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Abstract

We employ thermodynamic formalism for the study of conformal iterated function systems
(IFS) S = {¢;}icr with arbitrary overlaps, and of measures p on limit sets A, which are pro-
jections of equilibrium measures ji with respect to a certain lift map ® on E}r x A. No type of
Open Set Condition is assumed. We introduce a notion of overlap function and overlap number
for such a measure (i with respect to S; and, in particular a notion of (topological) overlap
number o(S). These notions take in consideration the n-chains between points in the limit set.
We prove that o(S, i) is related to a conditional entropy of {i with respect to the lift ®. Various
types of projections to A of invariant measures are studied. We obtain upper estimates for the
Hausdorff dimension HD(u) of 1 on A, by using pressure functions and o(S, z). In particular,
this applies to projections of Bernoulli measures on Z}". Next, we apply the results to Bernoulli
convolutions vy for A € (%, 1), which correspond to self-similar measures determined by com-
posing, with equal probabilities, the contractions of an IFS with overlaps Sy. We prove that for
all X € (3,1), there exists a relation between HD(vy) and the overlap number o(Sy). We also

estimate o(Sy) for certain values of A.
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1 Introduction and outline.

Iterated function systems (IFS) have been studied by many authors, and a lot about their theory
is known. In many instances, systems which satisfy the Open Set Condition were studied. When
arbitrary overlaps of the images of the contractions are allowed, the theory is different and the
results from the case of Open Set Condition do not work anymore.

Let us consider a finite set I and an iterated function system & = {¢;,i € I} consisting of
injective conformal contractions ¢; defined on the closure of an open set V C R?, ¢ > 1. Denote
by E}r the one-sided space {w = (wi,wo,...),w; € I,j > 1}, with its shift endomorphism o :
Z}’ — Z;r,a(w) = (w9,ws,...). For an arbitrary sequence w and for an integer n > 1, let the
n-truncation wl, be the finite sequence (wy,...,w,). Also by [i1...i,] we denote the n-cylinder

{wGE}F, W1 =01, Wy =dnt, n>1,01,...,0, € 1.



Let denote now by A the fractal limit set of the iterated function system S, where:

A= went 1 Pl (V)
Since all the maps ¢; are contractions, we can define the canonical coding map 7 : E}’ — A, m(w) =
lim ¢y © Py 0. .. 0 ¢y, (V), for all w = (w1, ws,...) € XF. The singleton 7(w) will also be denoted
g;()(zwl 0 @Pus, © ..., as this infinite composition is in fact a point. We will denote the composition
¢i ©...0¢;, also by ¢4 4, for m > 1,7; € I,1 < j < m. The map 7 is called the canonical
projection onto the limit set A of the system S. Various properties of conformal IFS’s with overlaps
were studied by several authors, for eg in [4], [21], [15], [16], [12], etc. Let us fix now some more

terminology and notation.

Definition 1. By overlaps we mean intersections of type ¢;(A) N ¢;(A) # 0, i # j. If for a point
x € A and an integer m > 1, there exists a point ¢ € A and a finite sequence i1, .. .4, € I such that
¢iy 0...0¢; (() =z, then ( is called an m-root of z, and (i1,...,4y) is called an m-chain from ¢

to x.

In general, the number of roots/overlaps depends on the point z € A, so it is not constant.
Notice also that the m-chain from a certain root ¢ to = is not uniquely defined, i.e there may exist
two different m-chains (i1,...,%y,) and (j1, ..., jm) so that ¢;, . (() = ¢4, j..(() = x. Considering
the above, how can we define a good notion of average number of overlaps of the IFS S, and how
is such a notion dependent on a probability measure g on A; also, how does such a number of
overlaps affect the Hausdorff dimension of p? It is clear that we have to look at n-roots of points,

since the limit set A is invariant under the system S, i.e A = 'UI ¢i(A), thus for k-iterations of S
1€

we have A = U I¢i1--.ik (A), for any k£ > 2. In [12] we studied the effect, of the bounds for the
€

11,0k
number of overlaps, on the Hausdorff dimension of the limit set A. This hints to the fact that the

overlap number should be given by an average rate of growth of the number of n-chains between
points in A. Another question is, what probabilities # on A should be considered, and what roots
in A should we use. Some n-roots and n-chains which are non-generic with respect to p and to a
lift map & : Z;r XA — Z}r x A will thus be ignored when defining the overlap number relative to p.

Besides the canonical coding projection 7 : E}F — A, one can consider also the projection
Tt XF x A — A, m(w,x) = z, and the projection 7 : T x T — X7 x A, 7(w,n) = (w,m); so we
obtain projections of o-invariant measures on E?, d-invariant measures on 27 x A or ®-invariant
measures on X7 x X7 (where ® is a lift of ® to ¥} x X}). In Theorem 1 we will prove that, for
Bernoulli measures, the corresponding projection measures on A are in fact the same.

We introduce a notion of overlap number o(S, fi;) associated to a ®-invariant Gibbs state fiy,
on X7 x A (and to its mo-projection py on A), and we use thermodynamic formalism to relate it to
the dimension of p,. In Theorem 2 and Corollary 1 we show that the overlap number o(S, i)
is related to the folding entropy of fi, with respect to the lift map ®. In particular, this applies
to Bernoulli measures on E}r and their lifts on E;r x A. When p = pg is the projection of the

measure of maximal entropy figp from E}r x A, one obtains a topological overlap number o(S) of S,



which quantifies the average level of overlapping in S, and indicates how far is S from satisfying
the Open Set Condition. By using Theorem 1, we compute in Corollary 2 the overlap number

o(S) as a limit of integrals over ] w.r.t the uniform Bernoulli measure V() And in general
s T

1]
for Bernoulli measures vy, Corollary 2 gives a simpler formula for o(S, fip).

Next, in Theorem 3 we use the overlap number of fi,;, to obtain estimates for the Hausdorff
dimension of a set of full py-measure in A, which set is constructed explicitly. This gives up-
per bounds for HD(j,), by using zeros of pressure functions associated to o(S, fi,), which are
computable in certain cases of interest.

In Section 3 we apply the results to the case of Bernoulli convolutions vy for A € (%, 1), where

vy gives the distribution of the random series Y +\" with the +, — signs taken independently and
n>0
with equal probabilities. In this case, one has an iterated function system with overlaps Sy, whose

limit set is an interval I, and vy appears as the projection of the measure of maximal entropy
Vi from X5 to I). Bernoulli convolutions have attracted a lot of attention (see [15]), starting
with Erdés [3] who showed that vy is singular for A=! Pisot; then, continuing with the result of
Solomyak [21] about the absolute continuity of vy for Lebesgue-a.e A € (%, 1), and the result of
Przytycki and Urbatiski [17] that HD(vy) < 1 for A=! Pisot, and other more recent results. In
Theorem 4 we find a relation between HD(vy) and the overlap number o(S,), for all A € (3,1).
We show how to approximate o(S,) with integrals on X7 with respect to the uniform Bernoulli

measure (1 1). By using known results on HD(v)), one obtains then upper estimates for o(Sy); in
272

particular, one can estimate o(Sy) more precisely for specific values of A, like A = 27%, m > 2 (ie
+ non-Pisot), or A = ‘/52_1

2, for all X € (%, 1). In the end, we obtain dimension estimates for biased Bernoulli convolutions

(i.e + Pisot). In Corollary 3 we prove that o(S)) is strictly less than

Vap, for A € (3,1) and p € (0,1). The results about overlap numbers can be applied also to other

conformal iterated function systems with overlaps.

2 Overlap numbers of measures and dimension estimates.

First, let us define an overlap lift function which allows to associate the dynamics of a map to our

IFS S. With regard to this function, the contractions ¢; appear as restrictions to cylinders [i],i € I.

Definition 2. In the above setting, for the finite IFS S = {¢;}ics, define the overlap lift map
P:37 x A= I x A, ®(w,2) = (0w, duy (7)), (w,2) €] x A

Let us now consider a Holder continuous function 1 : E}L x A — R. Since the lift map ® is
distance-expanding in the first coordinate and contracting in the second coordinate, it follows that
it is expansive and we can apply the theory of equilibrium states (for eg [7], [22]). As ¢ is Holder,
there exists a unique equilibrium measure for ¢ with respect to ® on Z}r x A, denoted by fiy.

In particular, if we take a Holder continuous function g : A — R and the associated function
Yg: X7 x A = R, g(w,z) = g(x), then we have the equilibrium measure i, on 7 x A (relative

to ®) and its projection (72)+(fly,) on A, where 73 is the projection on the second coordinate. In



general this measure is different from the projection 7, (figor), where 7 : Z}' — A, m(w) =Py 0.0y
and where in general ji, denotes the equilibrium measure of a Holder continuous y on X (relative
to the shift o).

For any n > 1 and any (w,z) € IF x A, we have ®"(w,z) = (0"w, du;,, © Py, 1 © - .. O Puy (2))-
Notice that, if n1,...,7n, are given and if ¢u, o ... 0 ¢y, () = ¢y, 0 ... 0 ¢y (y), then from the
injectivity of the contractions ¢;,7 € I, there exists exactly one point y with this property. By
Definition 1, this means that, given the n-chain (7,,...,m1) as above, the corresponding n-root y
is uniquely defined such that (7,,...,m1) is an n-chain from y to ¢, w, ().

Given now a measure fi,, as above, an arbitrary point (w,z) € E}r x A, and 7 > 0, define the
set of n-chains from points in A to ¢y,..«, (¢), which are 7-generic relative to fi,:

Sptp(n,y)

An((”a@aﬂ ﬂw) = {(7717 o) €17, Jy €A, o (y) = Puon...n (v) and | n

—/ diiy) < 7,
ST xA

I
(1)
where n = (7’]1, vy Ny Wi 1, Wnt-2, - - ) S 2?7 and where Sn¢(na y) = 7/)(7779) + @D(@(%y)) +.o
P(P"(n,y)). We denote the cardinality of the set A,, by by, so

bn((w, @), 7, i) := Card Ay ((w, @), 7, flyy), V(w,z) € BF x A

Remark that, if (i1,...,i,) € An((w,x),T, ﬂw) with corresponding n-root y of ¢y, ., (x), then
An((('ll, ceey Z‘7L7(")n-i-h(")n-i-Za .. ‘)79)773 ﬂw) == An((wa CC)7 T, ﬂd)) .

Definition 3. Given a Holder continuous potential 1/ on X7 x A and 7 > 0, we call b, (-, T, fip) :

E}“ x A — N the n-overlap function associated to the measure fi,;, and 7.

The function by,(-, 7, fiy;) is measurable and bounded, but in general discontinuous on Z;r x A.
In the sequel, we will use the folding entropy of a ®-invariant measure i on E}r x A; the notion
of folding entropy of a measure was introduced by D. Ruelle [18]. The folding entropy of a ®-
invariant probability p with respect to ® : Z? XA — E}F x A, is defined as the conditional entropy
Fo(u) := H,(e|® te), where € is the point partition of the Lebesgue space ] x A. For entropy
production see also [18], [19], [13]. In [14], Parry introduced a notion of Jacobian of an invariant
measure for an endomorphism, and studied its properties; in particular, the Jacobian satisfies the
Chain Rule. Given a map f : X — X on a Lebesgue space X and an f-invariant probability u,
such that f is essentially countable-to-one, we denote the Jacobian of p by J¢(u). From [14] and
[18] it follows that, in general, the folding entropy of a measure p is equal to the integral of the
logarithm of the Jacobian of p. So in our case, the folding entropy of ji,, with respect to @ is given

by:
Fa(jiy) = / log Jajiy) dity
E?xA

We investigate now the structure of the ®-invariant probabilities on the product space E? x A.

Let define also the lift homeomorphism & on E;r X E;r, namely:

oY x 2 - 2 x5f, ®(w,n) = (ow,wn)
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If #(w,n) := (w,m(n)), for (w,n) € X} x X7, then we obtain the following diagram of maps on
E} X E;r, respectively E}r x A, where both vertical maps below are equal to 7 : E}r X E? — E? x A:

shxysf 25 sfxyy
! ! (2)
Y x A LN Y x A

This diagram is commutative. Indeed, 7 o ®(w,n) = (0w, T(w1n) = (0W, dwy © Gy © Py © ...); ON
the other hand, ® o 7 (w,n) = ®(wW, Pp, © Py © - ..) = (OW, Py © By, ©...). Hence 7o & = & o 7.
Also @ is a homeomorphism. Then as in [20], by using Hahn-Banach Theorem and Markov-
Kakutani Theorem and by approximating integrals of functions from C (E}" X E}", R) with integrals
of functions go 7o ®",n € Z, for g € C (7 x A,R), it follows that for any ®-invariant probability
v on Z? x A, there exists a unique ®-invariant probability 7 on Z? X E;r such that 7.(7) = v. In
particular, the equilibrium measure fi,, of the Holder continuous v on E}r x A, is the 7-projection
of the equilibrium measure [ @ of 1 := 1 o7 on Z}r X E;r. Hence, the measure of maximal entropy

flo on E}r x A is the 7-projection of the measure of maximal entropy fig for ® on Z}r X E}r, ie

Moreover, the topological entropy of the map ® is equal to the topological entropy of the shift
o : X} — X7, i.e log|I], because in the second coordinate we have contractions, so the separated
sets are determined only by the expansion ¢ in the first coordinate. With the canonical distance

on XF, dlw,n) = Y Iw%m\’ the ball of center w and radius 5 is the cylinder [wi,...,wy)], SO
i>1

B((w, x), %) = |wi,...,wy] X B(x, %) If we consider n-roots of x and the measure of maximal

entropy fip w.r.t ®, then all these n-roots are generic. Since in this case the overlap function b,

does not depend on 7, we denote it simply by b, (w, z), for (w,z) € £} x A.

In general, there are several ways to define projections of invariant measures on the fractal
limit set A, depending whether we project o-invariant measures on E?, or $-invariant measures on
E? x A, or ®-invariant measures on E? X E}r. In many cases, for example for Bernoulli measures,
these projections will be shown to coincide. Let us first consider a Holder continuous potential v
on Z}r x A, and as above let fi, its (unique) equilibrium state on E}' x A; if w9 : E}*‘ x A — A s

the projection on the second coordinate 7o (w, z) = x, denote the projection measure on A by:

prp = (m2)(fip) (3)

Consider next ¢ a Holder continuous potential on ¥7F, and let fig be its unique equilibrium measure
on E;r. Then we can define two kinds of projection measures on A. The first type is p, defined

above in (3), where ¢ = g o 71; 50 iy = (72)«(fty). The second type is the self-conformal measure:

T (lg), (4)

where m: £7 — A, T(wiw2...) = @u, 0 Py 0... is the canonical coding map for A.



We now prove that, for Bernoulli measures on E;r, the two types of projection measures
defined above, are in fact equal. This will make our results about overlap numbers apply to
m-projections of Bernoulli measures onto A. Consider then a Bernoulli measure v, on Z}r deter-
mined by an arbitrary probabilistic vector p = (p1, ..., | I|). Thus the vp-measure of the cylinder
[Wi,...,wn] ={n € Z}",m =Wl,...,Nn = Wwn}, is equal to p,, ...pw, forany n >1and w; € I,1 <
i <n. Consider the potential ¢ : ©F — R, ¢p(wiws...) =logp.,, for w = (wi,ws,...) € . Then
Snop(w) = ¢(w) + ¢(o(w)) + ...+ d(o" (w)) =logpyy, - - - P, By taking Bowen balls for the shift

o (which are cylinders in our case), we see immediately that

Fy(¢) =0

Clearly, ¢ is Holder continuous on Z? and its unique equilibrium measure jiy is equal to the

Bernoulli measure vp; this is due to the expression of fis on cylinders [wy ...wy] (see [2], [7]), i.e

éesmw)—nzﬁaw) < fig(Bu(w, ¢)) < CeSnd@)=nPs(6),

so we conclude that
P = Vp
In case of Bernoulli measures, we can now prove that the various projection measures are equal

on A:

Theorem 1. In the above setting, let p = (p1,... ,pm) an arbitrary probabilistic vector, and v :
Z}*‘ XA =R, Y((wi...),x) = logpy,, with fi, denoting the unique equilibrium measure of 1) with
respect to @ : Z}r x A — E}r x A. Then the following measures are equal on A:

Talp = Moxfly = (T2 0 ) (Vp X Vp),

where T : E}r XA — A, m(w,z) =z, and 7 : E? — A is the canonical coding map, and where
7S x I = 57 x A, 7(w,n) = (w,7(n)).

Proof. In order to prove the first equality, let us define ¢ = 1 o 7, where (w,n) = (w, ™). So ¥ is
a Holder continuous potential on Z}F X E}F. Then recalling that ®(w,n) = (ow,wn) is an expansive
homeomorphism with specification property, it follows ([7]) that there exists a unique equilibrium
measure fi,; on ¥} x X}. Also we have the projection 7(w,n) = (w,7n) from X} x X7 to ] x A.

Moreover, from definitions it can be seen that

T®(w,n) = (0w, pu, (1)) = @ 0 7 (w,7),

so 7o ® = & o 7. This implies that 7, (,&1[}) = [iy, i.e the projection to ¥} x A of the equilibrium

measure of 1) on E}r X E;r, is equal to the equilibrium measure of ¥. Hence from above,

T (fiy)(A) = fig (3 (A)) = g (SF x 71 (4)) ()



On the other hand, notice that the Bowen ball for ® is given by B, ((w,n),e) = [w1...wn] X Z}*‘,
and for any 1 < i < n, we have ® (B, ((w,7),€)) = [wit1 . ..wn] X [w; ...w;]. From the ®-invariance

of the equilibrium measure [%’ it follows that for any 1 < i < n,

(@ (Ba((w,m),€))) = fig([wr - wn] X BF) = fig([wit1 - wn] X [wi...w1)) (6)
However recall that m1.fiy = iy = vp, and thus (m o T).f; = vp. Therefore using also (6) we

obtain that, for any j > 1 and any w,n € E}',

frp(fen] > fmeongl) = vp([ng - man]) = po; o PP (7)

By adding over w; € Z}r we obtain that, for any j > 1 and for any n = (m112...) € E;r,

g (S X fmen) = pay ooy = vp([m -]

But this works for any cylinder in ;. Also, for any Borel set A C A, we have m.wp(A) =
vp(m71(A)). Hence from the above, and by using also (5), we can infer that ma.fiy is in fact a

self-conformal measure on A, namely,

Toxflep = Txlp

We now prove the second equality. From before, ® : E;r X E}r — E}“ X Z? is a homeomor-
phism which preserves fi- Also notice that for any wy,ws,n1,...,nm € I, one has ®([wiws] x
[ m]) = [w2] X [wimnz ... nm]. But, from (7), fug([wa] X [wim - - nl) = PuoPir Py - - Py» and
from the ®-invariance of fi;, it follows that /i ([wiwa] X [m ... 7m]) = fij((wiws] X [ ... 0m])) =
Pen PwsPry - - - P - Hence by induction it follows similarly that, for any k,m > 1,

fig([wr - wr] X [0 0m]) = Puy -+ Duy Py -+ P

This means that fi; = vp X vp, and that mwp = (72 0 T)s(vp X 1p).
O

The equality of the projection measures for Bernoulli probabilities has useful consequences when

computing the associated overlap numbers, see Corollary 2.

For any conformal iterated function system &, we want to prove now that the exponential rate
of growth in n, of the number of generic n-chains/roots from A,,, is approaching the folding entropy
of the measure fi,,. In particular it follows that, on average, the number of n-chains associated to

the n-overlaps of A grows exponentially like ™ (fo),

Theorem 2. Let a finite conformal IFS S = {¢i,i € 1} with limit set A, and a Hélder continuous
potential Y on the lift space Z}r x A; denote the equilibrium measure of 1) on Z? x A by fiy. Then,

T—0n—oo N

1
g lim [ dogby((@.0). 7o) diig(ie,) = Foiy)
2 xA



Proof. In our case the map ® : E;r XA — Z;r x A is distance-expanding in the first coordinate,
and distance contracting in the second coordinate. Let B,,(z,e) denote the (m,e)-Bowen ball
around z in the canonical product metric on the compact metric space Z}F x A with respect to
the endomorphism ®; hence in particular it is expansive. Since fiy is the equilibrium measure of
a Holder continuous potential on Z;r X A, we can apply the properties of equilibrium measures
with respect to expansive maps on compact metric spaces (see [7]). We will use first the ideas of
Theorem 1 from [10], giving the comparison between the (equilibrium) measure of various parts of
the preimage set. So, from [10] there exists a constant C' > 0 such that, for any positive integer m
and for any sets Aj, A satisfying Ay C By, (z1,€), A2 C Bp(22,¢) and (A1) = & (Az), we have:

1 fy(A2) _ fup(As) fip(A2)
665m¢(z2) S esm¢(zl) S Cesm'lp(ZQ) (8)

Now the Jacobian of the measure fi,, with respect to ®" gives the change in the measure of a
set by applying the map ®" (see [14]); hence for any integer n > 1, iy (®"(A)) = [, Jon (fiy)dfiy,

for any measurable set A C X x A, on which ®" is injective. But in fact, Jon(fiy)(w,z) =
lim Ae(@"(B(w.2),r)
r—0 ﬂw(B((w,x),r)

it follows that fiy(®"(A)) = fiy (7" (2" (A))), for any Borel set A. Hence we can apply the above

comparison between the various parts of the preimage set ®~"(®"(.A)) for n arbitrary (i.e in fact

, for fiy-a.e (w,z) € E}r x A. However from the ®-invariance of the measure fiy,

the comparison between various sets taken by different compositions ¢;, o ... o ¢; to the same

image), in order to obtain that there exists a constant C' > 0 independent of n such that:

exp(Snt(1,9)) > exp(Snt(1,y))
(n:y)r(b (7771/):‘1’ (wvx) S J(I)n(/:bw)(w,x) S C (777?1)’4’ (7771/)=<I> (wrx) (9)

C - exp(Spt(w, x)) exp(Sn¥(w, 7)) ’

for fiy-a.e pair (w,z) € Z}“ x A. Now, as the probability fi, is ®-invariant on the product space

Y7 x A, it follows from (9) and from the properties of the folding entropy that

N 1 N .
Fulo) = [ 108 Jan i) (o 2) (. ) =
n Z?XA
> exp (S (n,y)) (10)
_ hm 1/ log q>n(777y):¢'n(w7$) dﬂd; (OJ, x)
L . D (Sn (o D)
From Birkhoff Ergodic Theorem we know that, fiy((w,z) € £F x A, \W — fzij pdfiy| >

7/2) — 0. Then, for any positive small number &, there exists an integer n = n(§) > 1 so that

n—o0
for all integers n > n(§), we have

Spth(w,
pol(w2) € 5F x A, | )

_/ Wdiiy > 7/2) < € (11)
E?XA
Recall that, if (n1,...,7.) € An((w, ), T, i), then the n-chain (n,,...,n1) uniquely determines an

n-root y of Py, ., (). Hence with n,; = wp44,7 > 1, we can consider also the finite set

Sn(n,y) /

A;((w,x),ﬂ ﬂ¢) = {(nyy) € E}_ X A? q)n(nay) = Q)n(w,x)’ ’ ¢ dﬂl[)| < T}:



and there exists a bijection between A, ((w,x),7, fiy) and A}, ((w, x), T, fiy), taking (91, ...,1,) to
(M5 s My Wi 15 Wnt2, - - -), y). Thus by((w, x), 7, fiy) = CardA], ((w, x), T, fiy). We now define the

following set of n-roots,

Iy ((w, ), 7, i) == {(n,y) € E}F XA, ®"(n,y) = " (w,x), (N1, ..,mn) & An((w, ), 7, fiy) }

Denote the sum corresponding to the roots from I', ((w, x), 7, i) by

ﬁn((w7x)a77 /liﬁ) = Z eXp(SnW??ay))

(nvy)epn ((w,ai),ﬂ',ﬂw)

Let us now see what a typical Bowen ball for the map & : E;r x A — Z;r x A looks like. If
d(-,-) denotes the product metric, and if d(®*(w, ), ®'(n,y)) < £,0 < i < n — 1, then there exists
an integer N(e) so that w; = n;,4 = 1,...,n 4+ N(e), and d(z,y) < &, since the maps ¢; are all
contractions. For an arbitrary n > 2, we now consider a measurable partition of 2? x A modulo fiy,
into sets L}',1 < ¢ < py, such that for any 1 <7 < p,, there exists a point (; € L} so that for any
point (;; € ®7((;),1 < j < pim, we have L} C ®"(B,((j,€)). The integer p;,, > 1 depends on i
for 1 < i < p,, and it is given by the number of n-roots of ; in A, with respect to S. This is possible
to do if we take the sets L;' small enough. Then, let us denote by L7 := “™(L}) N By (Gij, €), for
1<i<p,1<j<pin Notice that if ®(n,y) = ®(1,y) = (w,x) € TF x A, then on = o = w,
ie e =w,..., and ¢y, (y) = dy (v') = . I m # 0}, then d((n,y), (7', y')) > d(m,m) > &0 > ¢,
for some 9 > 0. If m1 = 7}, then ¢y, (y) = ¢, (y'); but ¢y, n € I are injective and thus y = y'.

This implies that the sets L;; are mutually disjoint in ¢, j. We now decompose the integral of the

logarithm of the Jacobian of fi,, with respect to ®", along this partition with the sets L%, 1<i <
Pn, 1 < j < pin. Therefore, for an arbitrary n > 2, we have:
> exp(Sn (1, y)) > exp(Sn1p(n, y))
7 (n,y) =" (w,x) A 2" (n,y)=2" (w,x) .
log dfiy(w, ) = log i (w, )
/zm XD (St 2)) v 2 XD (St (w, 0)) v
1§3§pi,n
(12)
Now, in regards to formula (9), we can write in general
Z eSn¥(ny) — Z Sy 4 9 (w, ), T, fiy)
(777y)€<b—”q>"(w7x) (771:--~777n)€An((wvx)an[’“w)
Denote also py, (%, T, fiyy) = > fiy(L7;). Thus by using (8), the definition of A, ((w, z), 7, fiy)

3G AL (Cin,Toy)
and the fact that by, ((w, ), 7, ftyy) = Card(A],((w, ), T, fiy)), we obtain that the above sum in (12)

is comparable to the sum:

o b (Cijs Ty flp) fip (L) + P T fip)
Zﬂw(Lij) log o (LT ’

where we recall that the comparability constant ¢' > 0 does not depend on n, nor on L};. Now

in general, if (n,y) € Al ((w,z),7,f1y), and if 0 < ¢ < 7 and (,y) € By({ij,€), then since the



potential ) is Holder continuous, it follows that

Sptp(n,y) _ Snw(@]) <

- S| < u(r),

for some small v(7) > 0 where lig(l)v(r) = 0. Also, if K := SUPy+, \ [], then eSn¥(ny) < enk,
Notice in addition, that the set ® "®"(w,z) has at most |I|" elements in ¥} x A. Denote the
set of indices j corresponding to nongeneric roots by Q(n,i,7, fty) = {j,1 < j < pim, Gj €
Ly (Git, 7y fup)}. Then if j € Q(n, 4,7, fuy), then 1|S,0(¢;) — fz?wadﬂm > 7. Hence we can use
the measure estimate in (11) to obtain that:

> exp(Snto(1,y))
Z 1 1 (ny)€L "™ (w,x)
og

1<i<pn, jEQmimfiy) ¥ L exp(Snth(w, 7))

. 1 n
dig(eo,) <~ €log(2K]1")

Therefore, from the comparison in (8) and from the above discussion, it follows that there exists a
positive constant C', independent of n, of the partition {L}}1<i<p, and of the points (; € L, such
that:

1 S R 1 R n P (8, T, flp)
=Y (L) logba (G, i) + = Y (L) log(1 4 ) —o(7) — CF
n 1<i<pn n 6,5 EQ (13,70 bn(Czl; T, M%Z’)MU)(LZ])

ng(n7i7T7p"¢))

. | > ( )exp(5n¢(n,y))
(m,y)eP— 0" (w,x .

S - log d/’[/ W, S

/z,m n exp(Sut(w, 7)) wl,2)

1 R n . 1 . n Pn(t, T, [
< Z fip (Li5) log bn (Cin, T fyp) + - Z flyp (L) log (1 + o (G 7(_ p );)(LT‘.)) + (1) + C¢,
1<i<pn 0 §EQ (i) PASTL T By By

j¢Q(n7i)Tvﬂ’d))
(13)
where we recall that £ is the bound on the measure of non-generic points in (11). But in general,
pn(iﬂ',ﬂ ) pn(i77_7ﬁ )
log(1 + z) < z for any x > 0, hence log(1 + bn(Cu,T,W)ffw(L%)) < bn(CilaTyﬂw);w(L%
(11), the second sum in the right-hand term of (13) is less than &, which implies that:

exp(Snt(n,y))

y- Therefore from

1 1 (n,y)€P—"P" (w,x) . 1/ N N

— —lo diy(w, ) — — log b, ((w, x), T, diy(w,

‘n/z,mn T e ) e
<o(r)+C¢

Therefore, using the expression for the folding entropy Fo(fiy) from (10), and the fact that &
converges to 0 when 7 converge to 0 (and also that v(7) converges to 0 at the same time), we
obtain the conclusion of the Theorem.

O

We now want to define a notion of overlap number of S associated to an equilibrium state
ftp. This notion will take into consideration the jiy-generic n-roots in A and all the corresponding

n-chains starting from them, for n large. In particular, we obtain a (topological) overlap number

10



of the system &, which gives the average rate of growth of the number of n-chains from n-roots to

points in A.

Corollary 1. If S = {¢;,i € I} is an arbitrary finite conformal iterated function system with
overlaps and A is its limit set, and if v is a Hélder continuous potential on E}r x A with equilibrium
measure fl;, we call the overlap number of S with respect to [iy,

. o1 N .

o(S, fiy) := exp (lgr(l)nh_{goﬁ /E+XAlogbn((w,x),T, fip) divy(w,z)) (14)

If [y is the measure of mazximal entropy for ® on E}' x A, then the (topological) overlap number
of S is given by:

N .1 N N

0(8) 1= o(S. i) = exp  Jim - [ ogb(w,2) diin(w,)) = exp (Fa(io)) =
ST XA

n—oo n

e og lim fio([wa, - - ., wn] X u, (B(, 37)) o
- p(/zwlgnlm ey o)

In the case of projections of Bernoulli measures, we can use now Theorem 1 to compute
more easily the overlap numbers. Let us take an arbitrary probability vector p = (py, ..., | [|),
which gives a Bernoulli measure v on Z?- According to the discussion before Theorem 1, there
exists an equilibrium measure denoted /i, of the potential ¥((w1,...),z) =logpy,, (w,x) € E}F x A,
with respect to ® on E? x A, so that m,vp = maufip. The measure fi, is called the equilibrium

measure (with respect to ®) associated to p. Denote also by h(p) := >  pjlogp;, and notice
1<5<||
that h(p) = [ ¢ dfip. Let us denote now by

Bn(x) == Card{(n1,...,nn) €I", £ € ¢pp, 0...0 ¢y, (A}, Vz € A

More generally, we define for 7 > 0,

1
Bl 7,0) = Card{(m, ) € %, 2 € 0y, 00 0y, (A), [F2EPmPm) iy <y (1)

As before if x € ¢y, 0...0¢,, (A), then there exists a unique point y € A with x = ¢, 0...0 ¢y, (y).
When the system S satisfies Open Set Condition, then the overlap number o(S, fip) is equal to 1.

We prove now the following simpler expression for the overlap number in the case of Bernoulli
projections for conformal IFS’s with overlaps S, by employing the function f,(-), that counts the

number of n-chains from n-roots in the limit set A:

Corollary 2. Let a conformal iterated function system with overlaps S = {¢;,i € I} with limit
set A, and consider p an arbitrary probabilistic vector, with [ip being the equilibrium measure on

Z? x A associated to p. Then, the overlap number o(S, fip) can be computed as:

o(S, fip) = exp ( lim lim — ! log By, (7w, T, p) dvp(w ))

T—)OTLTLE

11



In particular, we obtain the (topological) overlap number of S, by integrating with respect to the

uniform Bernoulli measure V(Lo 1y,
17> T

non

o(S) = exp (liml /E+ log Bn(mw) dv 1 L)(W))

Proof. We prove here the second part of the statement, about the topological overlap number;
the first part follows similarly. Let us denote by p = (|71‘, e ﬁ), and consider pp = mvp. As in
Theorem 1 there exists a corresponding ®-invariant measure fi,, on E}' x A. We have from Theorem

1 that mvp = moyfip, hence
/ log B, (x) dup(x) = / log 3, o ma(w, x) djip(w, ) = / log B, 0 w3 0 " (w, x) dfip(w, x)
A 2 xA 2 XA

But notice that 8,0m0®™(w, z) = B (Pw,,©- . .0¢y, (x)) = Card{(n1,...,nm) € I"™, Py, 0...00,, (z) €
G © ... 00y, (A)} = by(w,x), for any (w,z). Therefore, from the last displayed equality, it follows
that:

/+ log fn(mw) dv 1 14(w) = / log Bn(z) dpp(x) = /+ log by, (w, z) dfip(w, x)
D) A T XA

[>T
I
Ul

We now show that overlap numbers of conformal IFS and of equilibrium measures on Z}' x A,
can be used to estimate the dimensions of the associated projection measures on A. Denote the
Hausdorff dimension (for sets or measures) by HD. Recall that, in general for a measure p on a

metric space X, its Hausdorff dimension is defined by:
HD(p) :=inf{HD(Z),Z C X with u(X \ Z) =0}

In the following Theorem, we give an upper estimate for HD(p,;), by estimating HD(A\ Z(v)) for
some set Z (1) C A of py-measure zero with the help of the overlap number o(S, fi;). Moreover,

we will construct explicitly this set of ji-measure zero Z(v) below.

Theorem 3. Consider a finite conformal iterated function system S = {¢;}icr with limit set A,
T E? — A be the canonical projection, and let a Hélder continuous potential v : E}r x A — R,
with its (unique) equilibrium measure fly; and let jiy, := To.fiy be the projection as in (3). Then,

HD(py) < (S, ¢),
where t(S,1) is the unique zero of the pressure function with respect to the shift o : Z? — E}F,
t = Py(tlog|d], (m(ow))| —logo(S, fiy))

Proof. Let denote by R, (fip,d) the set of points (w,z) € X7 x A for which the number of generic
roots satisfies by ((w,z),, fiy) < 5 - eFe(iv)=0)  We want to show that the jis-measure of these

sets converges to 0, when n — oco. If this does not happen, then there exist an infinite sequence

12



{kn}n and a number B > 0, such that f(Rg, (fty,6)) > 8 > 0,¥n > 1. Then, for all pairs
(w,:n) € Rkn (ﬂ¢75)7

logbkn((w>$)77a :al/J) —log 2
<
kn, kn,
Therefore, after integrating with respect to iy,

+ Fo(fly) — 0

log 2
kn

1 b 9 b b [ A~ ~ ~ A
/ 0806, (1 0) T 10) s ) < i (B (s 8)) - (Fis () — & — 1282

kn

We now use the last displayed inequality, and the properties of Jon (fi,;) from the proof of Theorem

i . . . log by, ((w,),7,fiy)
2 (namely relation (9)); thus by adding the integral of '“T“w

10g bkn ((w7x)a77ﬂw)

kn

over Ry, and the integral of

over the complement of Ry, , we obtain that:

/ log b, ((w, ), T, fiy) log 2
E?xA

kn

ity (w, ) < fig (R, (flp, 0)) - (Fo(fry) — 0 — ) +

kn,
X 16
log Jgrn (fly) (16)

v
S %A\ Ry, (fi ) ko,

On the other hand, from the Chain Rule we know that log Jor (fiy)(w,x) = log Jo(w,z) + ... +
log Jo (fiy) (" (w, z)), for all n > 1. Therefore from the Birkhoff Ergodic Theorem,

dﬂw(w, J))

log Jan (o), 0)

n n—00
for fiy-almost all (w,z) € 7 x A. Moreover, from (9) we have that

eSn(n,y)
o7 (n,y) =07 (w,x)
6Sn¢(w,x)

Jon (jiy)(w, ) < C- < O™ - M), (17)

for all n > 1, where Cy < ¢ < C on E}L x A (as the potential ¢ is continuous). This implies
that the sequence {2 log Jon(fiy)(w, )}, is bounded by log C' + log|I| + C1 — Cj, independently
of (w,z). Since log Jo(fiy) is integrable, we obtain then from the Birkhoff Ergodic Theorem, that

fETxA w dfly (w, ) njoo F@(ﬂw), and similarly,
N log J(I)n(/l ) R R
nfty, 9) ::/+ (2~ (i) dfins(w, @) =
ST XA\ Rp (f1y,0) n
_ log Jon (fip) . R
a /ETXA (T B F¢(M¢)) ‘ XE}-XA\R”(ﬂw";)dudj(w’ .T) n—_>>ooo

Hence for any integer n > 1,

log Jon ([ . . p ) 7
/ 08 J0 () 45— (g 6) + Falfi) - s (SF % A\ R )
ETXA n

Therefore, we obtain from (16) that:
/ logbkn((wa'r))Tv/lw) log 2
E?XA

kn

dfip (@, ) < fug (R, (f1p, ) (Fa(fry) = 6 = )+ Vi (g, )+

kn,
log 2
ky,

+ Fo(fig) - i (SF X A\ Ry, (fups ) = Yoy (f1ps 8) + Foo (1) — fip (R, (fips 6)(8 + )
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However if fi,,(Ry,, (fip,0)) > B for n > n(d) (for some integer n(d) > 1), then it follows from the
above and from the fact that: v, (fy,d) — 0, that

log by, ((w, x), T, i1 R . log 2
/ 2 7 10) (w0, 2) < Fi(iag) — 6+
2 xA kn kn

) = Vo (s, 6) < Fop(fip)

But then, this would give contradiction with Theorem 2. Hence, for § > 0 fixed there exists a

sequence of positive numbers o,, — 0, such that the set Ry, (jiy,0) of points (w,x) € E}r x A for
n—o0

which b, ((w, ), T, fiy) < %e”(F‘P(W)_‘;), has fiy-measure that satisfies:
(Bl ) <, for n > n(d)
Let denote now the complement of the set Ry, (fiy,d) in X7 x A by:

Qn(ﬂwad) = Z}’_ X A \ Rn(ﬂdnd)

From the ®-invariance of fi,, on E}F x A, and from the definition of @, (fiy,d), we obtain that

[y (2" (Qn(fiy 0)) > 1 = am, n = n(0)

And from the definition of the set ®"(Qn(fiy,d)), it follows that for any for point (n',y') €
D™ (Qn(fuy,0)), there exist at least %e"(Fé(ﬂw)*‘s) indices i = (i1,...,4,) € I", such that ¢y €
¢i(A) = ¢, 0... 0 ¢;, (A). From above, the sequence fiy (R, (fiy,d)) converges to 0, so there exists
an increasing sequence of integers m,, — oo such that: (R, (g, 6)) < 3. fig(Rimy(fp)) <
s s fp (R, (fip,6)) < 5, ... Employing the sequence {my},, define now the following mea-
surable subsets of A,

An(fiy, 6) = 772(591 " (Qm, (g 5)))’

where o : 2? x A — A is the canonical projection to the second coordinate. Moreover, denote the

union of the Borel subsets in A introduced above by,
A(/jtw, 5) = U An(,&dn 5) = 7T2( U n (I)ms(Qms (ﬂﬂh 6)))

Firstly, notice that from the definition of the sequence of integers {m, }n>1, we have

(0, 8™ (@ (10 0) 2 1= Y i (SF X AN O™ (@, (1, 6))) 2 1= 30 o = 1= oy

s2n s>n

1, recalling that g, = m.(fty), and
Q O™ (Qmy (fi, 5))), we obtain that
n

S_

Therefore by taking the union of these sets over all n >
observing that iy (A(fiy, 6)) = fiy (75 (A(fiy, 6))) > (U,

(U 0 @™ (Qu (14,9))) = 1, hence py(Alfg,8)) = 1 (18)

n>1s>n

We now investigate the influence of the number of roots on the Hausdorff dimension of the set
A(fiy, 6). Recall from above that, for any (1, y') € ®"(Qy(fiy,0)), there exist at least e (Feliv)=9)
indices ¢ = (i1,...,1,) € I", such that ¢ € ¢i(A) = ¢, o...0¢;, (A). Hence the points in the
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projection 7 (®"(Qn(fiy,d))) are covered at least fe™(Fe(v)=9) times by images of A, through
compositions of n maps of type ¢;. Now, S satisfies the condition that there exists k € (0,1) such
that |¢;| < x on A. It follows that, for any indices i1,...,4, € I, diam(¢;, o...0 ¢, (A)) < k™.
Thus, every point in mo(®"(Qn(fiy,0))) can be covered at least %e"(F‘I’(W)_‘S) times with sets of
diameter less than k. For o > 0, let us denote now by t(«) the unique zero of the following

pressure function with respect to the shift map o : Z}r — Z;r,
t = Po(t|¢y, (ow)| — o) (19)

Take an arbitrary number ¢ > t(Fg(fiy) —6); we assume without loss of generality that Fo(fiy) > 0
and that § is small enough, so that § < Fg(fiy). Let define the pressure function

ps(s) == P(s]¢,, (ow)| — Fa(jiy) +9), s€R

From assumption above, ps(t) < 0. So from the conformality of the contractions ¢;, and by denoting

in general ¢, 1= ¢y, 0...0 ¢y, for n=(n1,...,nm) € I"™,m > 1, it follows that for n large:

~ n-pg(
ST fa e )0 < (20)

|w|=n

Now for any s > n, from the above definition of Q,, (fiy,d), it follows that any point in Ay, (fy, )
can be covered with at least M := %emS(F@(W)_‘S) sets ¢, (V') for |n| = my, and every one of these
sets ¢, (V') has diameter less than xs. Denote the collection of the above sets ¢,(V') by Us, so Us
is a cover of A, (fiy,d). We want now to perform extractions from this cover Us of A, (fiy,d) (by
using its large multiplicity), in such a way that in the end we obtain a subcover which is minimal,
from the point of view of the sum of diameters raised to power t. This will be the subcover which
we shall use to estimate the Hausdorff dimension of the set A, (fiy,5). We have that the maps
¢n are conformal, so we can apply the 5r-Covering Theorem (see [9]), where we consider 5U to
denote the ball with the same center as U and 5 times the radius of U. One can then extract a
subfamily Us(1) C U, such that the sets 5U,U € Us(1), cover An(fiy,d), and so that the sets in
Us(1) are mutually disjoint. From conformality we have that there exists x,r and a fixed constant
C independent of U, such that B(z,r) C U C B(z,Cr). We then eliminate this subfamily U,(1).
Since it was disjointed, the multiplicity of the cover U, of A, (fiy,d) is still at least M, — 1.
Therefore we can repeat this procedure and will extract a second subfamily Us(2) in U, \ Us(1),
which is disjointed and such that 5U,U € Us(2) cover the set Aj,(fiy,d). After eliminating both
Us(1) and Us(2) from Us, the multiplicity of the cover is at least My — 2. By induction, we obtain
thus M, subfamilies U,(j), which are disjointed and such that 5U, U € Us(j), cover Ay (fiy, ). We
then take, out of these subfamilies constructed above, the subfamily Us(jp) for which the expression

S>> (diamU)! is minimal. Then from (20), we obtain:
Uels (]0)

Z (diamU)! < ML Z (diamU)t < Ce™sPsM/4 < 1, (21)
Uels (jo) * Ueu,
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for some constant C' > 0, independent of s, n large. Since for any s > n, we can obtain such minimal
covers Us(jo) for the set Ay (fiy,0) , and since ¢ was chosen arbitrarily larger than t(Fg(fiy) —0), it
follows from (21) that:

HD(Ap(f1y,0)) < t(Fp(fiy) —0)

Now recall the definition of A(fiy,d) = L;l Ay (fiy,0). From the last estimate, we infer that
n>

HD(A(f1y,0)) < U(Fa(fiy) = 9)

Also from (18), py (A(fiy,6)) = 1. Define now the set A(v)) := 6(>WOA([L¢, J) = ngl A(fiyp, 2). We have
then that s, (A(¢))) = 1. Let us now remark that from definition (19) of the zero t(«), and from the
continuity of the pressure function, we obtain that ¢(Fg(jty) — ) = t(Fo(fty)) when 6 — 0. But
from Theorem 2, we know that logo(S,) = Fg(fi;). Hence, by taking the set Z(¢) := A\ A(¥),
we have p;(Z(1))) = 0; thus from the definition of HD(uy), HD(py) < HD(A\ Z(v)) < t(S, ).

U

3 Applications to Bernoulli convolutions.

Consider the random series Y A" for A € (0,1) where the +, — signs are taken independently
n>0
and with equal probability, and let us denote its distribution by vy. This is called a Bernoulli

convolution, since it is in fact the infinite convolution of the atomic measures %(5, an + dyn), for

n > 0 (for eg [3], [21]). The probability measure vy can be written also as the self-similar measure

11

associated to the probability vector (3, 5) and to the iterated function system

Sy = {51, 52},
where S1(z) = Az — 1, Sa(x) = Az + 1, = € R. Hence, v, satisfies the self-similarity relation:

1 1
V,\ziy,\oSfl—Fil/,\OS;l

The case A € (0, %) corresponds to Sy having no overlaps, while the case when A € [%, 1) corresponds
to the more difficult situation of the iterated function system Sy having overlaps. We assume in the
sequel that A € (%, 1), thus we are in the case when Sy has overlaps. The limit set A) is in this case
the whole interval I, = [—ﬁ, ﬁ] The measure vy can be viewed as the projection TaV(1 1)s
%,%), and 7y : X5 — I is
the canonical coding map. It is well-known that v, can be either singular or absolutely continuous.

where V(1 1y is the Bernoulli measure on E;“ generated by the vector (
272

Several results on Bernoulli convolutions are in the paper by Peres, Schlag and Solomyak [15]. The
case A > % attracted a lot of interest, starting with Erdés who proved in [3] that, when % is a
Pisot number, then v, is singular. Later Solomyak showed in [21] that the measure vy is absolutely
continuous for Lebesgue-a.e A € [%, 1). If vy is absolutely continuous, then HD(vy) = 1. From the
point of view of actual values of \, Garsia proved in [5] that vy is absolutely continuous when A~!

is an algebraic integer in (1,2), whose monic polynomial has other roots outside the unit circle and
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constant coefficient +2; for example if A™! = 2%, m > 2, vy is absolutely continuous. Przytycki
and Urbanski proved in [17] that, if A~ is the inverse of a Pisot number in (1,2), then HD(v) < 1.
In the special case when \ = @ (the reciprocal of the Pisot number @), Alexander and Zagier
[1] found precise estimates for HD(vy), showing that 0.99557 < HD(vy) < 0.99574. Hochman [6]
showed that HD(vy) = 1 for X outside a set of dimension zero.

For arbitrary A\ € (%, 1), Theorem 4 below gives an upper estimate for HD(v)), by using an
expression involving o(Sy); this allows to obtain bounds also for the overlap numbers o(Sy). In
particular, if HD(v,) = 1 for some value A € (3, 1), then o(Sy) < 2A. In general, 1 < o(S)) < 2,
for any A € (3,1); we show that in fact, the overlap number o(S)) is never equal to 2 (even
if, for A — 1 the overlaps become larger). For specific values of A (for eg A = 27%,771 > 2, or
A= @), we obtain then more precise bounds for o(Sy). First, for arbitrary A € (3,1), the
measure vy is supported on the limit set of Sy, which is the interval I\ = [—ﬁ, ﬁ], the coding
map is 7y : X5 — I). Recall that for x € I and n > 2, B,(z) denotes the number of n-chains
(C1y--+,Cn) € {1,2}" from points in I to x, i.e. = € qbgl,_gn([—ﬁ, ﬁ]) From Corollary 2, in

the formula for o(Sy) we integrate log 3,, with respect to the uniform Bernoulli measure V(1 1y
272

Theorem 4. For all A € (%, 1), the following relation is satisfied for the Bernoulli convolution vy:

log —2—~
o(Sy)
HD < — M
() < |log A| ’

where o(Sy) denotes the overlap number of Sy, which can be computed as:

o(Sy) = exp( lim 1 /E+ log B (mw) dl/(%é)(w))
2

n—oo N

And from the above, o(Sy) < 2AHPM),

Proof. From Theorem 1, in our case the measure vy can be written as TAxV(L 1y and it is equal to
272

the mo-projection of an equilibrium state fi,, on E; x Iy. Therefore, from Corollary 2,

n—oo N

. 1
o(Sy)) = exp( lim / log B (m\w) dV(; ;)(w))
22+ 212

S, is a system of similarities, thus from Theorem 3, H D(v,) is bounded above by the unique zero

of the pressure function with respect to o : Z;’ — Z;’:
t — Py(tlog A — o(Sy)) = tlog A +log 2 — log o(Sy)

2
log ey
[log A[ *

Hence it follows that HD(v)) < and the corresponding bound for o(S)).

O

For any \ € (%,1), the number of overlaps between images Sj, i, ([y) is less than 2", so

1 < 0o(8Sy) < 2. In fact, it turns out that the overlap number of Sy is always strictly less than 2:
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Corollary 3. In the above setting, it follows that for all parameters \ € (%, 1),
o(Sy) <2
Proof. 1f o(Sy) = 2, then from Theorem 4, it would follow that A = 1. Hence contradiction. O

For a large set of values of A\, by using Theorem 4 and the above mentioned results of [1], [5],

[21], we can obtain more precise estimates for the overlap number:

Corollary 4. a) For Lebesque-almost all parameters A in (%, 1), we have
O(S)\) < 2\

This happens for example when A™! is an algebraic number whose monic polynomial has other roots

outside the unit circle and constant coefficient £2. In particular, if A = 9= m for m > 2, then

m—1

o(S\) <27 m

b) In case \ = @, then o(Sy) < 2\099%57 < 125,

Let now p arbitrary in (0,1) and denote by V(p,1—p) the Bernoulli measure on Z;“ determined
by the vector (p,1 —p). For A € (3,1), one defines the biased Bernoulli convolution vy, (see for

eg [16]), where v, is the my-projection of v, ;_p) onto the limit set I = | Lo +15]. We have

I I

as above the associated lift map @) : 2; x Iy — 2; x I. From the discussion before Theorem
1, there exists a ®)-invariant equilibrium measure 7y , on E; X Iy, such that mo.0y, = v) . For
integers 0 < k < n, denote by W (x, n, k) the set of n-chains (i1, ...,i,) € {1,2}" from points in Iy

to x, having exactly k indices i; equal to 1. From (15), for any « € I, 7 > 0 and n > 2, we have

,(p,1—p)) = Z Card W(z,n, k)

k: ‘§_p|<7

Bn (a:, 7| log . P

Thus, for any parameter A € ( %, 1), it follows from Theorem 3 and Corollary 2 that:
Corollary 5. For all X € (%, 1) and p € (0,1), the biased Bernoulli convolution vy, satisfies:

log -s5— 2
HD < O( Av’//\,p)
(V)\vp) = |10g)\| ’

where o(Sy, Uy p) denotes the overlap number of Sy with respect to Uy p, which can be computed by:

T—>0n—o00o N

1
o(Sx, D p) = exp ( lim lim — /E+ log Z Card W (myw, n, k) dl/(p’l_p)(w)>
2

| —pl<T
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