o = pg, = pig,, this invariant measure. It follows then from the variational

principle, the integrability of log |z|, log | f(2)| (see Lemma 6.11 or [MyU2, Lemma

8.2]) together with the f-invariance of u that
Pon) = )+ [ ondu

= n()+ / Gra dpi - t(ra — 1) / (log |2| — log | £(2)]) du
P(6rs).






CHAPTER 6

Regularity of Perron-Frobenius Operators and
Topological Pressure

6.1. Analyticity of Perron-Frobenius Operators

In this section we prove one main theorem about analyticity of Perron-Frobenius
operators of tame potentials and then we derive some of its first consequences.
Further application will come up in subsequent sections and chapters. For every

Ee J(f) set
Hpe ={g: D(§0) = C:lglls : llglloc + Va.e(9) < 400},

where Vj ¢ comes from (2.18). Obviously || ||s is a norm on Hg ¢ and Hg ¢ endowed
with this norm becomes a banach space. For every function F' : G — L(Hg) and
every £ € J(f) define the function F¢ : G — L(Hg,Hg¢) by the formula

FE()\WJ = (F(AW’) ‘D(£,5)v

where L(Hg,Hg¢) is the Banach space of bounded linear operators from Hg to
Hg ). We start with the following.

LEMMA 6.1. Let G be an open subset of a complex plane C and fix a function
F:G — L(Hg). If for every £ € J(f) the function F¢ : G — L(Hg,Hg ¢) is analytic
and sup{||Fe(\)||g : £ € J(f), A € G} < +00, then the function F': G — L(Hp) is
analytic.

Proof. Fix A’ € G and take 7 > 0 so small that D(A°,r) C G. Then for each
£eJf)

(oo}
Fe(\) =Y aca(A =", Ae DO, r).

n=0
with some a¢,, € L(Hg,Hp¢). Put M = sup{||[Fe(N)||g: £ € J(f) : A € G} < +o0.
It follows from Cauchy’s estimates that
(6.1) llag.alls < Mr—.
Now for every n > 0 and every g € Hg, set

an(9)(2) = az,n(9)(2), z € J(f).

Then

(6.2) llang|loo < Haz,n

lool19lloc < llaz,nllsllglls-

59
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Now, if |z — £] < 6, then for every g € Hg and every w € D(§,0) N D(z,9),

Zagn A= A" = (Fe(\)g)(w) = F(\)g(w) = (F.(\)g)(w)

_Zam J(A = A0

for all A € D(A%, 7). The uniqueness of coefficients of Taylor series expansion implies
that for all n > 0,

a’ﬁ,”(g)(w) = az,n(g)(w)'
Since &,z € D(£,0) N D(z,4), we thus get, using (6.1),

|an(9)(2) = an(9)(E)] = laz,n(9)(2) = ag,n(9) ()] = lag.n(9)(2) — ag,n(9)(€)]

< llag.n(9)l1l€ = 211" < llagnllsllgllslé — =[7
< Mr"|lgllsl¢ — 2II°.

Consequently, vg(an(g)) < Mr="||g||g. Combining this with (6.2), we obtain

llan(9)llg < 2Mr~"||g|lg. Thus a, € L(Hg) and ||a,||g < 2Mr~". Thus the

series -
D an(A=A0)"
n=0

converges absolutely uniformly on D(AY,7/2) and || Y77, an(A —A%)"||g < 2M for
all A € D(A°,r/2). Finally, for every g € Hg and every z € J(f),

<§: an(A— /\O)n> Zan YA =A™ Zan YA =A™
n=0
- (Z azn(X— AO)”> 9(2) = Fz(N)g(2)
n=0

= (F(N)g)(2).
So, FN)g = (X0 gan(A=A%") g for all g € Hg, and consequently, F(\) =
S0 gan(A = A%)", X € D(A\%,r/2). We are done. O

The main technical result of this section is the following.

THEOREM 6.2. Suppose that G is an open subset of a complex space C* with
some d > 1. Suppose also that for every A € G, ¢ = talog|f|- + hxr: J(f) = C
is a §-Holder loosely tame potential and the following conditions are satisfied.

(a) sup{[[|hall[s : A € G} < oc.

(b) The function A — tx(z), A € G, is holomorphic.

(¢) For every z € J(f) the function A — hy(2), A € G, is holomorphic.

(d) inf{Re(tr): A€ G} > p/7.
Then all the potentials ¢, A € G, are tame and the map A — Ly, € L(Hg), A € G,
is holomorphic.

Proof. By (d) all the potentials ¢, A € G, are tame. Put
H =sup{|||hlllg : A € G} < o0 and | =inf{Re(t)) : A € G} > p/7.
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We therefore get for for every A € G and every v € J(f) that
(6.3) [lexp(éx o fi Dllee < eI/ (v)I7".

In virtue of Hartogs Theorem we may assume without loss of generality that
d=1,ie. G C C. Now fix A\ € G and take a radius » > 0 so small that
DA% r) € G. In view of (b) and (c), the function A — exp(¢x o f,'(2)) is
holomorphic for every z € D(f(v),d). Counsider its Taylor series expansion

exp(da 0 f1(2) = Y avn(2) A= 20)", A€ DA, 7).
n=0

In view of Cauchy’s estimates and (6.3) we get
(6.4) |avn(2)] < e[ f'(0)| 71",
and, using in addition Lemma 4.3,
|av,n(w) = ayn(2)] < 77" exp(a o fiH (w)) —exp(ea o f ' (2))]
(6:5) < (B, e(B,v(9))] exp(éx 0 [ ()" w — 2/
< e f ()l " w - 27,
where ¢ = eflc(B, H + v(log|f'(v)]+)) sup{|ta] : A € D(\°,7)}. Take an arbitrary
g € Hg and consider the product a, ,(2)g(f, *(2)). By (6.4) we get
(6.6) |avn (2)g(f5 (D] < eI f (0) 77|90,
and, in view of (6.5) and (6.4), we obtain
|avn(W)g(f ! (W) = avn(2)g(fi (2))] <
< Jav,n (W) = avn(2)] - llglloc + lavn(2)lglls L7y P lw — 2/
< @)@+ e Loy P |gllglw — 2|
= aulf ()7 lgllshw — 217,

where ¢, = ¢1 + e LPy~#. Combining this and (6.6) we conclude that the formula
Ny ng(2) = ayn(2)g(fy ! (2)) defines a bounded linear operator N, ,, : Hg — Hp,
where £ = f(z), and

[[Nonllg < (&+eD)|f ()7
Consequently the function A — N, (A — )\0)n7 = D()\O,T/Q), is analytic and
[Ny (A = X)%||5 < (& + &)|f (v)]7'27™. Thus the series

A)\,U = Z Nu,n(/\ - /\O)n, Ae D()\O’r/Q)’

n=0
converges absolutely uniformly in the Banach space L(Hg, Hg¢),
(6.7) 1450l < 202+ el ()l
and the function A — Ay, € L(Hg, Hge), A € D(AY,r/2), is analytic. Note that
A)\,vg = eXP(éb/\ © qul)g © 171'
Since by (d), I > p/a, it follows from (6.7) that the series

Lye= Y Axy, A€ D(,1/2),
vef=1(8)
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converges absolutely uniformly in the Banach space L(Hg, Hg¢),

ILxells <20@+¢1) D |f ()7 < 2(é+ é)May,

vEf~1(E)
and the function A\ — Ly¢, A € D(AY,r/2), is analytic. Since Ly¢ = (Ly)e,
invoking Lemma 6.1 concludes the proof. (I

6.2. Analyticity of pressure

In this section we consider a special (affine) family of potentials and we apply
Theorem 6.2. Let

¢ = —tilog|f'|- +h1: J(f) = Rand o = —~talog|f'|; + ha : J(f) = R
be arbitrary two loosely tame functions. Consider the set
E1(¢,¢) == {q € C: Re(q)tr + t2 > p/7}.

The key ingredient (following from Theorem 6.2) to all further analytic properties
of ”thermodynamical objects” appearing in this section is the following.

PROPOSITION 6.3. If ¢, ¢ : J(F') — R are arbitrary two tame functions, then
the function ¢ — Lypt+y, ¢ € L1(¢, 1)), is holomorphic.

Proof. Fixing go € ¥1(¢, 1) and taking r» > 0 so small that G = D(qo,r) C
D(qo,7) C $1(0,%), we see that all the assumptions of Theorem 6.2 are straight-
forwardly satisfied. Thus, invoking this theorem, we are done. ([

Let us now derive some consequences of this proposition. We start with the follow-
ing easy but useful fact resulting immediately from Holder’s inequality.

LEMMA 6.4. If ¢ and v are arbitrary tame functions, then the function ¢ —
Plgp + ), ¢ € Z1(¢, ) NR, is convex.

For every g € X1(¢,)NR let Q1,4 : Hg — Hg be the projection operator associated
to the operator L4444 via Theorem 5.4. Let

Sq = Lagty — Q1q
be the difference operator appearing in Theorem 5.4 and let
Pq = Pao+vp

be the eigenfunction of £, (fixed point of £44.) also appearing in Theorem 5.4.
Using heavily Theorem 6.3 and the perturbation theory for linear operators (see
[Ka] for its account), we shall prove the following.

LEMMA 6.5. If ¢ and v are arbitrary loosely tame functions, then all the four
functions ¢ — P(q¢ + ¢), Q1.4, S¢, pgs ¢ € Z1(¢, 1) N R, are real-analytic.
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Proof. Fix qyp € ¥1(¢,¢) NR. Applying now Proposition 6.3, the perturbation
theory for linear operators (see [Ka]) and Theorem 5.4, we see that there exist
Ry > 0 (so small that D(qo, R1) C X1(¢, %)) and three holomorphic functions
v : D(qo,R1) — C, Q : D(qo,R1) — L(Hg) and p : D(qo, R1) — Hg such that
7(q0) = e @¢%) and p(qo) = pgypry for every q¢ € D(qo, R1) the number v(q) is
a simple isolated eigenvalue of the operator L4,y with the remainder part of the
spectrum uniformly separated from 7(q), p(q) is its normalized eigenfunnction, and
Q(q) : Hs — Hp is the projection operator corresponding to the eigenvalue y(q).
In particular there exist 0 < Ry < R; and n > 0 such that

(6.8) S1(Lgg+v) N D(exp(Plgod + ), 1) = {7(q)}

for all ¢ € D(qo, R2). In view of Lemma 6.4 there thus exists R3 € (0, Rz] such that
P(g¢ + 9) = log(v(q)) for all Dr(qo, R3). Consequently also Q1,4 = exp(—(P(q¢ +
¢))Q(q) for all ¢ € Dr(qo, R3) and g(q) = pge+v- The proof is now completed by
noting that S; = exp(—(P(q¢ + w))£q¢+¢ — Q1,4 O

Put
Y2(¢,9) = {(q,t) € C x C: Re(q)t1 + Re(t)ta > p/7}.
We will also need the following, strictly speaking stronger, result.

LEMMA 6.6. If ¢ and v are arbitrary two tame functions, then all the four
functions (q,t) — P(qp+1), Q1,(q.t), Sq.t» Pg,t, Where (q,1) € Xa(, 1)), (the objects
Q1,(q,t)» Sq.t+ Pq,¢ have obvious meaning) are real-analytic.

Proof. The proof goes with obvious modifications exactly as the proof of
Lemma 6.5. O

LEMMA 6.7. For every gy € ¥1(¢,¥)NR there exist n > 0, C > 0 and § € (0,1)
such that D(qo,n) C 31(, ),

IS0 la < CO™, |IL0 plla < C and ||pgorylla < C.

for all ¢ € Dr(qo,n) and all n > 0.

Proof. It follows from Theorem 5.4(b) that there exists v > 1 such that
|[Sg 1l < 1/8. Hence, in view of Lemma 6.5, there exists n > 0 so small that
Dr(qo0,m) C 1(¢,9) NR and [|S¥|[o < 1/4 for all ¢ € Dgr(qo,n). Using again
Lemma 6.5 we see that ||Sy||o < M for all ¢ € Dgr(qo,n) and some M > 1. Hence
157]le < M forall ¢ € Dr(qo,n) all j =0,1,...,u—1. Astraightforward induction
shows now that there exists a constant Cy > 0 such that [|S}'[|o < Cy(1/2)"/* for
all n > 0. Taking n > 0 sufficiently small, it follows immediately from Lemma 6.5
that ||Q1.4]|a < Ca for some Cy > 0 and all ¢ € D(qo,7). Hence ||£7%, ,|la <

qo+9
1Q1,4lla + IS¢ ||a < Ca + Cy. Taking C' = Cy + Ca, we are therefore done. O

Now we shall prove the following strenghtening of Theorem 5.15.

COROLLARY 6.8. Fix gy € X1(¢,%)NR and let 1, § and C come from Lemma 6.7.
If ue Hg, g € (o — 0,q0+ ), and v € L] then for all m > 0

Map+y?

Con(u,v) < 2C%(1 + C)0" [Julla[v]

Longoi”
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where Cy 5, is the corellation function with respect to the measure figg4-

Proof. Write pig = Hgptp, Mq = Mgy, Pqg = Pgptvs U = u — pg(u) =
u— [ pgudmg and V = v — py(v) = v — [ pgudmg,. Using then Theorem 5.4 and
Lemma 6.7, we obtain for every n > 0 that

Cyn(u,v) = '/U (Vo fMYdug| = ‘/qu (Vo f")dm,

ﬁg (Upq- (Vo f™))dmg

_ ' [v-£3wpim, < [ VIS wplam,

- ‘ / VSI(Upg)dm,

< IISQ(qu)Iloo/IVlqu <155 Wpg)llalVles,,
< IS¢ lallUpqlla (X + llpgllco)l[vllzs, < CO"2[[ull[allpgllla (1 + O)|v]|Ls,,
< 2C%(1+ O)0"[ulllallvllLs

mg

We are done. 0

6.3. Derivatives of the Pressure function

In this section we derive the formulas for the first and second derivatives of the
pressure function. Throughout the entire section ¢ : J(f) — R, a tame function,
and ¢ : J(f) — R, a loosely tame function, with some Holder exponent 8 € (0, 1],
are fixed. All other considered loosely tame functions are also supposed to have
Hélder exponent 3. For every loosely tame function ( = —tlog |f’|, + h write

t= f and h = (p.
We start with the following.

LEMMA 6.9. Suppose that ¢ : J(f) — R is a tame function, ¢ : J(f) — R
is a loosely tame function, and that ¢ : J(f) — R is also a loosely tame function.
Then there exists 7 > 0 and I'(¢) > 0 such that if |¢{ < n and G € Hg, then
Ls114(CG) € Hg and moreover [|£4144(CG)||s < T(¢)||G||s. In addition T'(1) < C
and I'(aC + bw) < |a|T'(¢) + [b|T'(w) for all a,b € R and all loosely tame functions w.

Proof. Take 1 € (0,1] so small that [ := ¢ — n|¢)| > p/7. Put Iy = ¢ + ||
Then for every t € (—n,n) and every w € J(f) we have

ot / —llog|f'(w)|- if [f'(w)], > 1 /
(=6~ 1) o w)], < {l+ = | < A=t (w),

with some universal constant A > 0 large enough. Hence
(6.9) exp((—¢ — ty) log |/ (w)|-) < e[ (w)|;".

Put B = ||¢olleo + nl[¢0l|lec- Fix t € (—n,7m) and put L; = Lsiry. We may
assume without loss of generality that P(¢ + t¢)) = 0. Consider G € Hg. Fix
now v > 0 so small that [ —u > p/7. There then exists C' > 0 so large that
Gol oo + €11 og | (1)]-] < CIf"(@)]¥ for all w € J(f). Hence

(6.10) [C(w)| < CIf" (w)
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for all w € J(f). Thus, using (6.9), for all z € J(f) we have that

IL:(CA) )< D exp(dy) + () [K)IIG(y)|

yef~1(z)

<e? N exp((— — th) log | ' W)]-) 1 ' ) []Glloo
(6.11) ves =)

<Ce* PGl Y P70

yef=1(z)
< CeMP M [|G |3,

where M;_,, has been defined just after formula (4.5). Hence
(6.12) 1£:(CQ)oe < Ce*TEM,_||G5.

By Lemma 4.3 T = sup{cgs+1t¢ : |t| < n} < +o00. Now fix xz € J(f) and y € D(z, ).
Write f~!(x) = {zx}32, and yr = f;,'(y), k > 1. We then have for all k > 1 that

[Cur)Gyr) = C(xr) G (ar)| < [C(ak)] - |Glar) = Glyr)| + |G (yr)l - (k) = Cyw)
< (@) ANlGsly — 2” + 1GllVa(Oly — 2|7
< [|Glls(AlS (@)l + Va(O))ly — x|
< ClIGIIl(f"(@n)[Fly — I,

where the constant C' > 0 is so large that (6.10) remains true with |¢(w)| replaced
by Al¢(w)| 4+ V3(¢) and A comes from Lemma 2.15. By Lemma 4.3 T sup{cg+y :
|t| < n} < co. Now, using this lemma, Lemma 2.14, and (6.10) we get

IL:(CG)(y) — Li(CG) ()| =
= ||ZEXP D(yk) + (k) (ye) Glyr) — exp(d(ar) + to (k) (ak) G (@) |
< ZIC y)||G (yr)[] exp(o(yr) + 1 (yr)) — exp(d(ar) + to(ar)) [+
k=1

+ ZGXP () + ty () [C(ye) G (yn) — C(ar) G (a)]

< CT||Glloo Z |(f (w3 exp(d(zk) + t(a)) ly — x|+

k=1
+011Gls > I(f (@) | exp(d(an) + tio(ax)) |y — =/
k=1
C(TK“Jrl)IIGHﬂ\y*fUIﬁZI oi)|7 exp((zr) + 1y ()

k=1

< CeMMP(TKY + )||G||ﬁ|y_$|ﬁ2| (i) |70
k=1
< CeMM P MW (T + DIIG|sly — 2l
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where the second last inequality was written due to (6.9) and the definition of
B, and the justification for the last inequality is the same as that for the last
line in (6.11). Hence, we obtained that vs(L,(¢G)) < CeABM;_,(TK*41)||G]|s.
Combining this and (6.12), the proof of the first part of our lemma is complete. The
second part follows immediately from Lemma 6.7. The last part is an immediate
consequence of linearity of the operator L. O

REMARK 6.10. Notice that if (; and ( are two -Holder functions, then for all
x,y € J(f) with |y — 2| < § and xg, yi as in the proof of Lemma 6.9, we have

GG (yw) — Glalar)| = [Ci (v ) (G (yr) — G(zk)) + Gk ) (Gi(yr) — Gilzk))]
< G (i)l (yr) — G(@r)| + [ (@r)[[C1 (yr) — Culan)]
<G )IVs(C)ly — 21 + [Caxn) Vs (Co)ly — 2|°
< 28 max{ V(1) Vi (Go)} max{|Ca ()|, [ (vr) [}y — .

Therefore, the proof of Lemma 6.9 goes through with obvious modifications with ¢
replaced by the product of any two tame functions.

Before we formulate the next lemma, observe that the absolute value of a loosely
tame function is is also loosely tame (in fact if p is loosely tame, then |p| = |p]),
and consequently, the absolute value of the product of two loosely tame functions
is a product of two loosely tame functions.

LEMMA 6.11. Assume that p is either a loosely tame function or a product of
two loosely tame functions. With the assumptions and notation as in Lemma 6.9,
we have that

/ Ipldme e < T(lo))

for all t € (—n,n).

Proof. Indeed, in view Lemma 6.9 and Remark 6.10, we have
/Ipldm¢+t¢ = /ﬁ¢+tw(lpl)dm¢+w < Lot (loDloo < [[£g+e0(IoDIls < T((o])-
We are done. 0

We are now able to establish the following strengthening of Theorem 5.15.

LEMMA 6.12. Fix tg € X1(¢, ¢) and let 7, 6, and C' come from Lemma 6.7. If
each function (, p is either a loosely tame function or a product of two loosely tame
functions and if s € (—n,n), then for all n > 1,

Csn(Crp) < C*(1+ O (|p)(T(C) + C2T([¢])o",

where C ,, is the corellation function with respect to the measure (g4 sy-
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Proof. We use the obvious notation s, ms, and ps. We put ¢ = ¢ — u4(¢) and
p=p— us(p). Notice that by Lemma 6.11 and Lemma 6.7, we have
(6.13)

/ Pldm, < / 1ol + s () dms < / Ipldm, + / Iplpsdm, < T(lo]) + C / Ipldm,
< (1+ O (o).

In view of Lemma 6.9, the estimate |us(¢)| < CT(|¢]) obtained in the computation
of the previous formula, gives

(6.14) P(Q) T(¢) + us(QIT(W) < T(C) + C2I(IC)).

Proceeding now exactly as in the proof of Corollary 6.8, utilising (6.13), Lemma 6.7,
Lemma 6.9, Remark 6.10, and (6.14)

mCP ‘/pﬁ Cpsdms

‘/pﬁn 1 (Cps dms

‘/pS” Y(Ls(Cps))dms

< [ pIS2 (Ea@pa))lladim, = 1152 (£.(Co)) s [ Ipldm,

< 152 Isl1Ls (Cos)lls (L + CIL(lpl) < CA+ COT(1p))6" 1L (Cps) 1
< C(L+O(lp)0" ' T(O)llpsllp < C*(1 + O)L ()T (C) + C*([¢]))om

We are done. O

LEMMA 6.13. Assume the same as in Lemma 6.9. Fix « € J(f). Then

lim lzyef*"(z) SnC(y )exp( (¢+t1/}
T Sy (a6 + D))

/ Cdptgss

uniformly with respect to all ¢t € (—n,n), where n comes from Lemma 6.9.

Proof. Put for every t € R,
,Ct = £¢+t¢ and ﬁt = £¢+tw
and

Gt = Gty = Q1,.(1)

Observe that
(6 15)

L An(co f9) 12 L7 (CLI () ()
Z Cf)) S ( )
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Therefore
(6.16)
LR Lo FD @) [
w2 B [ cimaes -
N AL M) @)
n =0 gt(x)
1= £ L)) () (Que()(@) — L7 (W) (@) gulw)
"= Ly (1)(x)
n—1
- % Z//jt(@?(ﬂ))dmwar
j=0
+ (iZ/ﬁt(C[ﬁ{(l))de_w /<dm¢+t¢)
n—1
=g @ S (B L () ()
§=0

n ae(@) Ep (1)(a) i
+ % ZC/(@(H) = 9t)dme iy
=0

It immediately follows from Lemma 6.7 and Lemma 6.9 (with G being of the form
£ (1)) that the S-Holder norm (and so the supremum norm as well) of the second
summand converges to zero uniformly with respect to t € (—n,n). Dealing with the
first summand notice that, in view of Lemma 6.9 and Lemma 6.7 applied twice, we
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get that

1277 (G (CEH) = [ £o(CEH))dmosislls =

=\|£" THEL(CLIM))) = Que(Le(¢LL () ls
= [[(£7777" = Quo) (Le(¢LT (D)) ]

<L = Quallgll Lo (CLL (M) 1

< CT(OILY ™ = Qualls

= CT()1S7 |5

< Q)i

~—  ~—

Therefore, applying Lemma 6.7, we see that the first summand in the last part of
(6.16) converges to zero uniformly with respect to ¢t € (—n,n). It follows immedi-
ately from Lemma 6.11 and Lemma 6.7 that so does the third summand in the last
part of (6.16). We are done. O

The first main result of this section, the formula for the first derivative of the
pressure function, is this.

THEOREM 6.14. Suppose that ¢ : J(f) — R is a tame function and ¢ : J(f) —
R is a loosely tame function. Then

d
GlecoP (@4 t0) = [ v,

Proof. Fix x € J(f). Put

P, (t) = ,1og > exp(Sn(d+t)(y)).
yef~m(x)
Then
AP, 1 yepn(a) Sn¥(y) exp(Sn(d + t)(y))
At Y e e (Sa(0+ ) (y)

and in view of Lemma 6.13, %= converges uniformly with respect to t € (—n,n)

dt
f¢du¢+t¢. Since, in addition, lim, . P,(t) = P(¢ + t1)), we conclude that
% = [dpgtey for all t € (—n,n). Taking ¢t = 0 we are therefore done. O

We are now in position to prove the following second main result of this section,
the formula for the second derivative of the pressure function.

THEOREM 6.15. Suppose that ¢ : J(f) — R is a tame function and #,( :
J(f) — R are loosely tame functions. Then

9?

5520 P(0+ 5 +10) = (1, C),
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where

o*w.¢) = Jim & [ Su(6 ~ 1ol (¢ - 16(O)

- / (6 — 1o @)(C — st + 3 / (% — 1) (C — 16(C)) 0 Frdpugt
k=1

+ 3 [(€ = nalO) = o) o fHdug
k=1

(if ¢ = ¢ we simply write 02 (v)) for o2(2),v))
Proof. Put R R
L= ﬁ¢+sw~
The symbols mg, ps and ps have also the corresponding obvious meaning. It follows
from the proof of Theorem 6.14 that

1 Zyef—"(z) SnC(y) eXP(Sn(¢ + 5111)(1/))
t
D50t |t WPlotsp+t() = ds n~>oo oY e fn(a) exp(Sy (¢ + s5v)(y))

for all s sufficiently small in absolute value. Fix x € J(f), n > 1 and abbreviate
the notation > ) to >, We have this

(6.17)

yef—(
AL(s) im (Z Sn(y )exp(Sn(¢+sw><y>)>
ds >, exp(Sn(e + s9)(y))
2y Sut(®)Snl(y) exp(Sn(d + s9)(y)
>, exp(Sn(e + s9)(y))
(32, St ) exp(Sn(@+59)(y)) 3, Sn(y) exp(Sn(9 + s9) (1))
( exp(Sn(gb—FSw )))2
_ LR(SawSnl)(x)  Lrv(w)Li¢(x)

Lz(1)(x) Lp(1)() L7 (1) ()
:/Sn¢s7zcdus,n_/Snd)d,us,n/sncd/v‘s,n

n—1ln—1

_ZZ/wO _,usn¢of))(Cofi_Ms,n(cofi))d/f"s,ny

=0 j=0

where

>, 0y exp(Sn(o + s9)(y))
>, exp(Sn (9 + sv)(y))

and d, is the Dirac measure supported at y. In order to simplify notation put

Y, =vo fi, (;=Co f and
Ki,j = /(wz_;us,n(wz)) (Cj_ﬂs,n(Cj))dﬂs,n =

Fix now 0 <i < j <n—1. Then

ﬁ?_j (EA?&_Z(("!J - Ms,n(lbz))ﬁ?s(ﬂ)) (C - Ms,n(CJ)))(x)) )
L (1)(x)

Hsn =

[:T;L((ﬂ}z - .us,nA(q/}i)) (Cj - ,us,n(Cj))) )
Ly(1)(x)

Kij =
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Ifj > 1, it follows from Lemma 6.7 and Lemma 6.9, with G being of the form
Li(1), that for every s € (—n,n), we have
(6.18)

37 (8 — o)) £1(1)) — /w o (01) £ (1) |5 =

= (|57 (Lo (1 — psn(9)) £2(1

((
= |ISI7 7 (La (¥ = pan (¥
<CPTYIL s((w—usnwz )Is
< OO (1L (WL )|\,6+Nsn DL (1)ls)
< Ccgi-i- I(CF(w)+C|Msn(¢z)|) = C?07 N T () + s (¥0)])

))—ps/zs(¢ o (0) 21 (1)) g5
(W)lls

)|
(¥

‘(1)
i

In view of Theorem 4.15(4) there exists n; > 1 such that for all n > ny, £7(1)(z) >
ps(2)/2, and in view of Lemma 6.5, ps(x) > g(z)/2 assuming n > 0 to be small
enough. Denote go(z) by ¢g. Using Lemma 6.7 and Lemma 6.9, we then get

(6.19)

[Lopi(a)] L2 LE (o f)(a)| LR ($LL)) (w)]

N el T e T
LT L (L) @) CT@)Ly T (W) (@) CPT()
T T TS R T T
_ 1CT().
g

It therefore follows from (6.18) that
(6.20)

1L (= pro,n ()LL) —ps /(¢—Hs,n(¢i))[:i(]l)dms||ﬁ < CPT(y)(1+4C%g~ )7~

‘/¢ Hs,n (Vi) L5 (L)dms| =
= |/ 77[;[7 ))dm9 — s, (Vi)

‘ / (wii(u mm _ L) [ L (L)) dms — L39i(x)|
" Il(:v) L£21(x)
_ [Len(@) [ Lo (LL(N))dmy — L3 LL (i) ()]
Ln(x)
_|Len(@) [ Lo (wLi(M))dmy — L2 (wLL(L)) ()]
Lnll(z)

[(L21(z) = ps(@)) [ L5 (WLL())dms + (ps(@) [ Lo ($LL(1))dmy — L2717 (L, (vLUD))) ()|
Ln(z)
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Assuming now that n > nq, it therefore follows from Lemma 6.7 and Lemma 6.9
that

621
CT ()| Sz (1) ()| + |55~ (£ ($LL(W))) ()]
‘/7/} Hs,.n 1/% ( )dm‘? > 9/4

_ CPT()6" +Co"— 1 CT(¥)
- g9/4
S 802F(w)g_19n_i_1.

Assuming 1 > 0 to be small enough, we have § = sup{||ps|leo : € (—7,1)} < 00.
Combining now (6.21) and (6.20), we get for every j =0,1,...,n — 1 that

(6.22)
j—1 j—1
S LW = pan () LEW)|| < (CZP(Y)(1+4C%g1) +8C T (1h)g ™) > 67!
i=0 8 i=0
< CPOTT(¥) (1 +4C%g 7 +8Cg ™) > o
=0

= (1 < .
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It therefore follows from Lemma 6.7, Lemma 6.9, (6.22) and (6.19) (with 1, replaced
by (;), that

(6.23)
1577 (D2 LI (W = o, (%) LE (1)) (€ = prsn(5))) —
=0

. / ;ﬁg—i(w — e (0 LEI)) (€ = 12, (G)) s |, =

= |[£a <[:s (Z LI (W = pon (@) LAW) (¢ — m,MCy)))) -

=0

— Ps /ﬁs (Z ﬁiiz((d) - ,Us,n(wz))[";(]l))(c - ,us,n(Cj))> dmg
=0
< |5y (z: (Z (6 — pan ()LL) (¢~ us,n@m)) HB

1=0

B

< Co"~ j-1 (Zﬁj Z 7/1 Ms, n(‘/’z)) ( ))(C_,usﬂl(Cj))>
1=0 B
j—1
< 00"‘<j‘1< ﬁs <Z ﬁ;_z«w _ﬂsm(wz))ﬁ;(ﬂ))c> +
=0 B
o (L - matnzim)| )
B

< CO"ITHI(O)CL) + s ()| CCh)
< oI,

where Cy = CC (I'(¢) +4C3T'(¢)g~'). Now

[ £ = neaD L)€ = ()i, =
= [ £ (@ = pen DL€~ (G
= [ £ = e (00)G = e i,
/w o W)(G = fon(Ci))dm,
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Combining this and (6.23), we get

(6 24)
- i1
’ZKlj Z/ — Msn '(/}z C _,us,n<<j))dms‘ =
j—1
= (Lrn(@) LI (OO0 L (W — @) LU (C = ps.n () (@)~
1=0

7j—1

— ps(® /ZL] l U Msn(wl)) ( ))(C — ps,n(G5))dms+

+ (ps () / Zcﬂ (4 = 10 () £1(1)) (€ = pon (G))dm|

—1

/ Lo(D L7 (W = (@) LU (C = ps,n () dims
1=0
ﬁ)

Let us now deal with the case when ¢ = j. It follows from Remark 6.10, Lemma 6.7,
Lemma 6.9 and (6.19) that

< (Lri(z))” <o "7t + Co"

)

Jj—1

(Z ‘égiz (¢ - ﬂs,n(@bz))ﬁg(n))(c - ﬂs,n(Cj)))

=0

<4g7! (029”11 +CO™ || L,

< dgTH(Cof" I 4+ 0O Cy) < 8C,CgT I

£:((0 = pan @D LM = pan ()]s =
= [1£5 ($CLUM)) = o (GG)Ls (VL) = pro.n () L5 (CLUM)) + o ($5) 115, (G (W)
<I1£s (WCEL M) g + s n (CGINEs (LIl + s (W) 1ILs (CELM) 5+
1t ()] [0 (T ()] 5
< CT(1() +4g~ ' C*T(OT($)C + g™ C*T($)L(C)C + 169~ *C T (T (4)C
C(T(Q) +Cg ' T(OT(¥) (2 +4C% 7))

Denote this last constant by C3. We then have

!/lﬁs((?ﬂ = Hon (V) LAL)(C = prsn(G)))dms| < N1Ls (% = s, () LLN(C = p15.n(65))) oo

< HL((¥ = s (W) LAW)(C = ps,n ()l
< Cs.
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Applying now Lemma 6.7, we therefore get
L3799 = prssn (03)) LU = ps,n(5))) — LE(1) / (% = prsn (1)) LLMY(C = 5,0 (&) dms] [
LTI L (W = pam () LIS = prsn(G))) —
= e [ L6 = nen D EIWNC ~ (Gt

+(pu = £2)) [ 2 = pen ) EIWC ~ e (G
ISP (6 = om0 B (M)(C — o (G3)))+
4520 [ L0 = 1 (DG = (1)l
< COI L (6 = 10im (0 ELC = prom () 5+
/ £ — pon (b)) L (W)(C — pran(C)) dm

< COMITIC, + COMCy < 200501,
But

/W - Us,n(wj))/jg(]l)(c - ,usm(Cj))dms = /ﬁé((¢7 - Ms,n(wj))(Cj - /v‘s,n(gj)))dms

+Co"

— [ @5 = 1) — an (G,
and consequently
|Kj,j - /(% - NS,n(¢j))(<j - MS,n(Cj))de| <2CC3 (‘C;L(l)(x))_len_j_l

< 8CCyg~ton—i—t.
Combining this and (6.24), we get

ZKz j Z/ — Ms,n 7/’1 C Hs,n(Ci))dms

< 80971(02 + Og)onijil.

Hence
(6.25)
n—1n—1
/ — Hs,n ’(/)1 C MS,H(CJ))dm5| =
1=0 5=0
7 J
s ZKU > / — Han ()G = Hon(G))dm,) +
. n—1 k-1 J
FY (S K= D [0 )G = (G|
k=0 1=0 =0

<Z1609 (Cy + C3)fm =9~ 1<ZlGCg H(Cy + C3)0"
u=0

= 16Cg YOy +03)(1 - 0)7! < o0.
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Utilizing now the formula ab — c¢d = (a — ¢)b + ¢(b — d), we get

(6.26)

’/(7/)2 — s, (Vi))(CG — ps,n(CG))dms — /(7/) = ms(¥:)) (G — ms((5)) dm&" =

= | / — Ms,n (i) — Hs n(Cj)) (i — ms(wZ))(CJ

- mS(Cj)))de‘

=|/ ms(Wi) = pam($1))(GG = pan(G)) + (i = ms(©00)) (M) = ta.n(G)) s

= [(ms(¢s) — Msn(wz))(mé‘(@) Nsn(CJ

)+
= |(m5(¢2) - NS,n(¢2))(m5(CJ) Hs n(CJ)
)
= |ms(wz — Ms, n(wz | ‘m5(<j> Hs, n( j)

)+

)|
|

Since

ms(wz) - Ms,n(wi) = /(1/% - Ms,n(wz))dms = /ﬁé
— [@ = penw)£i(0)dm,

it follows from (6.21) that

s (1i) — s (¥i)] < 8C?(gf) ' T(v)0"".

Similarly

[ (G5) = psn(G5)] < 8C2(g0)H[T(C)0" 7.

— ms () (ms(G)

(1/)1 — Hs,n (wz)> dms

Combining these last two estimates along with (6.25) and (6.26), we get

(6.27)

n—1ln—1

ZZ/ i — Mg "/Jz mS(CJ) )dm5| <

=0 j=0

<16Cg 1 (Cy 4 C3)(1 — )71 4 (8C%(g0) !

<16Cg ' (Ca + C3)(1—0) " + (8C(g6)")*(1 — 6)~

Zen zen i

7,7=0

Since for every k > 0 and every loosely tame function w : J(f) — R, we have

(6.28)

mgs(wi) = ms (L (wr)) = ms(WLE (L)) = my (wg + wSH(1))

= ps(wi) + mg (st(ﬂ))’

it follows from Lemma 6.11 and Lemma 6.7 that

(6.:29)  |ms(wr) — ps(wi)| < (185 (W) lsoms(jw]) < [ISE(L)][sT(|w]) < COT(|w])6"

“T(Y)L(Q) = En.

- :usm((j”

ps(w) +mg (WSE(]I))
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for all s € (—n,n). We also have

[ = netayyim, = [ 2@ = puam. = [ (oo + SHO) @ = pofw))dim,
= [ wopadims = o) [ pum + [ 5@ = pole))im,
— u(@) ~ @) + [ SEw = po(w))dim,
~ [ St - pa(w))dm,

Hence, using Lemma 6.7 and Lemma 6.11, we obtain

[ = afndm] < [ 185 = pu@)ldm, < [ ISEa(el + o),
< o /(|w| + Cmy(|w]))dmy = C(1 4+ C)me(|w])6"
< C(1 + OT(|w])0".

Therefore, utilizing (6.28), (6.29), Lemma 6.7 and Lemma 6.11, for every 0 < 4 < j,
we get that

(0= ) = 16 = (5 = ()5 = () | <
oy / ((mu (W) = 1 0 (G5 = 11e(G)) + (s — () (ma(G5) = 1a(G))) dm|
< | [(6 = el 0me(w) = )i + [ 103 = ma@llmalcy) - (Gl
< | [ (G = nel&Dma(wsia)dm,] + [ o = (o) ldm.CT(cer

< Jma(Si(1)) / (& — s (€))dms] + 2ma (i) CT(C)F7

= [ms (S| - [ms (¢ — ms(G))] + 2m([9I L4 (1)) CT(¢))6?
< CO'm([v)C(1 + )L ([¢1)67 + 20T (|w)T(I¢])e
< C*(1+ OT(|Y)T(I¢Ne'e? + 20T (Jw)T(|¢])e?
< C*(3+ OT([w)T(I¢he’.

Hence, putting
By =2C*(3+ O ([ )T(¢]) Zyeﬂ < o0,
7=0

we get
(6. 30)

’Z/wz Hs "/’z C] Hs Cj dmg— Z/wz ms z Cj mS(Cj )dms’<E2

4,7=0 4,7=0
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for all s € (—n,n) and all n > 1. Put ¢ = ¢ — ps(v) and ¢ = ¢ — ps(¢). For all
0 <t < j we then have

[ dm. = [T, o fiam. =[50, Lidm. = [TT, (o + Siw))dm,
— [T, pudm+ [T, Siwam,
— [T, du+ [ 7@, si))dm,
— [0 dn+ [ceri @siw)am.
— [0 dn+ [T (La@Si W) dm,
— [BG e+ [T (L. @S pudm, + / CSI 1 (L, (BSH(N))) dim
— [0 dne+ ma @) [T+ [T (LS ).
— GG dn+ [Tsi (La@Si W) )dm.

Let us now estimate the absolute value of the second summand. Using Lemma 6.7,
Lemma 6.9 and Lemma 6.11, we obtain

|/<—S] i— 1 (wsz dm5’ </|<|‘SJ i— 1 (T/JSZ( )))‘dms
< / Q111871 (£ (@SE (1)) oodms
< |87 (L. @i W) s [ Eldm,

< CO |2, (BSHL) |Is / (1¢] + ls(O)dms

< COT ) S (M)]|s(T (¢ + CT(¢]))
< C* 1+ OL(@)L(I¢ho~ 167
Hence, if 0 <7 < j, then

[g,dm. [ G,

Now, for every j > 0 we have
[55m. = [ 205Tam, = [53(p,+ siw)dm,
— [GCpam. + [Tesiim, = [T,8du+ [ £.@TSW))dm,
Hence, utilising Lemma 6.9, Remark 6.10 and Lemma 6.7, we obtain
s Y Y _ A Qi Ao QT
652 | [ 55 m,~ [T5 =1 £.(FTSI W) < £, TS0
<T@ QIS5i(M)[lg < CT (¥ ()6’

(6.31) < C*(1+O)0'T(@)T([¢])e7
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Now, by Lemma 6.9, Lemma 6.11 and Lemma 6.7, we get

F@Z)— (¢ — us(w)c us<<>w+us(w>us<<>)
< T($C) + s (W)IT(Q) + |1 (OIT (1) + |pas () s ()T (1)
< T(%C) +lpsl |ooms [WDT(C) + 11pslloams (ICNT (@) + CllpslZomis ([ ma((C])
<T(¥C) + [lpsl1sT(1WNTC) + [lpsl 5T (ICHT (@) + Cllpsl BT (14T (IC])
gr(wc)wmw) (€) + CT(ICNT(%) + C3T (| )T ([¢]).

We can therefore conclude (6.32) by writing

!/%Zjdms—/%@dM < C(T(¥0)+CT([UNT()+CT(ICHT () +C T (lp Y ([¢]))6”

Denoting by E3 the maximum of coefficients of #7 appearing in this inequality and
in (6.31), we get that

/dems [,du)

Combing this, (6.27) and (6.30), we obtain for all n > 1 and all s € (—n,n) that

<E32(k+1)0 = Ey.
k=0

1,j=0

n—1n—1

)= > [ = G~ (),

1=0 j=0

(6.33) < Ei+ Ey + Ey.

Denote again 1 — (1)) by ¢ and ¢ — us(¢) by (. We then have

/deur

7,7=0
n—1 n—1 n—1 n—1
:—ZZ/deuw > Y [0, Z/deus
1=0 g=1i+1 7=01i1=35+1 1=0

=—Z/Wdus+12<n—1—k)/mdus+1Z<n—1—k)/@kdus
iz "= =
00 oo n—1
= [Fean Y [Fadn =1 S [T - Y+ 1) [Tt
k=1 " k=n n k=1
o] o) n—1
+Z/@kdus - Z/@kdus - Z(lH 1)/@:&%

oo

/deus-FZCékiﬂC +Zoék ) - Z Cok(16,C) + ConC 1)) -

_72 k+ 1) (Cs (1, C) + Co (¢, 1))

It now immediately follows from Lemma 6.12 that all the series appearing in the
last part of this formula are uniformly convergent with respect to s € (—n,7), that
the second two summands are uniformly bounded with respect to s € (—n,7), and
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the last two terms converge to 0 when n — oo uniformly ith respect to s € (—n, 7).
Combining this with (6.33), we see that A, (s) converges to

[T+ 3 Cn.0+ 3 Cuntto)
k=1 k=1

uniformly ith respect to s € (—n,7n). Applying now (6.17) completes the proof. O



CHAPTER 7

Multifractal analysis

Among other auxiliary results, we show here that the multifractal formalism holds
for tame potentials ¢ = —tlog|f’|. + h. The following notions are valid for any
measures but we focus on the conformal measures mg and the equilibrium states
te- The pointwise dimension of g at z € J(f) is given by

. logug(D(z,1))
(7.1) du,(2) = }%T

provided this limit exists. Note that d,,(z) = d,,(2) since dugy = pypdmg with py
a continuous non-vanishing function (Theorem 4.15). The object of the multifractal
formalism is the geometric study of the level sets

(7.2) Dy(a) ={z € T(f): du,(2) = a}
and, in particular, we establish that the fractal spectrum
(7.3) Fy(a) = HD(Dg(a))

build a Legendre transform pair with the so called temperature function. As

a main application we get that the fractal spectrum hehaves real analytic. The
temperature function will be introduced and studied in Section 7.2 after having
provided the Volume Lemma and Bowen’s Formula.

7.1. Hausdorff dimension of Gibbs states

If 11 is any probability measure of a metric space, then HD(u1) denotes the Hausdorff
dimension of this measure p which is the infimum of the numbers HD(Y") taken over
all Borel sets Y such that (YY) = 1. If the local dimension d,(z) is constant a.e.
equal to say d,, then HD(u) = d,. If u is a Borel probability f-invariant measure
on J(f), then the number

Xp = /log | dp

is called the Lyapunov exponent of the map f with respect to the measure p. The
following result extends lots of similar results, usually referred as Volume Lemmas.

THEOREM 7.1 (Volume Lemma). If f : C — C is dynamically semi-regular and
if ¢ is a tame potential, then for ug—a.e. z € J(f) the local dimension d,, (2) exists
and is equal to h,, /x,,. In particular

h

HD(pg) = —*.
Xpg

81
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PROOF. In view of Birkhoff’s ergodic theorem there exists a Borel set X C
J(f) such that p4(X) =1 and

.1 n 1
(7.4) nlirr;OEIOg|(f ) (@) = xp, and nlirréo EanS(x) = /¢du¢
for every z € X. Fix x € X and € > 0. There then exists £ > 1 such that

(7.5 1og (") ()] = x| < 2

for every n > k. Fix r € (0,0) and let n = n(r) > 0 be the largest integer such that
(7.6) D(x,r) C £, " (D(f"(x),9)).

Then D(x,r) is not contained in f;(n+1)(D(f”+1(x),5)) and it follows from the
i—Koebe’s distortion theorem that

(77) P2 0l @)

Taking r > 0 sufficiently small, we may assume that n > k. Applying Lemma 4.21
and utilizing (7.6) along with Lemma 2.16, we get that

my(D(z,7)) < / eXp(Sn(b of " — P(¢)n)dm¢
D(fm(x),5)

< cexp(Spo(z) — P(¢)n)my (D(f"(2),0)) < cexp(Snd(x) — P(d)n).
Applying now (7.7) and (7.5), we obtain
logmy(D(z,7)) S logc+ Spé(x) — P(o)n < logc+ Spé(x) — P(d)n
logr - logr ~ logd —log4 — log |(f7t1) (2)|
logc + Sné(x) — P(¢)n
~ logd —logd — (xp, —€)(n+1)

Dividing now the numerator and the denominator of the last quotient by n = n(r),
letting » — 0 (which implies that n(r) — oo) and using the second part of (7.4),
we therefore get that

lim i (08 (D@ 1)) = [ $dpis + P(9)
r—0 log r Xpio

Since, by Theorem 4.15, the measures p, and mg are equivalent with positive
continuous Radon-Nikodym derivatives , we obtain for all x € X that

(7.8) T log (p1g(D(x,7)) > = J ¢dug +P(o)
r—0 log r Xt

For every M > 0, let Jy; = J(f) N D(0,M). Take M so large that pe(Ja) > 0.
Since the measure m,, is positive on non-empty open subsets of J(f), we get that

W = inf{my(D(z,0) : z € Jur} > 0.

In view of ergodicity of the measure 114 and Birkhoff’s ergodic theorem, there exists
a Borel set Y C X such that p4(Y) =1 and

lim S, (1L, ) (z) = s (Jar) > 0

n—oo N
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for all z € Y. In particular, if {n; }?’;1 is the unbounded increasing sequence of all
integers n > 1 such that f™(z) € Jy, then

(7.9) lim 9+l g

j—o0 nj
Keep x € Y and let I > 0 be the least integer such that
D(z,r) > f7(D(f'(x),0))

for all 4 > [. Taking r > 0 small enough, we may assume that [ > max{k,n;}.
There then exists a unique j > 2 such that

(710) nji—1 < [ < n;.

Also f;(lfl)(D(fl_l(x),cS)) is not contained in D(z,7), and it therefore follows
from Koebe’s distortion theorem that

(7.11) r < KO|(f17Y) ()7
It follows from the definition of I and formula (7.10) along with Lemma 2.16 that
mg(D(z,7)) = my(f; ™ (D(f™ (2),9)))
= /D(f"j ) exp(Sn; ¢ o f, " = P(¢)n;)dmy

> ¢ Lexp(Sp, o(x) — P(¢)n;)my (D(f (x),4))
> We™t eXp(Snj (b(x) - P(d))n])
Applying now (7.5), (7.7) and (7.10), we obtain
log my(D(z,7)) _ log(*F) + Sn, ¢(x) — P(¢)n; < log(%¥) + S, ¢(a) — P(¢)n;
logr - logr = log(K4§) —log |(f:=1) ()|

log(*y) + Sn,0(x) — P(¢)n; < log(%) + Sn, 0(x) — P(¢)n;
~ log(Kd) = (xu, +)U—1) = log(Kd) = (Xu, +E)nj-1

Dividing now the numerator and the denominator of the last quotient by n;_;
letting » — 0 (which implies that n;_; — co0) and using the second part of (7.4)
along with (7.9), we therefore get that

oy (OE((DG1)) = [ b+ P()
r—0 IOg r - X,u(p

Since, by Theorem 4.15, the measures ug and mg are equivalent with positive
continuous Radon-Nikodym derivatives, we obtain for all z € Y that

lim sup C8W D 1) = [ $dpsy + P(9)
r—0 log r o X/J«(p

Since, by Theorem 5.25, P(¢) — [ ¢dpy = hy,,, combining this inequality with (7.8),
completes the proof. O
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7.2. The temperature function

Remember that, up to now, the metric and thus the number 7 was any number
such that ¢ > £ > 2. The remaining part of this paper very much depends on
the existence of the zero of the pressure function. We will see right now that the
existence of that zero requires that 7 is sufficiently close to as. In the following
we can and do assume that this is always the case. Notice that the precise choice
of the metric is without any importance since the pressure does not depend on it
(Proposition 5.26).

Fix a tame potential ¢ = —tlog |f’|- + h and consider the two-parameter family of
potentials

bqr = —Tlog|f'|; +q¢; ¢, T €R.
Note that ¢4 7 is a T + gt-tame function.

LEMMA 7.2. Let f: C — C be a dynamically regular function of order p > 0
that has the divergence type property (Definition 1.4). There exists 79 < as, such
that for every 79 < 7 < a, we have the following.

For every ¢ € R there exists a unique T' = T'(¢) € R such that P(¢,r) =0. In
addition T'(q) > £ — qt or, equivalently, (¢,T(q)) € X2(¢, —log|f'|7).

PRrOOF. The function T' — P(¢, 1), T > £ — qt, being differentiable (Lemma
6.5) with
OP(é
% = _/IOg\f/\rdﬂqmtlog\qu < —logy <0

(Theorem 6.14) we conclude that this function is strictly decreasing with
lim P(¢p, 1) = —o0.
T—oo

It remains to show that P(¢q7) > 0 for some T' > £ — gt because then the function
T — P(¢q,1) has exactly one zero

p
T(q) > z qt.

In order to do so, set s = T + ¢t and ¢, = —slog|f'|- + gh = ¢gr. If f has

a pole then, by the assumption made in Definition 3.1, it also has a pole b of

maximal multiplicity ¢ < oo and oy = 1+ %. The divergence type assumption (1.3)

and a result in [My3] (more precisely the Remark 3.2 in that paper) shows that
HD(J7,-(f)) > £ which implies that

P(¢so)>0 y S0 =

S

provided 7 satisfies
p_p
— < = < HD(J:-(f)).
L <L cup ()

So, let finally f be entire. Notice first that, with the balanced growth condition
and the fact that as is a constant function (Definition 3.1), the calculations leading
to (4.4) give the following lower estimate.

s . ﬁfsefq‘lh”oc
Lo Mw)= > [f ()], >

zef~H(w)

Yool L we (),

(aa—7)s
[l e (w)



7.2. THE TEMPERATURE FUNCTION 85

for all s > sg = p/7. Denote now for every R > 0
Y (u,a) = Z 2|7 , aeJ(f)andu > p.
z€f~1(a)ND(0,R)
Claim: There exists R > T such that
YE(p,a) > A =8r*oelitll forall a e J(f)ND(0,R).

Suppose this claim holds. Let 79 < ap be such that R(®>~70)%0 < 2 Then for
every T € (79, a2) and every s > sq sufficiently close to sg we get

Ly, W(w)>2 for every we J(f)ND(O0,R)

from which P (15,) > 0 follows.
It remains to prove the claim. Let R > T and let a € D(0, R) N J(f). We get
precisely in the same way as in (2.5) that

R R
N(t,a) N(t,a)
R 2 ) )
E%(p,a) > p /0 ot dt > ~/l;3g|a| ) dt.

From the sharp form of the SMT (Lemma 2.4), it follows that

SPpa) > P /RA Nr+Aa) [ 7 " ] /RA AN(r+4a) ,
a = —_—Aar
P =7 I rptl r+A log |a|—A rptl

ogla|—A

V

R—A
T(’l") 1—
dr — Cy — Cy (1 g
- /log|a|A o1 4 = C1 = Ca (log Jal)

for some constants Cy,Cy > 0. If the order p > 1 then (log|a|)' ™ is bounded
above. Consequently there are C5, Cy > 0 such that

In the case when 0 < p < 1, we have (log|a|)'™” < (log R)'™* = (log(R — A))' 7.
Therefore
m-a 1)

1
log R—A rPt

>E(p,a) > Cs dr — Cy — C5 (log(R— A))' ™7

for some C5 > 0. The assertion follows now from the assumption (1.4). O

If ¢ = 0 then ¢4 = —T'log|f’'|- is what we called a geometric potential, i.e.
no additional Hélder function is involved. The following result justifies particularly
well this denomination. It gives in the same time a geometric meaning to this
unique zero of the pressure function. This Bowen’s Formula has been obtained in
MyU2].

THEOREM 7.3 (Bowen’s Formula). With the assumptions of the above Theo-
rem, the only zero h of T — P(=Tlog|f’|,) is

h = HD(Z(f))-
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PROOF. Denote pn = p_piog|fr|, and mp = m_piog|s|.. First of all, the
Variational Principle (Theorem 5.25) gives

0= P(h) = hy, — hxp,-
Consequently we get from the Volume Lemma (Theorem 7.1) and the fact that
pun(Jr(f)) =1 that

h= " _HD(,) < HD(,(f)).
Xpn

It remains to establish the opposite inequality HD(7-(f)) < h. Since pp is an
ergodic measure there is M > 0 so large that g, (Jr am(f)) = 1 where

Jra(f) = {z € J(f) - liminf [f*(z)] < M}.
Consequently my (J- a(f)) = 1. Since J(f) N D(0, M) is a compact set,
Qu = inf{my, (D(w,68) : w € J(f) N D(0,M))} > 0.

Now, fix z € J, pm(f) and consider an arbitrary integer n > 0 such that f"(z) €
D(0, M). It follows from conformality of the measure my,, Koebe’s Distortion The-
orem and the fact that P(h) = 0 that

(D (=K (Y ()Y) = 1) ) mn (DU (), 8))
n(, h
ZQMI(f")'(Z)_h(U ( )') .

2|
Recall that D(0, T)NJ(f) = 0. Therefore my, (D (2, 0K|(f™) (z)[71)) = [(f™)(z)|~".
Thus, there exists ¢ > 0 such that for every z € J, p(f)
D K6 ny/ -1
lim sup 7mh(D£z’T)) > limsu mh( (z, ¢ )(Z)}‘L )) >c
=0 " oo (BOI(f) (=) )
This implies that HD(7,.(f)) < h and the proof is complete. O

(7.12)

Let us now come to general ¢ € R and potentials ¢4 7. In the following defini-
tion it is important to normalize the potentials. Subtracting P(¢) from ¢, we can
assume without loss of generality that

P(¢) =0

and call ¢ normalized.

DEFINITION 7.4. Suppose that ¢ is normalized and set again ¢, r = —T log | f'|,+
q¢. The temperature function is

geER—T(q) € (g—qt,oo)

where T'(g) is the only zero of T' — P(¢q,1).
Bowen’s Formula can now be reformulated as T'(0) = h = HD(7,(f)).

THEOREM 7.5. The temperature function ¢ — T(q) is real analytic with
T'(q) < 0 and T”(¢q) > 0. In addition the following are equivalent:

(1) T” vanishes in one point.
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(2) T” vanishes at all points.

2

(3) Ko = Hirr(q)10g] 1.

(4) ¢ and T’(q)log|f'|; are cohomologous modulo a constant in the class of
all Holder continuous functions.

If one of these properties holds then —T7(q) is constant equal to h the only zero of
the pressure function t — P(—tlog|f’|;) which is h = HD(Z,-(f)).

We put in the following
Mg = Mq¢—T(q)log|f'l: = Mg r@ -+ Ha = Hégrg:

PRrOOF. By assumption, the potential ¢ is normalized, i.e. P(¢) = 0. Since,
by Theorem 6.14 and the expanding property of f,

oP

G =~ [o81fdy < 1oz <.

applying Lemma 6.6, we infer that the function ¢ — T(q), ¢ € R, is real-analytic.
Differentiating the equation P(¢, r) = 0 and using Theorem 6.14 again, we obtain

oP oP
(7.13) 0= ET/(Q) + 9 —T/(Q)/log |/ |dpg + /¢duq-
Therefore
(7.14) T = 40

Jlog|f'|-dpuq
The equality T'(0) = h = HD(J,.(f)) is just Bowen’s Formula. Let us now show that
the function T : R — R is convex, i.e. that T"(q) > 0 for all ¢ € R. Differentiating
the first part of (7.13), we obtain

T’(q)282—P + 21" (q )3 P(¢q.1) + 82

1" _ ot? 0qot
T (Q) - P
(7.15) p ot b oep
T % +277() Sy + B
Xiq ’

where x,, = Jlog|f'|dug is the characteristic Lyapunov exponent of the measure
ftq- Invoking Theorem 6.15 we see that
o’pP o*p o’p
ﬁ:Uiq(—lOgqu ) a 8t ,121, ( 10g|f |7’7 ) an :Uqu(¢)7

Using these formulas a straightforward but lengthy calculation, based on Theo-
rem 6.15, shows that
9P 9P 5P

(116) ., T"(0) = T'(0)* Gz +27(0) 5o + 5oy = %, (T (@) g |- + 0).

Since 67, ,(=T'(q)log|f'|- + ¢) > 0 (and x,,, > 0), we conclude that 7"(g) > 0.
Passmg to the proof of the the equivalence of the assertions (1) to (4), notice
that, in view of (7.15) and (7.16),

T"(q) =0 if and only if 67 (=T"(q)log|f'|- +¢) =0,

14

which, in view of Proposition 5.21, implies that the function —7"(q)log|f’|- + ¢ is
cohomologous to a constant, say a, in the class of Hélder continuous functions on
J(f). But this can only happen if —7"(q)log|f'|; + ¢ = h is a 0—tame potential
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(cf. Theorem 5.20). In particular, this function is bounded and cohomologous to a
constant in which case we have the equality

52(h) = o2(h)

in the CLT. Therefore T7"(q) = 0 for all ¢ € R. Finally, the equivalence between
(3) and (4) is given in Theorem 7.5. O

7.3. Multifractal analysis

Recall that we investigate here the multifractal spectrum Fy(a) = HD(Dg(ar))
where Dy(a) = {z € J,(f); du,(z) = a}. One of our goals is to establish that the
multifractal formalism is satisfied meaning that F, and the temperature function
build a Legendre transform pair. If £ is a strictly convex map on an interval I, then
the Legendre transform of k is the function h of the new variable p = k'(x) defined
by

h(p) = maz{pr — k(x)}
everywhere where this maximum exists. It can be proved that the domain of g
is either a point, an interval or a semi-line. It is also easy to show that ¢ is
strictly convex and that the Legendre transform is involutive. We then say that
the functions k£ and h form a Legendre transform pair. The following fact gives a
useful characterization of a Legendre transform pair.

FAacT 7.6. Two strictly convex functions k£ and g form a Legendre transform
pair if and only if g(p) = pxr — k(z) with p = k().

THEOREM 7.7. Let f: C — C be a divergence type and dynamically regular
meromorphic function of order p > 0 and let ¢ = —tlog|f’|.+h be a tame potential.
Then the following statements are true.

(1) For every q € R,
Fola) =aq+T(q) with a =-T'(q).

If pg # B—niog|s|, then the functions a — —Fy(—a) and T'(g) form a
Legendre transform pair.

(2) The function o +— Fy(a) is real-analytic throughout its whole domain
(a1, a2) C [0, 00).

(3) a1 = ap if and only if 1y = p_piog |, With h = HD(J.(f)) (and then
Q] = Qg = h)

In order to prove this result we need the following auxiliary considerations. First
we define a set J..(f) C J,(f) suitable for multifractal analysis on balls. Given
R > 0 and a point z € J.(f) let n; = n;(z, R) be the sequence of consecutive
visits of the point z to D(0, R) under the action of f, i.e. this sequence is strictly
increasing (perhaps finite, perhaps empty) with " (z) € D(0, R) for all j > 1 and
f™(2) € D(0, R) for all nj < n < njy1. Let Mg be the set of points z € J,.(f) such

that ,
Nj41—MNj n; .
g ELT TG ED_ may
j—oo log |(f73)"(2)] oo My
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where n; = n;(z, R). Denote then
jrr(f) == U MR-
R>0
Observe that if z € Mp then, for every p > 1,
1 Njtp—n5\ ( £ )
hm Og'(f s J)/(f ]<Z))| =0 and hm nJ+P =1.
j—o0 log [(f")"(2)] j—oo ny

Now let us record the fact that this set J,.-(f) is dynamically significant.

ProroSITION 7.8. If i is a Borel probability f—invariant ergodic measure on
J(f) with finite Lyapunov exponent x, (which is in particular the case for every
Gibbs state py with ¢ a tame potential), then u(J(f)) = 1.

PROOF. Let R > 0 such that D(0, R)NJ(f) # 0. We keep the notation n; for
n;(z, R). Since

(f"1)'(2)

FraeTm (£ (2)) = St
ey () = Y
and since by Birkhoff’s Ergodic Theorem
lim 29—
for p—a.e. z € J.(f), the proof is concluded by applying Birkhoff’s Ergodic Theo-
rem to the integrable function log | f'|. O

Given a real number « > 0, we define the following set.
. P(¢)n — S,9(2) }
Kg(a :{zEJTf lim ——————~ =qa.
+() )+ B Pog |7y (o)
ProprosITION 7.9. For every a > 0, we have that

Key(a) 0 Jr(f) C Dg(a).
PROOF. We are to prove that if z € J,..(f), then

lim P(9); = 5;6(2) _.Sj¢(z) =a = lim log 1o(D(z,1)) _ a

2% Tlog | (77)/ () L

And indeed, take z € J,.(f) and assume that the left-hand side limit of (7.17) is
equal to a. Let R > 0 such that z € Mg and denote again n; = n;(z, R). Fix

r € (0,1) small enough and let j = j(r) > 1 be the largest integer such that

(7.17)

(7.18) r| () ()| < /4.
Then
(7.19) r|(f) (2)] > 6/4,

It follows from (7.19) and Koebe’s Distortion Theorem that
fZre (D(f7(2), (4K)716)) € D(z,7)
and from (7.19) along with Koebe’s 1-Distortion Theorem, that
fom (D(f”-f(z), 5)) D D(z,r).
Put
¢ =¢—P(¢).
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Applying Lemma 4.21 we therefore get that
my(D(z,7)) < mg(f277 (D(f(2),0))) < Copexp(Sn;1(2))mg (D(f™(2),0))
< Cy exp (S, 9(2))

and
mg(D(z,7)) > mg(f7" (D(f4(2), (4K)716)))

> Cy ' exp(Sn,,,¥(2))me (D(f7 (2), (4K)710))
> TC’¢:1 exp(Sanrl1/1(2))7
where T' = inf{my(D(w, (4K)~'0) : w € J(f) N D(0,R)} > 0. Using these two
estimates and both (7.18) and (7.19), we obtain
(7.20)
log(mo(D(z1))) _ 08 Co+ S, 0(z)  lowCo+ 8,,0(2)

logr 7 losT T log(s/4) — log | (£ (2)) ()
_ log Cy + Snjw(z) .
log(8/4) — log |(f3(2))' ()| — log | (fro+2m)' (f71(2)|

and
(7.21)
log(mg(D(z,7))) _ logT —1logCy + Sn;.,¥(2) _ logT —log Ty + Sn,,¥(2)

- log "~ log(8/4) — log |(f71(2))'(2)]
B logT —log Cy + Sp,,, ¥ (2)

log(8/4) ~ log | (£ (2))"(2)] + log | (frer=m)' (£ (2))]
Dividing the numerators and the denominators of the right-hand sides of (7.20)
and (7.21) respectively by log’(f”j(z))/(z) and log‘(f"j“(z))/(z)‘, and noting

also that lim, o n;y = limy o741 = +00, we thus get that

o loBma(D(z 1)) log(mo(D(z:1))) _

log r

>« and limsup

r—0 logr r—0 logr
Since lim,_,q w = lim,_q W, we are done. O
PRrROOF OF THEOREM 7.7. Remember that
Mq = Map—T(q)log |f'|» = Mogriy - Hg = By r

and a = —T"(q).

In order to prove (1), we first give the estimate of the function () from below. By
Birkhoff’s Ergodic Theorem and Proposition 7.8 there exists a Borel set X C J,...(f)
such that p14(X) = 1, and such that for every z € X,

.1 n 1
Jim S log () (0)] = [ 1og|lduey and Jim 8, 0070)(0) = [ 64
Hence, using (7.14), we obtain for every x € X

lim —Sndq,1(q) (T) _ fﬁbq,T(q)d/v‘q -

nmoe Tog [(FY (@)~ [log|f/ldpg
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In other words, X C J;(f)NKs, 1, (@) and hence, by Proposition 7.9, X C Dy(a).
Thus, the Volume Lemma (Theorem 7.1), the fact that P(¢4 7)) = 0, the
Variational Principle (Theorem 5.25) and (7.14) imply that

Fyla) = HD(Dy(a)) > HD(X) > HD(py) = h;;,(f)
(7.22) . o
- T(Q)Xuqxﬂ 1o _ () = qu;% =T(q) —qT'(q).

This gives the required lower bound for Fy4. For the upper bound of Fy let us fix
an element x € Dy(c). Since x € J,(f), there exist M > 0 and an unbounded
increasing sequence {k,}5, such that |f*»(x)] < M for all n > 1. The estimate
(7.12) gives us that

mg (D (x,6](f*) ()| 1)) = Cexp(Sk, (—=T(q)log |f'| + q¢)(z))
with some constant C independent of z and n. Hence,

log my(D(x, 7)) logmy (D (x,6](f*)'(x)| "))

dag T oer SRR Gl )
o =T log | () ()] + 45, 6(x)
ST @l

Take now the measure my. By the same arguments as above one get’s from con-
formality of this measure that

mg (D (z,0](f)' (2)|71)) < ¢ exp(Sk, (¢)(x)).

Since = € Dy(r) we get
logmy (D (z,0(f*)'(2)I7")) _ . Sk, (9)(x)

= 1li > 1
TR T oI @) T ke log(d
Together with (7.23) we finally have
L dogmy(D(e.r)
r—0 log T

—
=
o
3
<
<
—_
8
<
|
_
—

<T(q)+ qao.

So the proof of item (1) is complete.
The assertion (2) results from (1) together with Theorem 7.5. The same The-
orem 7.5 yields also (3). O






CHAPTER 8

Multifractal Analysis of Analytic Families of
Dynamically Regular Functions

Fixing a uniformly balanced bounded deformation family of divergence type dy-
namically regular transcendental functions we perform the multifractal analysis for
potentials of the form

—tlog|fyls + R,

where h is a real-valued bounded harmonic function defined on an open neigh-
borhood of the Julia set of a fixed member of A. We show that the multifractal
function Fy (A, o) depends real analytically not only on the multifractal parameter
a but also on A. As a by-product of our considerations in this chapter, we repro-
duce from [MyUZ2], providing all details, real-analytic dependence of HD(J,.(fy))
on A (Theorem 8.11). At the end of this chapter we provide a fairly easy sufficient
condition for the multifractal spectrum not to degenerate.

8.1. Extensions of Harmonic Functions

Fix d > 1. Embed C? into C2¢ by the formula

(1 + iy, 22 + Y2, ..., Ta + Wa) = (T1,Y1, T2, Y2, - -, Td, Yd)-

For every z € C? and every r > 0 denote by Dg(z,7) the d-dimensional polydisk in
C? centered at z and with "radius” . By B(X, R) we will denote the ball centered
at the set X with radius R. We will need the following lemma, which is of general
dynamics independent character.

LEMMA 8.1. For every M > 0, for every R > 0, for every A\’ € C¢, and for
every analytic function 9 : Dg(\°, R) — C bounded in modulus by M there exists
an analytic function Rt : Dag(A°, R/4) — C that is bounded in modulus by 4¢M
and whose restriction to the polydisk Dy(\°, R/4) coincides with Ret, the real part

of 1.
Proof. Denote by Ny the set of all non-negative integers. Write the analytic
function ¢ : Dg(\°, R) — C in the form of its Taylor series expansion
YA A2, Aa) = D aa(Ar = ADM (A2 — A% .. (Ag — A
aeNg

By Cauchy’s estimates we have

M
(8~1) |aa| < W
93
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for all a € N. We have
Rey(A1, Az, ..o, Aa) =

=) Re [aa (Z (O;> (Re; — ReA?)? (TmA; — ImA?)m"’ialp) :

aeNg p=0
[P
' <Z <a2) (Reds — ReAd)” (Tm, — ImAS)‘”piﬂzp> :
p=0 p
ag
’ (Z <0‘1> (Re/\d - Re/\g)p(lm)\d - Im)\g) ad_piad_p> ]
—~\»
P
d g0 4 g B @)
= Z Re aﬁH< ! ﬁ(l) ! ) 8" (Re); —Re/\o) (ImA; —Im)\?)ﬁj
BENZd Jj=1 j
g + g @ @)
= Y Relaq H ( 0’ )iﬁf’ (Red; —ReA?)™ (Tmx; — mA%) %,
BENZd Jj=1 6j
where we wrote 3 € N2¢ in the form (ﬂ(l) ,6’(2), él), 52), ceey ((11)7 ((12)) and we also
put B _ ( (1) 5(2) (1) ﬁ(Q) (1) 6(2)) c Ng Set
6(1) 6(2)
cg = Re @BH< 1)3 )/3(2)
Jj=1 ﬁj

Using (8.1), we get

ﬂ(l) 5(2) o d .
leal < lag] H( 4 ! ) < MRVIT] 2% +5" = MR- 1A12ldl.
j=1

Thus the formula

(2)
§Rw(ivlvylyx27y2a" xd»yd Z CﬁH Re>\0 ( —Im)\o)ﬁ
BeNZd  j=1

defines an analytic function on Dag(Ag, R/4) and
|§R7/1(I1,y1,$27y2, s 7$d7yd)| < 4dM

Obviously RvY|p,(xe,r/4) = Ret|p,(ro,r/4), and we are done. O

LEMMA 8.2. Suppose that X is a closed subset of C. Fix R > 0 and g :
B(X,R) — R, a bounded harmonic function. If § : B(X, R) — C is a holomorphic
function whose real part is equal to g, then

Ly, :=sup{|§'(2)| : z € B(X, R/2)} < oo.

In particular § : B(X, R/2) — C is Lipschitz continuous with Lipschitz constant
L.
g
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Proof. Since g : B(X,R) — R is bounded, there exists A > 0 such that
—A < g(2) < A for all z € B(X,R). Consider the function G(z) = exp(g(2)),
z € B(X, R). Then
(8.2) e A <IG(z) < et
for all z € B(X, R). Then for every z € B(X,R/2), B(z,R/2) C B(X,R), and it
follows from Cauchy’s Estimate that
(8.3) |G’ (2)] < 2¢*R7L.

Since G’ (z) = G(2)§'(2), we get §'(z) = G'(2)/G(z), and applying (8.3) along with
(8.2), we obtain that for all z € B(X, R/2)
- G (2)]

9'(2)] =
G(2)]
We are done. 0

< 2e*AR~T.

8.2. Holomorphic Families and Quasi-Conformal Conjugacies

Fix A, an open subset of C¢, d > 1. We say that a family M = {fi}xrea of
dynamically regular meromorphic maps is analytic if the function A — fy(2), A € A,
is meromorphic for all z € C and the points of the singular set sing(f, 1) depend
continuously on A € A. We recall from the introduction that My is of bounded
deformation if there is M > 0 such that for all j =1,.... N

dfx(2)

(8.4) N <M|fi(z)] , ANEA and z € T(f»).
j

The Speiser class S is the family of meromorphic functions f : C — C that have
a finite set of singular values sing(f~!). We will work in the subclass Sy which
consists in dynamically regular functions f € S that have a strictly positive and
finite order p = pf) and that are of divergence type.

Recall that the family My C Sy is of uniformly balanced growth provided every
fr € My satisfies the condition (1.6) with some fixed constants k > 1, @; € R and
a, < @p. We assume further that aq > 0.

The work of Lyubich and Mané-Sad-Sullivan [L1, MSS] on the structural stability
of rational maps has been generalized to entire functions of the Speiser class by
Eremenko-Lyubich [EL]. Note also that they show that any entire function of the
Speiser class is naturally imbedded in a holomorphic family of functions in which the
singular points are local parameters. Here we collect and adapt to the meromorphic
setting the facts that are important for our needs. We also give an interpretation of
the bounded deformation assumption of My near fyo in terms of a bounded speed
of the involved holomorphic motions. A holomorphic motion of a set A C C over
U originating at A\° is a map G : U x A — C satisfying the following conditions:

(1) The map A +— G(A, z) is holomorphic for every z € A.

(2) The map Gy : z — Gx(z) = G(\, 2) is injective for every A € U.

(3) Gyo = id.
The A-lemma [MSS] asserts that such a holomorphic motion extends in a quasi-
conformal way to the closure of A. Further improvements, resulting in the final
version of Slodkowski [Sk], show that each map G, is the restriction of a global
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quasiconformal map of the sphere C. We recall that frg € My (or simply A € A) is
holomorphically J-stable if there is a neighborhood U C A of A° and a holomorphic
motion Gy of J(fyo) over U such that GA(J(fro)) = T (f») and

G)\ OfAO = f)\ OG)\ on j(f)\o)
for every A € U.

LEMMA 8.3. A function fyo € M, is holomorphically J-stable if and only if
for every singular value a; yo € sing( f;f) the family of functions

A f}T\L(aj,)\) , n=>1,
is normal in a neighborhood of A°.
PRrROOF. This can be proved precisely like for rational functions because the

functions in the Speiser class S do not have wandering nor Baker domains (see [L2]
or [BM, p. 102]). O

From this criterion together with the description of the components of the Fatou
set one easily deduces the following.

LEMMA 8.4. If M is an analytic family of bounded deformation and uniformly
balanced growth, then each element fyo € M, is holomorphically J-stable.

We now investigate the speed of the associated holomorphic motion.

PROPOSITION 8.5. Suppose that My is an analytic family of bounded defor-
mation and uniformly balanced growth. Fix A\° € A and let G be the associated
holomorphic motion over A (cf. Lemma 8.4). Then there is a constant C' > 0 such
that

<C

0A;
for every A € U, a sufficiently small neighbourhood of \° € A, and every z € J(fo)
and j = 1,...,d. It follows that GG converges to the identity map uniformly on
J(fro) NC (in the Euclidean metric) and, replacing U by a smaller neighborhood
if necessary, there exists 0 < 7 < 1 such that G is 7-Holder for every A € U.

‘36',\(2)

PROOF. Let G be the holomorphic motion such that f) o Gy = Gy o fyo on
J(fxo) for A € U and such that there are ¢ > 0 and v > 1 for which

(8.5) () (2)| > Y™ for everyn >1, z € Jy, and X € U.
(cf. Fact 2.10). Denote z) = G (z) and consider

F,(\2) = fL(2x) — 2a.
The derivative of this function with respect to A; gives

9 R 9 9

o, T 2) = 5 (Ga) + (R (GA () g-Galz) — 5-Gal2).
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Suppose that z is a repelling periodic point of period n. Then A — F,(\,z) =0
and it follows from (8.5) that

‘aG,\(z) e ) |
Ry L= (G|~ |Gy T

. n . B B g1
Since %(Z)\) = %( Y 2n) F A=) £>}\j (2x) we have
9 _
Lt

AT @] R ()]

Making use of the expanding (8.5) and the bounded deformation (8.4) properties
it follows that

Apj < ’ + An_1j-

M
An,j S C’}/n_il + Anfl,jﬁ

The conclusion comes now from the density of the repelling cycles in the Julia set

T (fro):

oG M
‘ai\iz) < ?ﬁ for every z € J(fro).
The Holder continuity property is now standard (see [UZ2]). O

8.3. Real Analyticity of the Multifractal Function

Keep notation and terminology from the previous section. Fix ¢ > p/7, A9 € A, and
a bounded harmonic function h : B(J(fx0), R) — R with some R € (0,0). By J-
stability of fy, proven in Lemma 8.4, there exists a sufficiently small neighbourhood
U C A of \? such that J(fy) C B(J(fro), R/2) for all A\ € U. Then for all A\ € U
the function

¢r = —tlog|fylr +h:B(J(fr), R) = R

restricted to J(fy) is a tame function with respect to the map fy : C — C. We
prove first the following.

LEMMA 8.6. Both functions z — h o Gx(z) — h(z) and z — log |f{(GA(2))|r —
log | f{o(2)]r, 2 € T (fxo), are weakly B-Hélder on a sufficiently small neighbourhood

U of A° € A. The corresponding (-variations are uniformly bounded above, say by
V.

Proof. By Lemma 8.2 and by Proposition 8.5 the function z — ho G (z) — h(z)
is B-Holder continuous (8 < 1) with the S-variation uniformly bounded above in a
sufficiently small neighbourhood of A°. By Corollary 2.13 the function log |}, (2)|
is weakly Lipshitz. Using again Corollary 2.13 along with Proposition 8.5, we get
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for all v € J(f) and all z,w € D(f(v),d) that
[log | /A (GA(froy (W) = log | FA(GA(fxl, ()] | =

= o8 145 b1y (o (G = 108 LA (fr b, () (G (D)
— log (5.6, ) (CA (s =108 (F5 &, ) (GA(w)) ]+
< GA(2) = Ga(w)] = Jw — 2P,

We are done. O

Denote zy = Gx(2), z € J(fro) and A € Dea(A\°, R). Remember that G, — id
uniformly in J(fyo) (Proposition 8.5). Since 0 ¢ J(fyo) the function

A ()7 (o))
v =5 () ey

is well defined on the simply connected domain D¢a (MY, R). Here we choose w +— w”
so that this map fixes 1 which implies that

.\ =1 forevery z€ Jo=T(fr) \f,((»l(00>

For this function one has the following uniform estimate.

LEMMA 8.7. For every € > 0 there is 0 < re < R such that |¥,(\) — 1] < ¢ for
every A € Dea (A2, r.) and every z € Jo.

PROOF. Suppose to the contrary that there is € > 0 such that for some r; — 0
there exists \; € Dca (A%, 7)) and z; € Jo with [¥. ();) — 1| > e. Then the family
of functions

F = {\IJZ A ._70}
cannot be normal on any domain Dca(AY,7), 0 < r < R. This is however not true.
Indeed, the uniform balanced growth condition (Definition 1.6) yields

WL\ < 2|2 [ fa(22) 222 BN 2y | o (2) |7 _ a(zn)
R EE U C TR I PN CY fro(2)
for every z € Jp and |A — \°| < R. Since fy(2)) = G o fro(2), Gx — Id uniformly

in C and since az(z) < @ it follows immediately that F is normal on some disk
Dea(X2,7), 0 <r < R. O

as(z)—T

22|
z

T

Let log : D(1,1) — C be the branch of logarithm uniquely determined by the
requirement that logl = 0. In view of Lemma 8.7 for every z € J(fxo), the
function A — logW,, A € D(Ag,r) C U, is analytic and bounded above by log 2.
Consider its Taylor series expansion

log Wo(A) = Y aa(2)(A1r = AD)* (A2 = A9)*2 ... (Ag — AD ™.
aeNg

By the definition of holomorphic motion, Lemma 8.2, and Lemma 8.4, for every
z € J(fr), the function A — (h(Gx(2)) — h(2)), A € D(Xo,7), is analytic and
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bounded above by 2||h||s. Consider its Taylor series expansion
= Z b (2) (A1 — AD)* (Ag — A9)22 ... (Ag — A))™e
aeNg
It follows from the proof of Lemma 8.1, that with its notation, the series

%log\llz(xhylaanyQa“ xdvyd Z A H Re)\o )( —Im)\o) (2)

yENZ4 j=1
and
‘ oy1sY 0y
RA(z1,y1, 2, Y2, - - Tdy Yd) = Z H Re)\ ( —Im)\)
~YENZ j=1

define analytic functions on Dyq(Ao,7/4) and Rlog V. |p,(xg,r/4) = Relog ¥,
log |¥.| and RA|p,(rg,r/a) = ReA, = h(G(, ( )) — h(2)). In here

d (1) (2)
+7; @
A,(z) =Re H ( N ! )z i
7

Jj=1

and

SINC)
+ :
B,(z) = Re || (71 i >Z§>

j=1

By Lemma 8.6, it follows from Cauchy’s estimates that for all « € N&, allv € J(fxo)
and all z,w € D(f(v),?), we have

|aa(fro', (@) = aa(fro!, (D)) [ba(froty (W) = ba(fro', (2))] < V1w — 210
Therefore, for every v € N3, we get
Ay (o, () = Ay (fro),(2))] =

(2) @ | (1) + 7( ) 2)
= Re(aa,(f;ﬁv(w))ﬂf ) — Re(a@(f/@l,v(z))ﬂj )‘ H ( i )z i
j=1 7
d 1 (2)

_ @ _ @ +; ()

<[t on” = asrt 0 | T (7 o )i
(.6) PR
d (€] (2)

_ +7 el

= Jas (it @) = (as (St ()| TT ( " )i

< 2MMas (fro!, (w)) = (as( ", (2))
< 2|’Y‘Vr—"ﬂ‘w — 2|
and similarly,
(8.7) |B5(frotu (@) = By (fro (2))] < 201V~ Pljw — 27,

Now we can prove the following.



S0MULTIFRACTAL ANALYSIS OF ANALYTIC FAMILIES OF DYNAMICALLY REGULAR FUNCTIONS

LeMMA 8.8. Fix (go,Tp) € R? such that got + Ty > p/7. Then, with r > 0
as above, so small that (qo — (r/4))t + To — (r/4) > p/7, for every (A, q,T) €
D4((Mo, 90, To),7/4), the function

C)\,qu = —(qt + T)§R10g \I/(,)()\) + Q%A(.)()\) : J(fko) — C
is a member of Hj and
sup{[[[Crq.7llls + (A4, T) € Da((Xo, g0, To), 7/4)} < 0.

Proof. Tt follows from Lemma 8.1 that for all (A, ¢,T) € D4((Mo, g0, T0),7/4),
(8:8) [[Cxa.llso < 4% (2(lgo] + (r/4)IIRls +1og 2((|go] + (r/4)|t] + |To| + (r/4))).
Put Q1 = |qgo| + (r/4) and Q2 = (|go| + (r/4))|t| + |To| + (r/4). It follows from
(8.6) and (8.6) that for all (A, ¢,T) € D4((Xo,q0,T0),7/8), all v € J(fro) and all
z,w € D(f(v),d), writing A = (A1,1,A1,2,A21,A2.2. .., Ag,1, Aa,2), We have
[Cnar(Frohy (W) = Onar (frol, ()] =

=|— (¢t +T)(Rlog \If(f;ol’v(w))(A) — Rlog xp(f;)l’v(z))(/\)w
FaRAG g wyN) = RAG () V)]
< Q2Rlog ¥yt () (A) = Rlog ¥ ) (W] + QuIRA 1 1)) (M) = RA )y (V]

A0 oy

d 1 2
<@ 3 [L(r = Rex?)™ (Ao — A5 (B, (fik () — By (fioh (2)) 1+

:
yENzd j=1

d 1 2
+Q1 > [[(a - Re,\‘;)’*f(' )(,\j,2 - ImAg?)%(- )|A7(f;){v(w)) — A (frl ()]

yeNzd j=1
< (Q1+ Q2) Z Vr_"‘/|2‘7\|w _ Z‘ﬂ(r/@h\
yENZ?
=(Q1+Q2)V|w — 2P Z 2~ 1l
yENZ
— 44 B
=4 V(Ql + Q2)|w —z|”.
So, V5(Cr.q0.1) <49V (Q1 + Q2) and we are done. O

Now we obtain easily the following key technical result of this section.

LEMMA 8.9. For every (X, ¢,T) € Da((Xo, q0,T0),7/4), the function

Prgr = —(at +T)log|f3 - +ah+Cgr s T(fro) = C
is a -tame potential, the map (A, q,T) — Ly, . € L(Hg(T(fr0))), (A, q,T) €
Dy((Mo, g0, Tp),r/4), is holomorphic and
Oxqr = (¢0r — Tlog|f3]+) o G,
for all (A\,q,T) € D(Xo,7/4) x (g0 — (r/4),q0 + (r/4)) x (To — (r/4), T + (r/4)).
Proof. Lemma 8.8 implies that ¢ 41 @ J(fro) — C is a weakly S-tame poten-

tial. The choice of g, Ty and r > 0 (see Lemma 8.8 assures that this potential is
tame and that condition (d) of Theorem 6.2 is satisfied. Thus the condition (a) of
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Theorem 6.2 is satisfied. Since the function (¢, T) + ¢t+T is holomorphic and since
for every z € J(fxo), the function (X, g, T) — (x,q,7(%) is holomorphic (as the func-
tions R log ¥, and NA, are), the conditions (b) and (c¢) of Theorem 6.2 are satisfied.
Thus Theorem 6.2 applies (with G = Dy((Ao, g0, Tp),7/4)) and yields analyticity

of the map (A,¢,T) — Ly, ., € LH(T(fr0))), (X\,¢,T) € Da((Ao,q0,T0),7/4).
The last assertion of this lemma is obtained by the following calculation. Fix

(A q,T) € D(Xo,r/4) x (g0 — (r/4),q0 + (r/4)) x (To — (r/4), To + (r/4)). Then, for
all z € J(fxo), we get
Prgr = —(qt + T)log|f;, (2)] + qh(z) — (gt + T)Rlog ¥~ (A) + gRA- ()
= —(qt + T)log|f3,(2)l- + qh(z) = (gt + T)log [T~ (N)| + q(h o Gx(2) — h(2))
—(gt +T)log | f3,(2)]- — (gt + T)(log | f5 0 GA(2)|r — log | f3, (2)| + qh o Gx(2)
= (—(gt +T)(log |fil+ + gh) 0 Gx(2)
= (g5 — Tlog|f3l+) © Ga(2).
We are done. O

For every (A, ¢, T) € A x X (¢>\, —log |f,/\\r), let
(8.9) Py(q,T) = P(qpr — Tlog|f3]+)

obviously taken with respect to the dynamical system f) : C — C. Fix now Ao E A
and (qo,To) € R? such that got + Ty > p/7, i.e. (qo,To) € S2(¢r, —log]|fil-) N
assuming that A € D(Ag,7/4) with r/4 sufficiently small as above. Since the maps
fr and f,, are topologically conjugate on their respective Julia sets via the map
G, we get, using Lemma 8.9 that

(8.10) Px(a.T) = P(¢rq.1),
where the topological pressure on the right-hand side of this equality is taken with
respect to the dynamical system f,, : C — C. Now we can prove the following.

COROLLARY 8.10. The function (), ¢,t) — Px(¢,T), (A, q,T) € A x Xa(¢, ) N
R?, is real-analytic.

Proof. Keep Ao € A and (qo,Ty) € S2(dx, —log|f{|-) NR? fixed. Since, by
Lemma 8.9, ¢x 41 @ J(fro) — R is a S-tame potential, using (8.10), it follows
from Theorem 5.4 that exp(PA(¢,T)) (A, q,T) € D(Xo,r/4) X (g0 — (r/4),q0 +
(r/4)) x (To — (r/4),To + (r/4))) is a simple isolated eigenvalue of the operator
Ly .r € LH(T(fr0))). Hence, in view of analyticity part of Lemma 8.9, Kato-
Rellich Perturbation Theorem ([RS], Theorem XII.8 cf. [Ka]) is applicable to
yield r; € (0,7/4] and a holomorphic function v : Dy4((Ao, qo,T0),71) — C such
that (Ao, qo,to) = exp(P/\O(qo, TO)) and g(A, g, t) is a simple isolated eigenvalue of
the operator Ly, . € L(Hg(J(fx0))) for every (A, q,T) € D4((Mo, qo,To),r1) with
the remainder of the spectrum uniformly separated from (A, t). In particular there
exists o € (0,71] and 1 > 0 such that

(811) J(£¢A,q,T) N D(exp(P)‘O(quO))an) = {’Y(/\vt)}

for all (A, q,T) € D4((Xo,qo,T0),72). Since exp(P)\o(qo7 To)) is equal to the spectral
radius T(£¢Ao,qo,To) of the operator L4, . ., in view of semi-continuity of the
spectral set function (see Theorem 10.20 on p.256 in [Ru]), taking ro appropriately
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smaller, we also have that r(Ly, , ) € [0,exp(PXo(qo,T0)) +n). Along with (8.11),
this implies that exp(PA(q, T)) = (A, t). Consequently, the function (A t) —
P)\(qa T)v ()‘7 q, T) € D4((>‘O, q0, TO)v TQ) is real—analytic. U

Our first geometric result, proved in [MyU2]| concerns real analyticity of the Haus-
dorff dimension of the radial Julia sets J,.(fx), which is based on the corollary above
and on Theorem 7.3 (Bowen’s formula).

THEOREM 8.11. If M, is an analytic family of bounded deformation and uni-
formly balanced growth with ay > 0, then the function A — HD(J,.(f))), A € A, is
real-analytic.

Proof. The proof is a direct consequence of Corollary 8.10, Theorem 7.3, which
asserts that Py (HD(J,-(f))) = 0, and the Implicite Function Theorem supported
by Theorem 6.14 from which follows that

0
S PAD) = = [log]fil.du <0,

where the differentiation is taken at the point (A, HD(J,-(fx))) and p is the Gibbs
(equilibrium) state of the potential —HD(J,(fx))log|f3|-- O

From now on assume that the bounded real-valued harmonic function & is defined
on the set W = [Uycp B(J(fr),20y,) and Wy is disjoint from the postsingular
set of all maps fy, A € A. So, in particular, our, up to here considerations are
independent of the point Ag1A. In view of Lemma 7.2 and formula (8.9) for every
A € A and every ¢ € R there exists a unique ”"temperature” value Ty(¢q) € R such
that (q,7x\(q)) € Z2(¢r, —log|filr) N R? such that Px(q,Th(¢)) = 0. A direct
application of Corollary 8.10 and the Implicite Function Theorem supported by
Theorem 6.14, which asserts that

)
87|A,q,Tx(q)PA(QaT) = */loglfﬁ\fduq <0

(tq is the Gibbs (equilibrium) state of the potential g¢x —Th(q) log | f1|+), gives the
following.

COROLLARY 8.12. The temperature function (), q) — Tx(q), (A,q) € A xR, is
real-analytic.

In view of Theorem 7.7, for every A € A, the range of the function ¢ — —T%(g),
g € R, is an open interval (ay(A), az(A) with 0 < a3(A\) < az(N) < +o0o. As an
immediate consequence of Corollary 8.12, we get the following.

LEMMA 8.13. The functions A — «a1(A\) and A — as(A), A € A, are respectively
upper and lower semi-continuous.

In turn, as an immediate consequence of this lemma, we get the following.
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PROPOSITION 8.14. Recall that ¢x = tlog|fyl: +h: Uycp B(J(fr);65,) — R,
Then the set
Ut,h) = |J{A} x (a1(N),a2(A)) CC xR
AEA
is open.

Given A € A, let uy be the Gibbs state corresponding to the potential ¢, and the
dynamical system fy : J(fx) — J(fr). We define the function Fy : Uy, — [0, 2] by
the formula

Folha) = Fy, ().
The main theorem of this section and, in a sense, a culminating point of the whole
paper, is the following.

THEOREM 8.15. The function Fy : U 5, — R is real-analytic.
Proof. Tt follows from Theorem 7.7 that for every (A, ¢q) € A x R,
Fo(\ =Tx(a) = Tx(q) — aTx(q)-

Now, fix an element (Ao, ap) € Uy . Then ag € (a1(Xo), a2(Mo)) and, in particu-
lar, aq(Ao) < az(Ag). It then follows from Theorem 7.7 that there exists a unique
go € R such that ag = =T (qo) and Ty (o) # 0. Therefore, applying the Im-
plicit Function Theorem to the real-analytic function G(\, @, ¢q) = a + T5(q) (see
Corollary 8.12), we see that there exists a real-analytic function p : V. — R de-
fined on an open neighborhood V' C U, of (Ao, o) such that p(Ag, o) = qo and
a = =T{(p(A,a)) for all (\,a) € V. Hence, Fy(\,a) = Th(p(X, @) + p(A, a)a
for all (A\,a) € V. Since compositions and products of real-analytic functions are
real-analytic, we are done. O

We now shall look a little bit closer at the structure of the set U, 4. We start with
the following trivial observation following immediately from its definition.

PROPOSITION 8.16. The set U, j, is vertically connected, i.e. for every A € A,
the set ({A} x R) N Uy, is connected.

The family {¢x}rca of tame potentials is called essential if for no A € A, the
function ¢y is cohomologous to —HD(J,(fx))log|fi|- in the class of all Holder
continuous functions.

THEOREM 8.17. If the family {¢x}rea of tame potential is essential, then the
orthogonal projection of U(t,h) on C is equal to A. If in addition A is connected,
then so is U(t, h).

Proof. Let m; : C x R — R be the projection onto the first coordinate. It
is obvious that 71 (U(¢,h)) C A. Since family {@x}rea is essential it follows from
Theorem 7.7 that a1 (A) < ag(A) for all A € A. Consequently m1 (U (¢, h)) D A. Now,
it follows from Lemma 8.13 that for every A € A there exists radius r(A) > 0 such
that the set D(A,7(X)) C A such that Ux := U,cpi o it x (@1(7),a2(7)) C
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U(t,h) is connected. Suppose now in addition that the set A C A is connected.
Fix two arbitrary points (A, @), (A, &’) € U(t,h). Then there exists a compact
(polygonal) arc 7 joining A and A in A. The standard compactness argument
shows that there exist finitely many points A1, As,..., A, on 7 such that \; = A,
>\n =X and B(/\Z,’I"(Az)) N B()\i+1,7’()\i+1)) 75 () for all ¢ = 1, 2, e, — 1. Then all
the sets U(¢p, B(Ai,r(N;))) C U(t,h), i =1,2,...,n — 1, are connected and

Uxi NUx 1 = U{)‘}’ x (a1(N),a2(N) # 0

foralli=1,2,...,n—1, (A\,a) € Uy, and (N, ') € Uy, where the usnion is taken
over the set ¢, B(A;,7(A;)) N B(Xiy1,7(Ait1))). Hence, the set U(t, h) is connected
and we are done. (]

The next result provides an extremely easy to verify sufficient condition for a har-
monic tame potential to be essential. It follows from Theorem 5.20

PROPOSITION 8.18. If ¢ = —tlog|fi|-+h and t > 2, then the family {¢x}rea
is essential.

Proof. First notice that of ¢ and v are tame potentials cohomologous modulo
constant, then k(¢) = k(). Since k(—HD(J-(fr))log|fi]) = HD(J:(fx)) and
since HD(J,(fx)) < 2 for all A € Hyp, we are done. O
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