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Abstract� We study parabolic iterated function systems �IFS� with overlaps on the real
line and measures associated with them� A Borel probability measure � on the coding space
projects into a measure � on the limit set of the IFS� We consider families of IFS satisfying
a transversality condition� In �SSU�� su	cient conditions were found for the measure � to
be absolutely continuous for Lebesgue
a�e� parameter value� Here we investigate when � has
a density in Lq�R� for q � �� A necessary condition is that the q
dimension of � �computed
with respect to a certain metric associated with the IFS� is greater or equal to one� We prove
that this is sharp for � � q � � in the following sense� if � is a Gibbs measure with a H
older
continuous potential� then � has a density in Lq�R� for Lebesgue
a�e� parameter value such
that the q
dimension of � is greater than one� This result is applied to a family of random
continued fractions studied by R� Lyons�

�� Introduction

We continue to study parabolic iterated function systems �IFS� with overlaps on the real

line� In our joint work with K� Simon �SSU�� we investigated the Hausdor� dimension of

the limit set� The paper �SSU�� focused on the properties of invariant measures� An ergodic

shift	invariant measure � with positive entropy h� on the coding space induces an invariant

�stationary� measure � on the limit set of the iterated function system� The Hausdor� dimen	

sion of � equals the ratio of entropy over Lyapunov exponent if the IFS has no 
overlaps��

�SSU�� investigated families of parabolic IFS which do have overlaps but satisfy a transver�

sality condition� It was proved that for almost every �with respect to the Lebesgue measure�

member of such a family� if the entropy exceeds the Lyapunov exponent� then the invariant

measure is absolutely continuous� otherwise the above	mentioned formula for dimension still

holds� We recall the set	up and the main result of �SSU�� in Section ��

In this paper we explore the case when the projected measure � is absolutely continuous

and investigate when it has a density in Lq�R�� A similar question for linear IFS was studied

in �PSo��� and we use some of the methods from �PSo�� here� It turns out that the crucial

role is played by the q�dimension of the measure � computed with respect to a natural
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metric associated with the IFS� If the q	dimension of � is less than one� then � cannot have

an Lq	density� for any q � �� Our main result is that� under some additional conditions� if

q � ��� �� and the q	dimension of � is greater than one� then typically the projected measure
does have a density in Lq�R�� The precise formulation is given in Section 
 �see Corollary


���� One of the conditions is transversality for the family of IFS and another one is that � is

a Gibbs measure with a H�older continuous potential� Section 
 contains other results as well�

which are not as sharp� but require only that � be an atomless Borel probability measure �it

need not even be invariant�� In the case of a hyperbolic IFS these di�culties disappear� and

we obtain a sharp result for a general measure �see Theorem 
����

In Section � our results are applied to an interesting family of measures considered by

R� Lyons �L�� These measures �depending on a parameter� correspond to a class of random

continued fractions� Lyons �L� found a threshold parameter above which the measures cannot

have a density in L��R�� We prove that this threshold is sharp by showing that the measures

are absolutely continuous with a density in L��R� for almost every parameter value in some

interval just below the threshold� We also prove that there is a similar threshold for the

existence of Lq	density for any q � ��� ���

�� Families of parabolic iterated function systems

Here we recall the set	up and the main result of �SSU���

Let X � R be a closed interval and � � ��� ��� A C��� map � � X � X is hyperbolic if

� � j���x�j � � for all x � X� We say that a C��� map � � X � X is parabolic if the

following requirements are ful�lled�

� there is only one point v � X such that ��v� � v�

� j���v�j � � and � � j���x�j � � for all x � X n fvg�
� There exists C� � � and 	 � 	��� � �
��� �� ��� if � � �� such that

C��
� � lim inf

x�v

jj���x�j � �j
jx� vj� � lim sup

x�v

jj���x�j � �j
jx� vj� � C�� �����

We will need the following basic lemma on iteration of a single parabolic function� For the

proof see �U� Lemmas ������
��

Lemma ���� For every neighborhood V of v there exists a constant L�V � � � such that for

all x � X n V and all n � ��
L�V ��� � j�n�x�� vj 	 �n� �� �� � L�V �� �����
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L�V ��� � j��n���x�j 	 �n � ������ � L�V �� ���
�

Now� following �SSU�� SSU��� we de�ne the class of parabolic IFS under investigation�

De�nition ���� Let � � f��� � � � � �kg be a collection of C��� functions on a closed interval

X � R such that �k is parabolic with the �xed point v and the other functions are hyperbolic�

We write � � �X��� if� in addition� �i�X� � Int�X� n fvg for all i � k � ��

Let A � f�� � � � � kg� We de�ne the natural projection map �� � A� � R by setting

f���
�g �
�
n��

��jn�X�

where 
jn � 
� � � � 
n and ��jn � ��� 
 	 	 	
��n� If � � �X��� then the map �� is well	de�ned
and continuous �see �SSU�� Lemma ������ We have

���
� � ��jn�����
n
�� for all 
 � A� and n � ��

where � is the left shift on A�� The limit set� or attractor� of the IFS � is de�ned by

J� � ���A���

It is easy to see that J� is the unique non	empty compact set such that J� �
S

i�k �i�J���

Let U � R
d be an open set� Consider a family of parabolic IFS

�t � f�t

�� � � � � �
t

k��� �kg � �X���� t � U� �����

Although the parabolic function does not depend on the parameter� it is sometimes convenient

to write �t

k � �k for t � U � Let �t � A� � R be the natural projection associated with �t

and denote Jt � J�t� Two conditions which control the dependence on t will be needed�

Continuity� the maps

t �� �t

i are continuous from U to C����X� for i � k � �� �����

Transversality Condition� there exists a constant C� such that for all 
 and � in A�

with 
� 
� ���

Ldft � U � j�t�
�� �t���j � rg � C�r for all r � � �����

where Ld for the Lebesgue measure in R
d �

A mild additional condition on the parabolic map �k will be needed in our theorems�
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De�nition ���� Let us say that a parabolic function � on X with the �xed point v is well�

behaved on a connected open neighborhood V of v if x � v is the only local extremum for

j���x�j on V �X�

Clearly� any real	analytic parabolic function is well	behaved on some neighborhood of the

parabolic point�

For � � C����X� we write
k��k� � supfj���x�� ���y�j 	 jx� yj�� � x� y � Xg �

and k��k� �� maxfk��ik� � i � Ag for an IFS � � f�igi�A� We denote by k 	 k the supremum
norm on X� Given two IFS � � f��� � � � � �kg and � � f��� � � � � �kg� we write

k���k � max
i�k��

k�i � �ik and k�� � ��k � max
i�k��

k��i � ��ik�
Following �SSU�� SSU�� we introduce additional notation useful for families of IFS� We write

� � �X��� V� �� u�M�
for � � �X��� if V is a connected open neighborhood of the parabolic point v such that

V �
k���
i��

�i�X� � �� �����

maxfk��i��k � i � k � �g � � � ��� ��� �����

minfj��i�x�j � x � X� i � kg � u � ��� ��� �����

and k��k� � M � By De�nition ���� every � � �X��� belongs to �X��� V� �� u�M� for some
V� �� u and M � Given a �nite word 
 � A�� let h�
� denote the number of all hyperbolic

letters �i�e� 
� k� appearing in 
� By ������

k��wk � �h�w� for all w � A�� ������

We will need three technical lemmas from �SSU�� SSU��� The �rst of them is a basic

result on distortion for parabolic IFS� the second one says that if �k is well	behaved� then

the derivative of a map �w cannot be too small near the parabolic point� and the third one

compares the derivatives at a single point but for two distinct IFS�

Lemma ���� �see �SSU�� Lemma ������ There exists a constant C� � C��X� �� V� �� u�M� � �
such that for every � � �X��� V� �� u�M�� all 
 � A� and all n � ��

C��
� � j���jn�y�j

j���jn�x�j
� C� for all x� y � X n V� ������



L
q
DENSITIES FOR PARABOLIC IFS �

Lemma ��	� �see �SSU�� Lemma ��
��� There exists a constant C	 � C	�X� �� V� �� u�M� � �
such that for any parabolic IFS � � �X��� V� �� u�M� with the property that �k is well�behaved

on V � the following holds� For all 
 � A� and all n � N�

j���jn�y�j
j���jn�x�j

� C	 for all x � X and y � X n V�

Lemma ��
� �see �SSU�� Cor� ��
��� There exists a constant C
 � C
�X� �� V� �� u�M� � �

such that for any two IFS � � f��� � � � � �kg and � � f��� � � � � �kg� in �X��� V� �� u�M�� with
�k � �k� for all 
 � A� and all x � X�

j����x�j
j����x�j

� exp �C
h�
�
�k�� �k� � k�� ���k�� � ������

The following was the main result of �SSU��� Recall that the Hausdor� dimension of a

measure � on R is de�ned by dim
H
� � inffdim

H
�F � � ��R n F � � �g�

Theorem ���� �see �SSU�� Th� ��
��� Suppose that f�tg
t�U is a family of parabolic IFS ���	


satisfying ����
 and ����
� such that �k is well�behaved on some neighborhood of v� Let � be

a shift�invariant ergodic Borel probability measure on A� with positive entropy h� and let

�t � � 
 ���
t
� Then

�i
 for Lebesgue�a�e� t � U �

dim
H
�t � min

�
h�

����t�
� �

�
where ����

t� � � RA� log j������t��
��j d��
� is the Lyapunov exponent of the IFS


�ii
 the measure �t is absolutely continuous for a�e� t in ft � U � h�
����t�

� �g�

It is therefore tempting to ask about the properties of the Radon	Nikodym derivative of

the measure �t with respect to the Lebesgue measure in the case when the former measure is

absolutely continuous� The next section is devoted to this problem�

Notation� We write B��t�� for the open ball of radius � centered at t� and Ld for the

Lebesgue measure in R
d � If � is a measure we often write �F without parentheses� Recall

that A � f�� � � � � kg� For a �nite word w � An the corresponding cylinder set in A� is

denoted by �w�� For 
 and � in A� we denote by 
� � their common initial segment� so that

� � � �
� � � and 
n�� 
� �n�� for n � j
� � j� The symbol � means that the inequality holds
up to an absolute multiplicative constant� and � means that both � and � are true�
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� Lq
densities

In this section we explore the problem of when the projection measures �t are absolutely

continuous with Lq densities� It is related to the notion of q�dimension of a probability

measure on a metric space�

De�nition ���� Suppose that �X � �� is a metric space� � is a Borel probability measure on

X � and q � �� The q�dimension of � with respect to the metric � is de�ned by

Dq��� � supft � � � It�q��� ��g �
���

where It�q��� is the �t� q��energy of the measure �� given by the formula

It�q��� �

Z �Z
d��y�

��x� y�t

�q��
d��x�� �
���

Remark� Hunt and Kaloshin �HK� Prop� ���� showed that Dq��� equals the lower L
q	

dimension of � de�ned as lim infr���log r�
�� log

R
��Br�x��

q�� d� �the upper Lq	dimension

is obtained by taking lim sup�� The upper and lower Lq	dimensions are usually denoted

D�
q ��� and D

�
q ���� and the L

q	dimension is said to exist if D�
q ��� � D�

q ���� In this paper we

suppress the 
�� sign� since in what follows we only need the de�nition �
���� this does not
mean to imply that the Lq	dimension of � exists� We note also that in the important case

when q � �� the Lq	dimension of a measure is called its correlation dimension�

The following elementary lemma and its corollary are known� we include a short proof for

completeness�

Lemma ���� Let X be a compact interval on the real line and consider the space Lq�X� with

respect to the Lebesgue measure� If q � � and h � Lq�X�� thenZ
X

�Z
X

h�y�

jx� yjs dy
�q��

h�x� dx �� for all s � �� �
�
�

Proof� Fix s � �� Since k�y� � jx � yj�s � L��X�� the convolution �h � k��x� � R
X

h�y�
jx�yjs dy

is in Lq�X�� and hence �h � k�q�� � L
q

q�� �X�� But the latter space is the dual of Lq�X�� and

�
�
� follows�

Corollary ���� Let � be a compactly supported Borel probability measure on the real line� If

� is absolutely continuous with a density in Lq�R�� then Dq��� � �� where the q�dimension is

computed with respect to the Euclidean metric�
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This is immediate from De�nition 
�� and Lemma 
���

Now consider a parabolic iterated function system � � �X��� V� �� u�M�� For w � A�

denote

Xw �� �w�X� and eXw �� �w�X n V ��
We equip the coding space A� with two metrics d� and d� given by the formulas �for 
 
� ���

d��
� �� � jX�		 j and d��
� �� � j eX�		 j�
where j 	 j denotes the Lebesgue measure on R� Notice that Lemma ��� implies the existence
of a constant C� � � such that if � � f
� �g satis�es ��j�		 j��� 
� k� then

C��
� j���		 ����j�		 j���j � j eX�		 j � C�j���		 ����j�		 j���j� �
���

Therefore� the metric d� is equivalent to another metric given by the formulaed��
� �� � max	j���		����j�		 j
��j � j���		 ����j�		 j���j
 �
Clearly� the q	dimension depends only on the Lipschitz equivalence class of the metric� thus�

the q	dimension corresponding to d� is independent of the set V � Let us denote by I
�i�
t�q ���

and D
�i�
q ���� i � �� �� respectively the �t� q�	energy and the q	dimension of � computed with

respect to the metric di� It is immediate from the de�nition that

D���
q ��� � D���

q ����

Of course� the metrics di and q	dimensions D
�i�
q ���� i � �� �� depend on the iterated function

system under consideration� so dealing with families of IFS we will write jX�t�
w j� I�i�t�t�q ��� and

D
�i�t�
q ��� to indicate the parameter�

We begin with the proof of the following�

Theorem ���� Let � be a Borel probability measure on A� and q � �� If � � � 
 ��� is

absolutely continuous with a density in Lq�R�� then D
���
q ��� � ��

Proof� Since j��
�� ����j � d��
� �� for all 
� � � A�� we have It�q�� 
 ���� � I
���
t�q ��� for all

t � �� and hence Dq�� 
 ���� � D
���
q ���� Now the statement follows from Corollary 
�
�

Now we are in a position to prove the �rst new result of this paper� Its proof combines the

methods of �PSo�� Th����� and �SSU���

Theorem ��	� Suppose that f�tg
t�U is a family of parabolic IFS in �X��� V� �� u�M� satisfy�

ing ���	
� ����
 and ����
� such that �k is well�behaved on some neighborhood of the parabolic

point v� Suppose that � is a Borel atomless probability measure on A� and that D
���t��
q ��� � �
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for some q � ��� �� and t� � U � Then there exists � � � such that for Ld�a�e� t � B��t�� the

measure �t � � 
 ���
t

is absolutely continuous with a density in Lq�R��

Proof� Let b � log��
��� Fix � � s � D
���t��
q ��� and � � b�s � ��� In view of Lemma ����

there exists � � � so small that for all w � A� and all x � X�

jt� t�j � � �� j��t�
w �

��x�j
j��t

w�
��x�j � e
h�w�� �
���

We are going to show that

I �
Z
B��t��

Z
R

D��t� x�
q�� d�t�x� dt ��� �
���

where

D��t� x� � lim inf
r
�

�t�x� r� x � r�

�r

is the lower density of the measure �t at the point x� Then by �Mat� ������ the measure �t

is absolutely continuous for a�e� t � B��t��� For such t we have D��t� x� �
d�t
dx
� so �
��� will

imply that d�t
dx
� Lq�R� for a�e� t � B��t���

First we apply Fatou�s Lemma and then make a change of variable to get

I � lim inf
r
�

Z
B��t��

Z
R

�
�t�x� r� x � r�

�q��
��r�q��

d�t�x� dt

� lim inf
r
�

Z
B��t��

Z
A�

�
�tBr��t�
��

�q��
��r�q��

d��
� dt�

�
���

Next we reverse the order of integration and use H�older�s inequality �recall that � � q � ��
to obtain

I � lim inf
r
�

��r���q
Z
A�

�Z
B��t��

�tBr��t�
�� dt

�q��
d��
�� �
���

Denoting by �E the characteristic function of a set E� we haveZ
B��t��

�tBr��t�
�� dt �

Z
B��t��

Z
R

�Br��t���� d�t dt

�

Z
B��t��

Z
A�

�f	�A�
j�t�����t�	�j�rg d���� dt

�

Z
A�

Ldft � B��t�� � j�t�
�� �t���j � rg d����

�

Z
A�nf�g

Ldft � B��t�� � j�t�
�� �t���j � rg d�����

�
���
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We could write the last equality since � is atomless� Now take an arbitrary � � A� n f
g
and denote � � 
 � � � Then we have for some c � ��t��

j
j
�� �t��
j
j��� using the Mean Value

Theorem and �
����

j�t�
�� �t���j � j��t


�
��c�j 	 j�t��

j
j
�� �t��
j
j��j

� j��t�

 �

��c�je�h�
�
 	 j�t��
j
j
�� �t��

j
j��j �
Since 
j
j�� 
� �j
j��� at least for one element � � f
� �g we have �j
j�� 
� k� Since ��j
j��� 
� k�

we have ���j
j�� 
� V by ������ Therefore� by Lemma ��� and �
����

j�t�
�� �t���j � C��
	 j��t�


 �
�����j
j���j 	 e�h�
�
j�t��

j
j
�� �t��
j
j��j

� �C	C��
��j eX�t��


 j 	 e�h�
�
j�t��
j
j
�� �t��

j
j��j�
�
����

It follows that

L�ft � B��t�� � j�t�
�� �t���j � rg

� Ld

�
t � B��t�� � j�t��

j
j
�� �t��
j
j��j � C	C�e

h�
�
r

j eX�t��

 j

�

� C�C	C�e
h�
�
r 	 j eX�t��


 j�� �
by the transversality condition ������ Substituting this into �
��� we obtain from �
���

I �
Z
A�

�Z
A�nf�g

eh�
�
j eX�t��

 j�� d����

�q��
d��
�

�

Z
A�


 �X
n��

eh��jn�
j eX�t��
�jn j�� �

�
�
jn� n �
jn���

��q��

d��
��

�
����

In view of �
��� and ������� we can continue our estimate of I as follows� using that � � e�b

and � � b�s� ���

I �
Z
A�


 �X
n��

eh��jn�
j eX�t��
�jn js�� 	 j eX�t��

�jn j�s �
�
�
jn� n �
jn���

��q��

d��
�

�
Z
A�


 �X
n��

e�
��s���b�h��jn�j eX�t��
�jn j�s �

�
�
jn� n �
jn���

��q��

d��
�

�
Z
A�


 �X
n��

j eX�t��
�jn j�s �

�
�
jn� n �
jn���

��q��

d��
�

�

Z
A�



d����

j eX�t��
�		 js

�q��

d��
� � I���t��s�q ��� ���

since D
���t��
q ��� � s by the choice of s� The proof is complete�
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Next we prove a result which uses the q	dimension calculated with respect to the metric

d�� Recall that 	 � � appears in the de�nition of a parabolic map ������

Theorem ��
� Suppose that f�tg
t�U is a family of parabolic IFS in �X��� V� �� u�M� satis�

fying ���	
� ����
 and ����
� such that �k is well�behaved on some neighborhood of the par�

abolic point v� Suppose that � is a Borel atomless probability measure on A� such that

D
���t��
q ��� � � � 	 for some q � ��� �� and t� � U � Then there exists � � � such that for

Ld�a�e� t � B��t�� the measure �t � � 
 ���
t

is absolutely continuous with a density in Lq�R��

Proof� As in the proof of Theorem 
��� we let b � log��
��� Fix s so that 	�� � s � D
���t��
q ���

and let � � b�s � ��� Then we repeat the proof of Theorem 
�� until �
���� almost word by
word� However� we use only the �rst line of �
����� keeping j��t�


 �
�����j
j���j instead of j eX�t��


 j
and obtain

I �
Z
A�

�Z
A�nf�g

eh�
�
j��t�

 �

�����j
j���j��d����
�q��

d��
�j��
����j
j���j�

Write � � �kp�
�� where the last letter of � is di�erent from k� Since ��j
j��� 
� k� we have

���j
j�� 
� V � Therefore� applying Lemma ��� and Lemma ���� we get

jX�t��

 j � k��t�

� �
�k�p��� � ��� �

� and j��t�

 �

�����j
j���j � k��t�
� �

�k�p��� � ������
� �

Hence

I �
Z
A�

�Z
A�nf�g

eh�
�
k��t�
� �

�k���p��� � ������ d����

�q��
d��
�

�

Z
A�

�Z
A�nf�g

eh�
�

�k��t�

� �
�k�p��� � ��� �

�

��sk��t�
� �

�ks���p��� � ������ � s
� d����

�q��
d��
�

�
Z
A�

�Z
A�nf�g

eh�
�
�bh�
��s����p��� � ��
����s

� jX�t��

 j�s d����

�q��
d��
�

�
Z
A�

�Z
A�nf�g

jX�t��

 j�sd����

�q��
d��
� � I���t��s�q ��� ���

sinceD
���t��
q � s by the choice of s� Above� when passing from the second to the third displayed

line we used that k��t�
� �

�k � �h��� � �h�
� � e�bh�
�� After that we used that � � b�s� �� and
	 � �� s � �� The proof is complete�

Next we show that for certain shift	invariant measures Theorem 
�� is in a sense optimal�

We call a Borel probability measure � on A� well�mixing if ��i� � � for every i � A and if
there exist constants C� � � and � � � such that if �� �� � � A�� and j�j � �� then

������ � C����������
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Every Bernoulli measure is obviously well	mixing and� more generally� every Gibbs �equilib	

rium� state of a H�older continuous potential is well	mixing� see �Bo�� An easy induction shows

that if � is well	mixing then there exist constants C� � � and � � � � � such that for every

n � �� every � � A� and every � � An

����� � C��
n����� �
����

Proposition ���� If � is a well�mixing measure on A�� then D
���
q ��� � D

���
q ��� for every

q � ��

Proof� Since D
���
q ��� � D

���
q ���� we are only left to show that D

���
q ��� � D

���
q ���� Fix


� � � A�� 
 
� � � and write � �� 
 � � � �kp�
�� where the last letter of � � ���� is di�erent

from k� By ���
�� j��
����j
j���j � k���k�p��� � ���
���
� � where � � f
� �g is that element for

which ��j
j��� 
� k� Therefore� using �
���� we can estimate for any s � ��

I���s�q ��� �

Z
A�

�
d����

d��
� ��s

�q��
d��
�

�
Z
A�

�
d����

j��
����j
j���js
�q��

d��
�

�
Z
A�

�Z
A�

k���k�s�p��� � ��
���
�

s d����

�q��
d��
�

�
Z
A�

�Z
A�

jX�j�s�p��� � ��
���
�

s d����

�q��
d��
�

�
��
�

Given 
 � A� we de�ne the sequence fkn�
�gn�� to be the increasing enumeration of all
elements i � � such that 
i 
� k� with the convention k��
� � �� Then �x an arbitrary � � �
such that C��

� � � and de�ne

ln�
� � minfkn�
� � �� kn���
�g �
����

and

C� � C�
��� C��
��� �
����

Note that both 
 �� kn�
� and 
 �� ln�
� are Borel measurable functions� Further�

p�
jkn����i� � p�
jkn���ki� � i for � � i � kn���
�� kn�
�� ��
so we can continue �
��
� as follows

I���s�q ��� �
Z
A�

��X
n��

jX�jkn���j�s
kn������kn�����X

i��

�i � ��
���
�

s�
�
�
kn����i� n �
kn����i���

��Aq��

d��
��

�
����
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We claim that

��
jk�j��� ��
jk��j����� � C��
j ���
jk�� ��
jk���� �
����

for every k � � and every j � �� And indeed� applying �
����� we get

��
jk�j�� � C��
j��
jk��� � ��
jk�C��

j� � C��
j��
jk�C��

�

� ��
jk�C��
j��j����� � C��

��

� ��
jk�C��
j�� � C��

�� � C��
j��
jk��

which obviously implies �
����� In the last displayed line we used �
�����

Now �x n � �� There are two possibilities for ln�
� in �
����� First suppose that ln�
� �
kn�
� � �� We are going to estimate the inner sum in �
���� by writing

P
i �

P�
i�� �P�

j��

P�j����
i�j� � Thus� in view of �
�����

kn������kn�����X
i��

�i� ��
���
�

s�
�
�
kn����i� n �
kn����i���

�
�

�X
i��

�i � ��
���
�

s
�
��
kn����i�� ��
kn����i���

�
�

�X
j��

��j � ���� ��
���
�

s
�
��
kn����j��� ��
kn�����j�����

�
�


 �X
j��

�j � ��
���
�

s�j

��
��
jkn����� ��
jkn������

�
� ��
jkn����� ��
jln�����

�
����

The second possibility is that ln�
� � kn���
�� Then kn���
�� kn�
� � � and we get

kn������kn�����X
i��

�i � ��
���
�

s�
�
�
kn����i� n �
kn����i���

�
� �

kn���
�� kn�
�
������

�
s
kn������kn�����X

i��

�
��
kn����i�� ��
jkn����i���

�
� ���

���
�

s
�
��
jkn����� ��
jkn������

�
� ��
jkn����� ��
jln�����
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In both cases the estimate ends with the same expression which we can substitute into �
����

to obtain

I���s�q ��� �
Z
A�


X
n��

jX�jkn���j�s
�
���
jkn������ ���
jln����

��q��

d��
�

�
Z
A�


X
n��

Z
��jkn����n��jln����

d����

jX�		 js
�q��

d��
�

�
Z
A�

�Z
A�

d����

jX�		 js
�q��

d��
� � I���s�q ����

This implies that D���
q ��� � D���

q ���� and the proof of the proposition is complete�

Corollary ���� Suppose that f�tg
t�U is a family of parabolic IFS ���	
 satisfying ����
 and

����
� such that �k is well�behaved on some neighborhood of v� Suppose that � is a well�

mixing atomless Borel probability measure on A� �in particular� a Bernoulli measure or�

more generally� a Gibbs state of a H�older continuous potential
� such that D���t��
q ��� � � for

some q � ��� �� and t� � U Then there exists � � � such that for Ld�a�e� t � B��t��� the

measure �t � � 
 ���t is absolutely continuous with a density in Lq�R��

Proof� This is an immediate consequence of Theorem 
�� and Proposition 
���

Since for hyperbolic systems the two metrics d� and d� are equal� the proof of Theorem 
��

�simpli�ed by the observation that in hyperbolic case h��� � j�j� demonstrates also the
following�

Theorem ���� Let U � R
d be an open set� Suppose that �t � f�t

�� � � � � �
t

kgt�U is a family

of hyperbolic IFS such that the mappings t �� �t

i are continuous from U to C����X� for all

i � k and the transversality condition holds� Suppose that � is a Borel atomless probability

measure on A� such that D
���t��
q ��� � � for some q � ��� �� and t� � U � Then there exists

� � � such that for Ld�a�e� t � B��t�� the measure � 
 ���t is absolutely continuous with a

density in Lq�R��

�� Example� a class of random continued fractions

Here we apply our results to the family �� �� f x��
x����

� x
x��

g� The interesting interval of
parameters is � � � � ���� when the limit set of �� is the interval ��� �

�
��� � p�� � ����

and the IFS has an overlap� see �L�� The function ���x� �
x

x��
has a parabolic �xed point at
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x � �� It is easy to see that �� � ��������� for all � � � and the family f��g��� satis�es the

continuity condition ������

Let � � ��
�
� �
�
�N be the Bernoulli measure on the coding spaceA� and let �� be its projection

on the real line corresponding to the IFS ��� The connection with continued fractions is as

follows� denote

�a�� a�� a�� � � � � ��
�

a� �
�

a� �
�

a� � � � �

Then �� is the distribution of the random continued fraction ��� Y�� �� Y�� �� Y�� � � � � where Yi

are independent and take the values in f�� �g with probabilities ��
�
� �
�
�� Lyons �L� Thm� ����

proved that there is a 
critical value� �c � �������� ������� such that �� is singular with
respect to the Lebesgue measure and is concentrated on a set of Hausdor� dimension less

than � for all � � �c� He also proved in �L� Prop� 
��� that if �� has a density in L��R��

then � �
p
�
�
� �� In our joint work with K� Simon �SSU��� we showed that �� is absolutely

continuous for a�e� � � ������� �c�� Our proof was based on Theorem ��� and on the following
lemma�

Lemma ���� �see �SSU�� Lemma ������ The family f��g satis�es the transversality condition
����
 for � � ������� �����

Now we can state the new result�

Theorem ���� For any � � q � � there exists �q � �
p
�
�
� �� �c� such that

�i
 If �� is absolutely continuous with a density in Lq�R� then � � �q


�ii
 For Lebesgue�a�e� � � ������� �q�� the measure �� is absolutely continuous with a density

in Lq�R�


�iii
 �� �
p
�
�
� � � ������� � � �

Remarks� �� Although we restrict ourselves to the speci�c family f��g� many of the
arguments below apply in a more general setting�

�� Since Lq���� �� � Lq���� �� for q� � q�� it is immediate from parts �i� and �ii� that the

function q �� �q is non	increasing� We believe that it is actually strictly decreasing but we

have not veri�ed this� It also seems plausible that limq�� �q � �c�


� Besides the explicit value of ��� following �L� one can show that ���� � 

p
� � � �

������� � � � We do not know any other explicit values for �q� Lyons �L� Prop� 
��� also gave a
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necessary condition for �� to have a density in
T

q�� Lq�R�� but our methods do not extend

to q � ��

The proof of the theorem will require some preparation� First we need the following simple

lemma� its proof essentially repeats the argument from �L� Prop� 
���� Whenever we write

summation over w it is understood that w � A�� Recall that Xw � �w�X��

Lemma ���� Let f��� ��g be an IFS on the interval X � R �parabolic or hyperbolic
 and

let � be a Borel probability measure satisfying � � �
�
�� 
 ���� � � 
 ���� �� Suppose that � is

absolutely continuous with a density d�
dx
� Lq�R� for some q � �� Then

sup
n
��nq

X
jwj�n

jXwj��q��� ��� �����

Proof� For each n � N we have that � �
P

jwj�n �
�n�� 
 ���w �� Thus the density h�x� �� d�

dx

satis�es h�x� �
P

jwj�n �
�nhw�x� where hw � h 
 ���w has support contained in Xw� Then

khkqq �
Z
X

�X
jwj�n

��nhw�x�
�q

dx �
Z
X

X
jwj�n

��nqhqw�x� dx �
X
jwj�n

��nq
Z
X

hqw�x� dx� �����

By the H�older�s inequality�

� �

Z
Xw

hw�x� dx �
�Z

Xw

hqw�x� dx

���q

jXwj
q��
q �

hence
R
Xw

hqw�x� dx � jXwj��q���� Substituting this into ����� yields ������

Proof of Theorem ���� Consider the family f��g and let
�q � inf

n
� � � � sup

n
��nq

X
jwj�n

jX���
w j��q��� ��

o
� ���
�

Observe that jX���
w j � ��w���� ��w����

Lemma ���� �a
 The function � �� ��w�x� is non�decreasing for all x � ��� �� and for all

w � A��

�b
 The function � �� jX���
w j is non�increasing for all w � A��

Proof� �a� This is an easy induction in jwj� we use that x��
x����

is increasing in � and all ��w�x�

are increasing in x�

�b� One checks that if � � A � B� � � C � D� A � C� B � D� and B � A �
D � C� then for any � � e� and i � �� �� we have ��i �B� � ��i �A� � ��i �D� � ��i �C� and
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��i �D� � ��i �C� � �e�i �D� � �e�i �C�� Then the desired statement follows by induction� using

A � ��w���� B � ��w���� C � �e�w���� and D � �e�w����

It follows from Lemma ����b�� ���
� and Lemma ��
 that �� cannot have a density in L
q�R�

for � � �q� verifying the property �i� of Theorem ����

Fix any e� � �q� we have

sup
n
��nq

X
jwj�n

jX�e��
w j��q��� ��� �����

The following lemma is the key step in the proof of the property �ii��

Lemma ��	� Suppose that e� and q � ��� �� are such that �	�	
 holds� Then for any � � e�
there exist t � � and � � ��� �� such that

��nq
X
jwj�n

jX���
w j�t�q��� � const 	 �n� �����

Before proving the lemma let us show how the property �ii� of Theorem ��� is deduced�

With the same notation as in Lemma ��� we have� using �
��� and the fact that �q��� � ��� ���

I
�����
t�q ��� �

Z
A�


 �X
n��

��njX���
�jnj�t

�q��

d��
�

�
Z
A�

�X
n��

��n�q���jX���
�jn j�t�q���d��
�

�
�X
n��

��nq
X
jwj�n

jX���
w j�t�q��� ���

�����

by ������ This shows that D
�����
q ��� � t � �� so by Corollary 
��� in view of Lemma ���� ��

has a density in Lq�R� for Lebesgue	a�e� � � ������� e��� Since e� can be arbitrarily close to
�q� the property �ii� of Theorem ��� follows�

Proof of Lemma ���� We have � � e� and q � ��� �� �xed� Recall that h�w� is the number of
hyperbolic letters �just the number of ��s in our case� in the word w� Split the sum in �����

as follows� X
jwj�n

jX���
w j�t�q��� �

X
jwj�n

h�w��n�K

jX���
w j�t�q��� �

X
jwj�n

h�w��n�K

jX���
w j�t�q��� �����
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Sublemma ��
� For any � � � there exist K � � such thatX
jwj�n

h�w��n�K

jX���
w j�� � const 	 �n for all n � N �

Proof� It is clearly enough to restrict ourselves to n su�ciently large� Write

w � �k�����k���� � � � �km��m�

where all ki are positive except possibly k� and all �i are positive except possibly �m� Letew � wjjwj��m� Then it follows from ����� that
jX���

w j � ��m � ������L�V ��� min
x������

j���ew���x�j�

Therefore� estimating from below the derivative of powers of parabolic elements by ���
� and

the derivative of hyperbolic elements by ����� we obtain

jX���
w j � ��m � ������L�V ��mu

Pm
i�� ki

m��Y
i��

��i � ��
��������

� L�V ��muh�w�
mY
i��

��i � ��
���������

�����

since
Pm

i�� ki � h�w�� Here u can be easily chosen independent of � �in fact� ���i �
��x� �

�� � ���� � �
� for all x � ��� �� and � � ��� Assume that h�w� � n
K where K will be

chosen later� Observe that m � � �Pm
i�� ki � n
K hence n

m
� ��� �

m
�K� We can estimate

using the Geometric	Arithmetic Means Inequality�

mY
i��

��i � �� �


�

m

mX
i��

��i � ��

�m

�



� �

�

m

mX
i��

�i

�m

� �� � n
m�m�

It follows that
mY
i��

��i � ��
�������� � �� � n
m��m������� �

We claim that the last expression is greater than ��n�	 if K is su�ciently large� Indeed� this

is equivalent to

m�	 � ��

	
log�� � n
m� � �n
�� log����

or

log�� � n
m� � n

m
	 	

��	 � ��
log���� �����
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If m � �� then ����� holds for n su�ciently large� and if m � �� then n
m
� �� � �

m
�K � K

�
�

and it is clear that ����� holds for K su�ciently large� We have proved that there exist K�

and N� such that
mY
i��

��i � ��
�������� � ��n�	 for all n � N�

provided that K � K�� Combined with ����� and using that m � � � n
K
this impliesX

jwj�n
h�w��n�K

jX���
w j�� �  fw � An � h�w� � n
Kg 	 L�V ��mu�h�w��n��

�  fw � An � h�w� � n
Kg 	 L�V ����n�Ku��n�K�n���

������

Observe that  fw � An � h�w� � pg �
�

n
p

�
� and it is easy to deduce from Stirling�s

formula that

 fw � An � h�w� � n
Kg � const 	 �n�	 for all n � N �

provided that K is su�ciently large� Since also L�V ��n�Ku��n�K � �n�	 for K su�ciently

large� the sublemma follows from �������

Sublemma ���� Suppose that � � � � e�� Then there exist � � � and C � � such that

jX���
w j � C�h�w�jX�e��

w j�

Proof� Suppose that w � ��� where � ends with the hyperbolic letter � �or is empty�� Then

jX���
w j � ��� ������j���
 �����j and jX�e��

w j � ��� ������j��e�
 �����j�

Therefore� omitting the j 	 j signs �since all the elements of the IFS are increasing�� we obtain

jX���
w j

jX�e��
w j

� ��
�

 �
����

��e�
 �����
�

n��Y
i��

���wi�
�����i
����

��e�wi�
���e��i
����

� ������

We have �e��i
��� � ���i
��� by Lemma ����a�� and ��
e�
wi
���	� is decreasing� hence

���wi�
�����i
����

��e�wi�
���e�

�i

����

� ��
�
wi
������i
����

��e�wi�
����

�i

����

� ��
�
wi
�����

��e�wi�
����

� ������

The last inequality holds since
���� �

��x�

��e�� �
��x�

� �x�e�
x��
�� is decreasing in x and

���� �
��x�

��e�� �
��x�

� �� Now

observe that the last expression in ������ is equal to � if wi � � �the parabolic letter�� and is

equal to ��e�
���

� � if wi � �� In view of ������� this implies the sublemma� with � �
��e�
���
�
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Conclusion of the proof of Lemma ���� Fix � � ��� �� and �nd K � � from Sublemma ����

For any t � ��� �� and q � ��� �� we have� using that jX���
w j � ��

��nq
X
jwj�n

h�w��n�K

jX���
w j�t�q��� � ��n

X
jwj�n

h�w��n�K

jX���
w j�� � const 	 ��
��n ����
�

by Sublemma ���� so it remains to estimate the second sum in ������ By Sublemma ����X
jwj�n

h�w��n�K

jX���
w j�t�q��� �

X
jwj�n

h�w��n�K

jX�e��
w j�t�q�����h�w�t�q���

�
X
jwj�n

jX�e��
w j�t�q�����nt�q����K

�
X
jwj�n

jX�e��
w j��q���jX�e��

w j��t����q�����nt�q����K �

������

Recall that jX�e��
w j � infx������ j��e�w���x�j � ujwj by ������ Then we can continue the estimate

������ as follows�X
jwj�n

h�w��n�K

jX���
w j�t�q��� �

X
jwj�n

jX�e��
w j��q���u�n�t����q�����nt�q����K � ������

So far� we only assumed that t � �� now we specify the condition on t needed for the proof�

Suppose that

� � t� � � log �

�K log��
u�
�

Then u�n�t����q��� � �nt�q�����K � and ������ can be continued as follows�X
jwj�n

h�w��n�K

jX���
w j�t�q��� �

X
jwj�n

jX�e��
w j��q�����nt�q�����K �

Since � � � and t � �� this� together with ����
�� ����� and ������ implies ������ where we

can take � � maxf �
�
� ���q�����Kg� This concludes the proof of Lemma ���� and so the proof

of Theorem ����ii� is complete as well�

Proof of Theorem ����iii�� This is essentially proven by Lyons �L�� but we repeat some of the

steps using our notation for the reader�s convenience� For w � An let

M ���
n �w� ��



a
���
n �w� b

���
n �w�

c
���
n �w� d

���
n �w�

�
��

nY
i��

�
� wi�
� � � wi�

�
� ������
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Then it is easy to verify by induction that

��w�x� �
a���n �w�x� b���n �w�

c
���
n �w�x� d

���
n �w�

�

Therefore�

jX���
w j � ��w���� ��w��� � �d

���
n �w��c

���
n �w� � d���n �w���

���

since the determinant in ������ equals �� Recall that �� � inff� � supn S���
n ��g where

S���
n �� ���n

X
jwj�n

jX���
w j�� � ���n

X
jwj�n

d���n �w��c
���
n �w� � d���n �w���

Consider the product measure �n � �
�
�
� �
�
�n on An� then

S���
n � ��nE �d���n c���n � �d���n �

���

where E is the expectation with respect to �n� Consider the tensor product M
���
n �M

���
n and

note that �
d
���
n c

���
n �d

���
n ��

�
�
�
� � � �

�
�M ���

n �M ���
n �

�BB�
� �
� �
� �
� �

�CCA �

Lyons �L� observed that� by independence� E �M
���
n �M

���
n � � �R����n� where

R��� �� E

��
� w��
� � � w��

�
�
�
� w��
� � � w��

��
�

An easy computation� see �L�� yields that R��� has the largest eigenvalue less than � if and

only if � �
p
�
�
� �� In view of the above� it follows that �� �

p
�
�
� �� keeping in mind that

the Perron	Frobenius eigenvector is strictly positive�

References

�Bo� R� Bowen� Equilibrium states and the ergodic theory of Anosov di�eomorphisms� Springer Lecture
Notes in Mathematics ���� Springer� �����

�HK� B� Hunt and V� Kaloshin� How projections a�ect the dimension spectrum of fractal measures�
Nonlinearity �� ������� ����������

�L� R� Lyons� Singularity of some random continued fractions� J� Theor� Probab�� to appear�
�Mat� P� Mattila� Geometry of sets and measures in Euclidean spaces� Cambridge University Press� �����
�PSo�� Y� Peres and B� Solomyak� Self
similar measures and intersections of Cantor sets� Trans� Amer�

Math� Soc�� ���� no� �� ������� ����������
�SSU�� K� Simon� B� Solomyak� and M� Urba�nski� Hausdor� dimension of limit sets for parabolic IFS with

overlaps� Paci�c Math� J�� to appear�
�SSU�� K� Simon� B� Solomyak� and M� Urba�nski� Invariant measures for parabolic IFS with overlaps� and

random continued fractions� Preprint� �����
�U� M� Urba�nski� Parabolic Cantor sets� Fundamenta Math� ��� ������� ��������



L
q
DENSITIES FOR PARABOLIC IFS ��

Boris Solomyak� Box ������� Department of Mathematics� University of Washington� Seat�

tle� WA �	
��� USA� solomyak�math�washington�edu

Mariusz Urba
nski� Department of Mathematics� University of North Texas� Denton� TX

������ USA� urbanski�dynamics�math�unt�edu


