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Abstract� A formula for the Hausdor� dimension of a Besicovic�Jarnik subset of the limit
set of a conformal in�nite iterated function system is derived and expressed as a unique zero
of the topological pressure of the corresponding strongly H�older family of functions�

�� Introduction� Preliminaries

The diophantine analysis has its origins in classical papers �Be� and �Ja� by Besicovic and
Jarnik respectively� The connections of their work with the theory of dynamical systems
is well explained in �HV��� Also the papers �HV��� �St� and �SU� deal with the subject of
Diophantine analysis� Especially interesting phenomena have been discovered in �St� and
�SU�� The aim of this paper is to initiate the Diophantine analysis in the general context of
conformal in�nite iterated function systems� Ultimately we would like to provide a dynamical
proof of the classical result by Besicovic and Jarnik and to provide a full explanation of the
phenomena �a kind of phase transition of the Hausdor	 dimension function
 observed in �St�
and �SU�� We feel that conformal in�nite iterated function systems provide a right setting to
do it�
The plan of our approach in this paper is to deal �rst with �nite systems and to prepare some
auxiliary technical tools in the setting of in�nite systems� Then� assuming an appropriate
separate condition� we approximate a conformal in�nite iterated function system by �nite
subsystems� we use a version of the variational principle from �MU��� and we develop the
approach of Hill and Velani form �HV� following preatty closely their consierations adapted
to the setting of iterated function systems� At the end of this section we formulate our
main result and in order to do it we �rst recall �see �HMU�� comp� �HU� and �Ur�
 the basic
properties of conformal iterated function systems� the general concept of strongly H�older
families of functions and an appropriate version of thermodynamic formalism� So� let I be
a countable index set with at least two elements and let S � f�i  X � X  i � Ig be
a collection of injective contractions from X into X for which there exists � � s � � such
that ���i�x
� �i�y

 � s��x� y
 for every i � I and for every pair of points x� y � X� Thus�
the system S is uniformly contractive� Any such collection S of contractions is called an
iterated function system� We are particularly interested in the properties of the limit set
de�ned by such a system� We can de�ne this set as the image of the coding space under a
coding map as follows� Let I� �

S
n�� I

n� the space of �nite words� and for � � In� n � ��
let �� � ��� � ��� � � � � � ��n� If � � I� � I� and n � � does not exceed the length of �� we
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denote by �jn the word ���� � � � �n� Since given � � I�� the diameters of the compact sets
��jn�X
� n � �� converge to zero and since they form a descending family� the set

��
n��

��jn�X


is a singleton and therefore� denoting its only element by ���
� de�nes the coding map � 
I� � X� The main object in the theory of iterated function systems is the limit set de�ned
as follows�

J � ��I�
 �
�

��I�

��
n��

��jn�X
 �
�
n��

�
j�j�n

���X


Observe that J satis�es the natural invariance equality� J �
S
i�I �i�J
� Notice that if I is

�nite� then J is compact and this property fails for in�nite systems�
An iterated function system S � f�i  X � X  i � Ig is said to satisfy the Open Set
Condition if there exists a nonempty open set U 	 X �in the topology of X
 such that
�i�U
 	 U for every i � I and �i�U
 
 �j�U
 � � for every pair i� j � I� i �� j�
An iterated function system S satisfying the Open Set Condition is said to be conformal if
X 	 IRd for some d � � and the following conditions are satis�ed�

��a�� U � IntIRd�X
�
��b�� There exists an open connected set X 	 V 	 IRd such that all maps �i� i � I�
extend to C� conformal di	eomorphisms of V into V �

��c�� There exist 	� l 
 � such that for every x � �X 	 IRd there exists an open cone
Con�x� 	� l
 	 Int�X
 with vertex x� central angle of Lebesgue measure 	� and altitude
l�

��d�� Bounded Distortion Property�BDP
� There exists K � � such that

j����y
j � Kj����x
j

for every � � I� and every pair of points x� y � V � where j����x
j means the norm of the
derivative�

In fact throughout the whole paper we will need one condition more which �comp� �MU��

can be considered as a strengthening of �BDP
�

��e�� There are two constants L � � and � 
 � such that���j��i�y
j  j��i�x
j
��� � Ljj��ijjjy  xj��

for every i � I and every pair of points x� y � V �

Let us now collect some geometric consequences of �BDP
� We have for all words � � I� and
all convex subsets C of V

diam����C

 � jj���jjdiam�C
 ����


and

diam����V 

 � Djj���jj� ����
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where the norm jj � jj is the supremum norm taken over V and D � � is a universal constant�
Moreover�

diam����X

 � D��jj���jj ����


and

���B�x� r

 � B����x
� K
��jj���jjr
� ����


for every x � X� every � � r � dist�X� �V 
� and every word � � I��

The topological pressure function� P�t
� for a conformal iterated function systems is de�ned
as follows�

P�t
 � lim
n��

�

n
log

X
j�j�n

jj���jj
t

As it was shown in �MU�� there are two natural disjoint classes of conformal iterated function
systems� regular and irregular� A system is regular if there exists t � � such that P�t
 � ��
Otherwise the system is irregular� Denote by HD�A
 the Hausdor	 dimension of a set A
�treated as a subset of a metric space
 and by Ht the t�dimensional Hausdor	 measure� The
following result has been proved in �MU���

Theorem ���� If S is a conformal iterated function system� then

HD�J
 � supfHD�JF 
  F 	 I� F �niteg � infft � �  P �t
 � �g�

If a system is regular and P�t
 � �� then t � HD�J
�

Passing to H�older families of functions �x  
 � and let F � ff �i�  X � IR  i � Ig be a
family of continuous functions such that de�ning for each n � ��

Vn�F 
 � sup
��In

sup
x�y�X

fjf �����������x

 f �����������y

jge
��n����

the following is satis�ed

V��F 
 � sup
n��

fVn�F 
g ��

The collection F is called then a H�older family of functions �of order 
� If in additionX
i�I

esup�f
�i�� �� or equivalently LF ���
 � C�X
�

where

LF �g
�x
 �
X
i�I

ef
�i��x�g��i�x

� g � C�X
�

is the associated Perron�Frobenius operator� then the family F is called a strongly H�older
family of functions of order � Throughout this paper the family F is assumed to be strongly
H�older of some order  
 �� We have made the conventions that the empty word � is the
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only word of length � and �� � IdX � Following the classical thermodynamic formalism� we
de�ned the topological pressure of F by setting

P�F 
 � lim
n��

�

n
log

X
j�j�n

exp

�
�sup

X

nX
j��

f�j � ��j�

�
A �

Notice that the limit indeed exists since the logarithm of the partition function

Zn�F 
 �
X
j�j�n

exp�sup�S��F 




is subadditive� where

S��F 
 �
nX

j��

f ��j� � ��j��

and �  I� � I� � I� � I� is the shift map� i�e� cutting o	 the �rst coordinate� Moreover

P�F 
 � inf
n��

�
�

n
logZn�F 


	
�

Now� if A is a subset of I� then we denote F jA � ff �i�  i � Ag and PA�F jA
 is the topological
pressure of the family F jA with resepect to the iterated function system f�igi�A� Combining
Theorem ��� from �MU�� and the display immediately preceeding �����
 from �HMU�� we get
the following version of the variational principle�

Theorem ���� If F is a strongly H�older family of functions then

P�F 
 � supfPA�F jA
g�

where the supremum is taken over all �nite subsets of I�

Now� a Borel probability measure mF is said to be F �conformal provided it is supported on
J � for every Borel set A 	 X

mF ����A

 �
Z
A
exp



S��F 
 P�F 
j�j

�
dmF � �� � I� ����


and

m����X
 
 �� �X

 � � ����


for all incomparable �� � � I�� In ��HU�� �HMU�� and �Ur�
 we have proved the following

Theorem ���� If F is a strongly H�older family of functions� then there exists exactly one
F �conformal measure mF �

Although we will not use this object too often� we will recall now the de�nition of the potential
function or amalgamated function� f � induced by the family of functions F � namely� f  I� �
IR is de�ned by setting

f��
 � f ����������


�
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Our convention will be to use lower case letters for the potential function corresponding to
a given family of functions� Frequently instead of P�F 
 we will also write P�f
� Using the
properties ��e
 and ��d
 it is not di�cult to check that the family

� � f log j��ijgi�I

is strongly Ho�older with exponent � and the corresponding amalgamated function is given
by the formula

���
 �  log j���������

j�

We end recalling facts about H�older families of functions with the following technical but
frequently used result�

Lemma ��	� Suppose that F is a H�older family of functions� Then there exists a constant
Q � � such that if x� y � �� �X
 for some � � I�� then for all � � I�

jS��F 
�x
 S��F 
�y
j � Qe��j� j

Suppose now that F � ff �i�  X � IRg is a strongly H�older family of functions such that the
amalgamated function f  I� � IR satis�es the following inequality

f � �� ����


Let
��F 
 � infft � �  P�tf
 ��g�

We shall brie�y sketch the following easy to prove result�

Lemma ��
� Pj�����F �� � ��� The function t �� P�tf
 is convex� continuous and strictly
decreasing to � on ���F 
��
�

Proof� Since f � � 
 �� the function t �� P�tf
 is noincreasing� Hence Pj�����F �� � ��
and P�tf
 � � for every t 
 ��F 
� Using H�older�s inequality it is easy to see that the
function t �� P�tf
 is convex on ���F 
��
� and therefore continuous� In order to see that
P�tf
 is strictly decreasing on ���F 
��
� �x ��F 
 � u � t� Then� since f � � �  log s 
 ��
we get

P�tf
 � lim
n��

�

n
log

X
j�j�n

exp


supSn�tf
j���

�

� lim
n��

�

n
log

X
j�j�n

exp


supSn�uf
j��� � supSn��u t
f
j���

�

� lim
n��

�

n
log

�
� X
j�j�n

exp


supSn�uf
j���

��A
� P�uf
 � �t u
 log s � P�uf


����


Keeping u �xed� this last display also implies that

lim inf
t�	�

P�tf
 � P�uf
 � lim
t�	�

�t u
 log s � �
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The proof is complete�

We set
��F 
 � infft � �  P�tf
 � �g�

Now we shall de�ne de�ne the main object of our interest� the set Dx�F�C
� called the
Besicovic�Jarnik set associated with the family F � More precisely� �x x � X� C 
 � and
de�ne Dx�F�C
 as the set of those points z � X that

z � B


���x
� C exp�S�F �x



�
for in�nitely � � I�� The �rst obvious observations concerning the setsDx�F�C
 are contained
in the following�

Lemma ����
�a� Dx�F�C
 	 J�
�b� If C � D�� or if there exists  
 � suc that f � �� and x � IntX� then Dx�F�C
 	 J �

We call an element x � J �nitely accessible if there exists a �nte subset E of I such that
x � JE� the limit set generated by the contractions from E� The main result of this paper is
the following�

Theorem ���� Suppose that � is a conformal iterated function system such that J 	 IntX
and F is a strongly H�older family of functions such that f � �� Then for every �nitely
accessible x � J and every C 
 �

HD�Dx�F�C

 � ��F 
�

We would like to end up this section with the remark that HD�Dx�F�C

 � ��F 
 �see Propo�
sition ���
 without the assumptions that J 	 IntX and that x is �nitely accessible�

�� HD�Dx�F�C

 � ��F 


In this section we shall prove the following easier part of Theorem ��� without assuming that
J 	 IntX and that x is �nitely accessible�

Proposition ���� If � is a conformal iterated function system and F is a strongly H�older
family of functions such that f � �� then for every x � X and every C 
 �� HD�Dx�F�C

 �
��F 
�

Proof� By de�nition

Dx�F�C
 �
�
q��

�
n�q

�
j�j�n

B


��x
� C exp�S�F �x



�
�

Fix � 
 �� Then

H	�F �	
�Dx�F�C

 � lim inf
q��

X
n�q

X
j�j�n



�C exp�S�F �x



�	�F �	


� ��C
	�F �	

X
n�q

X
j�j�n

exp


���F 
 � �
S�F �x


�
�
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Since P����F 
 � �
F 
 � �� thereexists � 
 � and q� � � such that for all n � q��P
j�j�n exp



���F 
 � �
S�F �x


�
� e��n� Therefore

H	�F �	
�Dx�F�C

 � ��C
	�F �	
 lim inf
q��

X
n�q

e��n � ��C
	�F �	
 lim inf
q��

e��q

� e��
� ��

Hence H	�F �	
�Dx�F�C

 � � and consequently HD�Dx�F�C

 � ��F 
��� Letting now �� ��
we conclude that HD�Dx�F�C

 � ��F 
� The proof is complete�

�� Auxiliary results

We recall that a �nite measure � de�ned on Borel sets of a metric spaceX satis�es the doubling
property if there exists a constant C � � such that for every ball B� ���B
 � C��B
� where
�B is the ball centered at the same point as B and with the radius twice as big as the radius
of B�

Proposition ���� If � is a �nite conformal iterated function system� F is a strongly H�older
family of functions� and J 	 IntX� then the corresponding F �conformal measure m � mF

satis�es the doubling property�

Proof� Fix y � ���
 � J and � � r � R � dist�J� �X
� Let l � � be the minimal number
such that ��jl�B����

l�
� R

 	 B�y� r
� and let k � � be the maximal number such that
��jk�B����

k�
� R

 � B�y� �r
� By ����
 and Lemma��� we get

m�B�y� r

 �
Z
B����l���R�

exp


S�jlF �z
 P�F 
l

�
dm�z
 �MQ�� exp



S�jlF �x
 P�F 
l

�
�

����


where x is an arbitrary in X and M � inffm�B�z� R

  z � Jg 
 � since m is positive on
open sets of J � Similarly

m�B�y� �r

 �
Z
B����k���R�

exp


S�jkF �z
 P�F 
k

�
dm�z
 � Q exp



S�jkF �x
 P�F 
k

�
�
����


Of course k � l� On the other and� we have from the de�nitions of k and l that

diam


��jl��

�B����l�
� R


�
� r and ��jk��



�B����k	��
� R



�

 B�y� �r
 �� ��

Consequently� using the �rst part of ����
� we get �Rjj���jl��
jj � r� and� using ����
� we obtain

K��jj���jk��
jjR � �r� If l � k � � we stop� Otherwise l  � � k � � and we get

jj���jk��
jj � jj����k���l���

jj � jj���jl��
jj �

r

�R
�

�

�K
jj���jk��

jj�

hence sl�k�� � jj����k���l���
jj � ��K
��� and consequently l  k  � � � log�
K�

log s
� Thus� in any

case� l � k � p� where

p � � �
 log��K


log s
�
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Using this� Lemma ���� and combining ����
 and ����
� we therefore get

m�B�y� r

 � MQ�� exp


S�jkF ���k�jl�x
 � S�k�jlF �x
 P�F 
l

�
� MQ�� exp



S�jkF ���k�jl�x
 P�F 
k

�
� exp



S�k�jlF �x


�
exp�P�F 
�k  l



� MQ�� exp


S�jkF �x
 P�F 
k

�
exp��k  l
jjf jj�
 exp�pP�F 



� MQ�� exp�pjjf jj�
 exp�pP�F 

m�B�y� �r



����


The proof is complete�

Fix now x � J � C 
 �� and for for every � � I� put

B� � B


���x
� C exp�S�F �x



�
�

Then for every n � � and every set B 	 X put

��B� n
 �
X

��In�B�	B

exp���F 
S�F �x

�

Let m	 � m�	F � We shall prove the following�

Lemma ���� If the assumptions of Proposition 	�
 are satis�ed� f � �� and C � D��� then

m	�B
 � ��B� n


for every ball B �either closed or open� centered at a point of J and every n � �log diam�B

� log � logD
� log s�

Proof� On the one hand we have

B 
 J 	
�

��In�B
��X����

���X
 	
�

��In���X�	�B

���X
 	
�

��In�B�	�B

���X
�

where the last inclusion we could write by ����
 since C � D�� and f � � �and then B� 	
���X

� and the second inclusion is satis�ed provided that Djj���jj �

�
�
diam�B
 which is

implied by by the requirement Dsj�j � �
�
diam�B
 which in turn means that

j�j �
log diam�B
 log � logD


log s
�

So� if n is greater than or equal to this last number� then

m	�B
 �
X

��In�B�	�B

m	���X
 �
X

��In�B�	�B

exp��S�F �x

 � ���B� n
�

Thus� applyling Proposition ���� we get

m	�B
 �� m	�
�

�
B
 �� ��B� n


for all n � �log diam�B
 � log � logD
� log s� On the other hand

B �
�

��In���X�	B

���X
 �
�

��In� �
�
B
��X����

���X
 �
�

��In� �
�
B
B� ���

���X
 �
�

��In�B�	
�
�
B

���X
�



THE DIOPHANTINE ANALYSIS OF CONFORMAL ITERATED FUNCTION SYSTEMS 


where the third inclusion followed from ����
 along with inequalities C � D�� and f � �
�since then B� 	 ���X

� and the second inclusion is� in view of ����
� satis�ed provided that
Djj���jj �

�


diam�B
 which is implied by by the requirement Dsj�j � �



diam�B
 which in turn

means that

j�j �
log diam�B
 � log � logD


log s
�

So� if n is greater than or equal to this last number� then

m	�B
 �
X

��In�B�	
�
�
B

m	���X
 �
X

��In�B�	
�
�
B

exp��S�F �x

 � ��
�

�
B� n
�

Thus� applyling Proposition ���� we get

m	�B
 

 m	��B
 

 ��B� n


for all n � �log diam�B
 � log � logD
� log s� The proof is complete�

In the last two proofs we have clearly indicated which of the geometric properties of the
Bounded Distortion Property we were using� In the sequel we will use these without indicat�
ing it� Given now a set E 	 X such that E 
 J �� � and diam�E
 � R � dist�J� �X
�
de�ne q�E
 to be the largest integer for which there exists a word � � I� such that
��jq�E�

�B����q�E���R

 	 E� Since diam�E
 � R� q�E
 � �� Since the maps �i� i � I�
are uniformly contracting� q�E
 is a �nite number� The following two lemmas describe simple
but useful properties of the number q�E
 and the word � associated with it�

Lemma ���� If an in�nite word � � I� and p � � are such that �� jp�B����
p�� R

 	 E�

then p � q�E
 and � jp � �jp� where � � I� is the word involved in the de�nition of the
number q�E
� In particular �jq�E� is determined uniquely�

Proof� Put q � q�E
� By maximality of q� q � p� Since both balls B����q�
� R
 and
B����p�
� R
 are contained in IntX and since ��jq�B����

q�
� R

 
 �� jp�B����
p�
� R

 � E�

it follows from the open set condition that either �jq extends � jp or vice�versa� Since p � q�
we thus conclude that �jq extends � jp and the proof is complete�

Lemma ��	� If D 	 E are such that D 
 J �� � and diam�E
 
 R� then q�D
 � q�E
 and
�Djq�E� � �Ejq�E�� Moreover� for every � � C � � there exists an integere kC � � such that if
diam�D
 � Cdiam�E
� then q�D
 � q�E
 � kC�

Proof� The �rst part of this lemma is an immediate consequence of Lemma ���� Denote
�D by � and �E by �� Since ��jq�E�

�B����q�E��
� R

 � E� E 
 J �� � and the open set

condition is satis�ed� there exists  � I� such that ��
 � B����q�E��
� R
 and ��jq�E�
���

 �

E 
 J � Since ��jq�E�������

 � ��jq�E�
���

 � E� it follows from the de�nition of q�E
 that

��jq�E���



B����
� R


�
does not contain E and that there exists a point y � �B����
� R
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such that j��jq�E�������

 ��jq�E����y
j � diam�E
� Hence

K��jj���jq�E���
jjR � K��jj���jq�E���

jjj���
 yj

� j��jq�E�������

 ��jq�E����y
j

� diam�E
�

And consequently jj���jq�E�
jjK�R��jj��jj��diam�E
� where jj��jj � minfjj��ijj  i � Ig� Writing

now � jq�D� � �jq�E��� � � I�� we thus obtain

Cdiam�E
 � diam�D
 � ��jq�E��



B����q�D��
� R


�
� jj���jq�E�

jj � jj���jjR � K�jj��jj��sj�jdiam�E
�

Therefore sj�j � Cjj��jjK��� and taking logarithms we get j�j � log�Cjj��jjK��
� log s� Thus�
taking kC � log�Cjj��jjK��
� log s �nishes the proof�

De�ne now G � fgi  i � Ig � G �� a new strongly H�older family of functions� by setting

gi � fi  �i � fi � log j��ij�

Our last result in this section is the following�

Lemma ��
� If B � B�y� r
 	 X and y � J� then

r	�F �

m	�B

� exp



��F 
S�B jq�B�

G�x

�
�

Proof� Put � � �Bjq�B�� In view of te de�nition of �B� q�B
� conformality of measure m	�
and Lemma ��� we can estimate as follows

m	�B
 �
Z
B����q�B��B��R�

exp


��F 
S�F

�
dm	�z


� Qm	



B����q�B��B
� R


�
exp



��F 
S�F �x


�
� Q exp



��F 
S�G�x


�
exp



��F 
S���x


�
� exp



��F 
S�G�x


�
j����x
j

	�F ��
����


We also have

�r � diam�B
 � diam


���B����

q�B��B
� R


�
� jj���jj�R � Kj����x
j�R

and consequently

j����x
j � �KR
��r� ����


We shall now prove inequalities opposite to ����
 and ����
� Writing y � ���
� � � I�� let
p � p�B
 be the least non�negative integer such that

�j� jp


B����p�
� R


�
	 B�y� r
� ����
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Then diam


�j� jp���B����

p�
� R


�
� r� which implies that

r � jj�j�� jp��
jj�R� ����


Put now

u � � �

�
 log��K


log s


�

where �� denotes the integer part� Then u � � log��K�
log s

which means that s��u � �K� Using

thus inequality jj��� jp��
jj � jj��� jp�ujjs

��u and ����
 we can estimate as follows

K��jj��� jp�ujjR � K��Rjj��� jp��
jjs��u � K�� r

�
s��u � r�

Therefore �� jp���B����
p�u�
� R



�
� B����
� r
 � B� and consequently� due to Lemma ����

p u � q�B
 and � jp�u � �jp�u� Using ����
 and Lemma ��� we therefore conclude that

m	�B
 �
Z
B����p���R�

exp


��F 
S� jpF

�
dm	 � Q�� exp



��F 
S� jpF �x


�
m	



B����p�
� R


�

�MQ�� exp


��F 
S� jpG�x


�
Q�� exp



��F 
S� jp��x


�
�MQ�� exp



��F 
S� jpG�x


�
j�j��p��

�x
j	�F � exp�ujjgjj�


�MQ��K�	�F � exp�ujjgjj�
 exp


��F 
S�G�x


�
j�j��p��

�x
j	�F �

�MQ��K�	�F � exp�ujjgjj�
 exp


��F 
S�G�x


�
r	�F ��

So� the proof of the ���� of Lemma ��� is �nished� In order to prove the �

� part notice
that due to ����
 r � K��jj�j�� jpjjR and therefore� as p  u � q�B
 and � jp�u � �jp�u� we

obtain j����x
j � jj�j��p�ujj � jj��� jpjj � jj�
�jj�u � KR��jj��jj�ur� Hence� we can continue ����


as follows

m	�B
 � �KR��jj��jj�u
	�F �r	�F ��

So� the proof of Lemma ��� is complete�

�� Proof of the Main Theorem

Our �rst aim in this section is to prove the ��� part of Theorem ��� assuming that the system
� is �nite� Formally we will prove the following�

Lemma 	��� If � is a �nite conformal iterated function system such that J 	 IntX and F is
a strongly H�older family of functions such that f � �� then for every x � J and every C 
 ��
HD�Dx�F�C

 � ��F 
�

Proof� Take a constant � � C� � minfC�D��g so small that �n��� �����In � if � �� � � then

B����x
� C�jj�
�
�jj
 
 B��� �x
� C�jj�

�
� jj
 � ��
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It is possible to ful�ll this requirement since x � IntX and the sets ���IntX
 and �� �IntX

are disjoint� We will understand and treat the objects introduced in the previous sections �as
��B� n
 for ex�
 as associated with the constant C�� Notice that Dx�F�C�
 	 Dx�F�C
� Fix
now a rapidly increasing sequence fnlgl�� of non�negative integers which will be gradually
required to satisfy more and more conditions� We then de�ne the sets fK�l
gl�� inductively
as follows�

K��
 � X� K�l � �
 �
�n

B


���x
� C� exp



S�F �x


��o
where the summation is taken over all words � of length nl	� such that

B


���x
� C� exp



S�F �x


��
	 K�l
�

For every � � I� put

B� � B


���x
� C� exp



S�F �x


��
and de�ne

Il � f� � Inl  B� 	 K�l
g�

Notice that by our choice of C�� B�
B� � � if � �� � and �� � � Inl� Since the sets fK�l
gl��

form a descending sequence of compact sets� the intersection

K �
��
l��

K�l


is a compact subset of X� Since each point ���x
 � J � there exists � � I� longer than � such
that B� 	 B�� In particular� letting nl grow fast enough we will have K�l
 �� � for all l � ��
and consequently K �� �� Since C� � C� it immediately follows from the de�nition of K that
K 	 Dx�F�C
� We shall now de�ne a Borel probability measure on K as a weak limit of the
sequence f�lgl�� of Borel probability measures on X which will be constructed inductively
below as follows� Let �� be any Borel probability measure on K��
 � X� Suppose that �l
has been de�ned for some l � � on the set K�l
� For every � � Il	� �x an arbitrary Borel
probability measure �� on I� We then de�ne �l	� on K�l � �
 by setting for every � � Il	�

and every A 	 B�

�l	��A
 �
exp



��F 
S�F �x


�
���A
P

��Inl���nl ��jnl��Il��
exp



��F 
S�jnlF �x


��jl
B�jnl

�
�

In particular

�l	�



B�

�
�

exp


��F 
S�F �x


�
P

��Inl���nl ��jnl��Il��
exp



��F 
S�jnlF �x


��l
B�jnl

�
� ����


Obviously �l	� is a Borel probability measure on K�l��
 and by a straightforward calculation
we see that for every p � �� every � � Ip and every q � p� �q�B�
 � �p�B�
� Since aditionally
B� 
 K are clopen subsets of K� we conclude that the weak limit � � liml�� �l exists� is
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supported on K� and for every l � � and every � � Il� ��B�
 � �l�B�
� Coming back to
formula ����
 we may transform it as follows�

�l	�



B�

�
�

exp


��F 
S�F �x


�
P

��Inl�� �B�	B�jnl
exp



��F 
S�F �x


��l
B�jnl

�
�

exp


��F 
S�F �x


�
�


B�jnl

� nl	�

� �l


B�jnl

�
�

Iterating this formula we get for all � � Il

��B�
 � �l�B�
 � exp


��F 
S�F �x


� l��Y
i��

exp


��F 
S�jniF �x


�
�


B�jni

� ni	�

� �

Since the system � is �nite� and since C� � D��� letting the sequence fnlg growing su�ciently
fast and applying Lemma ��� and Lemma ���� we can write

��B�
 � exp


��F 
S�F �x


� l��Y
i��

exp


��F 
S�jniF �x


�
m	



B�jni

�
exp�O�l



� exp


��F 
S�F �x


� l��Y
i��

exp


��F 
S�iG�x


�
� exp�O�l

�

����


where �i � �B�jni
j
q



B�jni

�� Fix now a point y � Dx�F�C
� a radius � � r � R and the ball

B � B�y� r
� Consider the family F� of all the words � �
S
l�� Il such that B� 
 B 
 J �� ��

diam�B�
 � �r and diam�B�jnl��

 � �r� Next� consider the family F� consisting of all balls

of the form B�jnl�� � where � � F� 
 Il for some l � �� Since all the balls of the family F�

have radii � �r� intersect the ball B�y� r
 and the complement of the ball B�y� �r
� and any
two of them are either disjoint or contained one in the other� a straightforward area argument
shows that the number of elements of the family F� is bounded from above by a constant M
independent of y and r� Fix now an element B� � F�� � � Il�� for some l � �� Then using
����
we get

���
 �
X

��T����

��B�
 ��
X

��T����

exp


��F 
S�F �x


� l��Y
i��

exp


��F 
S�iG�x


�
� exp�O�l

�

where

T���
 � f� � Il	�  B� 
 B 
 J �� �� �jnl � F�� B�jnl
	 B� and diam�B�
 � �rg

and

T���
 � f� � Il	�  B� 
 B 
 J �� �� �jnl � F�� B�jnl
	 B� and B�jnl

	 B�y� �r
 � �Bg�
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Take now � � T���
� Then for every � � i � l  �� �i � �B�jni
j
q



B�jni

� � �B� jni
j
q



B� jni

� is

independent of �� Therefore� we can write

���
 ��
l��Y
i��

exp


��F 
S�iG�x


� X
��T����

exp


��F 
S�F �x


�
� exp�O�l



�
l��Y
i��

exp


��F 
S�iG�x


� X
��Inl�� �B�	B

exp


��F 
S�F �x


�
� exp�O�l



�
l��Y
i��

exp


��F 
S�iG�x


�
���B� nl	�
� exp�O�l

�

We want now to apply Lemma ��� to the term ���B� nl	�
� In order to do it we require the
sequence fnlg to grow so rapidly that for every l� nl	� log s �  log � � � log � � logD 
logC � jjf jj�nl� Fix now one element � � T���
� Then

diam�B
 �
�

�
diam



B�jnl

�
�

C

�
exp



S�jnlF �x


�
and consequently

log��diam�B

 � log � logD � log � � log � logD � logC  S�jnlF �x


� log � � log � logD � logC  jjf jj�nl

� nl	� log s�

Therefore

nl	� �
log��diam�B

 � log � logD

log s

and Lemma ��� is applicable to the sum ���B� nl	�
� Hence� we obtain

���
 �� m	�B

l��Y
i��

exp


��F 
S�iG�x


�
exp�O�l

�

Using now Proposition ��� and Lemma ���� we can write

���
 �� r	�F � exp


��F 
S�B jq�B�

G�x

� l��Y
i��

exp


��F 
S�iG�x


�
exp�O�l

� ����


Now� since �B 
 B� 
 J �� � and since �B 
 B� contains a ball of radius r��� it follows from
Lemma ��� that �Bjq�B� � �B
B� jq�B� and

q�B
 � q��B
 � q��B 
 B� 
 k��
 � q�B� 
 k��
�

Therefore� applying Lemma ��� again� we get

�Bjq�B� ��k��� � �B
B� jq�B� ��k��� � �B� jq�B� ��k��� �
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Hence� we can continue ����
 as follows

���
 �� r	�F � exp


��F 
S�B jq�B� ��k���G�x


� l��Y
i��

exp


��F 
S�iG�x


�
exp�O�l



� r	�F � exp


��F 
S�B� jq�B� ��k���G�x


� l��Y
i��

exp


��F 
S�iG�x


�
exp�O�l



� r	�F � exp


��F 
S�B� jq�B� �G�x


� l��Y
i��

exp


��F 
S�iG�x


�
exp�O�l



� r	�F �
l��Y
i��

exp


��F 
S�iG�x


�
exp�O�l

�

����


Fix now � 
 �� We may require the sequence fnlg grow so fast that

l��Y
i��

exp


��F 
jjgjj�maxfq�B��

  � � Inig

�
exp�O�l

 �

� exp


��F 
jjgjj��l  �
maxfq�B��

  � � Inl��g

�
exp�O�l



� min
�

C exp



S�F �x


���

 � � Inl��

	

Coming now back to our ball B and corresponding element � � Il��� we therefore see that

r�
 � �



C exp



S�F �x


���


� min
�

C exp



S�F �x


���

 � � Inl��

	
�

l��Y
i��

exp


��F 
S�iG�x


�
exp�O�l

�

So� combining this and ����
� we obtain ���
 �� r	�F ��
� Hence ��B
 �
P

��F�
���
 �

Mr	�F ��
� Thus HD�Dx�F�C

 � HD�K
 � ��F 
  � and letting � � � we conclude that
HD�Dx�F�C

 � ��F 
� The proof is complete�

Now� in order to conclude the proof of Theorem��� suppose that x � JA for some �nite subset
A of I� Take then any �nite subset B of I containing A� Then x � JB and Dx�F�C�B
 	
Dx�F�C
� where writeing Dx�F�C�B
 we indicate that this set is made up only with the
help of the alphabet B� Thus� in view of Lemma ���� to complete the proof it is enough to
demonstrate that

sup
B�A

f�B�F jB
g � sup
B
f�B�F jB
g � ��F 
�

where the suprema are taken over �nite subsets of I� The �equality� part in this formula is
obvious� To prove the �inequality� part put u � supBf�B�F jB
g� Then by Theorem��� and
Lemma ��� we get P�u
 � supBfPB�uF jB
g � �� where the supremum is taken over all
�nite subsets of I� This� again in view of Lemma ��� implies that u � ��F 
� The proof is
complete�
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