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ABSTRACT. In this paper we study various aspects of tame finite parabolic iterated function
systems which satisfy a certain open set condition. The first goal in our analysis of these
systems is a detailed investigation of the conformal measure on the associated limit sets. We
derive a formula which describes in a uniform way the scaling of this measure at arbitrary
limit points. The second goal is to provide a metrical Diophantine analysis for these parabolic
limit sets in the spirit of theorems of Jarnik and Khintchine in number theory. Subsequently,
we show that this Diophantine analysis gives rise to refinements of the description of the
conformal measure in terms of Hausdorff and packing measures with respect to certain gauge
functions.

1. Introduction

For a large class of fractal sets the idea of an iterated function system has turned out to be
a very convenient and efficient concept. Traditionally, the development of fractal geometry
was always very much inspired by various phenomena which appear in conformal analysis and
number theory. In this paper we continue this tradition by studying metrical Diophantine
aspects of certain tame parabolic iterated function systems. This study generalizes results for
geometrically finite Kleinian groups with parabolic elements (obtained in [S1] [S2] [S3] [SV],
see also [HV] [Su]) and for parabolic rational rational functions (obtained in [SU1] [SU2]),
which represent complex analytic analogues of Jarnik’s number theoretical theorem on well-
approximable numbers ([J] [B]) and Khintchine’s on a qualitative description of the ‘essential
support’ of the 1-dimensional Lebesgue measure ([K]).

The paper is organized as follows. In Section 2 we first define the class of tame finite para-
bolic iterated function systems which satisfy the Super Strong Open Set Condition (SSOSC).
We then recall a few immediate geometrical implications of the bounded distortion properties.
In Section 3 we study the h-conformal measures arising from these parabolic systems. ( Here,
h denotes the Hausdorff dimension of the limit set associated to such a system.) We obtain a
formula which describes in a uniform way the scaling of this measure at arbitrary elements of
the limit set. As a by-product we obtain an estimate on the local behaviour of the h-conformal
measure at parabolic points. In Section 4 we analyse the limit sets from a Diophantine point
of view. Our general approach here follows roughly the analysis given in [S1] [S2] [SV] [SU1]
[SU2]. Nevertheless, the construction of the main tool, namely the measure p on a Cantor-like
subset of the limit set, is different. This construction is simplified and its geometrical and
dynamical significance is clarified. Finally, we establish various limit laws leading up to the
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Khintchine Limit Law for tame parabolic iterated function systems. Subsequently, we show
that these laws provide some efficient control on the fluctuations of the h-conformal measure,
giving rise to refinements of the description of the h-conformal measure in terms of Hausdorff
and packing measures with respect to some gauge functions.

Acknowledgement: We should like to thank the Stochastic Institute at the University
of Gottingen, the Mathematics Department at the University of Warwick and IMPA in Rio de
Janeiro for their warm hospitality and excellent working conditions when writing this paper.

2. Preliminaries

We begin by giving a description of our setting. Let X be a compact subset of some Euclidean
space IR? such that X has non-empty interior and is contained in a bounded connected open
set V. Suppose that there are countably many conformal maps ¢; : X — X, i € I, with [
having at least two elements. Then the system S = {¢; : i € I} is called a conformal iterated
function system if and only if the following eight conditions are satisfied.

(1): (Open Set Condition) ¢;(Int(X)) N ¢;(Int(X)) = 0 for all ¢ # j.

(2): |¢i(z)| < 1 everywhere except for finitely many pairs (i, x;), i € I, for which z; is
the unique fixed point of ¢; and |¢}(z;)| = 1. Such pairs and indices ¢ will be called
parabolic and the set of parabolic indices will be denoted by 2. All other indices will
be called hyperbolic.

(8): Foralln > 1,w = (wy,...,w,) € I"™ we have that if w, is a hyperbolic index or
if wy,_1 # wy, then ¢, admits a conformal extension to V' C IR? which maps V into
itself.

(4): If i is a parabolic index, then ,,>¢ ¢i» (X) = {2;} (Hence in particular, the diameter
of the set ¢ (X) tends to 0 for n tending to infinity.)

(5): (Cone Condition) There exist a, [ > 0 such that for every x € 0X C IR? there exists
an open cone Con(x,u,, a,l) C Int(X) with vertex x, ||u,|| = 1 and central angle a.
Here, we have set Con(x,u,, o, ) :=={y: 0 < (y — x,u,) < cosally —z|| < 1}.

(6): There exists 0 < s < 1 such that for all n > 1,w € I™ we have that if w, is a
hyperbolic index or if w,_1 # wy,, then ||¢] || < s.

(7): (Bounded Distortion Property) There exists K > 1 such that for all n > 1,w =
(Wi, .orywy) € I™ and z,y € V we have that if w, is a hyperbolic index or if w,_1 # wy,
then

6L (W)| < K [6,(2)].
(8): There are constants L > 1, > 0 such that

16| — 16}(2)]| < LlIgl|ly — 2|* for all i€ IVa,y eV,

Note that if Q = (), then the system S is called hyperbolic, and that if Q # (), then S is
called parabolic. Throughout this paper we shall always assume without further notice that
the system S is parabolic and the alphabet I is finite.
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We now state a few immediate geometrical consequences of the bounded distortion properties
(7), (8) and the cone condition (5). For the proofs of these statements we refer to [MU1].
For all hyperbolic words w € I'* and all convex subsets C of V' we have that

diam(¢.,(C)) < [[¢],||diam(C) (2.1)

and
diam(¢, (V) < DIl (2:2)
Here, the norm || - || is the supremum norm on V', and D > 1 denotes a universal constant.

Moreover, for every x € X, 0 < r < Dist(X,0V), and for every hyperbolic word w € I'* we
have that

diam (¢, (X)) = D™|¢, || (2.3)

and

¢u(B(z,1)) D B(du(z), K~ ||¢,]Ir). (2.4)
Also, there exists 0 < § < «a such that for all z € X and for all hyperbolic words w € I*

6 (Int(X)) D Con(gu(x), B, D' |6, ]1) D Con(gu(x), B, D-*diame,(V))), 25

where Con (d)w(x), B, D¢l |) and Con (d)w(x), s, D*Zdiam(qﬁw(V))) denote some cones with

vertices at ¢, (), angles 3, and altitudes D~!||¢/ || and D~2diam(¢, (V")) respectively. Finally,
for every w € I* (not necessarily hyperbolic) and every z € X, there exists an altitude
l(w,z) > 0 such that

6.,(Int(X)) > Con(pu(x), B, 1(w, 7)). (2.6)

We should like to emphasize that for d > 2 the conditions (7) and (8) with & = 1 can be
deduced from condition (3). For d > 3, this has been shown in [U1]. For d = 2, conditions (7)
and (8) follow from Koebe’s distortion theorem combined with the observation that complex
conjugation in ('is an isometry.

Let I* denote the set of all finite words in the alphabet I, and let 1°° be the set of all infinite
sequences with entries in I. By condition (3), we have that ¢, (V) C V, for every hyperbolic
word w. For each w € I* U I*°, we define the length of w by the uniquely determined relation
we ¥ Ifwe I*UI® and n < |w], then we write wl|, to denote the word wjws...w,. In
[MU1] it was shown that lim,, , sup,,—,{diam(¢, (X))} = 0. Hence, the map 7 : I* — X,
given by m(w) = Ny>o G|, (X), is uniformly continuous. Now, the limit set J = Jg of the
system S can be defined as the range of the map 7, that is we define

J =m(I*).
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In order to introduce the notion of tameness we define, for every 7 € €,
Xi= U ¢(X).
Jel\{i}
We call a parabolic conformal iterated function system S = {¢; : i € I} tame if z; ¢ X;, for

every i € €. Also, we say that S satisfies the Super Strong Open Set Condition (SSOSC) if
the following two conditions are satisfied.

U #:(X)U | ¢i(X;) C IntX; (2.7)
ien\Q icQ
XU 6X) = o zi € Q). (2.8)

Unless stated otherwise, for the remaining part of this section we shall assume that S is a
tame parabolic finite conformal iterate function system satisfying (SSOSC). The inclusion in
(2.7) implies that there exists 0 < R < Dist(X,0V') such that

B ( U a(x)ul qsz-(Xi),zz%) C IntX. (2.9)

icI\Q €N

Also, for each w € I* and every A C B(x;,2R) we have that

du(A)NJ =¢,(ANT). (2.10)

Note that in order to derive the latter formula, we have to use the fact that the system S is
tame. Furthermore, for all i € Q,w € I* we have that

7 7 (wi™)) = wi*™. (2.11)

Following [MU1], given ¢ > 0, a Borel probability measure m is called t-conformal for the

system S if m(J) = 1 and if for every Borel set A C X and for each i,j € I with ¢ # j, we
have that

m(@i(4)) = [ 161'dm (2.12)

and

Recall that a parabolic system S is called regular if and only if there exists a ¢-conformal
measure (cf. [MU 1]). Then ¢ = h is the Hausdorff dimension of the limit set (see [MU1]).
Combining Theorem 1.4 in [MU2] and Corollary 5.8 in [MU1], we immediately have the

following result.
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Theorem 2.1. A parabolic finite iterated function system is reqular.

Hence, since the systems which we consider in this paper are finite, it follows that they are
regular. The associated h-conformal measure will always be denoted by m. We shall require
the following distortion properties.

Lemma 2.2. There exists a positive constant R* < R such that the following holds. For each
hyperbolic word T € I* and for every w € I we have that ¢, is well-defined on B(rw(w), R*).
Moreover

|97(y)]

|0 ()]

< K forall z,y € B(r(w), R"),

and

K¢ (x(w))["m(B(r(w), 1) < m(¢(B(r(w),r))) < K*|¢)((w))|"m(B(r(w), )
for every r € [0, R*].

Proof. The statement that ¢, : B(m(w), R*) — IR? is well-define and the first distortion
property of the lemma are immediate consequences of the fact that R* < R < Dist(X, 0V)
and property (7) at the beginning of this section. In order to derive the second distortion
property of the lemma, choose 0 < R* < R sufficiently small such that, for each 7 € €2,

B(¢:(X) N (R*\ B(x;, R)),2R") C IntX. (2.14)

If 7(w) € ¢;(X) for some i € Q, and if ||7(w) — ;]| > R, then B(n(w),2R*) C IntX. The
proof in this case then follows immediately from a combination of the conformality of the
measure m and distortion property (7). In case that 7(w) € ¢;(X) N B(x;, R), it follows that
B(r(w), R*) C B(x;,2R). Using (2.10) and the conformality of m, we obtain that

m(¢r((B(w(w),7))) = m(¢r(B(r(w),r) N J) = m(¢,(B(m(w),r) N J))

= Ly 1m = [ 16! "dm,

and hence the first distortion property of the lemma gives the proof in this case. Finally, if
T(w) ¢ Uieq ¢i(X), then m(w) € ¢;(X) for some j € I\ Q. In this case (2.9) implies that
B(7m(w),2R*) C IntX, and hence the statement of the lemma follows immediately from (7)
and the conformality of m. This proves the lemma. [ |

The following fact easily follows from the local analysis of parabolic polints done in [MUZ2].

Lemma 2.3. Assuming that R* > 0 is sufficiently small, there exists a constant Cy > 0 such
that for every i € Q and every r € (0, R*|, the intersection J N B(x;,r)\ {x;} is contained in
a central cone contained in Int X with vertexr x; and an angle < CirPi.

As an immediate consequence of this lemma we get the following.
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Lemma 2.4. There exists a constant Cy > 0 such that for every i € €2, every r € (0, R*],
and every hyperbolic word w the intersection J N B(¢y(x;), r|¢l,(x;)]) is contained in a central
cone with vertex x; and an angle < CyrPi.

We are now in the position to prove the following distortion property.

Lemma 2.5. There exist constants p, R, > 0 such that for every i € Q, x € JN B(x;, R,),
and for each w € I* the map ¢, is well-defined on B(zx, p||lx — z;||) and

|9L,(2)]
|64, (y)]

and furthermore, for every positive r < p||x — x;|| we have that

SK fOT‘ all y,ZGB(.ﬁU,pHx—:UZH),

K¢, (x)["m(B(x,r)) < m(¢u(B(x,r))) < K"¢[,(x)|"m(B(x,7)).

Proof. In view of Lemma 2.3 there exists R, > 0 and p € (0,1/2) such that B(x,2p||z —
zi||) € IntX for all z € J N B(z;, R,). Therefore, all the maps ¢, : B(z,2p||x — z;||) —
IntX are well-defined, and the second part of our lemma follows from the first part. The
first part in turn in the case when d = 1 is contained in Lemma 2.6 of [U2]. In the case
d = 2 it follows immediately from Koebe’s distortion theorem and the observation that
the complex conjugation is an isometry. In the case d > 3 it follows from the inequality
following formula (4.9) in the proof of Theorem 4.13 in [MU2] that, with Y = B(z, p||z — z4||),
W = B(x,2p||x — z;||), one gets |¢/,(2)|/|¢,(y)| < 4. We are done. u

The constants R, and R* of Lemma 2.2 and Lemma 2.4 will be crucial in the sequel. For
later use we define

R := min{R,, R"}.

3. The geometry of conformal measures

The main result in this section is the derivation of a ‘global formula’ for the conformal measure
associated with a tame parabolic finite iterated function system. This formula describes in a
uniform way the scaling of this measure at arbitrary points in the associated limit set. Our
ellaboration of this formula follows closely the discussion in [SV] and [SU], where we obtained
this type of formula for geometrically finite Kleinian groups with parabolic elements and for
parabolic rational maps.

The section is split into two subsections. In the first we give an estimate for the conformal
measure around parabolic points. In the second we then derive the global formula. Subse-
quently, as a first application of this formula, we obtain a first rough description of how the
conformal measure relates to the geometric concepts Hausdorff measure and packing measure.
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3.1. The conformal measure around parabolic points. We begin this subsection by
recalling the following estimates for tame parabolic systems. For d > 2 a proof can be
found in [MU2] (Section 4). For d = 1 the estimates are obtained immediately from the
considerations in [U2].

Proposition 3.1. Let S be a tame parabolic system. Then there exists a constant () > 1 and
an integer ¢ > 0 such that for every parabolic index i € I there exists an integer p; > 1 such
that for every j € I'\ {i} and for all n,k > 1 we have that

pit+1 _pitl

Q'n < inf{[@jn; [}, |05 I, diam(gin; (X)) < @n v, (3.1)
Q~'n"% < Dist(xi, ¢in (X;)) < Dist(zy, din (X3)) < Qn 7, (3.2)
Dist(¢in (X:), die (X,)) < Qln 7 — k7o), (3.3)

Furthermore, for |n — k| > q we have that

1 1
Dist(¢in (Xi), ¢ (X)) = Qfn > — k¥i]. (3.4)
The following lemma gives the main result of this section.

Lemma 3.2. Let m denote the h-conformal measure of the finite parabolic system S. For
each k > 0 there exists C, > 0 such that for every parabolic index v and for every x € J we
have that

Ot |z — [0 < m(Ba, il — il [) < O || — a0,
In particular, the constant C\, depends continuously on k.

Proof. Since the support of m is equal to .J, we may assume without loss of generality that
||z —z;|| < A for some fixed 0 < A < R. Let z = 7(w) and w € I* be given. Then w = i"jr,
where j # i, n > 1, and 7 € I*®. Assuming A to be chosen sufficiently small, (3.1) implies
that

n > 20Q* " (3.5)

For the proof of the first inequality in the measure estimate of the lemma, let

T := {k : Dist(¢;(X), ¢pin; (X)) < 6|z — 2| — diam(psm;(X))}.
Using (3.1), we deduce that

pitt
(B, sllr — ) > X mda, (X)) > X6t > Y QR
keT keT keT

Using (3.2) and (3.1), we have that if

nip%‘ — kip% <K ’lnfpli —Qn P
= )
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then it follows that k£ € T'. Hence in particular, if £ > n and if

P!

Q (ni — ki) < KQ_lnipLi —Qn P, (3.6)
then we have that k& € T. Clearly, the statement in (3.6) is equivalent to

_pitl

Qk 7 > (Q—rQ ) W +Qn .
pitl 1 _1
Also, (3.5) implies that Qn~ 7 < k(2Q)~'n 7. Therefore, if k¥ > n and Qk 7 > (Q —

1

1 1 R
kQ Mn 7 + k(2Q)'n" 7, or equivalently if £ > n and k < (1 — %) i then we have that
k € T. Tt now follows that there exists a constant C,, > 0 (which depends continuously on &)
such that

_1
_h(li%) " —pitly
m(Bakllr— =) > Q" Y kH
k=n
_ 1 (q_pitl,
. i i itl
ZQh<1_pz+lh> (1—%> s )—1 e
Pi
[ ht(h=D)p;
> Cin ( g p)

Hence, since by (3.6) we have that ||z — z;|| < anf%i, it follows that
m(B(z, ||z — z;]])) > CQ M P=VPi||g — g;||h+-Dpi, (3.7)
In order to prove the second inequality in the measure estimate of the lemma, note that
Qk_p%' < (1+k)||zr — =4|| if and only if k& > (Q’l(l +K)||z — xi||)7pi. Using this observation,
(3.2) and (3.1), we obtain that
m(B(z, kl|z — zil])) < m(B(zi, (1 + #)||lz — i)
<> m(¢p;(X))

i ~»;
k=(@- (tm) e

=5 SN SR [ [

p;+1
S SR SR
k:(Q*l(l—l—n)Hx—xiH) "
p;+1 -1
< QQ (kh pj‘— _1>
p;+1

< (Q—1(1 + k)||x — xiH)—pi(l—p—ih) — én||$ _ xi||h+(h—1)pi
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where C,, < oo denotes some positive constant (which depends continuously on ). u

Corollary 3.3. There exists a constant C' > 1 such that for each © € Q and for all 0 < r <
2diam(X') we have that

C—1 pht(h=1)pi < m(B(z;,r)) < C yhrh—1pi

Proof. Let j # i, and choose n > 1 to be the least integer such that Q*In_f%i < r. Let
r € ¢n-1;(X) be fixed. By (3.2) and Lemma 3.2, we have that

~ ht(h=1)p;

m(B(xi,r)) < m(z,2l|e - ail]) < Calle —aif P < CoQ(n—1) 7

P h4(h—1)p;
< nthr(’;il)Pz < <%> rh+(h_1)pi.

Now, let £ > 1 denote the least integer such that Qkip% <r/2, and let y € ¢;;(X) be fixed.
Similar as above, (3.2) and Lemma 3.2 imply that

~ h+(h=1)p;

m(B(xla 7”)) > m(B(ya ||y - ZUZ|) >4 ||y — xi||h+(h*1)1’1i > Q*(th(h*l)Pi)k 7
> (k- 1)*Wi > 9—(h+(h=1)p;) pht(h—1)p;
|

Lemma 3.4. For every k > 0 there exrists D, > 1 such that for each i € €, for every
sufficiently small r > 0, and for all x € J N B(x;, k~'r) we have that

D;lT}H—(h_l)pi < m(B(z,r)) < Dﬁrh+(h_1)pi.

Proof. Since B(z,r) C B(z;, ||z — ;|| +7) C B(x;, (1+£7)r), it follows from Corollary 3.3
that

m(B(z,r)) < C(1 4 & 1)t Dpipht(h-Dpi, (3.8)

Now, if r < 2|z — ||, then r = af|z — z;|| for some « such that x < a < 2. By Lemma 3.2,
we have that C, < C :=sup{C} : t € [k,2]} < co. Hence, using Lemma 3.2 once again, it
follows that

m(B(z,r)) = m(B(w, allx — z;]]) < Callz — a7
—D)p; 3.9
<0 <Z>h+(h P G 1)) o (3:9)
O3 <
Otherwise if 7 > 2||x — x;||, then Corollary 3.3 implies

h+(h—1)p;
7") +(h—1)p :027(h+(h71)pi)rh+(h*1)pi_

m(B(z,r)) > m(B(x;,r/2)) > C (5

Combining the latter estimate, (3.8) and (3.9), the lemma follows. u
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3.2. The global formula for the conformal measure. An element w € I is called pre-
parabolic if and only if o*w = i* for some k > 0 and some i € Q. The set of all pre-parabolic
elements will be denoted by I7°. Also, a limit point which is not a pre-parabolic element will
be referred to as radial, and we write I>° to denote the set of all radial points.

For each w € I we fix an increasing sequence of integers {n; (w)}f(:wl) as follows. Assume
that n;(w) is defined, then we define n;,i(w) to be the smallest index which is greater than
n;(w) such that either wy,, () is hyperbolic or Wy, () # Wn, ,(w)-1 (note that n;(w) is well-
defined). In case nj;;(w) does not exist, then j = k(w). Note that if nj;(w) > n,(w)+2, then
there exists a unique parabolic index ¢ = i(w, j) such that w, = ¢ for all n;(w) <1 < njq(w).
Furthermore, if n;,(w) = n;j(w)+1, then i(w, j) denotes some arbitrary element of 2. Observe
that k(w) = oo if and only if w € I?°. For each j, we define

ri(w) =Rl (m(c"@w))],

w'nj(u)

and we refer to the sequence {r, (w)}f(:wl) as to the hyperbolic zoom of w. Note that by the chain

rule and by property (6) of section 2, we have that {rj(w)}f(:wl) is a strictly decreasing sequence.
Hence, for each w € I and every 0 < r < R = min{inf{|¢}| : i ¢ Q},inf{|};] : i € Q, 5 # i}},
there exists a unique j > 1 such that ;4 (w) < r < rj(w). For a given w and r, these so
determined neighbours ;4 (w) and r;j(w) in the hyperbolic zoom of w will be denoted by 7, (w)
and r,(w) respectively. Also, in this situation we shall write i(w,r) to denote the parabolic
element i(w, 7). Finally we define the function ¢, which is given for w € I°° and r > 0 by

m(B(x,r
The following theorem is the main result of this section.
Theorem 3.5. (Global formula for conformal measures) Let S be a tame parabolic finite

iterated function system satisfying the (SSOSC). Then, for each w € I and every 0 <r < R
we have with i = i(w,r) that

C(w,r) =< (T*Zw))(hil)pi for r*(w) > r > r*(w) (:EW))#
) (T*Tw))hfl for r*(w) <r< T*(w) (%)m ‘

Proof. Let w € I*° and 0 < r < R be fixed. For ease of notation, throughout the proof we
shall suppress the dependence on w in some of the appearing quantities. Let j be determined
by the condition r, = r;. Hence, we have that r* = r;,;. By (3.2), we have that

1

|0 w) = il| = [[7(Dmjia—niy,  (W(@"HW))) = @il < (njg1 —ny) 7.

“njp1

Using the chain rule and (3.1), we obtain that

L=yl (w0 o) b, (w0 w)]

r pitl r Bt
= (J—H> (nj11 —ny) n= <_i> (nj1 — 1) e
Tj r
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Hence,
r\ o
(7) x|l (0™w) — il (3.10)
This implies that if
il
>t (w) (n(w)) ,
r*(w)
then
|0, ({0 W) - [Im (0" w) — @il| <7 < g, (m(a"w))],
and hence,
r
Im(0™w) — x| < —— < 1.
0, (r(0))]

Now, using property (7) (note that Do, 18 hyperbolic) and Lemma 3.4, it follows that

m(B(r(w),r)) < |6, (w(o™w))|" m(B(r(e™w),rld,, (r(o"w)| ™))
(h=1)pi (h—1)pi
= T;}(Trj_l)hﬂh_l)pi =l (;) =rh (%) .
j
This proves the first case in the theorem. We are now left to consider the case in which
P
r*(w)

Because of (3.10) (after arranging for appropriate constants), this means that

6, (TP )] <7 < ol (r(™))] - [n(o™w) = il

where 0 < p < 1 is the constant obtained in Lemma 2.5. Therefore, there exists n; < u <
nj+1 — 1 such that

PlEi), o (T )] - (0" w) — @il] < 7 < plely, (m(0"w))] - [I7(0"w) — wil|.
In particular, this implies that
r = pld, (m(0"w))| - || (0 w) — z|. (3.11)
Thus, by using the conformality of m, Lemma 2.5 and Lemma 3.2, it follows that
m(B(m(w), 1)) < |y, (r(o"w))["m(B(r(c"w), pl|7(c"w) — i)

= |9y, (w(o"w)) ||| (0"w) — |+ (3.12)

= rM|m(o%w) — x| | DP
On the other hand, the chain rule, (3.1) and (3.2) imply that

j+1—u—l

1= 1|8, (T(0"w) b, (m (o™ w))[
pitl

= 1@l (m(0 W) [T (nj —u) 7,
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as well as

u —(pi+1) M

Im(0"w) = @il P = (njy —u) e
These two latter comparabilities together with (3.11) show that
r<rr(otw) — @il | PV |r (0" w) — 2l = r|m (0" w) — @l P
Hence, we have that ||7(c%w) — ;|| < (r./r)"/?", which together with (3.12) implies that
h—1
m(B(r(w), 1)) =< r" (7"_> .
r

This proves the second case in the theorem. [ |

The following corollaries are immediate consequences of the previous theorem.
Corollary 3.6. Ifw € I°, then for each j > 1 we have that
m(B(m(w), rj(w))) =< r5(w)".

Corollary 3.7. The conformal measure m s a doubling measure. This means that for every
c > 0 there exists B > 0 such that for each z € J and every r > 0 we have that

m(B(z,cr)) < Bm(B(z,1)).

Finally, as a first non-trivial application of Theorem 3.5 we derive an alternative proof of the
following geometrical fact which was obtained under slightly weaker assumptions in [MU2].
For this let H! and P! denote the ¢t-dimensional Hausdorff and packing measure respectively.

Theorem 3.8. If S is a tame finite parabolic system satisfying the (SSOSC), then the fol-
lowing holds.

(a): If h > 1, then 0 < H"(J) < oo and P"(J) = co.

(b): If h =1, then 0 < H*(.J),P"(J) < oo.

(c): If h < 1, then 0 < PR(J) < o0 and H"(.J) = 0.
Additionally, if either measure H" or P" is finite and positive, then its normalized version is
equal to the conformal measure m.

Proof. In [MU1] (Lemma 5.6 and Theorem 5.7) it was shown that for a tame finite parabolic
system satisfying the (SSOSC) the h-conformal measure m is atomless. This combined with

Corollary 3.6 and the inverse Frostmann lemma (see [PU]) implies that we always have that
H"(J) < oo and P"(J) > 0. Now, if h > 1, then Theorem 3.5 immediately gives that, for

every © € m(IX),
m(B(z,r))

lim sup 7
r

r—0
which implies that H?(.J) > 0. If in addition x = 7(w), for w € I*° containing arbitrarily long
blocks of ¢’s for some i € €2, then we have that

<1,

h—1)p;

1 ( i
p;+1 p;+1
lim infw < lim iOnfC (w,pr*(w) <r*(w)> ) = liminf <r*(w)> =0.

r—0 rh r*(w) r—0 r*(w)
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Now, by ergodicity of the measure m (see [MU2], Corollary 5.11) and since m is positive on
open sets, it follows that m-almost everywhere we have that

lim inf 7m(B(x, r)

r—0 rh

=0.

We conclude that P"(.J) = oo, which proves case (a) of the theorem. Case (b) is an immediate
consequence of Theorem 3.5. The proof of case (c) is analogous to the proof of case (a), and
we obmit it. m

4. Metrical Diophantine analysis

In this section we give a metrical Diophantine analysis for tame parabolic finite iterated
function systems. In the first subsection we calculate the Hausdorff dimensions of certain
subsets of the limit set which are of zero h-conformal measure. These sets are comprised of
radial elements which under the system have a rather rapid approach to the parabolic points.
In particular, these sets are the natural analogues of the sets of well-approximable numbers.
In the second subsection we derive various limit laws which give useful approximations of the
‘essential support’ of the A-conformal measure associated with a tame finite parabolic iterated
function system. Subsequently, we show that these laws lead to good estimates on the growth
of the function ¢ in the global formula (Theorem 3.5), which in turn give rise to a refined
description of the conformal measure in terms of Hausdorff measures and packing measures
with respect to some explicit gauge functions.

4.1. Tterated function systems in the spirit of Jarnik. We first have to introduce the
notion of a canonical ball. For i € €2, 6 > 0 and a hyperbolic word w € I*, we define

B, (i) = B, = B(u(:), Rl¢},(:)|) and  Bg(i) = By, = B(¢u(x:), (Rl (x:))' ).
The closed ball B, will be referred to as the canonical ball associated with the hyperbolic
word w.
Our main interest in this section will be focused on the sets

B=NUU B

g1 n>q|w|=n

and
Jo = U Jf .
=)
The main result in this section is stated in the following theorem. The proof of this theorem
will occupy the remaining part of this section. It will be given in several steps, some of which
are formulated in separate lemmata.

Theorem 4.1. Let S = {¢; : i € I} be a tame parabolic finite iterated function system
satisfying (SSOSC). Then, for every i € Q the following holds.
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(a): If h <1, then

h
HD(J’) = —.
(7%) 140
(b): If h > 1, then
A if 6>h—1
HD(J)) =4 "hisp op =
{H;(’lf:;i) if 6<h-—1.
In particular, with Py, := min{p; : i € Q}, we have that
A if6>h—1
HD(J) = 0, o
{71+£1£;?;’:n> if§ < h—1.

The first step in the proof of the theorem is to give some upper bound for HD(.J?).

Lemma 4.2. For each i € Q) and every 0 > 0 we have that
146" 1+6(1+p;)

Proof. For n > 1, let H,, denote the family of all hyperbolic words of length n. For every
€ > 0 we have that

HD(J?) < min{

by
HE () < liminf Y S ((RId (2)] )9

n>qweHy

< Rh+e(1+5 hm 1nfz Z |¢) -'L'z |h+e 1+6

n>qweHy,

From Lemma 4.3 and Theorem 4.6 in [MU1] we deduce that exists a (h+€(1+d))-semiconformal
measure v. We then apply Theorem 5.1 in [MU1], which gives that v is in fact (h+ €(1+0))-
conformal, and that v(z;) > 0 for some j € Q. From the definition of the limit set .J it follows
that there exists a hyperbolic word 7 € I* such that ¢.(z;) € B(z;, R). Hence by Lemma 2.2,
we have for every hyperbolic word w € I* that

|00, (20) | < K10, (dr (7)) = K| ()| 07 ().
Combining this latter estimate and the conformality of v, it follows that for each ¢ > 0 and
every n > ¢ we have that

Z Z |¢:‘](xi)|h+e(1+5) < (K|¢;( )thE (1+9) Z Z |¢WT x] |h+e (1+96)
n>qweHy, n>qweH,
<SON v (ag))v(zy)
n>q |w|=n

< v(w;) " {8 () vl Z a+I7l}) S wlay) ™
Hence, H%“(J‘s) < v(z;)7", and consequently HD(.J?) < % + €. By letting € tend to 0, we

derive that HD(J?) < l_fﬁ(;
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In order to obtain the second upper bound, note that by Lemma 2.4 the intersection
J N B¢y (x;), (R|¢,(x;)])'?) is contained in a central cone with vertex ¢, (z;) and angle <
CoRY™0¢ (2:)])%P < (R| @, ()])%, or equivalently the radius of the base < (R|¢!,(z )|)1+5(”1+1)
Thus J N B(¢,(x;), (R|¢,(x;)])'?) can be covered by at most const (R|¢! (z;)])~°% balls of
radii (R|¢,(x;)])' P+ Therefore, for every ¢ > 0 we have

H1+5(1+Pl)+€(!]5) < llmlnfz Z (R|¢ ( )|)1+5 1+p1))1+_5(1+p1)+ (R|¢ ( )|)*5pi

n>qweH,
- h+e 14+8(1+4p:))
llIggle > oL ()
n>qweH,
Now the proof follows exactly in the same way as in the first part. [ ]

As a first step towards the proof of the lower bound in Theorem 4.1, we obtain the following
lemma.

Lemma 4.3. There exists a universal constant b(d) > 1 such that the following holds. For
every open set G C IntX and each n > 1, there exists a finite set Iq, C Ujs, I? of mutually
incomparable hyperbolic words, which has the properties that m (Uwelg,n Bw) > b(d)tm(G)
and that the balls in {B, : w € Ig,} are pairwise disjoint subsets of G.

ProofFix i € 2. We define
Joo i= W({w € I\ {7i* : 7 € I} : w contains arbitrarily long blocks of i’s}).

Then, since the conformal measure m is positive on non-empty open subsets of J, Corol-
lary 5.11 in [MU1] implies that m(Jy) = 1. Now, let ¢ > 1 be sufficiently large such that
$i(X) C B(z;, K 'R). Tt follows from the definition of J,, that if z € J, then there exists
an increasing infinite sequence {/;}; with [; > n for all j > 1, a sequence {¢;}; with g; > q+ 1
for all j > 1, and words w") € I*% such that for all j > 1 we have that z € ¢_u)(X), w 7é i
(B(z, K~'R)) C B, that w) |lj+1 is a
hyperbolic word, and that lim;_,. diam(B,; ) = 0. Hence, the set G N J can be covered
by canonical balls B, for which |w| > n. Let I' denote such a cover of G N J,. By the
Besicovi¢ Covering Theorem, there exists a universal constant b(d) > 2 such that I' contains
b(d)/2 subfamilies, each consisting of pairwise disjoint elements, such that G is contained in
the union of all balls in these subfamilies. It follows that for at least one of these subfamilies,
say I'g, we have that m (Ug,cr, Bw) > 2/b(d)m(G N Jx) = 2/b(d)m(G). Since there clearly
exists a finite subset I'; of Iy which has the property that m (UBw er; Bw) > im (U, er, Bo),
the statement of the lemma follows. [ ]

and oliw|,, = i%. It now follows that z € NG
J

Proof of Theorem 4.1.
Our next step in the proof of the theorem is the construction of a Cantor set contained in
Ji‘s . Crucial for this will be a certain increasing sequence {n;};>¢ of non-negative integers, and
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it will become clear during the construction how one has to choose this sequence. We begin
with by defining for [ > 0 the sets I; C I* by induction as follows. Let By := B(x;, R) and
Iy := {0}. Suppose that I; has been defined, and let w € I; be fixed. By Lemma 4.3 there
exists a finite set w* consisting of hyperbolic words such that

w* C U I*

k>max{|w|+lni41}

and the family {B,},c.- consists of pairwise disjoint balls such that B, C IntB’ for every
T € w* (note that 7, = w). In addition

m ( U BT> > ﬁm(mBg) > m(BD). (4.1)

TEW*

Here, the latter inequality is a consequence of the conformality of m, Lemma 2.2 and Corol-
lary 3.3. Put

[l+1 - U C{)*.

wel;

Now, let {F};>1 denote the family of nested non-empty compact subsets of By which is given
by

F = ﬂ B,.
wel;
Note that we have in particular that
F=F#0.
I>1

Next, for each [ > 1 we construct a Borel probability measure p; supported on the set Fj_;

as follows. Let py := #ﬂn)rm By, and assume that the measure y; has already been defined
for some [ > 1. Recall that w* := {7 € I;;, : 7|,, = w} for w € I;. Now, for each w € I, and

every Borel set A C B, we put

ETEUJ* m(A n BT)
ETEUJ* m(BT)

1 (A) == (4.2)

This defines a Borel probability measure ;1 on F; which has the property that ;. 1(B,) =
wi(By) for every w € I;. A straighforward inductive argument gives that p,(B,,) = 1(B,,) for
every g > [. Also, since for each w € ;> I; the set B,NF is an open subsets of F' | we conclude
that the weak-limit y := lim;_,, g exists and is supported on F, and that u(B,) = w/(B.,)
for each [ > 1 and every w € I;. For w € I; and j </, let k; = kj(w) < |w| denote the unique
integer which is determined by wlz, € I;. Using (4.1) and (4.2), a straightforward inductive
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argument gives that for every [ > 1 and every w € I; we have that

(B,) = (B):ﬁ m(B.j,,) :m(B)ﬁ m(B.y, ) 1
1(By) = (B jo1 rewly m(B;) < U Creul;, m(B,) m(B(z;, R))
= m(B ) l_l_[l M eXp(O(l))
) j:IT”CBgMj)
— m(B,) -1 |¢w|kj ()] exp(O(1)) (4.3)

= lol, ol (B (o (RloLy, @)1)"))
= () T m (B (Rlet, @9))))  exp(OW).

For every n € U;>;_1 I; define

-1 5 -1
T = TLm (B (s (Rlds, (=0)"))
-1 j=1
Since
Jim sup{|¢;, ()] : w € I"} =0, (4.4)
it follows that there exists ng > 1 such that for each w with |w| > ny we have that
1
(Rl (z) )" < 3 Blos (@)l (4.5)

Since the set [; is finite, it follows from (4.4) that there exists a positive number R < R such
that if w € I; and if R|¢ (z;)| < R for some 7 € w*, then |w| > ng. For fixed z € F and
0 <7 < R/3, consider the family F of all words w € ;g £i41 for which

By, N B(z,r) 0T #0, B¢, ()| < 3r, RId), (x:)] = 3r. (4.6)

We shall now see that the family F, = {wl|y, : w € F} is a singleton, and that if this is the
case with {v} = F,, then it follows that

B(z,r) C B,. (4.7)

For this, fix some element v € F, and w € F such that 7 = wl|;, and such that y €
B, N B(z,r)NJ. Clearly, by construction of the set .J, we have that y € Bg. From (4.5) and
(4.6) we deduce that if z € B(z,r), then

1o = ¢y (@)l < [lo = 2l + lle = yll + Iy = by (@)l <7+ 7 + (Rl () )™

< 2+ SRIGL ()| < SRIGL, (a0)| + S RI6L, (o0l = RIL ()| = RIS, (0]

wlg, wlg,
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Hence, we have now obtained that (4.7) holds and in particular, using (4.6) and the construc-
tion of the set F, that F, = {v}.
Let € > 0 be fixed. Since Ty := sup{[[(7) : 7 € I;_1} < oo, we obtain for n, sufficiently
large and for all n € I; that
Ty exp(O(1)) < |6 ()]

Combining this estimate and (4.6), it follows that

[I() exp(O() < 7. (4.8)
-1
In order to complete the proof of Theorem 4.1, it is now sufficient to shOW that u(B(z,7)) can

essentially be estimated from above by r—2¢r 0 , for 0 being either or 11?{5_{;4). We split

m
this estimate into the following three different cases.

Case 1% r > (R |¢’7(xi)|)1+6.

Using (4.7), (4.8) and the conformality of m, we obtain that
u(B(z,1)) < p(By) = pu(By) < m(B,) [[(7) exp(O(1)) = |¢) (w:)|" H exp(O

—1
< | () ' < 1T

which completes the discussion for this case.
Before dealing with the remaining cases, note that, using (4.3), (4.6), (4.8) and Corol-
lary 3.3, we have that

B(z,7) < Y w(By) = Y. m(B,) [[(w)exp(O(1)) < m(B(z,r)) [[(w) exp(O

= m(B(z,7r)) ll:[(w) exp(O(l) (m(B(l"ia (RI¢!(:))?)) ") (49)

<l () | (B (2, Tr)).

Case 2 r < (R|g(w)]) " and r > K2RQ™* (R o, (2)]) "

From (4.7) and Lemma 2.2 we deduce that r < R|¢(z;)| < KR|¢;, (7(c"7))|, where z =
7(7) and 7|, = 7. This implies that

r/K < R|¢;, (n(o"7))| = R|¢)(x(0"7))]. (4.10)

Now, since z € B,N.J, we have that z € B), and therefore that 7 (c"7) € B(xi, K(R|¢ (v) |)5).
Let o™ T= 17w, with wy # i. By Proposition 3 1 (formula (3.2)), we have that ||7(o"7) —z;|| >
Q¢ o3 Hence, using the fact that lq_E < K(R|¢.(x;)])° and Proposition 3.1 (formula
(3.1)), we obtain that
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RIG, ., (10" )| = RIG, (1(0"7))] - 9, (w(0))]
< B! (m(o"7))|Qq ¥ (1)
< KRQP? (R (w;)]) F0 )
<r/K.

Hence, it follows that
(r/K)" = R|¢! (n(c"7))| and (r/K).=R|d; . (¢(c" 7))l

Choose k > 0 to be sufficiently small, which will be specified in the course of the proof.
Without loss of generality we may assume that z ¢ JZfH“. Thus by choosing r» > 0 to be
sufficiently small, we can assume that z ¢ BJ** and hence in particular that wlo"7) ¢

B(:vz-, K_I(R|¢’7(a:i)|)‘5+”). Since by Proposition 3.1 (formula (3.2)), we have that ||w(c"7) —

zi|| < Qq_f’%‘, it follows that Qq_f’%‘ > K~'(R|¢.(x;)])’*t*. Hence, using Proposition 3.1
(formula (3.1)), we obtain that

R|¢Y ., ((0™ 7)) = RIS (m(0" 7)) - |day, (T(0w))]
> KR, (0)|Q g7 (4.12)
> (R(KQ)" ) Y(R ¢!, (x;) ) O pitD),

Write r = ¢(R|¢!, (z)])' 77, for 0 <1 < dp; and 1 < ¢ < K*RQP. Suppose first that the
first part of the global formula (Theorem 3.5) holds for the centre z and radius r/K. Using
(4.12), we obtain that

|¢T\n+q+1( ( "+q+17))|>ﬁ
R} (m(o"7))|
L (R (24) |)1+(5+ﬁ)(m+1)> e
R|¢\, (7 (0"T))]

U RI (e ) > Rl (r(070) (

> RE|¢! ()] ((R(K@)M%—

— |¢fy(xi)|1+6+n.
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Note that if > 0 is chosen to be sufficiently small (and hence the word length of v is large),
we have that 7 < 2k. Then, applying Theorem 3.5, (4.9) and Corollary 3.7, we obtain that

h—1
Bz, 1)) < ¢l ()| OO (B (2,1 /) =gl () | OO P (7(://;;)*>

h 5(h+(h—1)p;) r (i
= |l ()] O D <7>
! |6 ()]

— pepht(h=1)pi ngv(xi)|*5(h+(h*1)11i)*(h*1)11i
—6(h+(h—=1)p;)—(h—=1)p; hpin—pn+h+hn
= 'rfethr(h*l)pi'r TH5+n e rifrw

Note that we have

hpin —pnt+h+hy _ h
1+5+7 ~ 1490

€ (4.13)

if and only if

n(hp; — pi + hpid — pid + hd) > —e(1 4+ 6 + 7).
Clearly, since n < 2k, the latter inequality is satisfied if we choose k > 0 to be sufficiently
small. Hence, we can assume without loss of generality that (4.13) holds. It then follows that

u(B(zr) < res ¥,
which gives the Case 2° assuming the first part of the global formula.

Now suppose that the second part of the global formula (Theorem 3.5) holds for the centre
z = m(7) and radius r/K. Then (4.9), Corollary 3.7 and Theorem 3.5 imply that

h—1
W(B(z,1)) < T*6|¢fy(xi)|*5(h+(h*1)pi)m(8(z,T/K)) < r*f|¢'7(xi)|f5(h+(hfl)pi)rh (@)

— Tfer|¢/7(xi)|75(h+(h71)pi)p|¢/ (W(Un+q+1,r))|h71‘ (4.14)

Tln+q+1

If h <1, then using (4.12), we can continue the estimate in this case as follows.
BBz, 1) < Tl ()| 20 IPIR g () (D0H 00
_ r—er|¢;(xz_)|h+hﬁpi+hﬁ—ﬁpi—1—6—/~i
= g G e,

where we have set a := hp; + h — p; — 1 < 0. Hence, we have that

_¢ h=l-d+4aw ¢ Dtntas _, htas
/L(B(Zar))<<7“ rro R = S o < T

where in the last inequality we used the assumption that h < 1. Now, by choosing x > 0 to
be sufficiently small, it follows that
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This completes Case 2° for h < 1.
If h > 1, then using (4.11), we can continue the estimate in (4.14) as follows.

w(B(z,1)) < T_5r|¢fy(xi)|—5(h+(h—1)pi)|¢)fy(xi)|(h—1)(1+6(p+1))

=7 7|¢), (z;) "0 = P TR = e T

{r#s—e ifo>h—1
<

h+6p;

rIEGED  if § < h— 1.

Here, the latter inequality is obtained by using the facts that n < dp; and that for 6 < h — 1
it holds that % decreases if 7 increases.
Hence, the proof of Case 2° is complete.

1+6+0p;

Case 3%: r < K?RQPi*? (R|¢’7(xz)|)
From (4.9) and Corollary 3.7 we deduce that

u(B(z, 1)) < | ()| O Im(B (2, /K) = €|l ()| (2 /)

St py)
L r ity ((2,r/K)
LIS T (4.15)
= r¥+ei ((z,r/K).

If h > 1, then we can apply Theorem 3.5, and we obtain that

h+dp;

u(B(z7)) < rTIER

If h <1, we can assume that i = ip,y, which means that p; = max{p; : j € Q}. Let £ > 1
be the index in the hyperbolic zoom associated with the point z and with the radius r/K.
If ngy1 = np + 1, then we can proceed as in the previous case to obtain the desired result.
Hence, suppose that 11 # ng + 1. It follows that o™ 7 = j%7,, 41 for some j € 2, u > 1 and
Tnpt1 7 J. Now, for t € [(r/K)., (r/K)*] we write ((2,t) = t*®). Then we have that

i (1—h) log((r/K)* " « [ (r L\

olt) = log ((z,t) B pi(h—1)+ pi(l )loggi( K for (r/K)*>r>(r/K) (Er%;*) 1
- logt 1

logt 1_h+% for (r/K), <r < (r/K)* (E:;g;:)pjdrl

. From this we deduce that the function « takes on its minimum at ¢t = (r/K)* (
Therefore, we can assume without loss of generality that

(r/m*) o

(/5 = o/ (1505
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Also, by choosing k > 0 to be sufficiently small, we can assume that z ¢ Jo%. For r > 0

small, we then have that z ¢ B‘Tsr“k”(pj). Now, by the same arguments as those leading to

formula (4.12) in Case 2°, we have that

(r/EK). > (R(EQ)"2) ™! ((r/K)")HO+0w ), (4.17)
Hence, Theorem 3.5 and (4.16) imply that

(h=1)p;

C(or/K) < (EZ%) o (4.18)

Write now

(Efg) 0 = o/ ((Efg) —)

and for every t € (0,1) consider the number «(t) determined by the equation

<(r/tK)*>p]T1j = (r/K)" (<(r/t[()*>%>a(t). (4.19)

We are interested in a sufficiently good lower bound on «(r/K). And indeed, solving equation
(4.19) for «(t), one easily deduces that the function ¢ — «(t) is increasing throughout the
entire interval (0, 1). Therefore, invoking (4.17), we may assume that

(r/K), = R(KQ)PiJr?)—l((r/K)*)1+(5+H)(pj+1) < R(KQ)pi+2)—1((T/K)*)l-l-(i(pj-l-l)‘
Combining this and (4.16), we obtain

1+46

* * 4 *
(r/K) < (r/K)*((r/K)") = ((r/E)")
Then by combining this, (4.18) and (4.17), we get
) pj (=D @+r)
((z,r/K) < ((r/K) <L (r/K)™ T
Substituting this latter inequality in (4.15), we obtain that

*)(5+N)Pj(h*1

h+6p; dpj(h—1) et #p;(1—h)

W(B(z, 1)) < T e

A straightforward calculation, using the facts that p; > p; and h > -2= shows that

pj+17?
h + dp; dp;(h —1) S h
L+ 0+ 0p; 1+6 ~ 149
Hence, if k is chosen to be sufficiently small, we finally obtain that

u(B(z, 1)) < T



METRICAL DIOPHANTINE ANALYSIS FOR TAME PARABOLIC ITERATED FUNCTION SYSTEMS 23

4.2. Limit laws for iterated function systems. Let us define the set
L:={i"j:i€Q,j#i,n>1}U(I\Q).

Note that a word w € I* can be written uniquely as an infinite word in elements from I, if
and only if w is not of the form 7¢* for any < € 2 and 7 € I*. Let

o' [0 = IF

denote the shift map on I2°. Also, for 7 € (2 and w € I° define

Ql(w) =

n if w; =14"j forsomen > 1 and 7 # i
0 otherwise.

In [MU1] we obtained that the iterated function system S* = {¢,, : w € I'*} is hyperbolic, and
furthermore that S* is regular if and only if S is regular. The shift map ¢* can be interpreted
as the symbolic representation of the system S*. As in the previous section, in this section
we shall always assume that S is a tame parabolic finite iterated function system satisfying
(SSOSC), and that m is the associated conformal measure for S. Clearly, m is also conformal
for S*. Hence, there exist Borel probability measures m and p* on I2° which are equivalent
to eachother (with uniformly bounded Radon-Nikodym derivatives) such that m = mo 7!
and p* o (0*)7! = p* (see [MUL]). For e € R, i € Q and n > 1, we define

A;n(e) = {w €IX:Qi(w) > nﬁil)pi_f}

and
Aivole) ={w e IF: 0™ (w) € A;n(e) for infinitely many n}.
Lemma 4.4. Fori € Q and € € IR we have that m(A; »(€)) > 0 if and only if € > 0.

Proof. Using the definition of m and the conformality of m, we obtain

> 1 ((07) M (Ain(€)) = 22 1 (Ain(€) = D m(Ain(e))

n>1 n>1 n>1

_:Di+lh

:nz;l 2 ko (4.20)

€

__Pi
T k>n h+(h—1)p;

71+eh+(h_l)pi
=y n o
n>1
Since we have that h + (h — 1)p; > 0 (see [MU2]), it follows that the series

> 1 ((0") " (Ain(e))

n>1
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converges for € < 0. Thus, the ”weaker part of the Borel-Canteli lemma” gives that p.(A4; (€)) =
0, which then implies that m(A; «(e)) = 0. This proves one direction of the equivalence in
the lemma.

In order to prove the remaining part of the lemma, recall the following well-known result
from elementary analysis.

o Let (X,),cy be asequence of events in a probability space (X, P). If 3, .y P(X,,) = oo
and if P(X,NX};) < P(X,) P(X}) for all distinct n, k € N, then P (limsup,, . X,) >

1.

By using once more formula (4.20), the ‘if-part’ of the lemma follows from this general result
once we have shown that for all n, k € IN with n > k£ we have that

m ((0") 7 (Aik(€)) N (0") ™ (Ain(e)) < i ((0)F(Ain(e)) 11 ((07) ™ (Aine))) -

Since p* and m are equivalent, and since y* is o*-invariant, it follows that in order to obtain
this latter inequality it is sufficient to show that

1 (A€ N (07) P (A (€))) <€ 1(Asl€)) (A (€)).

Since the set A; x(€) can be written as a union of S*-cylinders of length 1, it can be written also
as a union of cylinders of length (n — k). If A, ;(e) = U By(e) denotes such a representation
by cylinders of length (n — k), then by the o*-invariance of x* and by the Bounded Distortion
Property (7) and the conformality of m, we have for each w € A, (¢) and 7 € By(e) that

m ((0%) (Air(€)) N (6%) " (Ain(€))) =102 (%) 9 (Ain(€)) N Bi(e))
= |¢7(m(w))["m(Asa(€)) N ()" (Bi(e))).
This implies that

m (@) """ (Ain(€)) 0 Br(e)) _ ¢ (w(w))["1(Ain(e)
m(Bg(e)) |0 (m (W)

= m(A;n(e)),
or equivalently that
m((0%)7" M (Ai(€)) N Bi(€) = m(Ain(€)) 1i(Bi(e))-
If in this latter inequality we sum up over all sets By/(¢€), then we obtain that
m((0") " (Aia(€) N Air(€) = m(Aia(€) M(Ai(e),
which in particular gives the desired inequality. [ |
Lemma 4.5. Fori € Q and € > 0 we have that m(A; (€)) = 1.

Proof. Let i € Q and € > 0 be fixed. Clearly, we have that 0*(A4; «(€)) C A;o(€). Hence,
using the ergodicity of the map ¢* and the previous lemma, the statement of the lemma
follows. [ ]
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Theorem 4.6. (Limit Law (I)) For m-almost every w € I and for all i € Q we have that

: log Qi((0")"(w)) Di
1 = .
Hol logn h+ (h—1)p;

Proof. In order to obtain the lower bound for the ‘limsup’ in the lemma, fix some ¢ € €}
and note that by Lemma 4.5 we have that m(4;,(0)) = 1. If w € A; «(0), then by definition,
there exists a sequence (k;) e of natural numbers k;, such that (o%)% (w) € A;, (0) for all
j € N. This implies for all j that

Qi((0*)" (w)) > kﬁi/(h+(h—1)pi),

and hence that

e BT @) L p
n—00 logn h + (h - l)pz
In order to obtain the upper bound for the ‘limsup’ in the lemma, let ¢ < 0 and 7 € €.
By Lemma 4.4, there exists a set F;(€) such that m(F;(¢)) = 1, and such that if w € Fj(e)
then there exists a number ng = ng(w) € IN with the property that (0*)"(w) ¢ A, (€) for all
n > ny. Hence, for w € F;(e) we have for all n > ny that

: log Qi((0")" (w)) Di
1 < —
Haol logn ~h+(h—1)p;

€.

If we put F; = N1 Fi(—%), then m(F;) = 1 and for each w € F; we have that

log Q;((o")" i
lim sup 0g Qi((07)" (w)) < p .
Hence, for w € A; «(0) N B; we obtain the equality stated in the theorem. [ |

Note that if Q;(w) = n, then it follows from (3.3) that |z; — m(w)| < (n + 1)~'/?:. This now
leads to our second limit law.

Theorem 4.7. (Limit Law (II)) For m-almost every w € I2° we have for all i € Q that

oy 10810 ) = 1

Proof. Fix w € I and i € Q. By definition of @); and using (3.3), we have for n € IV that
Im((0%)"(w)) — 2| < (Qi((0%)"(w)) + 1)~ M/7.

Hence, it follows that

i | =08 m((07)" (W) —ai|  logQi((0")"(w))

=0.
n=00 logn p; logn
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Using Limit Law (I), we obtain for /m-almost all w € I° that

o~ BTV @) =1L g Qu(0)" )
n—00 logn Di  n—oo logn
S

Since m is ergodic and positive on non-empty open sets, we have that m-almost every point
in I2° has arbitrarily long blocks with parabolic entries only. Taking this observation into
account, we now modify on a set of full measure the definition of the hyperbolic zoom (r;(w)),
as follows. For a given ¢ € ) we include only those elements in the hyperbolic zoom for which
n;(w) > nj_1(w) +2 and i(w, j) = i. With other words, we consider subsequences (r;, (w)),
and (n, (w)),, such that n; (w) > nj,—1(w) + 2 and wy,; () = i. A subsequence of this type
will be referred to as the i-restricted hyperbolic zoom, and the i-restricted optimal sequence
respectively.

Theorem 4.8. (Limit Law (III)) For each i € 2 the i-restricted optimal sequence at m-almost
every w € I° has the property that

lim sup log(njk-l-l(w) __ ik (w)) _ Di .
koo log jik h+ (h—1)p;
Proof. Let i € Q and w € I®. Define the function N, : I® — IV by (0*)"(w) = oV “)(w),

for every n > 1. Then we have by induction that N;(w) = n,(w), for all j € lN (this
follows, since n;(w) = Nj(w) and, assuming that n;(w) = N;(w), since n,41(w) = n;(w) +
Ni(w)(0" ) (w)) = Njy1(w)).

Using Limit Law (IT) and the fact that |7 (o™i @) (w)) — ;| < (N, 11(w) — Nj, (w)) /7 it
follows that for m-almost all w we have that

log(n, 11(w) — nj, (w)) log(Nj, 41(w) — Ny, (w))

lim sup - = limsup -
k—o00 log ji k—s00 log ji
— limsup —p; log |7T(0Nj’“_(w) (w)) — ;]
k— 00 log ji
—p; 1 *\ Ik —
i sup =P 08I0V @) — i
k—00 log ji
. Di

Theorem 4.9. (Limit Law (IV)) For each i € Q2 the i-restricted hyperbolic zoom at m-almost
every w € I2° has the property that

lim sup log (1, (@) /i1 (W) 1+pi
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Proof. For i € Q) and w € I® we already saw in the proof of Theorem 3.5 that for k € IV
we have that )
T \@) (1+4pi)/pi
——"— =< (N, 11(w) —n;, (W )
Tjk+1(w) ( ]k+1( ) ch( ))
Combining this estimate and Limit Law (III), it follows for m-almost all w € I that

lim sup log (rjk (w) /Tjk (w)) — limsup 1+p; log(njk+1(W) — N, (w))
k—o0 log]k k—o00 Di IOg]k
_ ltm

The following theorem presents the main results in this section.

Theorem 4.10. (The Khintchine Limit Law for parabolic iterated function systems) The
hyperbolic zoom at m-almost every w € I2° has the property that

o ) /1y1i0) Lt
300 loglog —— h+ (b — 1)Pmax

rj(w)

where we have set pmax = max{p; : i € Q}.

Proof. Observe that for m-almost all w € I2° we have that
1 , log |7, (T o™ (@) (w
lim ogr?(w) Jim g|¢J( ) ( (w)))]
j—oo J j—o00 7
08I0 (e @)
log |Ply, ) (m(07) ()]
m —
j—00 7
= X
where the latter equality follows from the Birkhoff Ergodic Theorem, using the facts that
(I2°,0*, u*) is an ergodic system and that

x:= [ loglel, (r(0")(w))] dm () > —oo.

Hence, we have that

log log r%w)
lim ——X—~ = 1.
j—oo  logy

Now the theorem follows by combining this equality and Limit Law (IV), and noting that
max I+ Pi - I+ Pmax
i€ h+(h—1p;  h+(h—1)puax
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Corollary 4.11. For the function  of the h-conformal measure m (see Theorem 3.5) asso-
ciated with a tame parabolic finite iterated function system satisfying (SSOSC) the following
holds.

(i): For h =1, we have for all w € I3° and 0 < r < diam(I°) that
C(w,r) =< 1.
(ii): For h < 1, we have for m-almost every w € I° that

i log¢(w,r) (1 —P)pmax
im sup = :
r—0  loglog + h+ (h — 1)Pmax

(iii): For h > 1, we have for m-almost every w € I2° that

lim inf log((w,f) = (1= A)Pmax :
r—0  loglog — h+ (h — 1)Pmax

Proof. The statement (i) of the corollary is an immediate consequence of Theorem 3.5. In
order to prove the statement (i7), let w € I and r > 0 sufficiently small be given. Without
loss of generality we may assume that r;;(w) < r < rj(w) and that w41 = i, for some

i € Q. For r in this range, an elementary calculation shows that the maximal value of {(w,r)

. 1/(1+p;
is achieved if r is comparable to 7} max(w) = 7;(w) (%ﬁi‘;)) [iew)

that

. For this value of » we have

(1=h)pi/(1+p;)
Trilw
c(w,rj,max(m)x( il )>

rjt1(w)
As we have seen above in the proof of the Khintchine law, for m-almost all w € I it is
sufficient to restrict the discussion to those indices j for which wy,; () = 4, with p; = pmax. It
follows that for all € > 0 and for m-almost all w € I2° we eventually have that

(1= (+m) 1 nw) _ (L0 +p)
h+ (h—1)p; ri(w) rivi(w) = h+(h—1)p; ri(w)
(where ‘<;,’ indicates that the inequality holds ‘infinitely often’, i.e. for some infinite subse-
quence (r;,(w)/rj,+1(w));). Hence, the above estimate implies that

1 (176)(lfh)pmax/(h‘i’(h*l)pmax)
(log )

rj(w)

log log <i.o. log loglog

(1+€)(I*h)pmax/(h‘F(h*l)pmax)
<<i o W, T'j max\W < lo

o ) < (10515 )
This proves the statement (ii) in the corollary. The statement (iii) follows from a similar
argument, and we omit its proof. [ |

We are now in the position to derive a refinement of the description of the geometric nature
of the h-conformal measure given in Theorem 3.8 . Namely, using the latter corollary, we
have the following statements concerning its relationship to the packing measure Py, and
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Hausdorff measure Hy, with respect to the dimension function 5. Here, the function v, is
given for A € IR and positive r by

Ya(r) == r" (log

Corollary 4.12. If S is a reqular tame parabolic iterated function system satisfying (SSOSC),
then we have the following table.

[ Avs.h | h<1 | h>1 |

A>0 m <<H, and Hy, (J) =00 | TEN\,m(E)) =1 s.t. Py, (Ey) =0
A<O0 | 3F\,m(Fy) =1 s.t. Hy (F) =0 m << Py, and Py, (J) = o0

1) (1+X)(1=h)pmax/(h+(h—1)pmax)

r

The symbol ‘<<’ indicates absolute continuity between two measures.

REFERENCES

[B] A.S. Besicovitch, ‘Sets of fractional dimension(IV): On rational approximation to real numbers’,
Jour. London Math. Soc. 9 (1934) 126-131.

[HV] R. Hill, S.L. Velani, ‘The Jarnik-Besicovitch Theorem for Geometrically Finite Kleinian Groups’,
Proc. London Math. Soc. (3) 77 (1998) 524-550.

[J] V. Jarnik, ‘Diophantische Approximationen and Hausdorff Mass’, Mathematicheskii Sbornik 36
(1929) 371-382.

K] A. Khintchine, Kettenbriiche, B.G. Teubner Verlagsgesellschaft, Leipzig, 1956.

[MU1] D. Mauldin, M. Urbariski, ‘Parabolic iterated function systems’, preprint, Ergod. Th. €& Dynam.
Sys. 20 (2000), 1423-1447 .

[MU2] D. Mauldin, M. Urbariski, ‘Fractal measures for parabolic IFS’, Adv. in Math. 168 (2002), 225-253.

[MU2] D. Mauldin, M. Urbanski, ‘Graph Directed Markov Systems’, Cambridge University Press 2003.

[S1] B.O. Stratmann, ‘Fractal dimensions for Jarnik limit sets; the semi-classical approach’, Ark. for
Mat. 33 (1995) 385-403.

[S2] B.O. Stratmann, ‘Weak singularity spectra of the Patterson measure for geometrically finite
Kleinian groups with parabolic elements’, Michigan Math. J. 46 (1999) 573-587.

[S3] B.O. Stratmann, ‘Multiple fractal aspects of conformal measures; a survey’, in ‘Workshop on Frac-

tals and Dynamics’, eds. M. Denker, S.-M. Heinemann and B.O. Stratmann, Math. Gottingensis,
Heft 5 (1997) 65 - 71.

[SUL] B.O. Stratmann, M. Urbanski, ‘Jarnik and Julia; a Diophantine analysis for parabolic rational
maps’, Math. Scan. 91 (2002), 27-54.

[SU2 B.O. Stratmann, M. Urbarnski, ‘The geometry of conformal measures for parabolic rational maps’,
Math. Proc. Cambridge Phil. Soc. 128 (2000) 141-156.

[SV] B.O. Stratmann, S. Velani, ‘The Patterson measure for geometrically finite groups with parabolic
elements, new and old’, Proc. London Math. Soc. (2)71 (1995) 197 - 220.

[Su] D. Sullivan, ‘Disjoint spheres, approximation by imaginary quadratic numbers, and logarithmic law
for geodesics’, Acta Math. 149 (1983) 215 - 237.

[U1] M Urbariski, Rigidity of multi-dimensional conformal iterated function systems, Nonlinearity 14

(2001), 1593-1610.
[U2] M Urbanski,* Parabolic Cantor sets’, Fund. Math. 151 (1996) 241-277.



30 BERND O. STRATMANN AND MARIUSZ URBANSKI

BERND O. STRATMANN, MATHEMATICAL INSTITUTE, UNIVERSITY OF ST ANDREWS, ST ANDREWS
KY16 9SS, SCOTLAND.
E-MAIL: BOSQMATHS.ST-AND.AC.UK
WEB: HTTP://WWW.MATHS.ST-AND.AC.UK/~BOS

MARIUSZ URBANSKI, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH TEXAS, DENTON, TX
76203-1430, USA.
E-MAIL:URBANSKIQDYNAMICS.MATH.UNT.EDU
WEB: HTTP://WWW.MATH.UNT.EDU/~URBANSKI



