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Abstract

We consider invariant sets A of saddle type, for non-invertible smooth maps f, and equilib-
rium measures f4 associated to Holder potentials ¢ on A. We define a notion of measure-theoretic
asymptotic degree of f|n : A — A, with respect to the measure py on the fractal set A. In our
case, the equilibrium measure p is the unique linear functional in C(A)* tangent to the pressure
function P(-) : C(A) — R at ¢. In particular, for the measure of maximal entropy po of f|a, we
obtain the asymptotic degree of f|a, which represents the average rate of growth of the number
of n-preimages of x that remain in A when n — oo; notice that, in general, A is not totally
invariant for f. To this end, we will obtain first a formula for the Jacobians of the probability 1,
with respect to arbitrary iterates f,m > 2. We then show that a formula for the topological
pressure P(¢) that holds in the expanding case, is no longer true on saddle sets. In the saddle
case we find a new formula for the pressure, involving weighted sums on preimage sets. We
also apply the asymptotic degrees, together with various pressure functionals, in order to obtain
estimates for the Hausdorfl dimension of stable slices through certain sets of full yg-measure in

the fractal A. In the end, we give also some concrete examples on saddle folded sets.
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1 Introduction and outline of main results.

We consider smooth maps f : M — M on a manifold M, which are hyperbolic and non-invertible on
saddle locally maximal sets A, and associated equilibrium (Gibbs) measures p4, of Hélder potentials
¢ on A. We investigate several notions related to them, like the Jacobian of such a measure, and
a new, measure-theoretic notion of "degree” of f|p : A — A, in the case when the number of
f-preimages that remain in A of an arbitrary point z, is not constant, when z varies in A. We
will also look more closely at the pressure functional P(-), on the Banach space C(A) of continuous
real-valued functions on A, when A is such a saddle non-invertible fractal set.

The hyperbolic non-expanding and non-invertible case is very different from the expanding case,
and from the hyperbolic diffeomorphism case (for eg [5], [22], [8]). One difficulty is that branches

of inverse iterates do not contract small balls on A, which means that the machinery from the



expanding case cannot be used here; in fact inverse branches dilate on stable directions. Another
difficulty is that, as the fractal set A is not necessarily totally invariant with respect to f, there
may be sudden variations in the number of f-preimages in A of a point z, when x ranges in A; also,
there exist in general many (possibly uncountably) local unstable manifolds through points in A.

We will obtain first a formula for the Jacobian of the equilibrium measure g, with respect
to an arbitrary iterate f,m > 2, in this saddle case (the Jacobian is in fact a Radon-Nikodym
derivative). Using this, we obtain then a formula for the pressure P(¢) in terms of the preimage
sets of pg-almost all points x, and of the folding entropy of ji4. This formula is different from the
one in the expanding case (for eg from [17]).

In general the map f is not constant-to-1 on the saddle fractal A. Thus, we want to determine
a good notion of "degree” for the restriction f|p. We find one such notion of asymptotic degree
with respect to the measure py. If we consider in particular the measure of maximal entropy po on
A, we obtain then the average logarithmic growth of the number of n-preimages that remain in A
(when n — o00), which can be considered as the ”degree” of f over A. By using the above notions
of asymptotic degree with respect to 4, we will obtain next estimates for the dimension of stable
slices through certain explicitly constructed sets of full pg-measure in A.

Hence, the asymptotic degrees, the formula for Jacobians of equilibrium states with respect to
arbitrary iterates and the associated methods, are useful in obtaining:

a) the rate of growth of the number of n-preimages remaining in A, when n — oc;
b) a formula for the pressure P(¢) in the saddle non-invertible case, in terms of the n-preimages

of x that remain in A, for pg-a.e point z in A;

c) estimates on the Hausdorff dimension of certain slices through the fractal A.

The Jacobian of an invariant measure p with respect to an endomorphism f of a Lebesgue space
X (see Parry, [14]) describes locally the ratio between p(f(A)) and p(A), given that an arbitrary
point in X may have several f-preimages and that u(f(A)) = u(f~1(f(A))). Thus the Jacobian
J¢(p) is a Radon-Nikodym derivative between two absolutely continuous measures.

Here we are concerned with the case when f is a C? endomorphism (i.e a non-invertible map)
on a manifold M, having a compact invariant set A C M. We assume that the non-invertible map
f is hyperbolic on A (see [22]). The map f is not assumed expanding on A, thus we do not have the
machinery from the expanding case here. Hyperbolicity of f on A implies the existence of local
stable manifolds of size r (for some small » > 0), which depend only on their base point and are
denoted by W(z),x € A. Hyperbolicity implies the existence of local unstable manifolds W} (z)
which depend on whole past trajectories Z € A, where A is the inverse limit of the system (A, fla)-
Through points € A there may pass uncountably many local unstable manifolds of prehistories

of z in A, which is an important difference from the diffeomorphism case.

By basic set (or locally mazimal set [6]), we mean a compact f-invariant set A C M, such that
A= ﬂZ f™(U) for a neighbourhood U of A, and such that f is topologically transitive on A. Such
ne

sets will also be referred to sometimes as folded fractals. The term basic set is not used in the sense



of the Spectral Decomposition Theorem here. The fractal set A may not be totally f-invariant, so
it may happen that some of the f-preimages of z € A do not remain in A. Examples of hyperbolic

basic sets for smooth endomorphisms appeared for instance in [1], [5], [16], [24], [25], [8].

In our case, the topological pressure is a convex and Lipschitz continuous function P : C(A) — R,
on the Banach space C(A) of continuous real-valued functions on A (see for eg. [3], [6], [26], [27]). In
our hyperbolic case, there exists a unique equilibrium measure (Gibbs state) of a Holder continuous
potential ¢ on A (see for eg [3], [6], [26]), and this measure will be denoted by 4. The probability

measure [ is maximizing in the Variational Principle for the topological pressure, i.e we have:

P(¢) = sup{h, +/ ¢ dp, pis f — invariant probability on A} = hy,, +/ ¢ dug
A A

Then the positive linear functional F from the dual space C(A)*, represented by the equilibrium
measure [ by the Riesz Representation Theorem (for eg [18]), is in fact tangent to the convex

pressure function P at ¢; hence, for every continuous function ¢ € C(A) we have (for eg. [26], [27]),

pg(Y) + P(¢) < P +¢)

In our case the entropy map p — h, associated to f|a, is upper semi-continuous (see [6], [26]).
Hence by using properties of Legendre-Fenchel transforms and a form of Hahn-Banach Theorem,
it follows that conversely, every linear functional F' € C(A)* tangent to P(-) at ¢, is in fact given
by the equilibrium measure p4 (which is the only equilibrium measure of ¢, in our hyperbolic
case). Also, Walters showed that the pressure function P(-) has a unique tangent functional at ¢
if and only if P(-) is Gateaux differentiable at ¢ (see [27]). It can be shown, moreover, that the
equilibrium measure f4 is mixing on the fractal set A.

If 4o is an f-invariant probability measure on A, then one can define the folding entropy Fy(p),
as the conditional entropy H,(e|f '€), where € is the single point partition and f~'e is the fiber
partition associated to f on A, see [21] (also [7]); we may denote it also by F'(u) if no confusion
arises. Many ergodic properties of the measure-preserving transformation f on the probabilistic
space (A, ), can also be expressed in terms of the spectral properties of the associated Koopman
operator Uy : L*(u) — L%(u), Us(x) = x o f, x € L*(p) (see for eg. [26], [18]).

The main results of the paper are the following:

In Theorem 1 we will prove a formula (and definition) for a measure-theoretic asymptotic
degree with respect to the probability . This degree involves only those n-preimages of x (i.e
preimages with respect to f™) which behave well with respect to je; the number of these well-
behaved n-preimages of x is denoted by d,,(z, tig, 7) (see Definition 3). Notice that the dynamics
of f on A is basically the same as that of f™ on A; the iterate f" invariates A and the measure fi4.
So in a sense, one may take any iterate of f and study the preimages of points with respect to that

iterate. The map f may not be constant-to-1 on A.



Theorem 1 (Measure-theoretic asymptotic degree for equilibrium states). Let f : M — M be
a C? non-invertible map and A a basic set for f so that f is hyperbolic on A and does not have
critical points in A. Let also ¢ be a Holder continuous potential on A and g be the equilibrium
measure associated to ¢. Then we have the following formula:

1
lim lim /logdn(:c,qu,T) dpg(x) = Fr(pg)
A

T—0n—oco N

In Corollary 1 we will use the formula proved in Theorem 1 in order to calculate the average
value with respect to ug, of the logarithmic growth of the number of n-preimages of = in A.

As A is not necessarily totally invariant, the measurable (but possibly discontinuous) function
dp(z) := Card(f~"(f"(x)) NA), z €A,
may be non-constant on A; see the examples in [8]. It is natural to study the average value of
log dn()
Corollary 1 (Average rate of growth of the number of n-preimages d,(-), when n — 00). In the
setting of Theorem 1, denote by po the unique measure of maximal entropy for f on A. If d,(x)
denotes the cardinality of f~"(f"x) N A forn > 1, then we have:
1 1
lim —logd,(z) = Ff(uo), po—a.a x € A, and lim — / log dp(x) dpo(x) = Fr(po)
A

n—oo n n—oo N

Corollary 1 allows us to make the following;:

Definition 1. In the setting of Theorem 1, define the asymptotic logarithmic degree of f|j

(with respect to the measure of maximal entropy o) by: a;(f,A) := lim % [y log dy(x)dpo(x). The
n

asymptotic degree of f|, is then defined as the number

dOO(fa A) = eal(f’A)

Similarly we define the asymptotic degree with respect to the measure ji4 on A, as

) .1
doo (£ 19) = exp (lim Tim /A log dn (2, f1g, 7) i ()

T—0n—oco N

In particular if f|, is d-to-1, then doo(f, A) = d, and F(up) = logd.
To prove Theorem 1 we will need Proposition 1 which gives a formula for the Jacobian of an

equilibrium measure pg, with respect to an arbitrary iterate f™; the estimates do not depend on n.

Proposition 1 (Jacobians of equilibrium measures with respect to iterates of endomorphisms).
Let f be a C? hyperbolic endomorphism on a folded basic set A, which has no critical points in A;
let also ¢ be a Holder continuous potential on A and let pg the unique equilibrium measure of ¢ on
A. Then there exists a comparability constant C > 0 independent of m > 2 and of x € A, such that
for py —a.e x € A, the Jacobian of jgs with respect to the iterate f™ satisfies:

Sma(C) > Smd(Q)

cef=m(fm(=))NA

cef~m(fm(z))NA
’ eSmé(z) (1)

-1
C eS7n¢($)

< Jpm(pg)(z) < C-




Recall now (see [17]) that in the expanding case we have the following formula for pressure:

Theorem (Relation between preimage sets and pressure in the expanding case, [17]). Let f :
X — X a topologically transitive open distance expanding map, then for every Hélder continuous

potential ¢ : X — R and every x € X we have the equality

P(¢) = lim l1og > 5o

n—oo n
yef(x)
In our saddle set setting we obtain however the following different formula for the pressure:

Theorem 2 (Relation between preimage sets and pressure in the saddle non-invertible case). In
the setting of Proposition 1 and for an arbitrary Holder continuous potential ¢ on A, we have for
fe-a.e T €A, ,
P(¢) = lim ~1lo W) _og doo (£, 1ig) + h
(¢) = lim — gyef_%;(x)m g doo(f, 1) + Py,

The difference in the formula above for the saddle case, is due to the negative Lyapunov ex-
ponents. The Remark after the proof of Theorem 2 shows that, in general Fy(ug) # hy,. Once
we have a formula for the pressure on a saddle set for a non-invertible map, we can obtain the
measure-theoretic entropy h,, for any f-invariant measure p on A, by a reverse Variational Princi-
ple (see [26]), using the fact that: h, = inf {P(w) — [, ¥ dp, v Holder continuous on A}, as the

entropy map is upper semi-continuous in our case.

Another application will be in the next Corollary, where we compute the jg4-measure of an
arbitrary ball centered on A; for amap f : X — X on a metric space X, we denote by By, (z,¢) :=
{y € X,d(f'y, f'x) <e,i=0,...,n—1},2 € X,e > 0, an arbitrary dynamical (Bowen) ball.

Corollary 2. In the same setting as in Proposition 1, assuming f is conformal on both stable and
unstable local manifolds, there is C' > 0 such that the pg-measure of an arbitrary ball is given by:
eSmé(C) > eSmé(C)

1 cef—m(fm(=))NA cefm(fm(=))NA
— d < B(f™ <C
C Bn(zf) esm(z)(x) M¢($) B M¢( (f - p) N Bn(Z;E) esm(b(x)

dpg (),

where ¢ is fized and m,n are the largest integers s.t e|Df™(2)| > p and e|Df2=™(fm2)|~! > p, for
any z € A, p > 0.

We also apply the asymptotic degrees in order to obtain estimates for the Hausdorff dimension
of various slices through A. We recall that from Definition 1, that logds(f, 1g) = F(ug); in
particular log do (f, A) = F(uo), where g is the measure of maximal entropy of f|x. If ®%(z) :=
log |Dfs(z)|, € A, then for any fixed number v < hyp(f|a), we have that the function

t— P(t®° — ),

is strictly decreasing and convex, it has a value larger or equal than 0 when ¢ = 0, and converges

to —oo when t — oo. Hence this pressure function has a unique zero (called also a solution of the



Bowen-type equation, [2]), which will prove important in dimension estimates. In the next result,
given the basic saddle set A for the map f, we denote by E; the stable tangent space at z € A;

hence D f|gs is a linear contraction.

Theorem 3 (Dimension estimates for certain stable slices). In the setting of Theorem 1, assume
that f is conformal on local stable manifolds over the saddle basic set A, and that g is the equi-
librium measure of a Hélder continuous potential ¢ on A; denote ®°(y) := log|Df|gsyl, y € A.
Then there exists a Borel set K(pg) C A such that pg(K(pg)) = 1, and for every x € A we have:

HD(W; () MK (o)) <3 (1)

where tfloo( ) is the unique zero of the pressure function t — P(t®° —logdeo(f, ite))-

Fibg

We remark that the set K(114) is constructed explicitly in the proof of Theorem 3 above; and
that it is not contained necessarily in the generic set of the stable potential ®°. In fact, we obtain

a whole class of sets of type K(uy), according to various conditions.

In Section 3 we will give also several examples of hyperbolic basic fractal sets, and apply the
results above to the equilibrium measures on them. Such examples may be obtained for example
from parametrized families with transversality conditions; from solenoids with self-intersections; or

from perturbations of some known hyperbolic endomorphisms.

2 Main results and proofs.

In the sequel, let a smooth (say C?) non-invertible map f : M — M defined on a compact
Riemannian manifold, and let A be a fixed basic set of f, such that f is hyperbolic on the
compact A. In general, the fractal set A is not totally invariant, i.e we do not always have
f7Y(A) = A. As said before, hyperbolicity is understood here in the sense of endomorphisms
(i.e non-invertible maps), i.e there exists a continuous splitting of the tangent bundle into stable
and unstable directions, over the inverse limit A consisting of sequences of consecutive preimages,
A= {2 =(z,x_1,2_9,...,) with z_; € A, f(z_;) = x_;11,7 > 1}. For any & € A we have a stable
space £ and an unstable space EY. There is a small > 0 and local stable/unstable manifolds,
W2 (x) and W¥(&), for any & € A. Denote also

Df(x) = Df|ps, v € A and Df, (&) := Df|gu, & € A (2)

The endomorphism f is assumed to have stable directions too, so it is non-expanding. More
about hyperbolicity for endomorphisms can be found for example in [22], [10], etc. When the map
is not invertible, there appear significantly different phenomena and different techniques than in

the case of diffeomorphisms (as for example in [1], [20], [25], [8]).



We will use in the sequel the notion of Jacobian of an invariant measure introduced by Parry
n [14]. Let f: M — M be a continuous endomorphism on the manifold M and p an f-invariant
probability on M. Assume also that f is essentially countable-to-one, i.e that the canonical measures
(mod 0) of u with respect to the partition into fibers f~1(¢), are purely atomic (see [14]); in other
words, modulo y the fibers f~!(x) are countable, f is measurable and positively non-singular with
respect to p, i.e pu(A) = 0 implies u(f(A)) = 0. Then, as shown by Rohlin ([19], [14]), there
exists a measurable partition £ = (Ag, A1,...) so that f is injective on each A;, and the push-
forward measure ((f|a,)"!).«p is absolutely continuous on A; with respect to p. The respective

Radon-Nykodim derivative, will be called the Jacobian of u with respect to f:

dpo (fla;)

Tyl(e) = g

(x), p—a.eon A;,i >0

Notice that from the f-invariance of u, we have J¢(pu)(x) > 1, — a.e € M. Consider now in
general f : M — M a C' endomorphism and p an f-invariant probability on the manifold M:;
then the folding entropy Fy(u) of u is the conditional entropy: Fy(u) := H,(e|f~'€), where € is
the partition into single points. From [19], we can use the measurable single point partition e
in order to desintegrate p into a canonical family of conditional measures p, on the finite fiber

f~1(z) for p-a.e x. Hence the entropy of the conditional measure of y restricted to f~!(z) is
1
Mf(z)(x)’

H(pz) = =Xye p-1(2) Mz (y) 10g piz(y). From [14] we have also Jy(u)(z) = i — a.e x, hence

ﬂm:/m#wmmm (3)

Definition 2. Given two positive functions Q1 (n,z), Q2(n,x), we will say that they are compa-

rable if there exists a positive constant C' so that 1 < ng ig < C for all n, x.

Recall that, given a continuous function f : X — X on a compact metric space X, the topological

pressure P(¢) of a continuous real-valued function ¢ € C(X), is defined by

1
P(¢) := lim limsup — logmf{z e5"??) | F < X such that U B, (z,e) = X},

€20 n—oo zeF

with By, (z,¢) = {y € X, d(f'z, fly) <&,0<i<n—1}and Spo(2) = 3.  &(fi2), z€ X,n > 1.
0<i<n—1
If f: X — X is a homeomorphism on X having the specification property, then the equilibrium

measure fi, of the Holder potential ¢ € C(X), is defined as the unique measure which maximizes

in the Variational Principle for topological pressure (see for eg [6], [26]), namely:
P(¢) = sup{h, + /qbd,u, @ probability measure on X'}

It was shown (see for eg [3], [6]), that the probability measure p is ergodic and satisfies the esti-
mates A.en®@)nP@) <y (B, (z,¢)) < B.e59@=nP9) where B, (z,¢) := {y € X,d(fy, fiz) <
g,i=0,...,n— 1}, P(¢) denotes the topological pressure of ¢ with respect to f, and where the

positive constants A., B, are independent of x,n.



The general homeomorphism framework above allows us to apply this result to equilibrium
measures on the inverse limit A. If 7 : A — A, m(Z) =x,% € A is the canonical projection and if ¢
is a Holder potential on A, then ji4 is the unique equilibrium measure for ¢ on A if and only if py =
Txllpor, Where figor is the unique equilibrium measure of ¢ o7 on the compact metric space f\; here
the homeomorphism f : A — A is the shift map defined by f(m,:r_l, T_g9,...) = (f(x),z,z_1,...).

So for the non-invertible map f and the measure ;14 on A, we obtain the same estimates as above:
Aeesn¢(x)_np(¢) S M(b(Bn(xag)) S BE€S7L¢(x)_nP(¢),

with positive constants A., B, independent of n,z, where the consecutive sum S, ¢ is defined as
Snp(x) = ¢(x)+...+¢(f"1(x)),for x € A, n € N. In particular, if ¢ = 0, we obtain the measure
of maximal entropy pg.

Let us give now the proof of the formula for the asymptotic logarithmic degree with respect to
Hp, on the set A; this degree takes into consideration those n-preimages which behave well with
respect to py. We assume for the moment that Proposition 1 is known; its proof is independent of
Theorem 1 and will be given later in the paper. First, for an f-invariant probability g on A, 7 > 0
small, n € N and = € A let us define the finite set:

Gl = (€ S0 0 s (220 [ g <, @

Definition 3. In the above setting, denote by d,,(z, 1, 7) := Card G, (z, u, 7),x € A,n > 0,7 > 0.

The function d,, (-, i, 7) is measurable, nonnegative and finite on A.

Proof of Theorem 1. First let us recall formula (3) for an arbitrary f-invariant measure
ws Fe(p) = [ylog Js(p)(x)du(z). From the Chain Rule for Jacobians, we have Jp(p)(z) =
Jr(p) (@) ... Jp(p)(f" (), for p-a.e x € A, for any n > 1. On the other hand, since u is f-
invariant, we know that [log.J;(u)(x)du(z) = [logJs(u)(f(z))du(x) = [logJs(u)(fFz)du(z),
for all £ > 1. These facts imply that for any n > 1,

Fy() =, [ Yog (1) (w)dn(z) (5)

As we saw above, since f is hyperbolic on A, then any Hoélder continuous potential ¢ on A
has a unique equilibrium measure g on A. Therefore from Proposition 1, since the constant C' is

independent of n we obtain that:

eSné(y)

o1 Ef(f™(x))NA
Fytuis) = Jim ~ [ 108 =0 dpg(a) (6)

n—oo N

Now since A is compact, each point x € A has only finitely many f-preimages in A, i.e there
exists a positive integer d s.t Card(f~'z) < d,x € A. Since p, is an ergodic measure (as it is an

equilibrium state) and from Birkhoff Ergodic Theorem we obtain that
Sn(x)
P /qbdu\ >7/2) o0,

8

M¢<$€A,‘



for any small 7 > 0. Thus for any 1 > 0 there exists a large integer n(n) such that for n > n(n),

pol - [ aul > /2 < g

Let us now take a point € A with \%(z) — [ ¢du| < 7. From Definition 3 we have

Z esn¢(y)
S B0 (. )+ ) _ v s _ e (0 g, ) 4 i )
n(f pdp+T) - eSnd)(a:) - en(f ¢dpe—T)

(8)
where 7y, (z, i, 7) is the remainder > en¢W) In order to simplify notation, we
yef M (@)\Cn(@,1e:7)
will also denote ,(x, jt¢, 7) by 7, when no confusion can arise.

Given n large, let us consider now a partition (A})i<i<x of A (modulo ps) so that for each
0 <i < K, there exists a point z; € A? so that for any n-preimage &; € f~"(z;) NA, 1 < j < dpg,
we have A} C f"(Bn(&ij,€)),1 <j <dy;,1 <i < K. For the above partition, let us denote by A7,
the part of the n-preimage of A} which belongs to the Bowen ball B,,(&;j,¢), i.e

Since A} were chosen disjoint, also the pieces of their preimages, A7, ¢, j, are mutually disjoint.

’L]’
We will decompose the integral in (6) over the sets AZ Notice that if ¢,z € A%

o then since ¢
is Holder continuous and A7, C By, (&5, ¢€), it follows that we have

19n@(y) — Snd(2)| < C(e), (9)
where C(¢) is a positive function with C(e) = 0. So we will obtain:
eSné(v) eSné(v)
Jroet et = 30 [ et "J; (@) (10)

0<j<d;,0<i<K

Let us now denote by Ry (i, ue, T) the set of preimages &;; with &; ¢ Gy (&iky, 1g, 7), for some
n-preimage &, ; in fact, as can be seen from (4), it does not matter which preimage &, we choose
in the set f~"(f™&k,). Then, denote simply by R, ; the set of indices j,1 < j < d,; with &; €
Ry (i, pg, ) for every 1 < i < K. Now in the decomposition from (10) we notice that the integral
over those sets A7; with j € R, ; will not matter significantly. Indeed as Card( flznA) <d,z €A
and as —M < ¢(x) < M,z € A we have,

E eSn¢(y)
1< yef~—nfrznNA

ern

Now recall that A, C By (&;5,€) and the sets Af}, i, j are mutually disjoint (w. r. t ug). Hence
by using inequalities (7) and (9) and the fact that &; ¢ Gy (&, ite, T) When j € R, ;, we obtain:

I



Z esnd)(y)

1 —n fn 1

Z — log vel fszr;/(\ dug(x) < —log(d"e*™M) . = n(logd + 2M) (11)
) - n Jan eSnd(2) n

0<i<K,j€Rn i

But by using the comparison between different parts of the n-preimage of a small set from the

proof of Proposition 1 (see (18)), we deduce that the last term of formula (10) is comparable to

n d’n (zi7 He, T)H(ﬁ(A:L) + fn (Zia Mgy T)
> hg(A) lo Y : (12)
id o ( ij)
where 7, (2i, 1, T) 1= > o (A7y). Hence from (18), (11) and (12) we obtain:

Eis €7 (2)NA, & EGn(GikgobesT)

1 n 1 n Tn(2i, e, T) ,
- Z fp(Aj5) log dn(zi, pig, T) + — Z 1 (A7) log(1 + A ) —6(1) —nC" <
" @R SRRET dn (2 19, g ( A7)
65n¢(y)
1 yef—nfrznNA

< —
< /A log o5n (@) dpg(w) <

1 1 fn(zia,uqbﬂ_) !
< - s (A7) log dp(2iy g, T) + — o (A%) log(1 + —) +6(7) +nC",

P o(A5y) log dn(zi, . 7) n; R N s PP LA

(13)
with C'" = log d+2M being the constant found in (11), and where the positive constant §(7) comes
from the uniformly bounded variation of 1S,¢(z) when z is in Ajy and when 1 <i < K,j ¢ Ry,

vary; clearly we have §(7) =, 0.
T

P (2isle5T) )

Now we know that in general log(1 + x) < z, for z > 0. Thus log(1 + Gt ig (A7)
n\Zi; e, ij

'Fn(zivuqﬁﬂ-)
dn (2,110, 7)1e (AT

n Pn(2is P T) n n(Zis Hg, T)
1o (Ajj) log(1 + ) S 1o (Ajj Y =
ij%;m_ o ]) ( dn(ziaﬂ¢?7—)u¢(Aij)) Z o ])dn<ziaﬂ¢77)ﬂ¢(f4¢j>

i7j¢Rn,i (14)
= Y Fnl2i g, T) <1,
1<i<K

),i, j and hence in (13) we have, for n large enough that:

where we used that by definition, there are d,(z;, ug,7) indices j in {1,...,d,;} \ Ry, for any
1 <i < K. Therefore from the last displayed inequality and (13) we obtain that, for n > n(n),

esn¢(y)

1 yef—nfronA 1
! /A log = — o do(x) — /A log du (=, g, T)dpg(2)| < 6(r) 4, (1)

where §(7) —>0 0. Then by taking n — oo and 7 — 0, we will obtain the conclusion of the Theorem
T—
_ 1 <1
from (6) and (15), namely that Fr(uy) = lln%)nhm + [\ log dn(z, pip, 7)dpig (). .
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We give now the proof of the auxilliary Proposition 1, which is independent of Theorem 1.

Proof of Proposition 1.

We know from definition that the Jacobian J¢m (p14) is the Radon-Nikodym derivative of pgo f™
with respect to ji4 on sets of injectivity for f*. In order to estimate the Jacobian of ji4 with respect
to f™, we have to compare the measure py on different components of the preimage set f~™(B),
for a small Borel set B, where m > 1 is fixed.

Let us consider two subsets E1, Fy of A so that f™(F;) = f™(F2) C B and Ej, E5 belong to
two disjoint balls By, (y1,€), respectively B,,(y2,¢). This happens if diam(B) is small enough, since
f has no critical points in A and thus there exists a positive distance £y between any two different
preimages from f~!(y) for y € A. As in [6] since the Borelian sets with boundaries of measure
zero form a sufficient collection, we can assume that each of the sets Fq, Fo have boundaries of

pp-measure zero. Recall that f™(E1) = f™(E2). As in [6], ue is the weak limit of the sequence of

measures: fi, = m : Z @5, where P(f,¢,n) := Z @) n > 1 (see
z€Fix(f)NA z€Fix(f")NA
for eg [18] for weak convergence of measures). Thus we have
; ! Sn(a)
bn(Fh) = ———- e n n>1 16
") = B 2 1o

z€Fix(f")NE;y

Consider a periodic point = € Fix(f™) N Ey; it follows that f™(x) € f™(E1), so there exists a point
y € FEy such that f™(y) = f™(x). However the point y is not necessarily periodic. We will use
now the Specification Property ([6], [3]) on hyperbolic locally maximal sets. If ¢ > 0 is fixed, there
exists a constant M. > 0 such that for all n > M., there is a point z € Fix(f™)NA which e-shadows
the (n — M;)-orbit of y. In particular z € By, (y2, 2¢), since Ea C By, (y2,€).

Let now V' C By, (y2,€) be an arbitrary neighbourhood of the set Es. Take two points x, 2’ €
Fix(f™) N By and assume the same periodic point z € V N Fix(f™) corresponds to both of them
through the previous shadowing procedure. Thus the (n — M. — m)-orbit of f™(z) e-shadows the
(n — M. —m)-orbit of f™(z) and also the (n — M, —m)-orbit of f™(z’). So the (n — M, —m)-orbit
of f™(z) 2e-shadows the (n — M. — m)-orbit of f™(z’). But we took z,2’ € Ey C By,(y1,¢), so
2’ € Byy(x,2¢) and hence from above, 2’ € B,y (z, 2¢).

We partition now the set B,y (x,2¢) into smaller Bowen balls of type B, ((,2¢), and let us
denote their number by N.. In each of these (n,2¢c)-Bowen balls we may have at most one fixed
point for f*. Then if d(f%, fi¢) < 2¢,i = 0,...,n — 1 and if ¢ is small enough, we can apply
the Inverse Function Theorem at each step, and thus there exists only one fixed point for f™ in
B,(¢, 2¢).

So there exist at most N, periodic points in A from Fix(f™) N E; having the same point
z € VNFix(f™) associated to them by the above procedure. Notice also that if z, 2z’ € Fix(f™)NE;
have the same point z € V attached to them, then 2/ € B, (z,2¢) and then, from the Holder
continuity of ¢ it follows |Spd(z) — Spé(z’)| < C., for some positive constant C. depending on ¢
(but independent of n, m,x). This can be used then in the estimate for fi,,(E7) from (16). Notice
also that if z € By (y,¢), then f(z) € Bp_np.—m(f™(x),e). Thus from the Holder continuity
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of ¢ and since x € Fy C Bp,(y1,¢), it follows that there exists a positive constant C’é satisfying:
1500(2) — Snd(z)| < |Smd(y1) — Smd(y2)| + CL, for n > n(e,m). Then using also (16), and since
there are at most V. points x € Fix(f™) N E; having the same z € V N Fix(f™) N A corresponding

to them, we obtain that there exists a constant C. > 0 s.t:

€Sm¢(yl)

fin(En) < Cefin(V) - 5505

(17)

where we recall that Fy C By, (y1,€), B2 C B (y2,e) and fM™(Ey) = f™(E2). But 0E1, 0E, were
Sm¢(y1)
zsm¢(y2) :

a neighbourhood of F,, and by applying the same procedure for F; we obtain:

assumed of pg-measure zero, hence: pg(E1) < Copg(V) - But V' was chosen arbitrarily as

1 esm¢(yl) €S7n¢(yl)

6“¢(E2)esm¢(y2) < M¢>(E1) < CM¢(E2)eSm¢(

) (18)

where C' > 0 does not depend on m, F, Fs.
Now, the Jacobian Jym (ug) is the Radon-Nikodym derivative of 114 o f™ with respect to g on

sets of injectivity for f™, hence

ol (D)) = /D Ty (1) (@) dpo(),

for any Borelian set D on which f™ is injective. Hence from the Lebesgue Density Theorem, we

have that, by putting D = B(z,r) for small » > 0, we obtain:

o -y D

(19)
for pg-a.e x € A. On the other hand from the invariance of py, we have for any Borel set D that:

po(f™ (D)) = pg(f 7™ (f™ D)) (20)

Thus if D is a small ball around z, one has to consider the m-preimages y of x, belonging to
A. If ¢ € By (y,€) then, from the Holder continuity of ¢ we have that [Sp,é(¢) — Smo(y)| < C,
where the constant C. does not depend on m > 0,y € A. So in the comparison inequlities of (18),
we can take instead of y1, yo, the respective m-preimages of x belonging to A.

Therefore from (19), the invariance in (20), and the comparison between different pieces of the

m-preimage from (18), it follows that the Jacobian of p4 with respect to f™ satisfies:

¢ef—m(fm(=))NA
Jpm (pg)(z) = 5 d(@) , Mg —a.ex €N,

where the comparability constant C' > 0 is independent of m > 1,z € A.
O
Let us recall now that in the expanding case we have a formula relating P(¢) to the preimage
sets of f",n > 1 (given in Section 1, see [17]); however the proof for that result does not work in

the saddle case.

12



We give then, in our saddle case, the proof of the formula for P(¢) in terms of the folding

entropy and the preimage sets, announced in Theorem 2 in Section 1:

Proof of Theorem 2.

First recall that ¢ is a Holder continuous function on the hyperbolic basic set A, so its unique
equilibrium measure g is ergodic. From the properties of the Jacobian, we know that it satisfies
the Chain Rule, i.e Jroq(pg)(x) = J5(11)(g(x)) - Jg(pe)(x) for pg-a.e x € A. Hence py-a.e we have,
log Jym (kg )(x) = log J¢(pg)(x) +. .. +1og Jy(1e)(f™ ' (x)). This means that we can apply Birkhoff
Ergodic Theorem and obtain that

log J pm
W08 Jpm19) [ 1og 1 (1) dpts = F; (1)

m m—0o0 A

We apply now Proposition 1 to get ji4-a.e the convergence

log Z esm¢(y) —_ log esﬂl(b(x)
yef—m(fmz)NA

= Fr(ug) (21)

m m—00

Smé(z)

But again from Birkhoff Ergodic Theorem, 2™2% — [ ¢dpug for pg-a.e € A. Thus from (21) and

the definition of equilibrium measure P(¢) = [ ¢ dugs + hy, »» We obtain the required formula:

10g Z €Sm¢(y)
yef~m(fmz)NA

m

= Frilpg) + P(@) = by,
t

Remark 1. In general Fy(ug) # hy,. Indeed consider the inverse SRB measure 4~ introduced on
a d-to-1 hyperbolic repeller A in [9]. Then this measure p~ satisfies

b () =logd = [ 3T A amiu o) (o),
A (p—,2)<0

where \;(u~, z) are the Lyapunov exponents of u~ at x and m;(u~, x) their respective multiplicities.
So if there are negative Lyapunov exponents on A, as for the hyperbolic repellers introduced in [9]

and explained below in Example 3), then Fy(u~) = log d, whereas h,- >logd.
O

log > eSmé(y)

In the case of the measure of maximal entropy s of f|s, we have that ¢ = 0, so —=L 7208

m

% and P(0) = hy,. We obtain then, from Theorem 1 and the proof of Theorem 2, also the
proof for Corollary 1, thus giving the asymptotic degree of f| in terms of the folding entropy of
the measure of maximal entropy pg on A.

Corollary 1 expresses the average value of the logarithmic growth of the preimage count-

ing function of f"|s; as A is not necessarily totally invariant, d,(-) may be non-constant and

13



it is difficult to obtain the number of preimages of x in A; see the examples from [8] which are
not constant-to-one on their respective basic sets, and the effect of preimages on the hyperbolic
dynamics and on stable dimension (for eg [11], [12]).

A useful consequence of Proposition 1 is Corollary 2, which gives the measure pg of an ar-
bitrary ball in A. It can be proved by writing an arbitrary ball B(y,p) as a certain iterate
f™(Bpn(z,¢)) of some Bowen ball, in such a way that the iterate f™(B,(z,¢) has roughly the same

sides in the stable and unstable directions; here y = f(z) and p > 0 is arbitrary.

Asymptotic degrees are useful also in order to obtain estimates for the Hausdorff dimension of
various slices through the fractal A. In [12] we obtained that, if the number of f-preimages of any
point x € A is at least d, then the stable dimension 6°(x) :== HD(W?(x) N A) is less or equal than
the unique zero t} of the pressure t — P(t®* —log d). However in general, the number of preimages
of points varies discontinuously in A. Since the Hausdorff dimension of stable slices is not changed
by taking iterates f™, we will use the asymptotic degrees to obtain estimates for the dimension of

certain stable slices.

Proof of Theorem 3.

We want to prove an upper estimate for the dimension of a certain slice through A, by using
the asymptotic degree with respect to the equilibrium measure pg of a Holder continuous function
¢ on A. Let us denote by G(ugs) == {y € A, LlogJpn (1) (y) njooF(,qu)}. As we showed above,
pe(G(pey)) = 1. Let us recall also from Proposition 1 that there exists a positive constant C
independent of n, such that for pg-almost all y € A we have:

3 eSnd(2)

zefm(fry)NA
Jf" (MdJ)(y) >C- esi¢(y) > - dn(yv Hes T)7 (22)

with C" € (0,1) also a constant independent of n. For y € G(u), we have li_>m Llog Jpn(pe)(y) =
n—oo
F(¢). On the other hand, from Theorem 1 and from (22), it follows that:

log dn(y, pigp, T)

lim lim A - dpe(y) = F(ue), and also,
Tpn (1) (4)
log dn(y, p1g, T log “F=7==
/mdu¢(y) S/C dpg(y)
A n A n

From the fact that M — F(ug) for pg-a.e y € A, it follows that, for any positive

n—0o0

integer N and § > 0, there exists a Borel set
O (1g:0) = {y € A, " H=D < I (uy)(y) < "B > N,

and that ps(On(1e,0)) > 1 — p(d, N), where p(d, N) v 0 for any fixed § > 0. Moreover, notice
—00
that we have in general dn(y) > dn(y, e, 7), vy € A,7 > 0, and that d,(y, g, 7) > dn(y, e, )

14



if 7 > 7/ > 0. Now for fixed small 6 > 0,7 > 0, and n integer, let K, (4,0) be the set of points
Y € Op(tp,0) C A so that
. e(F(pg)—0)

| =

dn (Y, phgs 7) >

Let us assume that pi4(K (e, 0)) does not converge to 1 when n — oco. Then, there exists o > 0
and a subsequence (my), of integers, such that for every n, we have fi4(Kp, (1£4,0)) <1 — . So
po(AN\ K, (1¢,0)) > a, n > 0. But for every point z € A\ Ky, (114, 0), we have

log 2

logdmn(znudnT) < F(:U'¢>) _5—

1
dm,, (27 e, T) < iemn(F(l%)ié)a hence my, ™y,

Therefore, using also (22) we would obtain the following estimate:

log dm, (2, phe, T log C' + log 2 log J pmn (14
/A o )d“¢<z) < (F(p6)=0) ng(M\Kom, (u¢75))—+/K s log Jymn (10)
mp (M

Mn Mn Mn
(23)
But we know that li_>m Llog Jn(pe)(y) = F(ug), for py-a.e y € A. From Proposition 1 and the fact
n—0oo

dpig

that the number of f-preimages of x € A is bounded, it also follows that the functions W

are bounded above by some constant C' > 0 independent of n. Thus from Lebesgue dominated

convergence theorem, one obtains the convergence towards 0 of the sequence (py,),, defined by:

P :—/ (logJ ()@ F(ug)) dug(z) =
Koy, (116,0)

Mn

_ / (10g me" (/L¢)($)
A

mny

(24)

— F(116)) - Xk, (u(),0) (@) dpg(z) — 0

n—oo

But then in (23), we can replace the term men(wﬁ) W dug by men (10.9) (w_

F(ug)) dpg(x) + F(pg)pg(Km, (116,0)) = pn + Fpig) - p1g(Km, (11g,0)). Hence in the right-hand
side of (23), we have the following sum:

(F'(1g) = 0) kg (AN K, (1, 0)) — log C" + log 2

log C' + log 2

+ ot F (1) 116 (Kom, (119, 8)) =

n

= F(pug) + pn — =0 pag (AN Ko, (11, 0))

n

In the last displayed equality, we know that p, — 0, that bgc;;w = 0 and that pg(A \
n—oo n n—oo
Ko, (1tg,9)) > a > 0 for all n. Thus, from (23) we obtain

log dpm,, (2, ptg,
i [ 1224 Lz p16,7)
A

n—00 ™

dpig(z) < Flug) — ad

. . . . log dm,, (2,14¢,7")
Then, since d,, (y, ¢, 7') < dn(y, p1g, 7) for 0 < 7/ < 7, we obtain also Tl/lglo nh_}rrgo Sy = dpg (2) <
F(pg) — ad; but this gives a contradiction with Theorem 1, since the last limit must be equal to
F(ue). Hence there exists an integer Ny such that for any n > Ny, the Borel set K, (ug,d) C A

has the property that if y € K, (e, 0), then:

(P l1)=0). (25)

DO |

d'fl(y) > dn(l/a/%ﬁ) >
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and for every n > Ny there exists some x,,(d) > 0, with x,(d) \, 0, such that:

Nqﬁ(Kn(Ntﬁ’d)) >1- Xn((s)-

Next, let us notice that from the f-invariance of the probability pg, we have that:

1ol Kon(116,6)) 2 p16(Kon(116,8)) = 1~ xu(6), ¥n > N (26)

Now, for any integer n > Ny, consider a strictly increasing sequence of integers (pi(n))i>1, such

that p1(n) = n, and such that the following condition is satisfied:

Zsz‘(n) (5) < SXn((s) (27)

i>1

For a sequence (p;(n)); of integers as above, let us define the following Borel subsets of A:
’Cn(:u'd)a §) = igl fpi(n)Kpi(n)(:u@ §), and K(M(ﬁ? 6) == ngl Kn(/‘(bv d)

We will cover now the set ICp,(11¢,0) with open sets, in order to estimate its Hausdorff dimension.
First of all, notice that if z € K, (ug,0), then any other point 2’ from f~"(f"z) belongs also to
K, (pg,0). Notice also that if € < e¢, then the set f~"(y) is (n,e)-separated for any point y € A,
due to Cy N A = (). In addition, for any y € K, (114, 0) and for any integer i > 1, we know that:

. 1 oo
Ay () = o - eV 070, (28)

where in general d} (y) := Card{f~"(y) N A} is the number of n-preimages in A of y, n > 1. Take

next an arbitrary number ¢ > t}(%)i 5> Where f}(%)f s is the unique zero of the pressure function:

tHP(tq)S —F(u¢) —1—5)

It is clear that such a zero exists and is unique, since F(ig) < hop(f|a); from notations, we
have t~§ = t%y, Vv, (where we recall that, for y > 0, i, denotes the unique zero of the function
t — P(t®* —log x)). Therefore, P(t®* — F(ug) +96) < 0.

Since for all ¢ > 1, fpi(”)(Kpi(n) (g, 0)) covers Ky (pg,d), it follows that we can find a cover
Vi) of WNKy (e, 6), with sets of type fpi(”)(Bpi(n) (&,¢)), where £ ranges in a (p;(n), €)-spanning
set Fj,(n) of A, and n,i > 1. Clearly from the conformality of f on local stable manifolds, it follows
that the diameter of any ball in W of type W N fpi(")(Bpi(n) (&,¢€)), converges to 0 when ¢ — oo
(and n is fixed).

Now, we will use (28) and the procedure of succesive elimination of covers from the proof of
Theorem 1.2 of [12], plus the fact that ¢ > f%(%)_&. Hence it follows that for any n,i > 1, we
can extract from the above very rich cover V(™% some finite ”optimal” open subcover Y% =
(U;n’i))jel(m) of the set W N Ky, (g, 0), such that we have:

Z diam(U;n’i))t <
jel(nyi)

N |
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Hence, as the diameters of the sets in U™ decrease to 0 when i — oo, we conclude that
HD(WNK,(pg,0)) < t, and since t was chosen arbitrary larger than st(%)fé, we obtain HD(W N
Kn(pg,0)) < f;(%)_&. Therefore using the fact that K(ug,d) = UK, (g, d), and also the properties

n

of the Hausdorff dimension of a countable union, it follows that

Moreover, from (26) and (27), we obtain that

16 (Kn(16,6)) 2 1= (1= p1g(Kp ) (165 8)) = 1= Xy () (6) = 1 = 3xn (9)
i>1 i>1
Hence as x,(0) j 0, it implies that 114(K(11g,6)) = pe(UKn(1te,6)) = 1. Let us define now the
following Borel subset of A,

Kps) = 0 Ko, )

Then, we obtain from above that py(K(1y)) = 1. Now we let § — 0, and employ (29), the continuity

of the pressure function, and the definition of do(f, 114), in order to obtain the required bound:

3 Some examples of folded saddle-type systems.

1) Let us consider an iterated function system in the unit interval I, ¢ : [ U...U I, — I for
some p > 2, such that g is C2-smooth, and injective and expanding each I; to I, i.e g(I;) = I =
[0,1], 1 < j < p. We define the compact space

X={xcehvu...Ul, ¢"(z) e [ U...UIL,,n >0}

Consider now parameters A = (Ay,...,\,) € RP, with ||A|| < n for some small n > 0, i.e XA €
B,(0,7) C RP. Consider also the Lipschitz continuous functions ¢1,...,¢, defined on X* :=
X x [0,1] x Bp(0,m), and assume that ¢1(z,,-),...,¢p(x,-,-) are C? differentiable functions of
(y, ), with derivatives in (y, A) depending Lipschitz continuously on (z,y, \), and that there exist
constants o, @’ > 0 with 0 < o/ < |8%¢2-] <%on X* foralli=1,...,pand |3i,\j¢z" < o on X*, for
allg,j=1,...,p. f ¢ <P on X* fori=1,...,p, then we assume also that n+ g < 1.

We define now the parametrized maps F) : X x [0,1] — X x (0,1) by the formula

F/\(x7y) = (g(x), Ai + ¢i(x7y7 )\))v

if v € X;,i=1,...,p. From the conditions on ¢1,...,¢,, we see that F)\ is well defined and it is a
hyperbolic fiberwise conformal skew product endomorphism. We see that 0 < o/ < |(¢2)'| < .,z €

X, X € By(0,7m), so the conditions from the definition of a uniformly transversal family in [13] are
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satisfied for the parametrized family (F))x, as shown in Theorem 3.3 of [13]. For x € X N I;, let us
denote by:
Ui(z,y,A) == N + @i(7,9,A),1 <i <p

If z € X, then define the contraction W7 \ := Wy xoWon-1(,) \...0 W, 5, where U, \(-) = ¥;(z,-, \),
forz€ XN1I;, 1 <i<pand A€ By(0,n). We define then the following fibered invariant fractal,

Ayv:= U N U (I
A 2EX n>1 29~ () z,)\()

From [13], it follows that the stable dimension over the saddle set Ay of F), is given by a Bowen
type equation on the natural extension Ay, for Lebesgue-almost all parameters A\. However, F) is
not a homeomorphism on Ay in general.

We can also estimate the asymptotic degree of the measure of maximal entropy pg \ for F) on
Ay. The topological entropy hiop(Fi|a,) = logp, since Bowen balls in Ay are determined only by
the dilation of ¢ in the base. Also from our assumptions above, we see that the negative Lyapunov

exponent Aj () is larger than loga’. We now use an inequality due to Ruelle (see [21] and [7]):
hpos < Fuon) = Y midi(pon),
5\i<0

where m; is the multiplicity of the Lyapunov exponent S\i(uQ A). Consequently, since in our case we
have only one negative Lyapunov exponent 5\1(,110, A), and since hyop(Fi|a, ) = log p, we obtain thus
an estimate on the average rate of growth of the number of n-preimages remaining in the basic set

Ay. Namely, from Definition 1 and Theorem 1,

doo(Fx, A\) = exp(F (o)) > p- o

Hence doo (F), Ay) > 1, if pa’ > 1. However, F may not be constant-to-1 on the fractal Ay. Using
Proposition 1 and Theorem 2, we can infer also the Jacobian of u, with respect to an arbitrary

iterate of F), and the pressure P(¢) for any Holder continuous potential ¢ on Aj.

2) Examples of hyperbolic attractors for endomorphisms can be obtained from solenoids with
self-intersections, by the method of Bothe ([1]). We consider f : D? x St — D? x S* given by:

f(l?,y,t) = (Al(t) “ T+ Zl(t)a )‘Z(t) "y + 22(75),1/)(75)),

where ¥(-), 0 < \;(t) < 1 and z(+),i = 1,2 are C! functions, and where 1'(t) > 1. We obtain then
the hyperbolic saddle-type fractal attractor,

A= n F(D?x St

0,07 x 8"
For certain choices of ¢, \;, z;, the map f is non-invertible and not constant-to-1 on A. Then, for
an arbitrary Holder potential ¢ on A, one obtains the measure pg associated to ¢. The negative

Lyapunov exponents are given by the average values with respect to pg, of log A;,7 = 1,2 and the

positive exponent is given by the average value of log |¢'].
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We can then estimate as before the asymptotic degree of f|r as do(f,A), using Corollary 1;
and more generally, we obtain the asymptotic degree duoo(f, ptg), With respect to the equilibrium
measure jis of ¢. From Proposition 1, we obtain also the Jacobian Jgn(je) of p14, with respect to
an arbitrary iterate f™,n > 1. In the case when A\; = Ay, we can also estimate the pg-measure of

an arbitrary ball in A, by applying Corollary 2.

3) Another class of examples are given by hyperbolic toral (linear) endomorphisms f4 : T™ —
T™ and their perturbations; they are Anosov endomorphisms. Notice that a small C? perturbation
g of fa, is not necessarily conjugated to f4 if fa is not invertible ([16]). Also notice that f4 is
|det(A)|-to-1 on T™, and that the same is true also for g.

However, given an equilibrium measure p4 of a Holder continuous potential ¢ for g, not nec-
essarily all the g-preimages are well behaved with respect to pg. Then by using Theorem 1 and
Proposition 1, we obtain the Jacobians J¢n (1) of 14 with respect to iterates f”, and the asymp-
totic logarithmic degree with respect to pg. Moreover, by applying Corollary 2 to the smooth
perturbation g of a hyperbolic toral endomorphism f4 : T2 — T2, we can obtain the [g-measure
of any ball in T?.

In particular, since hiop(g) = hiop(fa) = log A2, it follows that the measure of maximal entropy

Ho,g of g, is given on any ball by:
1og(B(Y', p)) & |det(A)[™ e tor(0) ~ |det(A)[" A",

where Mg is the eigenvalue of A bigger than 1, and where 3 = g™ (y) € T?, p > 0, with the integers
m,n being given by Corollary 2.
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