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Abstract

We study the case of an Axiom A holomorphic non-degenerate (hence non-invertible) map
f : P2C — P2C, where P2C stands for the complex projective space of dimension 2. Let A
denote a basic set for f of unstable index 1, and x an arbitrary point of A; we denote by
0%(x) the Hausdorff dimension of W;?(x) N A, where r is some fixed positive number and W} (x)
is the local stable manifold at z of size r; 6°(x) is called the stable dimension at z. In [5],
Mihailescu and Urbanski introduced a notion of inverse topological pressure, denoted by P,
which takes into consideration preimages of points. In [9], Verjovsky and Wu studied the case
of Henon diffeomorphisms for which they proved that the stable dimension is given by a Bowen
equality, hence it is independent of the point in the invertible case. Our non-invertible situation
is different since the local unstable manifolds are not uniquely determined by their base point,
instead they depend in general on whole prehistories of the base points. Hence our methods are
different and are based on using a sequence of inverse pressures for the iterates of f, in order to
give upper and lower estimates of the stable dimension (Theorem 2). As a Corollary, we obtain
an estimate of the oscillation of the stable dimension on A. When each point  from A has the
same number d’ of preimages in A, then we show in Theorem 3 that §°(z) is independent of z; in
fact 6%(z) is shown to be equal in this case with the unique zero of the map ¢t — P(t¢® —logd’).
We also prove the Lipschitz continuity of the stable vector spaces over A; this proof is again
different than the one for diffeomorphisms (however, the unstable distribution is not always

Lipschitz for conformal non-invertible maps).
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1 Introduction and notations. Inverse topological pressure

For the case of hyperbolic automorphisms on C? (Henon maps), Verjovsky and Wu ([9]) showed
that the Hausdorff dimension of the intersection between local stable manifolds and the Julia set is
given as the unique zero of a pressure function. For non-invertible conformal maps f (for example
holomorphic maps on the projective complex space P?) which are hyperbolic on a basic set A, the
situation is completely different, and as shown in [2] and [4], this stable dimension (precise definition
will be given later) is not equal to the unique zero of the corresponding pressure function. At the
same time, we do not have a uniquely determined unstable manifold going through a given point
of the basic set A. In order to deal with the non-invertible case, Mihailescu and Urbanski have
introduced a notion of inverse pressure ([5]), which takes into consideration all the inverse iterates
of points (instead of the forward iterates from the case of usual topological pressure). In this paper
we will obtain a theorem (Theorem 2) giving lower estimates of the stable dimension by using zeros
of inverse pressures of iterates of f. As a Corollary we obtain an estimate of the maximum possible
oscillation of the stable dimension on A.

Then, when the map is open on the basic set A, we will prove (Theorem 3) that the stable
dimension is independent of the point; in the proof we use again ideas and concepts related to
inverse pressure. Although these proofs and results may work for a more general setting (finite-to-
one conformal maps with hyperbolic structure on a basic set, and with the real dimension of the
stable vector spaces equal to 2), we preffer to state them in the case of holomorphic maps on P2
hyperbolic on a basic set A. Note also that in Theorem 1 we actually use the holomorphicity at the
end of the proof; Theorem 1 is used later in the proof of Theorem 2. As a final remark, we notice
that all the proofs work when A is just a compact connected invariant set, f is hyperbolic on A, f
is transitive on A and A has local product structure.

In this section we recall some definitions and properties of inverse pressure, which will be used
later. We consider the following setting:

X is a compact metric space, f : X — X is a continuous surjective map on X, and Y C X is a
subset of X. Due to the surjectivity of f, for any point y of X, and any positive integer m, there
exists y_,, € X such that f"(y_,,) = y. By prehistory of length m (or m-prehistory, or branch of
length m) of y, we will understand a collection of consecutive preimages of y, C' = (Y, Y—1, .., Y—m),
where f(y—;) = y—it+1,7 =1,..,m,yo = y. Given a prehistory C, we shall denote by n(C) its length.
Fix € > 0. Denote by C,, the set of all m-prehistories of points from X. For such an m-prehistory
C, let X(C,¢) be the set of points e-shadowed by C (in backward time) i.e:

X(C,e):={2€ Blyo,e) : 3z_1 € fH2)st.d(z_1,y-1) <&,y Iz € [ H2omp1)s.t. A2y yom) < €}

Given the m-prehistory of y, C = (y,y—_1,...,y—m) and a real continuous function ¢ on X, (we
denote the set of real continuous functions on X, by C(X,R)), one can define the consecutive sum
of ¢ on C,

Snd(C) = oY) + ¢(y-1) + - + O(y-m)

We may also use the notation S,,¢(y—m,) instead of S;,¢(C). We will define now the inverse



pressure P~ by a procedure similar to that used in the case of Hausdorff outer measure. Let ¢ be

an arbitrary continuous function, ¢ € C(X,R); let also A a real number and N a positive integer.

Denote by C, := Lio Cm. We say that a subset I' C Cy, e-covers X if X = CUFX(C’, g). Then define
m €

the following expression

M7 (X, ¢,Y,N,¢e) :=inf{>  exp(—In(C) + Sy$(C)),n(C) = NVC €T,
cer

and ' CCistY C U X(C,e)}
cer

When N increases, the set of acceptable candidates I' which e-cover X gets smaller , therefore
the infimum increases in the previous expression. Hence A}gnoo M; (X, ¢,Y, N, e) exists and will be
denoted by M]?()\,QZ),Y,s). Now, let PJT(QZ),Y,&) = inf{\ : M;(A,qﬁ,Y,s) = 0}. Consider two
positive numbers £1 < g2 and let us compare Py (¢,Y,e1) and P (¢,Y,e2). Given any prehistory
C, we have that X(C,e1) C X(C,e2), so if I' C Ci e1-covers Y, then I' also e9-covers Y. There-
fore there are more candidates I' in the expression of M 7 (A, ¢, Y, N,e9) than in the expression of
M, (A, @,Y, N,e1). This shows that for any N

Mf_()\7¢7Y7N752) SMJC_(A7¢7Y7N751)

Hence 0 < Mf_()\, ¢,Y,e9) < Mf_()\, ¢,Y,e1), and then from definition, Pf_(qb, Y, e9) < Pf_(gZ),Y,sl).
This proves that, when ¢ decreases to 0, Pf_ (¢,Y, ) increases, so the limit il_r)r(l) Pf_ (¢,Y, ) does exist
and is denoted by Py (¢,Y). Pf_(¢, Y') is called the inverse pressure (or inverse upper pressure) of
¢ponY. PJT (¢,Y,¢) is called the e-inverse pressure of ¢ on Y. This notion has been introduced in
[5], although here we have used different notations. When the map f will be clear from the con-
text, we may drop the index f from the notations for Pf_(qS, Y), Pf_(qﬁ, Y, e), Mf_()\, ®,Y,N,¢), etc.
Also, we will denote by Pf_(<b), Pf_(gb, £), Mf_(/\, ¢, N, ¢€), etc., the quantities Pf_(¢, X), Py (¢, X,¢),
M 7 (A, 0, X, N, ), etc., respectively. The following proposition provides some properties of P~.

Proposition 1. Let f : X — X be a continuous surjective map on the compact metric space X, €

a positive number and ¢ a function from C(X,R).
i) If Y1 C Y2 C X, then Py (6,Y1) < P} (4,Y2) and P} (6,Y1,¢) < P (¢, Ya,¢).
i) IfY = 'UJYj is a finite or countable union of subsets of X, then P (¢,Y,e) = sup P; (¢, Y], €)
J€ JjeJ
and P7(6,Y) = sup P} (6,Y;).
jeJ

iwi) If f is a homeomorphism on X, then Py (¢) = Py(¢), where Py(¢) denotes the usual (forward)

topological pressure of ¢ with respect to the map f.

w) P;(¢,Y) is invariant to topological conjugacy, i.e if f: X — X, g X' — X' are continuous
surjective maps and ¥ : X — X' is a homeomorphism such that W o f = go W, then
Pf_(q&,Y) =P, (¢o UL W(Y)), for any subset Y C X.



Proof. We will prove only part ii), the others are straightforward. Assume that Y = UJY is a
j€

finite or countable union of subsets of X. We will show that, given some € > 0, P; (¢,Y,¢) =
supr_(gb,Yj,E), for any function ¢ € C(X,R); the other equality, Pf_((;S,Y) = supr_(gZ),Yj)
J J

will follow similarly. First, directly from the definition of P~, it follows that Pf_(qb,Y,s) >
sup P]?(gb, Yj,e). Take now t > supP (¢,Yj,¢). Then there exists some number o > 0 so small
J

that t —a > Py (¢,Yj,€),Vj € J. So M, (t—o,¢,Y;,e) =0 for all j € J. But from the fact that

Mf_(t —a,¢,Yj,N,e) grows with N, we obtain that Mf_(t —a,¢,Y;,N,e) =0,Vj € JVYN > 0.

So, if N is fixed, then for any j € J there exists a set I'; C C, such that Y; C CUF X(C,e) and
el

n(C) > N,VC €T'; and we have

S eap(~(t — a)n(C) + Sy #(C)) < o

CEF]‘

Now, if we consider the collection I' := U F], then Y = UJY C U X(C’ e),n(C) > N,VC €T,
JjeJ je

and

S eap(—(t — a)n(C) + Sy $(C)) < 1

cer

This means that M, (t—a,$,Y, N,e) <1, hence M, (t,¢,Y,N,¢) < e~N. Thus M (t,¢,Y,e) =0

and ¢ > Py (¢,Y,e). In conclusion, since ¢ has been taken arbitrarily larger than s1€15)P (9,Y],€),
J

we obtain the required equality, P (¢, Y,e) = sup Py (¢,Yj,¢).
jeJ
O

Here are also some additional properties of P~, whose proofs can partly be found in [5]; the

proofs of the properties for e-inverse pressures are similar.

Proposition 2. Let f: X — X be a continuous surjective map on the compact metric space X,
Y a subset of X and ¢,v € C(X,R). Then:

i) Pf_(¢+a,Y) :Pf_(qb,Y)—i-a

i) If < ¢ on'Y and € is a positive number, then Py (¢,Y) < Py (¢,Y) and Py (¢,Y,¢) <
P (6,Y,e).

ii1) Pf_(-, Y') is either finitely valued or constantly oo.
w) [Py (9,Y) =Py (¢, Y)| < |[¢ —o|| if Py (-,Y) is finitely valued; a similar inequality holds for
the corresponding e-inverse pressures.

0) Pr(¢+of—9,Y)=Pr(4,Y).

vi) If ¢ is a strictly negative function on X, then the mapping t — P_(t¢ Y') is strictly decreasing
if PJT( Y) is finitely valued. Also the mapping t — Py (to,Y,e) is strictly decreasing.



The inverse entropy h~ obtained by definition as P~(0) is smaller or equal than the preimage
entropy h; ([5]) and actually, in the case of homeomorphisms, they both coincide with the usual
topological entropy (definitions and useful properties of h; are given, for example, in [6], [5], etc).
Another interesting property of P~ gives an alternative way of calculating the inverse pressure, by

using prehistories of the same length at each step:

Proposition 3. [[5]]
Let f : X — X be a continuous surjective map on a compact metric space X, and ¢ € C(X,R).

Denote by

Q. (p,e) = inf{z exp(S,,o(C)), I C Cpp,,, T € — covering X},
cer

Then P~ (¢) = lim lim % log @, (¢, €).

e—0m—oo

So, Proposition 3 says that we can also obtain P~ (¢) if in the original definition we consider
at step m only m-prehistories, then let m converging to oo, etc. This is due to the way in which
X (C,e) was defined and also to the possibility of concatenating two prehistories in order to obtain

a longer prehistory.

In the sequel, we will focus on the case of a holomorphic non-degenerate map f : P? — P2, where
IP? represents the 2-dimensional complex projective space P2C. Any holomorphic map f on P? is
given as f([z:w:t]) = [P(z,w,t) : Q(z,w,t) : R(z,w,t)], with P,Q, R homogeneous polynomials
in z,w,t, all having the same degree d. If d > 2, then f is called non-degenerate; in this case f is
non-invertible.

We shall assume in the sequel that f : P2 — P? is non-degenerate and has Axiom A; let A
be one of its basic sets of unstable index 1, meaning that Df has on A both stable and unstable
directions. For definitions and discussions of Axiom A for non-invertible maps [7] or [2] are good
references. An important point to remember is that, since f is not invertible on the invariant set
A, one has to define hyperbolicity with respect to the natural extension of A. We recall briefly this
notion and also how to define hyperbolicity in this non-invertible case.

Denote first by A := {# = (z,2_1,...)where z_; € A and f(zx_;_1) = z_;,i > 0,29 = x} and
call this set the natural extension of A with respect to f. Ais a compact metric space endowed
with the metric

d@,5) =Y Cl(“";y‘)
i>0
More general, we can define a metric dx on A for any K > 1 by setting
() = 3 A0
i>0
As above, we will not specify the constant K in the notation dx when K = 2. Also, it can be

noticed that for all K > 1, dg gives the same topology on A, namely the topology induced on the



subset A by the product topology on the larger space AN. We denote by r : A — A the canonical
projection 7(2) = z and by f the homeomorphism f : A — A, f(2) = (fz,z,x_1,...).

The hyperbolicity of f on A means that there exist constants C' > 0, \ > 1, and for every 7 € A,
a vector space E¥ C T,P?, and a vector space E¥ C T,P? such that Df(E¥) C Ejlf;, Df(E;) C E},

and we have the inequalities
IDFE )| < CN) ol [[DFE (w)]] = CN)|fuwl]

for every x € A,k > 0 and all vectors v € Ej,w € EY. In the definition of hyperbolicity on A
we assume also that ES & EY = T,P2, Vi € A and that E; depends continuously on z, while E¥
depends continuously on . E? is called the stable tangent vector space (or the stable space) at x.
EY is called the unstable tangent vector space (or unstable space) corresponding to the prehistory Z.
Like in the diffeomorphism case, it is possible ([7]) to show that, if  is small enough (for example

0 <r < rg), there exist stable and unstable local manifolds passing through z:
Wi@) = {y € P2 d(f'z, fiy) < ri > 0}

W4 (z) :={y € P*,3 § € n'(y) with d(y_s, z_;) < r,i > 0}.

If moreover f is holomorphic on P2, the local (un)stable manifolds on a basic set of unstable index
1, are analytic disks.

Now, given a point z € A and a small fixed number 0 < r < rg < w, denote by 6°(z) =
HD(Wg(z) N A), where HD stands for the Hausdorff dimension of a set. We shall call §°(z), the
stable dimension at x. In the sequel we shall suppose also that Cy N A = ), where Cy denotes the
critical set of f. Hence, one can define the negative function ¢*(y) := log|Df| E5|,y € A; as a
notational remark, E, is a one-dimensional complex space and [Df]| Ei‘ denotes the norm of Df
restricted to this stable space.

We studied the stable dimension in [2], [4], [5]. In [2], the first author showed that 6°(z) < 3,
where 7 is the unique zero of the pressure function t — P(t¢®) (the topological pressure being
calculated with respect to the map f|5). However in the above inequality we do not have equality
in general. Indeed the gap between ¢6°(x) and t? is influenced by the number of preimages that a

point from A has in A, as was explained in [4], where we obtained a better upper estimate ¢§:

Theorem. In the above setting, assume that the map f|n has the property that every point x € A
has at least d' < d preimages in A. Then §°(x) < t§, where t{ is the unique zero of the function
i h(f|a)—logd’

t — P(tlog|Df|gs| —logd’) and as a consequence, §°(x) < H()gsgm.
Yy
Another estimate for 6°(z) was given in [5], by using the unique zero t° of the inverse pressure

function t — P~ (t¢®), calculated again with respect to f|a:

Theorem. In the same setting as before, §°(x) < t°. Moreover, in case A can be written as

the union of countably many compact, pathwise connected and simply connected subsets, t° =
5%(z), Vo € A.



Let us focus now on the zeros tf(¢) of the e-inverse pressure functions for the iterates f"|4.
If A is a basic set for f, then f(A) = A, hence f"(A) = A,¥n > 0 integer. Let us denote
by Dfs(y) the linear map Df| gy, which can be identified with a complex number since Ej has
complex dimension 1; similarly, D fJ(y) denotes D f"|gs,y € A. Since f is holomorphic, [D f{(y)| =
DF()| - IDF(FY)] - - DL Y)Yy € A 65(y) = log IDF2(y)l,y € A, s0 ¢ is a strictly
negative function on A, which has finite values since Cy N A = (). From Proposition 2 vi) applied to
f"la + A — A, it follows that the function ¢ — P, (t¢y,,€) is strictly decreasing; since P, (0,¢) = 0,
and Pf_n (tgs,e) < 0 for t > 0 large enough, it follows that this strictly decreasing function has a
unique zero, denoted by 7 (). The same is true for the function ¢t — P}, (t¢?) which has a unique
zero tf. When n = 1 we denote t{(¢) by t°(¢), and t; by t°. We shall prove in the sequel that
t;(e) > t;,(e) and ¢}, = t°, for any positive integers n,p and any ¢ > 0.

First, we will prove that the stable spaces E, depend Lipschitz continuously on y € A. In
addition we will show the Lipschitz continuity of y — E; when y ranges in Wj(z) (= € A), and
moreover, that the Lipschitz constant on these stable leaves can be chosen independently of the point
x € A. Remark also that the unstable spaces do not depend Lipschitz on their base points since
in general they depend on whole prehistories. In [2], one of the authors showed that the unstable
spaces Y depend Holder continuously on £, with respect to a fixed metric dx on A; the respective
Holder exponent depends on the chosen constant K > 1. The following theorem was known in
the case of conformal diffeomorphisms, but up to our knowledge it has never appeared in the case
of non-degenerate holomorphic maps on P? (which are non-invertible). As it turns out below, the
non-invertible case requires its own proof, different than the one given for diffeomorphisms. (for
example, in this case we cannot use the inverse iterate f~!, and on the natural extension A we

cannot use a differentiable structure).

Theorem 1. Consider f : P? — P? a holomorphic Aziom A map, and let A be one of its basic sets
of unstable index 1, such that Cy N A = 0. Then the map x — E? is Lipschitz continuous as a map
from A to the bundle G1(A) of spaces of complex dimension 1 in the tangent bundle over A, i.e.
there exists a positive constant Y such that for all x,y from A, d(E%, E;) < Yd(z,y). In particular,
if ¢°(y) :=log ]Df\Eé l,y € A, then ¢° is Lipschitz continuous. Moreover, there exist a small r > 0
and 2 > 0 such that for any x € A and any pointsy,z € W7 (x), we have |¢*(y) —¢°(2)| < 2-d(y, 2).

Proof. For every K > 1 consider the metric dg on A, given by the formula

Lo d@_1,y-1)  d(z—2,y-2)
dg(2,9) = d(z,y) + i + 702 + ..

Notice that the topology given by dx on A is independent of K and is induced by the product

topology on a countable product of A’s. In the sequel we shall use a Pointwise Holder Section
Theorem from [10].

Theorem (Pointwise Holder Section Theorem). Let E = X X Y be a vector bundle over a
metric space X, where Y is a closed, bounded subset of a Banach space, and let m : E — X be the
canonical projection. Let F : E — E be a bundle map covering a homeomorphism h : X — X, i.e

mo F = hom. Suppose that F satisfies the following conditions:



1) F contracts the fibers of E in the sense that, for all x € X there exists a constant 0 < A\, <1
such that
A(F (2, ), F(z,2)) < Aad(y, ), ¥y, 2 € Y.

2) There exist constants L > 1 and o > 0 such that for all x,2’ € X andy €Y,

F(z,) — F(e',9)] < L+ d(z, '),
3) There ezists some positive number n such that sup A\, - p;* =: p(a) < 1 where p, denotes:
zeX

d(hzx, hx')
d(z,z")

Also, let us denote by = ini Wy and assume that p > 0.
xe

inf{ ———— z,2' € X,z #2',d(z,2") <n}

Then we have the following:

i) there exists a unique section o : X — E whose image is invariant under F, i.e o o h(x) =
Foo(x),r € X.

it) o is Holder continuous with exponent «, i.e
lo(z) — o(2")| < Hd(z,2")*,Vz,2' € X.

i1i) Assume that the diameter of Y is bounded by R, then we can bound the Hdélder constant H

by:
LR

pn(1 — sup Appiz )

H <

Let us now return to our setting and see how we can apply this theorem. By definition of
hyperbolicity of f, there exists a continuous splitting of the tangent bundle to P? over f\, given
by T;\]P’2 = E° @ E", where E; depends continuously on z € A and E} depends continuously on
& € A. The stable space E¥ and the stable manifold of size r > 0 at x depend only on the forward
iterates of x, whereas the unstable space EY and the unstable manifold W*(&) depend on the
entire prehistory z of . Let us take an arbitrary constant K > 1 and consider the metric dx on A.
Since continuous maps can be approximated by Lipschitz continuous maps, there exists a splitting
F* @ F“(K) of TAIP>2 such that the linear subspaces of complex dimension 1, F};, depend Lipschitz
continuously on = € A and the subspaces of dimension 1, F}*(K) depend Lipschitz on & € f\; also we
assume that F)} approximates £}, and F}'(K) approximates Y uniformly in x, respectively &. As
a remark, the spaces F;'(K) depend in general on K since they have to vary Lipschitz continuously
with respect to the metric dx, whereas the spaces F, are Lipschitz only with respect to the usual
euclidian metric induced on A, therefore they do not depend on K.

Let us assume that d(F$, E3) < ¢,d(F(K), E¥) < ¢, for all # in A, where ¢ is a small positive

number. From the above Lipschitz conditions, there exist positive constants 7 and 7x such that

A(F2, F2) < rd(w,y), Yo,y € A



and d(F(K), F}(K)) < trdg(2,9),Y4,§ € A

In this case, E can be interpreted as the image of a linear map from F, to F}(K), for any
prehistory & of x € A. Consider therefore L£3(K) := L(F;, F}(K)) be the space of linear maps
from F? to FY(K). L£(K) will denote the vector bundle over A given by L;(K),# € A, where
we consider the metric dg on A. The space X of the Holder Section Theorem will be A endowed
with dg and the homeomorphism h from the statement of the same theorem is the map f -1
A — A. We will also consider the bundle map ¥ : £(K) — £(K) induced by the graph transform
associated to the derivative Df~1(2) : F®FY(K) — F5_| @F}{li([(), where & = (z,2_1,....) € A.
The mapping Df~1(#) represents the derivative at z of the local branch of f~! which takes x
into x_1, in case & = (x,z_1,...) is an arbitrary point of A; this derivative does exist because
we assumed that the critical set of f does not intersect A. In the sequel we shall use also the
notation Df; (&) as being the inverse of the isomorphism Dfs(z_1) : ES_ — E3; similarly for
the notation Df, (). The notion of graph transform used above is explained in [8]. If we assume
that Df (%) = ( A Bi(K) )
Ci(K) Gi(K)
F: — F}L_I:%(K),Gj(K) : FY(K) — F}f_li(K); let us notice that from the decomposition above,

B;(K),C:(K) and G;(K) depend on K, but A; does not, since the bundle F** is independent of
K. From the definition of graph transform,

then A; : F) — F}

r—1’

B:(K) : FY(K) — F:

r—1)

C:(K) :

Vi(g) = (Ca(K) + G3(K)g) o (Az + Bz (K)g) ™", (1)

for any linear map g € L;(K). So it can be noticed that W;(g) € Ef,li(K), for any & € A.
From construction, A; and G3(K) approximate D f; (%), respectively Df, (%), while |B;(K)| <
ai(e),|Cz(K)| < ai(e), where a;(-) is a positive continuous function with a;(0) = 0. Hence, if ¢ is

small enough, then the Lipschitz constant of ¥; is smaller or equal than \;(K), where:

Ao(K) = | D (@) - D fulaor)| + az(e) = M”2<5)<1’ @)

and where as(e) is a positive continuous function in e, with as(0) = 0. Let us recall now that the
metric on A is dg which depends on the constant K > 1. In the same spirit as in [8], we can also
assume that the bundle E := £(K) is trivial, otherwise we can replace it with E @ E’, for some
complementary bundle E’. This replacement does not depend on the metric dg, since the metric
on F is already induced by the product of the metric dx on A and the usual euclidian metric on
the spaces of linear maps. We will estimate the local Lipschitz constant puz(K) of h at & € A, where
h = f‘l is our base homeomorphism. Thus, as in the statement of the Pointwise Holder Section
Theorem, let pz(K) := mf{w, £ §,&,9 € A and dg(z,9) < n} for some small > 0.

di (2,9)
Denote also by p(K) := inf puz(K). Then we have:
zel
dz_1,y-1)  dz_oy_
(6. 5) = d(a,y) + Dvol) | Aoays) |
. K K (3)
= d(z.y) + wd(f 5 1)



Let us denote by eg a positive constant depending only on f such that f is injective on balls of

radius €9 (iII{f |Dfs])~! centered on A and such that we can apply the Mean Value Inequality on balls
of radius ao(in |Dfs)~" . Suppose that 0 < n < eo. If dg (&,9) < 1, and dg(f &, f~14) > 1, then

dr(z,79) < (|Dfu(z_1)| + %)d;((f_li,f_lg) since |D fy(z—1)| + % > 1. So, with the assumption
that dg (Z,7) < n, let us suppose also that dK(f_li“,f_lg)) < n. Hence d(x_1,y-1) < n and, from
our assumption it follows also that d(z,y) < n, so, using the Mean Value Inequality, we obtain
that:

A 1 Pla f—1n 1 N
dic(#,9) < (IDfulaly)| + 2)dr (F 712, F719) = (D fulaly)| + 22)dc (h, hip), (4)
where z’_; is some point with d(z_1,2’ ;) <. This implies that the constant p, which appears in
the Pointwise Holder Section Theorem is represented in our situation by u;(K) and, as we saw in
(4),

o) 2 (IDfule1)| + 72 + (DSl ) 6

where w(|Df,|,n) is the maximum oscillation of | D f,,| on a ball of radius 7 centered at an arbitrary
point of A, and we used above that |Df,(z' )| < |Dfu(z-1)| + w(|Dful,n).

Next, we show that W is Lipschitz in Z; recall that we assumed that £(K) is a trivial bundle,
so we can identify all the 1-dimensional complex spaces L;(K) with C, and do this independently

of K. We wish to prove that there exists a constant ©x > 0 such that

From the fact that f is smooth and F** depends Lipschitz in € A, while F}*(K') depends Lipschitz
in & € A, it follows that A depends Lipschitz in z (with respect to the euclidian metric induced
on A) and B;(K),Cs;(K),Gz(K) depend Lipschitz in & (with respect to the metric di). Recall
from (1) that ¥;z(g9) = (C3(K) + G3(K)g) - (Az + Bz(K)g)™!, for any linear map g € L;(K).
But in our case, g, Az, Bz (K),C3(K),Gz(K) are just complex numbers. It is enough to show
that & — (Az + Bz(K)g)~! is Lipschitz. But since we work with complex numbers we have
|(Az + B:(K)g)™' — (Ag + By(K)g)™!| = ((ﬁi;%z)(}(gg((i?;gg((g));? . Now we use the fact that
A;, B;(K) depend Lipschitz in & and |B;(K)| < a1(¢) << 1,V& € A. Thus, for |g| <1 we get that
|Az + B;(K)g| is uniformly (in ) bounded away from 0, since |A;| approximates |Df;(2)| (and
we know that |Df;1(2)] > (sip |IDfs])~! > 0), and |Bz(K)| is very small in comparison to |Az|. In

conclusion we obtained the Lipschitz continuity of ¥, hence inequality ( 6).
Let us check now the condition 3) of the Pointwise Holder Section Theorem with o« = 1. Using
the relations in ( 2) and ( 5), we have that:

= sup g - i (K) 1 < (12Ss@=1)l

_Dhel 1

< |Df8(x*1)| +M(5,777K) <1,

+3()) - (IDfulw1)| + 5 +w(Dful,n) =

[Dfs(z-1)|

m “|D fu(x—1)| + az2(e)|D fu(z_1)| <

(7)
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where M (g,n, K) is a positive continuous function in &, 7, and K with M (0,0,00) = 0. This is
why in the last inequality of ( 7) we were able to take M (g,n, K) < 1 —sup|Dfs|, for ¢ and n small
A

enough and K large enough. The values of such &,n, K depend only on f. Therefore, we found
that in this case condition 3) of the Pointwise Section Theorem is satisfied for o = 1.

Now, according to ( 6), it follows that condition 2) from the statement of the Pointwise Section
Theorem is satisfied as well, so all the conditions of the Pointwise Holder Section Theorem hold
and we get that the unique invariant section ¢ is Lipschitz. But in our case this unique invariant
section o is just the stable bundle, (%) = E2,Vi € f\, hence there exists a constant Cx depending
on K such that:

d(E5, B) < Crdx(2,9),Y4,9 € A (®)

Let us denote now by \s := zirelzf\’Dfs(z)” and take &y := Asg9, where the number £y has been
introduced earlier; clearly &y # 0 since the critical set of f avoids A.

We want to prove that ( 8) implies that, in fact, x — E? is Lipschitz.

Case 1:

Let us then assume first that x,y € A with d(z,y) > &y. If Ay denotes the diameter of A, then

Ao 2A0 ) d(w,y)

AN 2
(9)
2A 2A
< d(wy)(1+520) < dl,y)(1+22) < C'd(a.y),

with C' > 0 a constant independent of K.

Case 2:

Now suppose that 0 < d(z,y) < &y for some z,y € A. We consider here the map f re-
stricted to A. We will say that (z,z_;...,x_,) are consecutive preimages of = in A if f(x_;) =
z, fx—2) = z_1,...., f(r—pn) = 2—py1 and z_; € A,Vj = 1.n. Consider n = n(z,y) to be the
largest positive integer such that there exist consecutive preimages of x and of y, (z,z*,...,z",)
and (y,y*{,...,y",) with d(z*,,y*,) < e0,i = 1,..,n. Since n is the largest such integer, it follows

*

that, for some z*, | € f~1(z*,) and y*, ; € f~1(y*,), with d(z*,,_1,9*,_1) < €0A; *, we have:
g0 < d(x’, 1,55 ) AT, yt) (10)

We also obtain

From ( 10) and ( 11), we obtain that d(xz*, 1,y*, 1) < A;" !d(x,y). This implies that, for any
complete prehistories z*,y* of z,y, which start with the consecutive preimages (x,z*q,...,x%,),

(y,y*4,...,y*,,) considered above, we have

. d(z* | "
(e ) = day) + DLV
1 1 27,
d e+ ———d —

<d(x,y)+
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Assume that K is fixed such that K > A\;2 and such that M(e,n, K) < 1 — sup |Df| for some
A

e < 1 and some 1 < 9. Then , from ( 10) and ( 11), g9 < A\;" d(z,y) < K" 'd(z,y), which

d(z,y)

implies that ﬁ <=

. Introducing this inequality in ( 12), one sees that there exists a positive

constant C” such that for our chosen prehistories z*, y*, of x, respectively y,
d(z*,y*) < C"d(x,y) (13)

By considering now both Case 1, ( 9), and Case 2, ( 13), together with ( 8), we obtain the Lipschitz
continuity of the stable spaces with respect to their base points — i.e there exists a positive constant
T such that for all z,y from A, d(E;, Ej) < Yd(z,y). This implies immediately that also ¢* is
Lipschitz on A.

Now, we will prove the uniform Lipschitz continuity of the stable distribution and of ¢° along
the stable leaves. We notice that, since A is compact, one can construct local stable manifolds of
size r at all points of A, if » > 0 is small enough. If y is a point in a manifold W?(z), but y is not
necessarily in A, we shall call stable space at y, denoted by Ej, the tangent space at W’ () at y. We
see that the spaces F vary smoothly when y moves inside W;(z) for z fixed. So the existence of a
constant = like in the statement is conditioned only on the boundedness of the “curvature” of these
local stable manifolds. Assume then that there exists a sequence z, € A such that the Lipschitz
constants L, of the maps g, converge to infinity, where g,(y) := Ej,y € W;(2,). Since A is
compact, the sequence (z,), has at least one convergent subsequence and without loss of generality
we can assume that this subsequence is again (z,), and z, — z. If x is an arbitrary point in A,
then W?(z) is an analytic disk which is given as the image of an analytic map h, from the unit
disk A to C2. We denote by h,, the map h,,, for n positive integer. But from the hyperbolicity
condition, the analytic maps h, vary continuously in « € A, hence also h,, vary continuously in n.
The norm on A of the second derivative of h, bounds the Lipschitz constant L,, of the map g,, for
all n. Notice however that, since h,, are holomorphic and vary continuously in n, also the second
derivatives of the maps h, vary continuously in n. Therefore, since we assumed z, — z € A, we
obtain that L, are bounded by some finite positive constant L. So the map y — Ej is L-Lipschitz
on W2(x),Vx € A. Then, due to the smoothness of f, there exists a small » > 0 and = > 0 such
that for any = € A and any points y, z € W?(x), we have |¢°(y) — ¢°(2)| < = - d(y, 2).

O

We will study now the consecutive sums of the function ¢°. Given a prehistory C', a positive
number ¢ < min{diamA/2,£¢}, and the corresponding set A(C,¢), we will prove that the consec-

utive sums of two points in A(C,¢) are the same, up to a constant independent of the length of

C.

Proposition 4. Let f : P2 — P2 holomorphic, with Aziom A and such that CrNA =0 fora
basic set A of unstable index 1. Let also a prehistory C of a point x in A, with respect to f. If

m = n(C), C = (z,x_1,...,x_pm) and y is an arbitrary point in A(C,¢), with the corresponding

12



prehistory (Y, Yy—1, ..., Y—m) €-shadowed by C, then we have:

1 [Df(y—m)|
.= D ()]

where C1 > 1 is a constant independent of m and C.

< Cla

Proof. From the fact that (y,...,y—m) is an m-prehistory of y in A we know in particular that
Y—m € A, hence there exists a local stable manifold through y_,, of size €. Let us take also & be
any complete prehistory in A of x, starting with (z,z_1,...,2_p,). Set &_,, := f*m(a?) In this case
W (Z_p,) intersects W2 (y—_y,) in a unique point z. It follows from the local product structure of
A that z belongs to A. From the fact that y belongs to A(C,¢) and (y, ..., y—m,) is its prehistory
e-shadowed by C, we know that d(fiz_,, fly_m) < e foralli=0,1,...,m. Also from the fact that
2 € W2(y_p,) it follows that d(f'z, fiy_m) < € for all i = 0,1, ...,m. From the last two inequalities
we get that d(fix_,,, fz) < 2e for all i = 0,1,...,m. But, since 2 € WX(2_,,,) " W2(y_n), we have
that there exist constants ¢ > 0 and v € (0,1) such that for all i = 0,1, ...,m

A(fiz_pm, f2) < &™ ¢ and d(fly_m, fiz) < & (14)

Now from Theorem 1, ¢*(y) depends Lipschitz continuously on y € A and, also ¢° is uniformly
Lipschitz continuous on local stable manifolds over A. This, together with ( 14), implies that there

exists a constant K’ > 0 such that:

D M yg) =D ¢ wy)| <
j=0

j=0 J

G

Il
o

¢ (y—g) = > (2| + Do (fm 2 Zqﬁs z_j)
j=0

Jj=0

NE

m
< K'Y dly—, f"72) + )_d(f" Tz wy) < 2K S o < K",
j=0

J=0

.
Il
o

(15)
where K" is a constant independent of m and e. Hence the statement of the proposition follows

immediately from the previous inequalities. ]

Proposition 5. Let f : P2 — P? holomorphic, with Aziom A and such that C; N A = for a basic
set A of unstable index 1. Denote x, := sup |D fy].
A

(a) Then we have that t;,(¢) > t;,(¢) and that t* = t},, for any positive integers n,p and any
e> 0.

(b) For ¢ < g9, and p an arbitrary number in the interval (0, %, 1), denote by p, :=¢c-p",n > 1.
Then P (19, pn) = P (te,), for any t; consequently t5(pn) = t; = t%,n > 1.

Proof. (a) First we make the following notations. If m is a positive integer, denote by
cr o= {(y,y", ..., y",,) € AL such that f"(y";) = y'i,i=1,..,m,and yo = y}

Let also C} := L;OC;Z be the set of prehistories of finite length for f™ in A. Now, if n, p and £ > 0
m

are fixed, we consider an arbitrary number ¢ € (£5(¢), 5 (¢) 4+ 1). From the definition of 5 (¢), we

13



get that, for N large, there exists an e-covering I" of A, I' C C} with n(C) > N,VC €T and:

> eap(Sy oy (t5,(0))) < exp(—(t;(e) + 1)n(2p — 1) sup ¢°]) (16)

cer

For every C € T, let us divide n(C') by p, and obtain n(C) = p-m(C) + k(C), where 0 < k(C) < p.
If C = (y,y"q, .. yﬁn(c)), then denote by C’ the m(C)-prehistory of y with respect to ™ given
by C' = (y,2", .. ,zfl;n(c)), where 2™ = y" ..., ﬁfn(c) =y () Then it is easy to see that
A(C,e) C A(C',¢), for all C €T. Denote by I the collection of all the prehistories C” associated

by the above procedure to the prehistories C' from I". We calculate now the consecutive sum

= log !Df" pm(C “)(yfm(o)p)\ +log !Dfs"'“(c " eyl

On the other hand

S’;L(C)qbflp(c/) = ¢Zp( ) +.ot ¢np( —m(C))
= (Y o) + O (FY moyp) + o+ (W) + O (fy) + o+ 6° ([P )
= log | D frP(m(C)+1) W i)

These last two relations show that
Sy B(C) = Sy 82p(C") +10g IDL ()] + Log [ DSy, )] — log | D27 (y)].
Using that k(C') < p and the last equality, we obtain that

1570 4(C) = Sy @ (€] < nlp = 1) -sup [6°] + |10g DS ()| < m(2p — 1) - sup 6

Therefore
inf{ Z exp(S Gpp(C"))), I C CPe — covers A} <
crer’ (17)
Z exp(S tqbn( )] - exp(tn(2p — 1) sup |¢°]) < 1
cer A

The last inequality follows since t < ¢ (¢) + 1 and from the way we chose I' in the begining of the
proof. But from the definition of P, ,, we obtain then that ¢ > t; (e). However since ¢ was taken
arbitrarily in the finite interval (¢;,(€),t;,(¢) + 1), it follows that 2} (e) > t7,,(¢).

The inequality t*(¢) > t5 (¢) implies that t* > ¢, n > 1. We want to prove now the opposite
inequality, i.e ¢* < {; (actually the same proof shows more generally, that P, (t¢;,) = nP; (t6%)).
Indeed, let us consider an arbitrary ¢t > t;, for a fixed integer n. For a given ¢ > 0, let &, > 0
satisfying the following conditions: for any y, z with d(y, z) < &, we have d(f'y, f/z) <¢,0 < j <n,
and also P, (t¢y,,&,) < 0. Hence for all m large, there exists an (m,&y)-cover I}, of A (i.e I,

is a collection of m-prehistories C’ with respect to f", so that A = UF A(C',&,)), satisfying:
e n

S eomten)(C) < 1. Now, out of every €' we will form a prehistory C' with respect to f in
clern,

14



the canonical way, i.e if C' = (y,Y—n, -, Y—nm), then C = (y, " 2y, coes Yy ooos F(Y—rim)s Y—nm )-
Also, from the condition satisfied by &,, we see that A(C’,&,) C A(C,¢); so, if Ty, denotes the
collection of prehistories C of length nm (with respect to f) obtained as above from the prehistories
C’ of T, we obtain that Iy, is an (nm,e) cover of A. Moreover, as found above, S, (t¢°)(C) =

S (g2 )(C") +log | Dfs(y)| — log |Df?(y)|. These facts imply that > eSrm(°)(C) < M, where
Cel'nm
M, is a constant depending only on n. Therefore if we let m — oo (and keep n fixed), we see that

P (t¢%,e) <0 =1t >1%(e). But 0 <e < e was arbitrary and ¢ was taken arbitrarily larger than
t7, hence ¢; > t°. This proves the equality t* =¢;,n > 1.

(b) First from the proof of Proposition 4 we know that for all m > 1, and prehistory (z,z_1, ..., Z_,)

. Df™(y_m .
of x in A, Cll(s) < ;DJ{Z”E?LM%" < Ci(e), for (y,y—1,...,y—m) an m-prehistory of y, e-shadowed by

(x,2_1,...,2—m). The proof of Proposition 4 implies also that Ci(¢) < Cy-¢,0 < & < g, for
some constant Co > 0. Let us consider now the situation for f” for some fixed n > 1. Consider
(x,x_p,...,x_np) a p-prehistory of x in A (with respect to f"), and let (y,y—_p, ..., Yy—np) be another
p-prehistory in A which is p,,-shadowed by (z,2_p, ...,2—pp). Then, if d(y_pnp, T_np) < pn < €p", we
get that d(f7 (y—np), f?(—np)) < &,0 < j < n, and similarly we obtain that d(f7(y_np), [/ (2—np)) <
£,0 < j < np. Therefore the np-prehistory with respect to f, (y,y—1,...., y—np) is e-shadowed by
(x,x_-1,...,x_pp). So we can apply Proposition 4 in this case to obtain similar inequalities for

prehistories of f™:

011<e> : ,’ﬁﬁszi_Zzi', < Gie), (18)

for any p > 1. Next, take C' an arbitrary p-prehistory in A, with respect to f", for n fixed. If ¢/

is an arbitrary number in the interval (0, p,,), we see that the set A(C, py) can be covered with at

most (Ml(e))4 sets of the form A(C’,¢’), where C’ are p-prehistories with respect to f™. Thus,

6/

recalling the definition of Py, (t¢5, pn), P (t¢s,€’) and inequality (18), we conclude that:
Pr (165, pn) = P (t65, ) = P (t63)

The last equality above follows from the fact that P, (téy,€") — Pr.(t¢;,) when ¢ — 0. Hence,
recalling also the conclusion of part (a), we get ¢ (p,) =, =t*,n > 1.
O

2 Estimates from above and below for the stable dimension in the
general holomorphic case using the inverse pressure of iterates
Given a map f and a basic set A as in Proposition 4, define A; := inR]Dfs(w)| and y, =
we
sup |Dfs(w)|. Remark that A\s > 0 since we assumed that A N Cy = (). For every positive inte-
w€EA

ger n and small positive number ¢, let ¢5(¢) (respectively t5) be the unique zero of the function
t — Pp.(toy,€) (respectively t — P, (tdy,)), where ¢7,(y) == log [DfI(y)],y € A.
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Theorem 2. Let f : P2 — P? be a holomorphic non-degenerate map with Aziom A and A a basic
set of f with unstable index 1. Assume also that the critical set of f, Cy does not intersect A.
(a) Then for every x € A, we have §°(x) < t5(pn) = t°, where p, > 0 are small numbers of

the form ep™,n > 1, where xy = sup |Dfy|, p > 0 is an arbitrary number smaller than x, ', and
A

e < min{ep, 1o}

(b) For all positive numbers € < g, and n > 0, we get 6°(x) +n > t5 (), where n > n(e,n) and

4log L . .
8 . In particular, if n = € small enough, we
n-log x5

n(e,n) is a positive integer satisfying n(e,n) >
get 65(z) + € > t5,(e), forn > ()"

Proof. (a) According to Proposition 5, we have ¢} (p,) = t°. From the Theorem of [5], recalled also
in the Introduction, we have that §°(z) < ¢°. Hence 6*(z) < t5(pn),n > 1.

(b) We prove now the inequality §°(z) +n > 2 (e) for € > 0 small enough (to be determined
next), n > 0 small, and n > n(e,n).

First let us notice that, from definition, §°(x) < 2. Let us take an arbitrary ¢ with §°(z) < ¢ < 3.
Recall also that £g has been introduced earlier as a positive constant so that we can apply the Mean
Value Inequality for f on balls of radius 80(11{{f |Dfs|)~1, and also such that f is injective on balls
of radius so(ir/{f |Dfs])~! centered on A.

Consider now Ny(e) to be the smallest cardinality of a covering of A with balls of radius e.

Then if 3 = dimp(A) denotes the upper box dimension of A, and By < 8 < 31, we have that
(1)P < No(e) < (1)P, for £ > 0 small enough.

With € > 0 and n > 0 fixed, consider n(e,n) be the smallest positive integer n such that

No(e) - X" <1 (19)

4log %
nlog ="
In the sequel we consider € with 0 < &€ < min{e1/2,r,d(A,Cy)/4}. We shall prove that, for such

an € and n > 0, the inequality ¢ +n > 7 (¢) holds for n > n(e,n).

This implies then n(e,n) >

Define now a constant 0 < & < 1 which depends only on f and on A, such that for all 2/ € A
and 0 < 7’ << diamA , we have that W (y') intersects W4 (2') for all points v/, 2’ € B(2’, &r’) and
all prehistories 2/ € A of 2. The existence of such a constant follows from the transversality of
stable and unstable manifolds.

Next let us cover the compact set A with a finite number of balls B(y;,ae/4), ..., B(ys, ae/4)
which are centered at points of A. Let us choose one such ball and denote its intersection with A
by Y.

We will show now that there exists a positive integer m such that all local unstable manifolds
WX(§) intersect the set f~™ (W), for all prehistories § € A of all points y € Y, where we recall that
W= W3(z)NA.

Indeed, from the transitivity of f on A, there exists a positive integer m and a point z € Y NA
such that f™(z) € B(z,ae/2) N A. Take now a complete prehistory § € A of an arbitrary point

y from Y. From the fact that Y is contained in a ball of radius &e/4, we can conclude that

16



W;ﬂ(z) N, () # 0 and denote this intersection (which is a point) by €. From the local product
structure ¢ belongs to A. We have also that f™(§) € W2(f™z) N A. Take now f™& to be the
prehistory in A of f™¢ given by (f™&, f™71¢, ..., €,€-1,...), where £ := (£,£_1,...) is the prehistory
of £ £/2-shadowed by ¢; such a prehistory of £ exists since & € WEU/Q(Q) So, we get that there
exists a local unstable manifold Wgﬂ(ﬁn\f) which intersects W;/Q(:n) in a point (; again from the
local product structure, ( € A and since ¢ € W;/2(CL'), we obtain that ( € W. If we consider (_,,
the m-th preimage of ¢ obtained from the fact that ¢ € Wg2(fm§), we will have d(¢_p,,&) < /2.
Combining with the fact that £ corresponds to a prehistory of & €/2-shadowed by 7, it follows that
Cem € W2(g) N f~™W. We may denote the point (_,, also by (_,,(9y) when we want to emphasize
its dependence on §.

Therefore, we proved that the set f~™W intersects all unstable manifolds W (y) for all prehis-
tories ¢ € A of points y from Y.

From the fact that { € WE"L/Q(f/\%“), it follows that d((—m,&) < €/2,d(fC—m, f€) < e/2,...,d(¢, fME) <
£/2. But £ € A and A is f- invariant, hence

d(¢,A) <e/2,...,d(C—m,N) <e/2 (20)

Let us denote by J,, the set of these points (_,, () obtained for all the prehistories g of points
y € Y. Relation (20), together with the fact that ( € AN Wg/2(f"75) imply that (_,,(9) € A,
therefore J,, C A. The relations in ( 20) imply also that f™ is injective on a neighbourhood of
Jm, since € < d(A,Cy)/4 and f7(J,) NCy=0,j =0,...,m. And, from our construction, f™(J,,) C
W. But from above f"" is injective on a neighbourhood of J,, and it is bi-Lipschitz on that
neighbourhood, hence HD(J,,,) < HD(W) = §°(x). Recall also that ¢t > 6°%(x), so t > HD(Jp,).
This means that for any 7, 0 < v < €, there exists an open cover of J,,, with balls, U = (U;)ser,
such that diamU; < v and

> (diamly)" < e ATy, (21)
i€l
for a fixed n, n > n(e,n).

Let us choose now an arbitrary ¢ € I and assume that Card(U; N J,,) > 1. Let us denote by Y;
the set of points y of Y which have some prehistory § with W*(9) N J,, N U; # 0; denote by F; the
set of prehistories § € A with this property.

For each point 2z’ € U; N J,,, there exists then a point y € Y; and a prehistory 7 € A such that
z € WX(9), and actually 2’ = (_,,(9). Therefore 2z’ has a prehistory 2’ given by that procedure, i.e
which is e-shadowed by g; this prehistory may also be denoted by 2'(§) if we want to emphasize its
dependence on §. Let also F] := {2/(9),y € F;}. Let us now take a prehistory 2’ € F/. Since ¢ was
assumed sufficiently small, we can define local branches of f~! on balls of radius €. Let us denote
by f! the branch of f~! defined on B(2',¢) such that f71(z’) = 2’ ;. It may happen that the
diameter of f7'U; increases. In case diamf_'U; < e, define afterwards the inverse iterate f2 such
that f;2(z') = ', etc. Let us denote by n;(2’) the largest integer n’ which is a multiple of n and
for which diamf; ¥ (U;) < &,0 < k' < n/, where 2’ = /() for some § € F; C A as above. We do
this for all the points of U; N J,,, and denote by n; the largest integer n;(2’) for all 2’ € U; N J,, and

17



all prehistories 2’ from F}. Obviously we cannot stretch the open set U; in backward time forever,
while keeping the diameter of its inverse iterates smaller than e, hence n; is finite. Also, n;, n;(2’)
are multiples of n, so they can be written as n; = nm;, n;(2') = nm;(2’). In addition, for a point
2" € U; N Jp, and a prehistory 2’ € F/, we will define also the integer 7;(2') as the smallest integer
(not necessarily a multiple of n) such that diamf, ﬁi(é,)Ui > ¢. We remark that the definitions

imply the inequalities

for any point 2’ € J,, N U; and any prehistory 2’ € F.

We shall cover now the set Y; with sets of type A(C’,¢), where C' € CI (i.e C' are prehistories
with respect to f™). In order to do this, take an arbitrary 2’ € %Ui N Jmn and a prehistory Z =
2'(§) € F/, which corresponds to some complete (infinite) prehistory C = § € Fj; by 3U; we
understand the ball with the same center as U; and with half its radius. Then consider the m;(2’)-
prehistory C” of y (prehistory with respect to f™), coming from the prehistory C, i.e we have C' =
(YsY—ns - Y—nm,(z))- Recall that 2" € E/Q(gj). From the definition of n;( A’) we see immediately
that U; C P%(C’,¢), and also y € A(C’,¢). Recall that C’ is an m;(#')- prehistory with respect to
f™. Hence, since Ny(e) is the smallest cardinality of a cover of A with balls of radius ¢, and since
n; = nm; is the largest integer of the form n;(2), we can cover the set Y; with at most Ny(e)™ sets
of the form A(C’,e), where C’ are prehistories for f™ of length n(C”), with n(C’") < m;. We will
denote by I'; the set of prehistories C’ used for the last covering. So we have Y; C C/Lejri A(Ce),

and T'; C C?,n(C’) < m;,VC" € T;. This construction can be done for every i € I and, for each
such i, we have Cardl'; < Ny(e)™:
But we proved that, for all § € A, the local unstable manifold W(§) intersects .J,,; on the

other hand J,, C U U;. In conclusion, Y C U Y;, hence Y C U CU A(C’,¢). Using this cover of
el ¢’

Y with sets A(C’, ), C' e C?, we will estlmate M., 0, (t 4+ n)¢s,Y, N, e) for some large integer N
chosen so that n(C") > N,VC' € Y [;:
1€

M7 (0, (t+ )¢5, Y, N,e) <> exp(Syy o) (t+ m)3(C))

i€l C'ely;

Let us investigate now what is the relation between diamU; and exp(S;(C,) (t+n)gs(C")),C" € T;.
From the definition of n;(%") we know that it represents the largest integer n’, multiple of n, such
that diamf " ( ;) <e,0 <k <n, with f ¥ being the inverse branch determined by 2. Also,
7;(2') represents the smallest integer (not necessarily multiple of n) such that diamf, Y, > g,
where the inverse branches f_* were defined along the prehistory 2/ = 2/(C).

We consider now what happens to U; when taking inverse iterates. Let z” be another point in
$U; N A, and ¢” the intersection between W (z”) and the unstable manifold W(2'); from the local
product structure C” € A. Then, since Uj is a ball, we get diam ™) (W2 (2') N U;) = constant -
|Df (z () L. diamU;, and diamf~™) (W (2”) N U;) = constant - |Df;%(2/)(cj’—m(é’))t_l .
diamU;, due to the bounded distortion property from Proposition 4. But since ¢” € W}*(2') and {” is

the prehistory of ¢” following 2’, we see that the distance d(z’ N ;) decreases exponentially when
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j increases; thus due to the fact that |D fs]( ) depends Lipschitz continuously on z (Theorem 1),
we get that |Dfn’(z (¢" _,(2n)| and |Df ( e /))| are the same up to a constant independent
of 2.

Therefore up to a constant factor independent of n, C’, we will obtain for every ¢ € I that:

diamU; > sexp(Sﬁf 5 ¢°(C")) > eexp(S /)¢S (C)AY (22)

where we considered first the 7;(2)-prehistory C” := (y,y—1, ..., y—n,(21)), (prehistory with respect to
[, induced by the full prehistory C' := §), and then the m;(2)-prehistory C" := (Y, Y—n, s Y—nm, (1))
(prehistory with respect to f™, induced by the same complete prehistory C'). We used also in ( 22)
the fact that 7;(2") < n;(2") + n.

We make also the observation that, from the definition of n(C” ), for any two prehistories ', C' €
T';, we have exp(S;(C,)(ﬁ;‘iL(C’)) is the same as exp(S~ qbn( ~)), up to a factor of less than y;"
Thus in the estimate below, we may as well use for C” a prehistory where n; is attained (called
mazximal n;- prehistory), i.e such that n;(2') = n; = nm,;. Therefore by employing also ( 22) and
the fact that Cardl'; < No(e)™, we can estimate M, (0, (t + n)¢y,, Y, N, €) as follows:

M;. (0, (t+n)éy,, Y, N, e <Z Z e (diamU;)" - exp(S, QSS(C"))”)\ n{t+n)
el C'el’;
<> [INo(e)™ - exp(S,, o8 (C) e (diamUy) AT N (93
el
< Z No(e) - X™ix s ™~ (diamU;) A7+
el

where we used in the second inequality a maximal n;-prehistory, ¢ € I.
In the above sequence of inequalities, we used also that 0 < n < 1,0 <t < 3. But n; = nm;, so
( 23) implies that

M (0, (t+ )¢5, Y. Nye) < €771 (diamUy) [No (e)x ") ™ A" "
el (24)
<IN D (diamUy) [No(e)x "™

el

But from (19) and since n > n(e,n), we see that Ny(e)x+" < 1. From the way of choosing the

cover U in ( 21), we have also Y (diamU;)! < et . A"y, In conclusion inequality ( 24) becomes
el

M (0, (t+1)@5. Y. N,e) < 1 (25)

Since 7 and consequently diamU;, i € I can be taken as small as we wish, we see that n(C”) can

also be made arbitrarily large, for C’ € .UI [';. Therefore if v — 0, N can be taken arbitrarily large,
e
and ( 25) implies that M, (0, (t4+n)¢y,Y,€) = 0. Thus one can conclude that P, ((t+n)¢y,,Y,€) <

0, for 0 <n < 1andn > n(e,n). But let us also remember that Y was just the intersection between
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A and one of the balls B(yi1,as/4), ..., B(ys, de/4) which cover A. Therefore by Proposition 1 ii),
it follows that
Prn((t+n)¢y, A €) <0, for n = n(e,n).
This implies that ¢t +n > t5(e), for n > n(e,n). Since ¢t was chosen arbitrarily larger than §°(z),
we obtain 6°(x) +n > t5(e), for n > n(e,n).
O

Corollary 1. In the same setting as in the previous Theorem, if x,y are arbitrary points from A,
then |0%(x) — §°(y)| < (impA)logxu iyhere x, = sup |D fu(2)].
log xs zeA

Proof. First, let us notice that dimgA < 4 since A C P?, so even if dimpA cannot be calculated
explicitly, the statement of the corollary still gives a good estimate of the maximum possible

variation of 0%(-) on A. -
Let us take an arbitrary n with n > %
such that n > %. Now, if #; > dimpA, then there will exist a large integer ny = nj(01)

depending on (3 such that for any n > n;, we get p, = p™ small enough so that Ny(p,) < (pin)ﬂl,

. Then there exists 41 > dimpA and x}, > xu

where Ny(+) and p, were introduced in the proof of Theorem 2. Hence Ny(py,) - x5" < (p™) Py 5",
But we assumed n > %, so there exists n; large enough and a certain number p € (0, x; ')

close enough to x; ', such that (p") 7?1 x%" < 1 for n > ny. This implies that:
No(pn) - x5" <1 (26)

Now we can use inequalities (26) and (24) to prove that Mf_n(O, (t +n)¢S,Y, pp) < 1; this implies
then that
P];L((t+n) 27/)71) < O,fOI' n>ni

Thus we conclude from above that ¢ +n > ¢ (p,). But from Proposition 5, ¢ (p,) = t°,n > 1. So
(HBA) log xu it

t+mn > t°. Since t is arbitrarily larger than §°(x) and 7 is arbitrarily larger than P

follows that §%(z) + % >1* > 6°%(y),y € A, where the inequality t* > §°(y) follows from
Theorem 2. Therefore, [6°(z) — §°(y)| < %,Vw, y €A

O]

We do not have yet examples of Axiom A holomorphic maps for which the stable dimension is

not constant along a basic set of saddle type A, although such examples may exist a priori.

3 Independence of §°(z) when the map f is open on A

In this section we show that, for an Axiom A holomorphic map f on P? which, in addition, is also
open on a connected basic set A, the stable dimension §°(z) becomes independent of = € A.
It is easy to prove that the condition f|p : A — A open, is equivalent to saying that the

cardinality of the set f~!(z) N A is constant when z ranges in A.
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Fornaess and Sibony have introduced and studied in [1] a type of holomorphic maps g on P?
which are Axiom A and such that the saddle part S7 of the non-wandering set has a neighbourhood
U with the property that ¢=1(S;) N U = S; (among other properties). Such maps were called
s-hyperbolic. Notice that any s-hyperbolic map is in particular open on any basic set A of saddle
type. Examples of s-hyperbolic maps were given in [1].

In the sequel we will prove that the openness of f on A is a sufficient condition in order to
guarantee that §°(z) does not depend on x € A. The proof will use ideas and notations (the sets

A(C,¢e), and their concatenations, for example), related to the concept of inverse pressure.

Theorem 3. Consider a holomorphic Aziom A map f : P2 — P? and a connected basic set of
saddle type A which does not intersect the critical set Cy. Moreover assume that fly : A — A is
open, in particular any point x € A has the same number of preimages in A (this number being
denoted by d’). Then for any x € A, 6°(z) = t§, where t{ is the unique zero of the pressure function
t — P(t¢® —logd').

Proof. In [4], we proved that §°(z) < t§, so it remains to prove now only the opposite inequality.
Denote W := W25 (x) N A. As in the second part of the proof of Theorem 2, we find an integer
m > 1 and a set J,, C f~™W N A such that all local unstable manifolds of size /2 intersect Jy,
(for some small fixed 0 < € < gg). Take also t > §°(x) arbitrary. Then there exists a finite open
cover U = (U;)ier of Jp, with balls of diameter less than v << 1, and so that Y (diamU;)! < 3.
Recall from the proof of Theorem 2 the definition of F}, the set of prehistories 111161[\ of points from
U; N Jp,. In the sequel, for the clarity of notation, we will denote the set U; N J,,, by U; too.

Assume £ is a prehistory in A of a point z € U;; denote by n(Z) the largest integer such that
diam f;*U; < £/2,0 < k < n(2), where f; % is the branch of f=% determined by the prehistory 2.
For the prehistory Z, denote by C(Z) the n(2)-prehistory (z,2_1, ..., 2_p(z)) which is obtained by
truncating 2.

Now for each ¢ € I, let us fix a point z; € %Ui N A and then consider the set F; of all finite
prehistories C'(%;) obtained as above, for all prehistories in A of z;. Notice that we consider in this

case all d’ f-preimages in A of the given point z; € U;; it is easy to see also that Fj is finite.

Denote also by U := U_ A(C,¢); then A = 'UI Ur. For later reference, it is useful to note
CeF; 1€
that for any prehistory § € A, there exists j € I such that WE“/Q(Q) NU; # (; but then there exists

a certain prehistory Z; of z; such that WX(y) N A C A(C(2j),¢) (this follows from the definition
of C(%;) and the fact that f|p is open). Therefore, all unstable manifolds of prehistories in A
(intersected with A ) are contained in some A(C,¢),C € igj F;.

Now, for i € I, C' € Fj, write C as (ZC,...,zgn(C)) (notationally 2¢ = z;). Denote also by
Gi = {n(C),C € F;}, (recall that n(C) denotes the length of C'), and write G; as {n;i, ..., nig, },
where n;1 < .. < n;q. Now, let N;; be the number of prehistories C' € F, with n(C) =n;j,1 <j <
gi,t € 1.

We will make the connection between the sets A(C,e) (obtained as above in the process of

covering A) and the Bowen balls needed in the definition of the (forward) pressure. In general by
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a Bowen ball By(z,€),z € A, we mean the set {y € A,d(fy, f’z) < ¢,0 < j < k}. Therefore,
if C € Fy,i € I, we have A(C,¢) = f”(c)(Bn(C)(zgn(C),s)); for simplicity of notation, denote
the Bowen ball Bn(c)(zgn(c),e) by B(C),C € Fj,i € I. From the above discussion, we know that

A= 'UI Ur = ‘UI U fMO(B(C)). However since the integers n(C') are different among themselves,
1€ 1€l CeF;

it does not follow directly that the Bowen balls B(C') cover A. In order to get a covering of A with
Bowen balls, we will make a construction using concatenations of sets of type A(C,¢); it will be
possible then to take the lengths of these concatenations arbitrarily large.

Let in general C' and C” be two prehistories of points in A, C' = (z,2-1, ..., 2_y(¢)) and C' =
(W, w1, ..., w_p(cry). Assume also that there exists a point 2 e A(C,¢), so that Z/—n((}) e A(C)e),
where 2" n(c) Tepresents the n(C)-preimage of 2’ which is e-shadowed by z_, (). If 2 n(c) € A(Ce),
it follows that it has a prehistory (2" (R(C)+1)7 - P (n(C) +n(C,))) which is e-shadowed by C’. So we
can form the set A(CC’,¢) := {y € A(C,¢),y_nc) € A(C",€)}, and from above, if this set is non-
empty, then A(CC’,e) C A(C”,2¢), where C” is an (n(C) +n(C"))-prehistory. This process will be
called concatenation.

We will use concatenation repeatedly in order to obtain a cover of A with sets A(C”,2¢) with

n(C") arbitrarily large. For all n large enough, define now the collection T',, := {C' = C}...Cs, Cy €

Fj,jr € I,1 <k <s,n<n(C1)+..+n(C;,) <n+ N}, where here N := max_n(C). Since
i€el,CEF;

A= U U A(C,e), we see, from the method of concatenating, that
el Ceﬁ‘z

If C €Ty, and C = C...C;, denote by n(C) := n(Cy)+...4+n(Cs). But as noticed before, if C' € Ty,

such that A(C,2e) = f”(é)(Bn(@) (z¢ 2¢)), and n < n(C) < n+ N.

. . é
there exist points 20 Zn(C)

C)
— n( fn(C)—n _(,C
Therefore A C’eUan (f Bn(C)(Z_n(C)72€))'

Let us recall now the remark made earlier, after the definition of US. We saw that any set

W2s(g) N A g € A is contained in A(C,¢) for some C € Y F; (where Fj is finite for any i € I).
1€

But, we collected in Fj the corresponding C (%;) for all prehistories 2; € A; therefore we will obtain

that any f"-preimage in A of a point from A belongs to the union U f”(é)_”Bn(@)(zC' 2¢)).

Cery —n(C)’

So we can conclude that A = C“grn f”(é)*”Bn(@) (z?n(é), 2¢)).

On the other hand, notice that f"(é)*”Bn(@)(zf_vn(é), 2e) C Bn(zgn, 2¢).
Denote then F, := {z°,,C € I';}. From the previous considerations it follows that F,, is an

(n,e)-spanning set for A, in the classical (forward) sense. We will use this particular spanning set

F),, in order to estimate

P, (t¢® —logd') := inf{z eSnte)z)=nlogd’ " pp o) — spanning set for A}
z€F

Let us recall the construction of the set F,, and the points z?n(é). If C =0C..Cs,Cy € ij, 1<

k < s, then from the proof of Proposition 4, we have that there exists a positive constant ¢ so that
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n(Cs o o . n(C 0, o . . ~
\Pfs( )(zfn(é)ﬂ < e%¢ - diamUj, ..., ]Dfs( 1)(zgn(cl)ﬂ < e?¢ - diamUj,, (since C; € Fj,,...,Cs €
Fj,). Hence since n < n(C) < n+ N, there will exist a positive constant 77 independent of n such
that [Df(2C o] < Ty - e - (diamlUy,) - .. - (diamUj,). But recall that |Df (=€, )| =

|ng(c)7n(z§n(é))] |Df™(zC,)|. Thus, for a positive constant Th we obtain the inequality:

IDf(zC)| < Ty - "¢ - (diamUj,) - ... - (diamU}, ), (27)

for all C' € T',, and all integers n > 1.

Now given n, and ji, ...js € I, we will estimate how many prehistories C' = Cj...Cy there exist,
with C}, eﬁjk,l <k<sand C eTl,.

For i e I and 1 < j < g;, we denoted by N;; the number of prehistories C € F, with n(C) =
n;j, ny; € G;. Hence for each s, ji,...,js € I, and integers n;,,, € Gj,,1 < k < s, satisfying
n < Njipy + oo+ 0jp, < n+ N, there exist at most Nj,p, - ... Nj,p, prehistories of type C' = Cy...Cs
in T,, with Cy, € Fj, and n(Cy) = nj,p,,1 <k < s. If i € I, denote by

Ni Nig,

Y= =+ .. _
(d’)nil + + (d/)nzqi

To start with, let us compare N;; and N;3. Since n;; < nyo, the prehistories stopping at nj;
cannot be continued to n;o-prehistories; hence using the fact that each point in A has at most
d' preimages in A, it follows that N2 < [(d')™! — N;] - (d')™2 ™. Similarly one can show that
Nij < (d')"5 — Ny (d')"a™" — .. — Nyq)(d')"97™"G-0,2 < j < g;. This implies that, for each

1 € I, we obtain:

5 < N; n N; Ni(g;i—1) N (d')"iai — Ny (d')™e ="t — . — Ni(qi_l)(d’)"iqi_"i(qu)
Py @ @y @y
<o No Ni(gi-1) ) N Nigi-1) _
- (d/)nﬂ (d’)”i(qz'*l) (d’)ml (d/)ni(qu) -
(28)
Therefore from the last inequality it follows that ¥; < 1,4 € I and hence X; - ... -X; <
1,71,...,7s € I. Thisimplies then o > . (d/)Nn?lill'ﬁYffjssps < 1. In particular, if j1, ..., js €
<P1=¢jy -, 1<Ps <qjs
I, we get
!/
Niipy - oo Njp,
Z JiP1 (d/)n JsP S @7 (29)

!/

where © > 0 is a constant independent of n, j, ..., js and where the sum ) is taken over all integers
Njepr € Gy 1 <k < s satisfying n < nj,p + ... +nj,p, <n+ N.

. . . . S _ / .
We will use the above conclusions in order to estimate now > e3n(t@°)(z)—nlogd". first notice
z€F,

that for each ji,..,js € I, there exist at most ) Njp, - ... - Nj p, prehistories C =0C..Cs €Ty,
with C} € ij, 1 < k < s, where the last sum is taken over all integers nj,,, € Gj,,1 <k <'s

23



satisfying n < njp, + ... + nj,p, < n+ N. Then using (27) and (29), we will obtain:

P(t¢® —logd) < ) 7 St mnlosd
zeFy,

1
<SS Ny e Njp) - (@)™ - Toe™= - (diamUy, ) - .. - (diamt;, )t (30)
"

< OTy - "°¢ . Z(diamUjl)t Cat (diamUjs)t,

"

where the sum ) is taken over all integers s > 0 and s-uples ji,...,js € I having some prehis-
tories C',...,Cs in Fjl,...,FjS respectively, which satisfy: Cj...Cs € T',,. But the cover (U;)ier

has been taken such that Y (diamU;)! < 3, therefore Y (3 (diamU;)!)* < 1. This implies that
il 5>0 i€l
> > (diamUj,)t - ... - (diamUj, )" < 1. Therefore using (30) it follows that

s>0 jlv"'vj.sel

P, (t¢® —logd') < OTy - "¢

The constants ©, T, o do not depend on n, ¢, if € < &1 is small enough. So we get P(t¢® —logd') =
m%log P, < oe, and since € > 0 is arbitrarily small, we get P(t¢° — logd') < 0. But this means
tﬁa‘c t > t§, where t§ denotes the unique zero of the function ¢ — P(t¢® — logd'). Now recall
that ¢ has been taken arbitrarily larger than §°(z), hence 6°(x) > ¢j. Recalling that the opposite
inequality was proved in [4], we get finally that 6°(x) = ¢, 2 € A. So, in case f| is open, the stable

dimension is independent of the point. ]

In particular Theorem 3 shows that in the case of s-hyperbolic maps studied in [1], the stable
dimension along basic sets of saddle type, is independent of the point .

Finally, notice that the proof of Theorem 3 shows more generally that §°(x) > t§ if each point of
A has at most d’-preimages in A (one may also denote t§ by ¢{(d’) when emphasizing its dependence
on d'). The number of preimages d(z) that a point = from A has in A, is not necessarily constant.

The above remark and Theorem 1.2 of [4] prove the following:

Corollary 2. In the setting of Theorem 2, if d' < d(y) < d",y € A, then for each x € A it follows
that t5(d") < 6%(x) < t§(d).

It is important to remark that this Corollary does not require f|a to be open; it gives estimates
of the stable dimension, for example in the case of quadratic maps from [4].
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