GIBBS AND EQUILIBRIUM MEASURES
FOR ELLIPTIC FUNCTIONS

VOLKER MAYER AND MARIUSZ URBANSKI

ABSTRACT. Because of its double periodicity, each elliptic function canon-
ically induces a holomorphic dynamical system on a punctured torus. We
introduce on this torus a class of summable potentials. With each such
potential associated is the corresponding transfer (Perron-Frobenius-Ruelle)
operator. The existence and uniquenss of ”Gibbs states” and equilibrium
states of these potentials are proved. This is done by a careful analysis of
the transfer operator which requires a good control of all inverse branches.
As an application a version of Bowen’s formula for expanding elliptic maps
is obtained.

1. INTRODUCTION

We consider an arbitrary non-constant elliptic function F' : C — C. This
function is periodic with respect to a lattice A. Denote by 7 : C — C/A the
canonical projection from C to the torus 7 = C/A. Now the map F naturally
projects down to a holomorphic map f : 7 \ 7(F~!(c0)) — 7 by means of the
semi-conjugacy m so that m o F' = f o . This dynamical system f is a natural
object to study and is interesting itself. In addition, with its help we obtain
valuable information about the dynamics and the geometry of the Julia set of
the intial map F': C — C.

We introduce in the Section 3, on the torus 7, a class of summable poten-
tials. With each such potential associated is the corresponding transfer opera-
tor, which is represented as a sum of an infinite series. The right natural choice
of the class of our summable potentials ¢ makes this series converge, and the
represented by it transfer operator £, acts continuously on the Banach space
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of continuous functions on the torus 7. For every x € 7, put

1
P(z,¢) = limsupﬁlogﬁgl(x)

n—oo

- limsup%log > exp{o) +o(f@) + -+ (W)}

e fr(y)=z

The main result of our paper is this.

Theorem 1.1. Let ¢ be an summable potential such that sup ¢ < sup,., P(x, ).
Then:

(1) The limit

P(p) = limllogﬁgl(x)

n—oo 1
exists and is independend of x € T. It is called the topological pressure
of the potential .

(2) There is a unique exp{P(p) — p}—conformal measure v on T and a
unique Gibbs state i, i.e. a unique f-invariant measure that is equivalent
with respect to v. Moreover, both measures are ergodic and supported on
the conical limit set.

(3) The Radon-Nikodym derivative h = d u/dv is continuous (and logh €
L>).

We want to add that in the case the elliptic function F' is expanding the as-
sumption P(¢) > sup(y) is not needed. In this case all the potentials —¢log | f'|
are summable and Bowen’s formula for the Hausdorff dimension of the Julia set
of f (or equivalently of F') holds.

The Theorem 1.1 is proven by a detailed analysis of the transfer operator
and its decomposition into "bad” and ”good” parts. This end requires a careful
control of all inverse branches of the map f. In order to make the picture more
complete, we show that the transfer operator is almost periodic and, conse-
quently, the dynamical system (f, ) is metrically exact.

We also show that the Gibbs states coming from Theorem 1.1 are the only
equilibrium states for potentials ¢ in the sense of classical variational principle.

2. PRELIMINARIES ON ELLIPTIC FUNCTIONS

An elliptic function is a meromorphic function F' : C — C which is doubly
periodic: there is a lattice A =< wy, wy >, wy, ws € C with & <g—;> # 0, such
that F(z +w) = F(z) for every w € A. If T = C/A is the quotient torus and
7w : C — 7 the canonical projection, then there is a induced map fy : 7 — C
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(defined by foom = F') which is a finite branched covering map. Let d be the
number of critical points of fy counted with multiplicity.
If R = {tywy + tawy ; 0 < t1,t3 < 1} is the basic fundamental parallelogram

~

of A, then F(R) = F(C) = C. The set of poles is

Po=F () = U (RN F~ ' (c0) + mw; + nws) .

mne”

For every pole b of F' let g, denote its multiplicity.
The main example is the Weierstrass elliptic function

=3+ 3 (e 3)

weA\{0}

As usual we denote by Fr the Fatou set which is the set of points z € C such
that all the iterates of F' are defined and form a normal family on a neighborhood
of z. The Julia set Jr is the complement of Fp in C. The periodicity of F is
reflected in these sets:

Jr+w=Jr and Fr+w=Fr for all weA.

Therefore, the natural way of studying the dynamics of the elliptic function F
is to consider its projection f on the torus 7 which is given by semi-conjugation
via the projection m:

c\p, L ¢

(2.1) lﬂ lﬂ

e L7

where P = 7 (Py).

The conical set A, is the subset of the Julia set where the dynamics can be
nicely rescaled. More precisely, z € A, if there is » > 0 and an increasing
sequence of integers n; — oo such that f™ : U; — D(f™(z),r) is conformal
with bounded distortion, where U; is the component of f~" (ID(f™(z),r)) that
contains z.

F(
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3. OUR CLASS OF POTENTIALS

The transfer operator of a potential ¢ : 7 — R is, for the moment formally,
defined by

(3.1) Lo = 3 w(y)e .

yef~1(2)
This operator is well defined as a positive, continuous and linear operator on
the space of continuous functions C'(7) if the following condition is satisfied (it
appeared in [Wal]): there is K > 0 such that

(3.2) L,1(x) = Z e?W <K for all x€T .

yef~t(z)
Fix g € 77 *(z). Then y € f~'(z) if and only if there is w € A such that
fo(y) = o + w. Therefore,

L,1(x) = Z Z e?W)

weA  yefit (zotw)

If |w| is big, then y € f;(xo + w) is near a pole b of fo : T — C, where we can
write

Gu(y)

3.3 To+w= = —
( ) 0 fO(y) (y _ b)qb

with Gy, a holomorphic function defined near b such that G,(b) # 0 and where
gy is the multiplicity of the pole b. If we compare here with the series |70+
w|~+e) convergent for every e, > 0, we get the following sufficient condition
for the transfer operator to be continuous: there is a constant C' > 0 such that,
still for y near the pole b,

ly — b7\
exp p(y) < Clag + w|~ ) = C ( )

|G(y)]

It follows that there is a Holder continuous function H; defined near the pole b
such that

o(y) < Hy(y) + (2 +e)qplog |y — b near b.

Later on we will need equality here. So we are lead to the following class of
potentials:

Definition 3.1. [Class of Potentials] We will always assume that the potential
v : T\ Py — R satisfies:
C1: ¢ is Hélder continuous on T \ V(Py) for any neighborhood V (Py) of
Po.
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C2: For every pole b € Py there ise, > 0 and a Holder continuous function
Hy such that

o(y) = Hy(y) + (2 + &) gy log |y — b] near b,
where q, 1s the multiplicity of the pole b.

Such a potential will be called summable.
We can now resume the above discussion by:

Proposition 3.2. For every summable potential ¢ the transfer operator L,
15 a well defined positive and continuous operator on the space of continuous
functions on the torus 7. Since The Julia set Jy is f-invariant, the same
is true for the transfer operator L, acting on the space C(Jy) of continuous
functions on Jy.

4. DISTORTION AND GOOD INVERSE BRANCHES

We start with some definitions: ||.|| denotes the sup-—norm and ||¢||g = sup,cp |¢(2)],
E C T. We will denote as usual by mod(A) the modulus of an annulus A. For
a simply connected bounded domain U we denote

Distortion(U) = R/,
where R =inf{R > 0U C D(z,R)} and r = sup{r > 0U D D(z,r)}.

4.1. Selecting good inverse branches. Fix m > 1 an integer and U C
T a topological disk that does not contain any critical value of f™. In our
applications we can always assume that
a: U has alift Uy C C, i.e. 1y, : Uy — U conformal, with Uy C ID(0, ) for
a fixed radius » > 0, and
b: the domain U has a piecewise smooth boundary.

In this situation all the inverse branches
WU —U™ o jel,

of f™ are well defined. Before taking further inverse branches and in order
to obtain the distortion control, we first have to replace the image domains
U ;m) = hg-m)(U ) by bigger once as follows:

Lemma 4.1. There are constants K > 1, k € N, with x depending only on (the

)

fized) radius r > 0, and there are simply connected domains Vj(m , 7 €1, such

that for all j € I, the following hold:
(1) U(m) C Vj(m),

J

F(
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(m) \ 77(m) 1
(2) mod (vj \ U ) > L
(3) Distortion(U;m)) <K,
4) the family V(m), J € I} is of multiplicity at most k, i.e. any point
J

2 €T isin at most k sets Vj(m).

Proof. Recall that f = mo fy, where fo : 7T\ P —- Cand 7 : C — 7T is
the natural projection, and that f, (respectively f) do have at most d critical
points counted with multiplicities. Let Uy be a lift of U to C coming from item
a) and suppose that Uy C Vo = D(0, 7). For w C A, we write U, = Uy + w and
V., = Vo + w. Clearly, there is k € N (depending only on the fixed r > 0) such
that the family {V,,, w € A} is of multiplicity at most .

A map hém) U —U ;m), j € I, is the composition of an inverse branch of
T, say W;jl : U — U,,, with one of the inverse branches gj_1 of g = fgo fm 1.

If V,,; is without critical values of g, then g; Uis well defined on V., and it

suffices to put Vj(m) = gj_l(Vw].). A second case which is also easy to handle is
when critical points of g do belong to V,,; but not to U—wj It suffices then to
shrink V[, in order to get a simply connected domain that still contains U—wj but

no critical value of g. Then we can proceed as before and define V;-(m) = gj’1 (Vi,)-
Notice that such a new choice of V,,, is only necessary in finitely many cases,
the map ¢ having only finitely many critical values.

Let us consider the remaining third case, namely if there is a critical value
of g in the boundary of U,,. This means that for some k € 0,...,m — 1, the

set f’“(U;m)) does contain a critical points of f. Choose k to be minimal with

this property. Then f* is without critical point in U}m). We now can choose a

simply connected domain V' such that f* (U](m)) C V and such that the inverse
of the map f* : U;m) — fk(U](m)) does extend conromally to V. The image

of V under this inverse gives the set Vj(m) we look for (in case k = 0 one has
v =v).

]Remark that in this third case only finitely many sets V' are chosen. Indeed,
this is due to the fact that the map f has only finitely many critical points and
since for every k € {0, ...,m — 1}, the multiplicity of the family {f* (U;m)); jEe
I,,} is bounded above by k. This, together with Koebe’s Distortion Theorem,
immediatley prove the assertions (2) and (3). In order to obtain (4) one possibly

has to shrink the domains V such that

foo MRV C VL,
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The assertion follows then because the V, are of multiplicity bounded by x. [

Lemma 4.2. In the previous setting, there exist, for every n > m, holomorphic
1mverse branches

hE”);UﬁUi(”)CT ;1€ 1, ,
of f™ having the following properties:
(1) For any i € I,y there is j € I,, such that f o hE"H) = hgn).
(2) There is K > 0 such that, for alln > m and i € I,,

Distortion(Ui(n)) <K and

(" o ™)' (@)]

(" 0 fry (a)

(3) Fiz x € U arbitrary. For n > m, let H,(z) be the set of y € f~"(x)

such that there exists j € I,y with hﬁ»nfl)(aj) = f(y) but h§") () #y for
all j € I,,. Then

<K forall z1 € f"fm(Ui(n)) :

tH,(x) < kd for all n>m.

Proof. For n = m everything follows from Lemma 4.1. The inductive step goes
as follows:

Let n > m and suppose that the inverse branches hg") U — Ui("), n € I,
of f™ are constructed such that every hg") is of the form ¥, ; o hg-m) with U :

v v o™ c v and fromo O, = id. Write then
FHv) =V

with V; ;, the connected components of f *1(1/;-(71)). Clearly the family built by all
these sets V; ; is of multiplicity at most x. Since f has d critical points, it follows
that at most kd sets V; ; can contain critical points. Therefore, all but at most
kd inverse branches W, ; : Vj(n) — Vi ; of f defined on the sets V;;, j € I, do
exist. The mappings hg-"ﬂ) we look for are relabelling of the ¥, ;o h§"). Remark

that each a map hgnﬂ) again is of the form W o A\™ with U : Vj(m) N A
From Koebe‘s Theorem and the distortion control of the U, ,im) in Lemma 4.1 we

finally get (2). The proof is complete. O

Among these inverse branches, only those that shrink exponentially will be
good for our applications. The others have to be controlled. That is the aim of
the next Lemma where we use the previous notation again.

F(
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Lemma 4.3. Let 0 < A < 1, E,, = 0 and, for n > m, let E,, be the set of all
j € Ly such that diam (U") > KX*T*. Then

tE, < 2\~ (v=m) for all n > m.

Proof. The distortion control in the item (2) of Lemma 4.2 gives

1
ZQ(U](-H)) > ﬁdiam(U](-n))2 forall jel,.

The domains U j("), j € I, being disjoint

1> ( U U}’”) =Y LUM) > AME,

JEER JjE€EER

Therefore £, < A\~ O

The index set J, C [, corresponding to the exponential shrinking branches
according to the previous Lemma is defined inductively as follows: set J,,, = I,,,
(because in Lemma 4.3 the set E,, = (}), suppose that J,, C I, is already defined
for some n > m and put then

Jnp1 = {j €ly1; fo h§”+1) = hg”) for some i € Jn} \ Eni1 -

Note that for any j € I, there is (jn, Jn—1,-.-» Jm) With j = j, and such that
fo hg.lzjll) = hglz), k=m,..,n—1. Then j € I, \ J, equivalently means that

there is some k € {m + 1,...,n} such that j,_; € Jy_; but ji € E}.

4.2. Distortion estimation. Along exponentially shrinking inverse branches,
the variation of the function

n—1
(4.1) Swp=> @ofl . n>1,
=0

can be controlled uniformly as follows.

Lemma 4.4. Let 0 < A <1, m >1 and U be a topological disk in T that does
not contain any critical value of f™. Then there is A > 0 (depending on A, m
and the Hélder constants of ¢ but not on U) such that for all z,2' € U and all
7 € Ju, n>m, we have

Snp <h§»n) (x)) — S <h§»n) (x'))’ <A.
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Proof. Looking at the structure of the inverse images f~!(z) (see the paragraph
following formula (3.1)) one can choose open neighborhoods Vi = (J,¢p, D(b,7) D
Vy of the poles Py such that, whenever f; is an inverse branch of fV defined
on some domain 2 C 7, then

FYNQ) cT\Va or f7N(Q) C D(b,r) for some pole b€ P, .

Let ¢, a be Holder constants that are common to ¢\, and to the Hj functions
on D(b,r), b € Py (cf. condition (C2) of the definition of the class of potentials).
These constants are independent of U.

Call z,, = hg-") (z) and x,_; = fi(x,), 0 <i < n and define analogously points
;. Then the definition of the sets J, yields

(4.2) |z — 2| < KA = K*A?
Consider first the case when z;, 2} are in one of the discs D(b,7), b € Py. Then

o) —elzg)l < [Hy(wi) — Hy(@))] + (2 + eo)gp |log(|i — b]) — log(|; — b]) |
< clz — 2| + (2 + &) log (Iif::})

Now, with an appropriate w € A

(Ifrz' - bl)% _ Gy |7iy +

@i =0)  1Gy(@))] it + wl

where we may suppose that G is holomorphic and Gy, # 0 on D(b, 2r), cf. (3.3).
Clearly

oo () =1 1+ =iy ]) = ol

and

/ / _ X
log ("T”w|) <o zral
|Zi1 + W |zio1 + W)

Altogether we have, in this case, the estimation:

lo(xs) —@(z))] < clw - 2| + (2 + &) (colws — @] + |wioy — x)_y|)
< CpAz' .

In the other case, namely w;, z; € T \ V3, one gets
‘(P(.TZ) - 80(33';)‘ < C’xi — x;’a < CK*O()\%Z' '

To conclude this proof one just has to add up these estimations for all 0 < i <
n. U
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Later on we will need an asymptotically sharper version of Lemma 4.4.
Lemma 4.4°. Let 0 <A <1, m > 1 and U be a topological disk in T that does

not contain any critical value of f™. Then, for every € > 0, there is 6 > 0 such
that

Sup (W7 (@) = Sup (")) | < &
forall j € J,, n>1 and for all z,2' € U with oy(x,2") < § where
oy(x, 2') = inf{|y|; v path in U joining x and z'}

18 the internal chord arc distance in U.

Proof. We will prove the following claim from which the statement follows.
Indeed, it suffices then to inject this new estimation in the proof of Lemma 4.4.

Claim 4.5. For every € > 0 there is § > 0 such that, whenever x,x’ € U with
oy(x,2') <46,
" (2) — b\ (2")] < e diam(U™)

j
forall j € J, andn > m.

From the construction of the inverse branches and Lemma 4.1 we see that
each branch hg-") is the composition of two mappings, the first one g; being
an inverse branch of some f* defined on U and the second one ¢y, an inverse
branch of f"* this time defined on U’ = f"*’“(UJ(”)). As is explained in the
proof of Lemma 4.1, the map g9 is defined on a larger domain V such that
mod(V \ U’) > 1/K which means that Koebe’s Distortion Theorem applies to
all these maps go. Moreover, all the possible maps ¢; are taken from a finite
set of conformal maps defined on the domain U. Since the boundaries of U and
g1(U) are locally connected, the maps g; are uniformly continuous with respect
to the internal chordal metrics on U and g;(U). Now taking compositions g,0g¢1,
the claim thus follows. 0

5. CONFORMAL MEASURES AND PRESSURE

As we have seen in the previous section, if ¢ is a potential from our class then
the transfer operator £, is well defined as a continuous operator of the space of
continuous functions on 7. It follows that the map

s et
[ L1du
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is also continuous on the space of probability measures M (7). The Schauder-
Tychonoff fixed point theorem applies and gives a measure v € M(7T) such
that

Loy =pv with p:/£¢1dy .

The first equality means that the Radon-Nikodym derivative is given by the
formula

dvof
dv
Such a measure is called pe™%— conformal.
Denker and Urbaniski [DU1] gave an explicit construction of conformal mea-

= pe_‘p

sures from which precise information on the number p follows. Indeed, conformal
measures constructions in general involve Poincaré series

Y(a,x) = i e " LY1( Z Z exp ( (x) — na) .

n=1 n=1yef-n(z)
For such a series there is a transition parameter:
1
P(x,p) = limsup — log L] 1(x) .
n—oo N

It signifies that (o, ) converges for a > P(z, ¢) and diverges if o < P(z, ).
Usually P(x, ) is also called the topological pressure of ¢ at x. Notice that
P(z, ) is finite which directly follows from the inequality (3.2). Now, if one
applies the Denker-Urbanski method to our situation, then one obtains ([DU1]):

Proposition 5.1. Let x € T. There then exists a pe”¥—conformal measure v
with log(p) = P(x, ). Moreover, this measure v is without atoms provided that

P(z,¢) > supy .

6. EXISTENCE OF GIBBS STATES

6.1. Decomposition of the transfer operator. In this section we adapt the
arguments of [DU2]. They are based on the hypothesis

1
(6.1) sup ¢ < sup P(z, ) = sup limsup — log L7 1(x)
x€T z€T mn—oco N
to establish the existence of an Gibbs state.
Remark 6.1. Notice that if the map F is expanding (see Appendiz) then all the

inverse branches are good and all the results of the following sections are true
without the hypothesis (6.1)

F(
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Fix a point xy € 7 for which

log(o) = sup ¢ — P(xo, ) <0
and let v be a pe~?—conformal measure with p = exp(P(xg,)) (which exists

and is without atoms because of the Denker-Urbariski construction).

Fix 0 < A < 1, denote
ud 1

+
l—0c A—o0
and fix m > 1 such that ac™ < 1. Choose then a topological disk U C 7
as in Section 4. So, in particular, U does not contain any critical value of ™
and this disk can be chosen to be dense in 7 with U N J; # (0 (which implies
v(U) > 0). Lemmas 4.2 and 4.3 on good inverse branches apply on U and allow
us to decompose the normalized transfer operator

N,=p'L,=e"L,

o =

into
(6.2) NI =Ll =GP+ A%+ B! n>m,
where
Gru(a) = D w(h"(@)) exp { Sup(h{”(@)) — ne}
J€Jn
Bly(x) = o (n () exp { S, (h"(2)) - ne |
J€IN\JIn
and

AL = NI-Gi-BL .

©
6.2. Behavior of the good part. Let us first make the following observations
on the good part of the operator:

Lemma 6.2. There is ¢; > 1 such that

(6.3) Gol(z) < eGol(z')  for all x,2" €U and n>m.
Furthermore,
(6.4) Gol(x) <c for all x €U and n>m.

Proof. Assertion (6.3) immediately follows from Lemma 4.4. The second asser-
tion follows from the first one and from the inequality

/Uggldué/./\fgldl/:/ldz/zl,

since this implies the existence of a point zo € U for which G} 1(x) < V(lU). O
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6.3. Estimations for the bad parts. We first handle the part corresponding
to the preimages that cannot be reached by inverse branches.

Lemma 6.3. For everyn > 1,

n—m—1

AR < pdo™ Y 7 M ING TR
k=0

Proof. With the notations from Lemma 4.2,
Ap(W)(x) = NZ(W)(z) = G () (z) — B (¢)(x)

= 3 ewlSiely) — FINEEW))

k=m+1yeHy(z)

Therefore, for any n > m and z € U,

n n—m—1
@) < D7 $Hu@)o NG < pdo™ T oMV TR
and we are done. O

The corresponding statement for the remaining part is:

Lemma 6.4. For every n > m,

n—m—1
O.m+1

1B < T 3 (5) It

k=0

Proof. The estimation goes as follows. Let n > m and x € U. Then, using
Lemma 4.3, we obtain.

n

Bilz) = Y. > exp{Sup(h" (x)) — ne}

k:m+1 (] :jTH"'?jm)
Jk—1 € Jp—1 and ji, € B,

> > exp{Skply) — kNI (y)

<
y=h"()
- n— m . 9 b n—
< Y BN A YD (5) NG
k=m+1 k=m+1

F(
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6.4. The normalized operator is uniformly bounded. .
Recall that 0 < A < 1 and that m > 1 has been chosen such that ao™ < 1

where o = % + ﬁ We further define

(&1
CQZmaX{Wa INVGL Oﬁkém},

where ¢; is the constant from Lemma 6.2.
Proposition 6.5. |[N1]| < ¢ for every n > 0.

Proof. We proceed again by induction. Let n > m and suppose |N51]| < ¢, for
k=0,1,...,n — 1. Lemmas 6.3 and 6.4 give, for every x € U,

+1
o™ 1

0m+1} = o™ e, .
o

AlL(z) + BJ1(7) < ¢ {udl — + o

Therefore

NJ(x) = Gol(x) + AZL(z) + Bi1l(z) < ¢1 + o™ ey < ¢y
for every x € U, and the proposition follows by density of U in 7 and continuity
of N1 O

Remark 6.6. Once found this upper bound co for the operators Ng, we may, in
posteriori, suppose in the sequel that m > 1 has been chosen so big that o™ ¢y
1s arbitrarily small. This means that

||N£1 — G2l = AL+ B[y < ac™ e,
18 arbitrarily small.

Proposition 6.7. There is a constant cz3 > 0 such that
NJL(z) >c3 for all n>1 and v €T .

Proof. We may suppose that
n n 1
(6.5) [ AZL + By < 1 for all n>m.

Lemma 6.2 says that ¢;G21(x) > G2(2') for all n > m and all z,2" € U. On
the other hand, [ N1(x)dv(z) =1 and so N?1(z) > 1 for some z € 7. Since
U = T and N1 is continuous, there is 2’ € U such that N1(z') > 1/2.
Therefore,

NoL(x) > Gol(x) > C—llggl(x’)
= i(/\/Z}l(av') - (Agl(x') + BZl(x'))) >

1
c1 4cq
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for all x € U and, again by density and continuity, also for all x € J;. The
constant we look for is

1
cy = rnin{ll—c1 : xlél}kal( x); k= O,...,m} .

6.5. Existence of the Gibbs state.

Theorem 6.8. Let ¢ be a potential from our class, xo € T such that log(p) =
P(xg,) > sup(p) and v a pe?—conformal measure. Then there exists a f—
imvariant measure i which is absolutely continuous with respect to v. Moreover,
the density function h = du/dv satisfies cs < h(x) < ¢y for every x € Jj.

Proof. We have to construct a normalized fixed point h of N,. Consider first

h(x) = limimfl Z/\/Zfl(x) , v € Jf.

n—oo M
k=1

Clearly, if h,, = liminf, . £ 7" | N1, then
No(hn) = b + ~ (Nn+11 ~N,1)

Fix 2 € J; and choose n; — oo such that h,,(z) — h(z). Then Ny (hn, ) (7) —
h(z). )
Let € > 0 and j > jo such that N, (hy,)(z) — h(z) < €. The series

> e = AL

yef~1(x)

being convergent and ¢z < hnj,ﬁ < ¢y, for all j, there are yy,...,yy € f~(x)
such that

N ~
_ Z h(yk)€<ﬂ(yk)_c <
k=1

On the other hand,

M) =

£ > Ny(hn)(@) = h(2) > 3 b ()00~ — h(a)

i

1

Let 71 > jo such that for all j > 5y and k =1,.... N
B, (yk>€¢(yk > h(yk)ew(yk —¢/N.
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It follows that

2e > Y h(yp)e? 0 — hx) > Ny(h)(z) — h(z) — € .
k=1

Therefore h(z) > N, (h)(z) for all x € J;. Equality follows from [N, (h)dv =

fﬁdv. Put now
h:ﬁ//m.

Then du = hdv defines an f-invariant probability measure having all the re-
quired properties. O

6.6. Pressure.

Proposition 6.9. Let ¢ be a potential of our class such that sup(p) < || P(.,¢)||.
Then x — P(x, ) is constant on T. The common value

1
P(p) = P(x,p) = lim —log L71(x) for all x € J;
n—oo M,
will be called the topological pressure of ¢. If m € M(T) is any te~¥—conformal
measure, then log(t) = P(p).

Proof. Let zy be a point such that P(xg,¢) > sup(y). Then we know from
Proposition 6.5 and 6.7 that

(6.6) c3 <p "Ll1(x) <cy for all n>1 and v €T

where p = exp(P(xg, )). Therefore x — P(x,p) is constant on 7 equal to say

P(p).
Consider now m any te¥—conformal measure. Then £7m = tm. Iterating and

integrating this equation gives
1 n
log(t) = Elog/ﬁ& dm for all n>1.
Applying (6.6) gives t = p = e"'¥), O

7. UNIQUENESS AND ERGODICITY OF (GIBBS STATES

Right now we know that for any pe”¥—conformal measure the factor of con-
formality p = e?(¥).

Theorem 7.1. Let o be a potential from our class. Then there exists a unique
probability measure v that is e’ )= —conformal. Moreover, this measure v is
ergodic and supported on the conical set: v(A.) = 1.
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Remark 7.2. Any invariant measure p that is absolutely continuous with re-
spect to the unique e ¥)=%—conformal measure v is also ergodic. Therefore there
1s only a unique ergodic invariant measure which has this property. This is the
measure di = hdv, that has been obtained in Theorem 6.8, and it will be called
in the sequel the Gibbs state of .

Proof. We have to show that a e’ (¥)=¢—conformal measure v has non-zero mass
on the conical set. Ergodicity and uniqueness follow then by known arguments
(see [DMNU] and [McM1]).

We take again the notation of section 5.1 and may suppose that the constants
have been chosen such that

1
| AL+ By < 52—2 , for all n>m,

with ¢, c3 the bounds of the density function h in Theorem 6.8 (cf. Remark
6.6).
For i € J,, call U™ = h{™(U). Then

AU = [ exp (Suplh @) =ne) dvte)

where ¢ = P(p). Therefore,

Z V(Ui(n)) = /U Z exp <Sng0(h§n) (x)) — nc) dv(z)

1€Jn 1€Jn

= /ngnl(x)dy(x)
_ /U N (x) dv(z) — / (A1 () + BL(2)) dv(z) .

U
But
1
/ NLdy = / N1 yony dv = v(f(U)) = ~p(f(U)) = Su(U)
U Co Co
R
= C—QM(U) T

because of the invariance of p and the fact that du = hdv with ¢c3 < h < ¢y
(Theorem 6.8). In conclusion

(7.1) S vy = =

F(
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The points that are in [ J,. I UZ-(") for infinitely many n > m are conical. Hence,

e=Na=-NU(UU")ca..

k>m k>mn>k i€y

Since & is a decreasing sequence of sets with

v(&) > 1/< U Ui(k)) > 3 ,

i€Jy a 202
for all £ > m, we get
c
v(A) > v(€) > —=>0.
262
Since the measure v is ergodic and since the conical set A, is f—invariant, we

get that v(A.) = 1. O

8. ALMOST PERIODICITY OF THE TRANSFER OPERATOR

Theorem 8.1. For any ® € C(7T), the Banach space of continuous functions
on the torus T, the family {NJ,‘CI)}H 18 equicontinuous.

In particular we see that the sequence of functions h,, = %ZZ=1 Nf I,n>1
forms an equicontinuous family. Arzéla-Ascoli’s Theorem applies and gives this.

Corollary 8.2. The Radon-Nikodym derivative h of the Gibbs state p with
respect to the eF'P)=¢—conformal measure v is continuous.

Theorem 8.1 means that the normalized transfer operator N,, is almost peri-
odic. This leads to the following spectral properties (see [DU2]| for details):

Corollary 8.3. The space of complex valued continuous functions C(Jy) de-
composes into a direct sum C(J¢) = C(JTf)u + C(Tr)o with
C(J¢)u =Ch

is the closure of the linear span of the unitary eigenvectors of N, and

C(Tr)o = {cp; /dez/:o} .

Moreover, if & = &, + &g with ®, € C(Jy), and &y € C(Jy)o, then &, =
(f ® dv)h.

As an immediate consequence of Theorem 8.1 and of Corollary 8.3, we get
the following (see [DU2]). Denote by B the o—algebra of Borel sets on J.

Corollary 8.4. The dynamical system (f, p) is metrical exact, the intersection
Moo f7(B) is the trivial o-algebra consiting only of sets of measure zero and
one and, consequently, its Rokhlin natural extension is a K—-automorphism.
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Proof of Theorem 8.1: Let 0 < ¢ < 1. We use again the decomposition (6.2) of
the normalized transfer operator N = G + A7 + B, n > m, on a topological
disk U that is dense in 7 and has the properties mentioned sooner. Because of
Remark 6.6, this can be done such that [AZ1 + By1|y < gy, for all n > m.

Let ¢ > 0 and choose then § > 0 according to Lemma 4.4’. Let z,2’ € U
with oy (z,2") < § and let ¢ € I,,. We denote egn) (x) = exp (Sngo(hgn) (x)) —nc).
It follows from Lemma 4.4’ that

>l @) = @) = Y (@)

1€Jn i€ly

< 2826 x') =2eG]1(2")

’LGJn
< 2¢¢; for all n>m

(Sup(h"(@)) = Sap(n ()] )

by Lemma 6.2. Therefore,

Gra(x) — = Do (@)el” (@) — B(h" (2))e" (2')
i€ly
< ol Y e (@) = e @) + Y e @) [@(h (@) — (b ()]
i€ly i€ly
< ]|<I>H25cl+clsup‘cl> (R ( ))—cp(hgm(x'))).

’Len

Due to (uniform) continuity of ®, this expression is arbitrarily small, say less
then £, provided oy (x,2') is sufficiently small. Using the decomposition,

INZD(z) — N2D(2')| < |(AL+ BL)®(z) — (AL + BL)®(2')| + |Grd(x) — Grd(a))|
< 2HAZ+BZHUH<I>H+§§€

for any n > m and any x, 2’ € U with oy (z,2’) < 0.
The general case easily follows by continuity, by density of U in 7 and from
accessibility of the points in the piecewise smooth boundary of U. U

9. BOWEN’S FORMULA FOR EXPANDING ELLIPTIC FUNCTIONS

In the setting of expanding rational functions it is well known that the Haus-
dorff dimension of the Julia set is the only zero of the pressure function. As an
application of our investigations we here extend this result to expanding elliptic
functions. This section also builds a bridge between the present paper and the
articles [KU1, KU2] written by Kotus and Urbanski.
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In what follows we consider F : C — C elliptic and expanding, i.e. there are
¢ >0 and A > 1 such that
(9.1) |(F™)'(2)] = eA™  forall z € Jp and all n > 1

(see Appendix for a equivalent topological characterization of expanding map-
pings). Denote again by f the projection of F' to the underlying torus.

9.1. Summable potentials and study of the pressure function. Let

pi(2) = —t log|f'(2)], z € Ty,
and let P(t) = P(¢:) be the corresponding pressure. Consider also
g = max{g,; b € F~'(c0)},
the maximal multiplicity of F' at poles and let § = qi—ql. A straight forward
calculation gives the following.
Lemma 9.1. For everyt > 0, p; is a summable potential .
The lower bound for ¢ here turns out to be optimal because of [KU1]:

Lemma 9.2. The limit limy |y P(t) = oc.

Proof. Recall that P(t) = lim,,_. = log > paty=e |(f") ()| where x € T can
be chosen arbitrarily. The divergence of this series > ¢y, [(f")’ (y)|~9 follows
from the proof of Theorem 1 in [KU1]. Indeed, it has been shown there that
there exists a conformal iterated function system S = {®;} with generators ®;
being convenable chosen inverse branches of F? defined on some disk B Cc C
and having the property

T) = Z|<I>;(av)|‘9 =00 forallze B.

Therefore, again with x € B,
5 log Z |(F2") ()]~ 9>—1og2\c1>’
Fon(y)= |w|=n

where &, = P, o...0 CIDWH, from which the Lemma follows. O

At this point we can formulate the following Proposition who’s proof now is
standard.

Proposition 9.3. The pressure function P : [§,00) — R is continuous, convez,
strictly decreasing with P(t) < 0 for sufficiently bigt > 6 (in fact lim;_., P(t) =
—o0). Consequently there is a unique zero & of this function.
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9.2. Hausdorff dimension of the Julia set. We now are ready to show
Bowen’s formula in this setting:

Theorem 9.4. The Hausdorff dimension of the Julia set of a expanding elliptic
function coincides with the only zero of the pressure function.

Proof. For every t > 0 there is a unique e”’®|f’|*~conformal measure v, for f.
In particular, for ¢ = §, the unique zero of ¢t — P(t), Theorem 1.1 asserts that
there is a unique (classical) |f’|°-conformal measure v (usually simply called
d—conformal measure). Clearly this measure lifts to a A—periodic d—conformal
measure of F', and there is only one such measure up to a multiplicative constant.

On the other hand, it has been shown in [KU2, Theorem 4.1] that the packing
measure [1", with h = HD(JF), is such a measure. It follows that II* = v5 up
to a multiplicative constant and that h = §, proving the Theorem. 0

An immediate consequence of Proposition 9.3 and Theorem 9.4 is

Corollary 9.5. If F' is a expanding elliptic function, then
2q
HD >0=——.
(Tr) qg+1
This is only an alternative point of view of the main Theorem of [KU1] where
this last statement has been proven for all elliptic functions.

10. VARIATIONAL PRINCIPLE AND EQUILIBRIUM STATES

Given a summable potential ¢ : 7 — R denote by M, the space of all Borel
probability f-invariant measures on J(f) for which [ pdu > —oo. Since ¢ is
bounded above, this equivalently means that [ |¢|dp < oo, i.e. the function ¢
is integrable. We shall prove in this section two main results. The first one, the
appropriate form of the variational principle is this.

Theorem 10.1. We have that
P(p) = Sup{hu +/g0d,u S E M¢}.

Following the classical definition of equilibrium states, a measure p € M, is
called an equilibrium state of the potential ¢ if and only if h, + [ pdu = P(p).
Our second main theorem is this.

Theorem 10.2. The Gibbs state p, of the summable potential ¢ is a unique
equilibrium state for .

F(
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The proof of this theorm will follow as an outcome of several auxiliary results,
some of them interesting themselves. If a Borel probability measure p on J(f) is
f-invariant and the function log, |f’| is integrable with respect to the measure
w, then the integral [log|f’|dp is well defined, although its value can be equal
to —oo, is denoted by x, and is called the Lyapunov characteristic exponent.
We start with the following little observation.

Lemma 10.3. If i € M, then the function log, |f'| is integrable with respect
to the measure .

Proof. From conditions (C1) and (C2) of Definition 3.1 and the behaviour of
the derivative f’ near poles Py, it follows that there exists a constant C' > 0 so
big that log | f'| < C(]¢|+ 1) and we are done. O

We will also need the following.

Lemma 10.4. If p € M,, then the family of functions {log, |f’ o fj\};?‘;o is
uniformly integrable with respect to the measure p. Precisely, for every e > 0
there exists & > 0 such that fA log, | f'o f/|du < e for every Borel set such that
n(A) <6.

Proof. Since, by Lemma 10.3, the function log, |f'| is integrable , there exists
an open neighbourhood B of Py such that [;log, |f'|du < /2. Then M =
[log, | f'l|ls(snB < o0. Choose & = 557. For every j > 0 and every Borel set A
with u(A) < 4, we have

/10g+‘f/0fj’d“:/ : 10g+‘f/0fj’d“+/ log [f"o fldp
A AN (B) A\f3(B)
<[ oglyeflans [ vy
f=3(B) A\f~3(B)
= [ tog, 17d+ M4\ 57(B)
B

g
§+MM(A)
19 19
<SimE -
so Moy =eE

We are done. O

IN

Theorem 10.5. (Ruelle’s Inequality) If p € M, is ergodic, then h,(f) <
2max{0, x,}
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Proof. Inspecting the proof of Theorem 9.1.1 from [PU], we see that in our
context we get that

(10.1) e <2 [ Slog e(1(7) () +2)) duta)

for all n > 1 with some universal constant ¢ > 1 depending only on the geometry
of the torus 7. Now fix ¢ > 0. Choose n; > 1 so large that

2 1
—logcgE and —(2log2+log3) <
sl 4 ny

ool ™

Take 6 > 0 corresponding to the number £/8 according to Lemma 10.4. By
Lemma 10.3 the Lyapunov exponent y, = [ log|f’|dp is well defined, and there-
fore, in view of Birkhoff’s Ergodic Theorem, there exist a Borel set A C J(f)
and an integer ny > ny such that p(A) <6 and |(f*)(z)| < exp(x, + €)k) for
all z € J(f)\ A and all k£ > ny. Now fix an arbitrary n > ny and put

Hy = {z € J(f)  |(f") (2)] < 1}.
If « ¢ H,, then |(f")(z)| + 2 < 2|(f™)'(x)|. For all n > ny we then have

[ 1081 @)+ 2)dute)
= [ tog(1y @) + 2 dut) + [ g (0] + 2) o)+

A\H,

+f log (1(£) (@)| + 2)) dyx)
J(H\(AUHR

IN

%log?),u(Hn) +/A\H log (2/(f")'(x))dp(z)+

log (21( ™) ()] du(x
T / o, B @)

< log 3 L log 2

WA\ H,) + / log(|(f")'(2) ) dpx)+

n n A\H,,

p(J()\ (AU H,))+max{0, x, + e }pu(J(f) \ (AU H,))
1 n—1

(210g2+10g3)—|—/Zlong‘f/ofj|du+max{0,xu+5}
A

j=0

log 2
| los

S —

n
£

< i max{0, x, + €}

Thus, using (10.1) and the choice of ny, we get that h,(f) < e+max{0, x,+¢}.
So, letting £ \, 0 finishes the proof. O

F(
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Lemma 10.6. If ¢ : 7 : R is a summable potential, then p, € M,.

Proof. In view of conditions (C1) and (C2) from Definition 3.1 and of Theo-
rem 1.1, it suffices to prove that

/ —log |z — bldv,(z) < 400
B(b,R)

for every pole b on the torus 7 and some, sufficiently small, R > 0. Indeed, fix
b€ T and R > 0 so small that

()= |z = b and [F(2)] < |z - b
for all z € B(0,2R). Given w € C and 0 < r; <1y let
Aw,r,r9) ={2€C:r < |z —w| <y}

be the corresponding annulus. Using then properties (C1) and (C2) along with
Theorem 1.1, we see that for every k£ > 0 we have this.

1= v, (f(A(b, Re"* D Re™)))

1 eP(S")
0 —(k+1) —k
= @l (f (A(b, Re=0+D) | Re+))) exp (k(2 + ) a) v, (A(b, Re  Re™))
exp(kgy(2 4 &)

v, (A(b, Re" "D Re™H))

- l2 (A(O, Re%k’ Re(Ib(kJrl)))
= exp(epqhk) v, (A(b, Re”* D Re™F)).

Hence v, (A(b, Re~ (41, Re*k))j exp(—epqpk), and therefore

/ —log|z — bldv,(z) = Z/ —log |z — b|dv,(2)
B(b,R) k=0 Y A(b,Re~(F+1) Re—k)
=0(1)+ Z k exp(—epqpk) < +00.
k=0
We are done. O

Lemma 10.7. If p € M, is ergodic and x, > 0, then there exists a countable
generator for u that has finite entropy.

Proof. Since p is ergodic and x, > 0, an appropriate version of Pesin’s theory
(see [PU], Section 9.2) can be developed to give that for p-a.e. z (say z € V3
with pu(Y7) = 1) there exist § € (0,1] and C' > 0 such that for every integer n
in some set N(z) C {1,2,3,...} with density > 1/2 and every 0 < j < n, there
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exists a unique holomorphic inverse branch fﬂjﬁ(i) : B(f"(2),20) — T of fn=J

such that f";(z)(f”(z)): fi(z) and

(10.2) (7Y ()] < Cexp (=)

for all w € B(f"(z),0). Let K > 1 be the constant coming from Koebe’s
Distortion Theorem associated with the scale 1/2. Since the set P is finite,
there exists § > 0 so small that for every z € J(f) \ P, the map f : T \
P — T restricted to the ball B(z, (8K + 1)ﬁdist(z,73)) is injective. It was
established in the proof of Lemma 10.6 that the logarithm of the function p(z) =
min{d, Adist(z, P)) is integrable. There thus exists (see Lemma 9.3.2 in [PU])
a countable partition a by Borel sets such that H,(a) < +oo and

(10.3) a(z) C B(z,p(2))

for pra.e. z € J(f), say z € Yo C Y; with p(Y2) = 1 and f(Y2) C Y. Fix
z € Ys. We shall show that

(10.4) an(z) C f; " (B(f"(x),0))

for all n > 0, where a,(z) is the unige atom of the refined partition oV f~!(a)V
() V...V f(a) containing z. In order to achieve this we shall show by
induction with respect to £ =0,1,...,n that

(10.5) Ctk(fnfk(l’)) C f;n]ik(x)(B(f"(x),(S))

Indeed, for k£ = 0, this formula follows immediately from (10.3), the definition
of the function p, and the inclusion f(Y3) C Y. Suppose now that (10.5) holds
for some 0 < k <n — 1, and consider two cases.

Case 1°:
diam (£, 550 ) (B (@),0))) < SKp(f*~ ) (a)).

Then, using (10.3) and the inclusion f"~*+D(Y;) C Ya, we get that

Oék(fn_(k+1 ( )) U f nk(le-ls-l)(x)( (fn(x),(;)) C
C B(f* "D (@), p(f= "0 (@) 48K p(f"~ 1 ()))
C B(f"*(kﬂ)(x), (8K + 1)p(f"*(k+1)(:zc)).

Case 2°:
diam (£, 450, (BU"(2),0))) = $Kp(f*~ 4D (@),

F(



26 VOLKER MAYER AND MARIUSZ URBANSKI

Then, applying Koebe’s i—Distortion Theorem, the standard version of Koebe’s
Distortion Theorem and, at the end, (10.3) we get that

P (BU™(@),8) 5 B *+0(a), (8K)diam ( £,500, ) (B("(2),9)))
S B(f** (@), p(f* V(@) 2 a(f*H ()

Invoking the definition of the function p, we see that in any case the function
f restricted to the union ag(f*~®+V(z)) U f.550 oy (B(f"(2),0)) is 1-to-1.
Hence, using (10.5), we obtain that
o (f*7 (@) = a(f*~ 0 (@) 0 f 7 o (f 7 (@)
ccwfkwﬂkw>mf”(ﬁiwmuﬂf%xxﬁ»
—(k+1) n

Thus, the inductive proof of (10.5) is complete, and taking & = n we obtain
(10.4). Taking two distinct points w, z € Y, we see from (10.4) and (10.2) that
for alln € N(w)NN(z) (which is an infinite set) large enough, we have a,(z) C
B(z,|w — z|/2) and a,,(w) C B(z, |w — z|/2). In particular a,(z) N a,(w) =0
and we are done. O

Combining this lemma along with formulas (8.10) and (10.5) from [Pa], we get
the following.

Lemma 10.8. If € M, is ergodic and x, > 0, then

mmz/m#m

where J,, is the Jacobian of f with respect to the measure j. Note that J, is
finite out of a set of measure zero.

Now we can easily deduce the following.

Lemma 10.9. If ¢ : T — R is a summable potential then, P(p) = h,, +
f@dﬂw'

Proof. Tt follows from Theorem 1.1 (2) and (3) that J, = hof exp(P(p) — ¢).
Hence
(10.6)

/log S dptp = /(P(so) — @)dp, = P(p) — /@duga > P(p) — sup(p) > 0.

Since h,,, > [log J, ,dp, regardless whether a generating partition with finite
entropy exists or not, we thus get that h,, > 0. Since by Lemma 10.6 p, € M,
it follows from Ruelle’s inequality (Theorem 10.5) that x,, > 0. So, since by
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Theorem 1.1(2), the measure is ergodic, using Lemma 10.8 and (10.6), we obtain
that h,, = P(¢) — [ ¢dp,. We are done. O

The next crucial step towards proving the varational principle and towards
identifying the equilibrium states of ¢ is given by the following.

Lemma 10.10. If y € M,, then h, + [ @odp < P(p) and if pu is an ergodic
equilibrium state for ¢, then

h
it = a7 oo = P())

H-a.e.

Proof. Suppose that p € M, is ergodic. Let £, : L*(u) — L'(u) be the transfer
operator associated to the measure pu. The operator £, is determined by the

formula
> T we(y)

yef~'(z)
Using Theorem 1.1(3) (which implies that N,(h) = h) and the f-invariance of
[, We can write

1= [ 1dp /N
_/Eu (h e;ffgohol;(so)))du

(10.7) :/h'ejpff;oi(w))du . 1+/10g (h~e}<pff}:oljc(<p))) ”

= 1—|—/loghd,u—/loghofdu+/(cp—P(go))du—l—/logjudu

= 1+/g0du—P(g0)+/logJudu.

If now h, = 0, then [logJ,du = 0 = h,. If h, > 0, then it follows from
Ruelle’s inequality (Theorem 10.5) that x, > 0. So, h, = [log J,dp in view of
Lemma 10.8. Thus, (10.7) can be continued to give

1 +/<,0du — P(p) + /1og Judp =1+ /(pdu — P(p) + hy.

Hence, P(¢) > h, + [ pdp and equality holds if and only if %}1;)) =1

p-a.e. So, we are done in the ergodic case. In general, inequality P(¢) > h, +
[ pdp follows from the ergodic case and the Ergodic Decomposition Theorem.
We are done. O

F(
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Our last lemma in the sequence is this.

Lemma 10.11. If p € M, is an ergodic equilibrium state for the summable
potential @, then (1 = fi,.

Proof. In view of Lemma 10.10 we may assume that

(10.8) J = exp(yp — P(p))

ho f
everywhere throughout the set J(f). Let Y] be the set established to exist in
the proof of Lemma 10.7. Fix z € Y] and take an arbitrary z € N(z). Pesin ’s
theory gives in fact more than (10.2), namely that

(10.9) '(sz_(i)>/ (w)| < Cexp <—%(n — ]))

for all 0 < j <nand all w € B(f"(2),6), where f”j_(g) : B(f"(z),0) — C is the
unique holomorphic inverse branch of "7, defined on B(f"(z),d) and sending
f™(2) to f7(z). A slight obvious modification of of the proof of Lemma 4.4 using
(10.9), gives that

(10'10) |Sn90(f,z_n(w))_sn@(z)| S B
with some constant B > 0, alln € N(z) and allw € B(f"(2),0). It follows from
Koebe’s 1-Distortion Theorem that B(z,87(f")(2)[0) C fr"(B(f"(2),6)).
Therefore, using (10.10) along with (10.8), we get that
(10.11)
p(B(z,87H(f")'(2)18)) < e®lhllsol[1/Rl|oc exp(Snp(2) — P(p)n)pn(B(f"(2),9))
< ePI[R]|ol[1/ [0 exp (Suip(2) — P(¢)n).
It follows from Koebe’s Distortion Theorem that
B(z,87H(f") (2)10) > f7"(B(f"(2), BK)™19)),

where K > 1 is the constant coming from Koebe’s Distortion Theorem corre-
sponding to the scale 1/2. Therefore, using Theorem 1.1(2) and (3) (implying
that J, ! = h%f exp(p — P(p)) along with (10.10), we get that
pe (B2, 871 (f")(2)10)) =

> e P (||hllocl [1/hlls0) ™ exp(Suip(2) — Po)n)po (B(f"(2), (8K)™10))

> Me™P([[hll][1/h]o0) ™" exp(Snip(2) — P(o)n),
where M = inf{p,(B(&, (8K)71d)) : € € J(f)} is positive since supp(u,) =
J(f). Combining this formula and (10.11), we get that

p(B(z 87H(f") (2)10)) < M~ e* P ([]hl ool [1/Al|0) 1o (B(2, 871 () (2)]0)).




GIBBS AND EQUILIBRIUM MEASURES

Since, by (10.9), lim,en() 8 1(f™) ()]0 = 0 and since p(Y7) = 1, a strightfor-
ward argument, using Besicowic covering theorem, gives that p is absolutely
continuous with respect to p,. Since both measures p and p, are ergodic, we
thus get that 1 = pi,. 0

Since, by the Ergodic Decomposition Theorem, the uniqueness of equilibrium

states is equivalent to the uniqueness of ergodic equilibrium states, Theorema 10.1
and 10.2 follow now from the first part of Lemma 10.10, from Lemma 10.9 and

Lemma 10.11.
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