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Abstract� It is shown that a rational function of degree � � admits an invariant line
�eld with respect to some measure �� which is an equilibrium state of a H�older continuous
potential whose topological pressure is greater than its supremum� only in very special cases
when the Julia set is either a geometric circle or an interval or it is totally disconnected
and contained in a real�analytic curve�

Let f � CI � CI be a rational function of degree � � and let � � J�f	 � IR be a H�older
continuous potential de�ned on the Julia set such that P��	 � sup��	� where P��	 is the
topological pressure of � with respect to the map f � J�f	 � J�f	� For the de�nition
and various properties of topological pressure the reader may consult ���� ����� ���� or
���� for example� It is true �see the same sources as above	 that P��	 has the following
metric�theoretical characterization� called the variational principle�

P��	 � supfh��f	 �
Z
�d�g�

where the supremum is taken over all Borel probability f �invariant measures supported
on J�f	 and h��f	 is the metric entropy of f with respect to the measure �� hence one
can take this as the de�nition of pressure� A Borel probability f �invariant measure � on
J�f	 is said to be an equilibrium state for � if h��f	 �

R
�d� � P��	� One knows that

for each continuous potential on J�f	 there exists at least one equilibrium state� this is
due to M� Lyubich in ���� For H�older continuous potentials which satisfy the condition
P��	 � sup��	� the equilibrium state is in fact unique� as shown in ��� �see also ���	� We
denote this unique equilibrium state by ��� It is ergodic� further dynamical and ergodic
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theoretic properties� including metric exactness and the Central Limit Theorem� have been
established in ���� ���� ��� and �
��

The main result of this paper is contained in the following�

Theorem � Let f � CI � CI be a rational function of of degree � � and let � � J�f	 � IR
be a H�older continuous potential satisfying P��	 � sup��	� Suppose that there exist k � �
and a measurable function u � J�f	� S� such that for ���a�e� z � J�f	

��	

�
f ��z	

jf ��z	j
�k

�
u�f�z		

u�z	
�

Then the map f is critically �nite and either

�a	 f has a superattracting �xed point with a preimage at which f has a di�erent degree�

�b	 f is critically �nite with parabolic orbifold�

�c	 The Julia set J�f	 is a geometric circle and f is biholomorphically conjugate to a
�nite Blaschke product�

�d	 The Julia set J�f	 is a real�analytic closed segment and f is biholomorphically con�
jugate to a ��to�� factor of a �nite Blaschke product�

�e	 J�f	 is totally disconnected and J�f	 is contained in a real�analytic curve with self�
intersections �if any	 lying outside of the Julia set�

After this paper has been submitted for publication we received the preprint ��� where this
theorem has been proved for the measure of maximal entropy and for this measure the
case �a	 was ruled out�
The reader may wish to keep in mind the following examples of Julia sets which are
exceptional in the sense of �b	��e	�

�b	 f is the Latt�es map z �� �z� � �	���z�z� � �	� The Julia set is now the whole
sphere and the map is covered by the conformal Anosov endomorphism of the torus
z �� �� � i	z� So� an invariant vector �eld is is the projection of any constant line
�eld� This projected line �eld is well�de�ned and in fact smooth except at the orblifold
points�

�c	 f�z	 � z� for which e�g� the vector �eld of unit vectors tangent to the unit circle is
invariant�

�d	 f�z	 � z� � �� The Julia set is the interval ���� �� and any constant direction �line	
�eld is invariant�

�e	 f�z	 � z� �
p
�� The Julia set is a Cantor subset of IR and any constant direction

�line	 �eld is invariant�

We note that in the above examples the invariant line �elds are in fact smooth except at
�nitely many points� something like this holds in general and plays a key role in the proof�
a main step is to show that a measurable invariant line �eld can be improved to one that
is smooth on a large set �see Proposition 
	�
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The present result is a strengthening of a lemma in ���� where we showed that in the
special case of hyperbolic rational maps and Hausdor� measure� for a dense G� set in
parameter space� there is no �Hausdor�	 measurable invariant line �eld� That lemma was
then applied in proving the ergodicity of the scenery �ow of the Julia set�

The basic structure of the proof of this theorem is the same as that in the paper ��
��
It consists of several steps� For the �rst one let us recall the notion of good inverse
branches of iterates of f � We work with the natural extension � �J� ���� �f	� Recall that
�J � ffxng�n�� � J�f	 � xn � f�xn��	g and that ��� is the only measure on �J such

that ��� � ��� � �� where � � �J � J�f	 is the projection onto the �th coordinate� The

map �f � �J � �J is then the lift of f � de�ned by the formula �f�fxng�n��	 � ff�xn	g�n���
Fix the numbers L� � � �� Given a ball B centered at a point in J � an inverse branch
f�n� � �B � CI of fn is said to be good if

��	 diam
�
f�n� �B	

� 	 Le��n�

Given � 	 q 	 
 let

CVq �

q�
k��

fk�Crit�f		

be the set of all critical values of f up to order q� where Crit�f	 is the set of all critical
points of f in CI� The following lemma motivated by �
� has been essentially proved in �����

Lemma �� As in Theorem � let �� be the �unique	 equilibrium state for a H�older contin�
uous potential � � J�f	 � IR satisfying P��	 � sup��	� Then for every 	 � � there exists
a number M � � such that if B is an open ball centered at a point of the Julia set and
�B � CVM � �� then there exists a subset �F �		 � ����B	 such that the following three
properties are satis�ed�

�a	 ���� �F �		 � ����A		 � ��� 		���A	 for every Borel set A � B

�b	 for every element fxngn�� of �F �		 there exists ff�nxn
gn��� a compatible sequence of

good inverse branches de�ned on �B �compatible means that f �f��n���xn�� � f�nxn
	 such

that xn � f�nxn
�x�	 for all n � �� �� �� � � ��

�c	 If fxngn�� � �F �		� then for every y � B� ff�nxn
�y	gn�� � �F �		�

In the next step we will �bootstrap the function u� showing that it can be improved� We
know that it is ���measurable� We will show that it has a continuous version� i�e� it can
be changed on a set of measure zero so as to be continuous �while satisfying equation ��		�
Here again f and � satisfy the assumptions of Theorem ��

Our �rst step directly concerning equation ��	 aims to improve the function u� We
shall prove the following�

Lemma �� Assume the same as in Theorem � and Lemma �� Then the function u has a
continuous version on J�f	nCVM and ��	 is satis�ed on �J�f	nCVM 	�f���J�f	nCVM 	�
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Proof� Take for U a ball B centered at z such that �B contains no critical values up to
order M � Consider a sequence ff�nzn

gn��� fzngn��� produced in Lemma �� Then it follows
from ��	 that for all x� y � B and every n � �

u�y	

u�x	
�

�
�f�nzn

	��y	

j�f�nzn 	��y	j
�k



�
�jf�nzn

	��x	j
�f�nzn 	��x	

�k
u�f�nzn

�y	

u�f�nzn �x		

Now� from the strong version of the Koebe distortion theorem there exist a constant K � �
and a function 
 � ��� diam�B	�� ��� K� such that limt�� 
�t	 � � and���� �f�nzn

	��y	

�f�nzn 	��x	
� �

���� 	 
�jx� yj	

for all x� y � B� Hence ���� j�f�nzn
	��y	j

j�f�nzn 	��x	j � �

���� 	 
�jx� yj	

and since

�f�nzn
	��y	

j�f�nzn 	��y	j 

j�f�nzn

	��x	j
�f�nzn 	��x	

� � �

�
�f�nzn

	��y	

�f�nzn 	��x	
� �

�
�

� j�f�nzn
	��x	j

j�f�nzn 	��y	j � �

�

�

�
�f�nzn

	��y	

�f�nzn 	��x	
� �

�


� j�f�nzn

	��x	j
j�f�nzn 	��y	j � �

�
�

these two estimates give us���� �f�nzn
	��y	

�f�nzn 	��x	

 j�f

�n
zn

	��x	j
j�f�nzn 	��y	j � �

���� 	 �
�jx� yj	 � 
��jx� yj	 	 �
�jx� yj	�

Since j�� � z	k � �j 	 �kjzj for every z � CI of su!ciently small modulus� we therefore
conclude that

��	

�����
�
�f�nzn

	��y	

�f�nzn 	��x	

 j�f

�n
zn

	��x	j
j�f�nzn 	��y	j

�k
� �

����� 	 
k
�jx� yj	

provided that jy � xj is su!ciently small�

We want to estimate from above of the number
���u�f�nzn

�y��

u�f�nzn �x��
� �
���� This turns out to be a

delicate matter� we do this only for an in�nite subsequence n�s �which is enough"	 and for
almost all pairs x and y� To show this we begin with two points x� y � B� By properties
�a	 and �c	� ����x	� �F �		 �� � and ����y	� �F �		 �� �� By property �b	 and �c	 there exists
a bijection Hx�y � ����x	 � �F �		� ����y	 � �F �		 given by the formula

Hx�y�fxngn��	 � ff�nxn
�y	gn���

Let f�x � x � Bg be the system of conditional measures of the measure �� on the leaves

����x	 � �F �		� x � B� We shall prove the following�

Sublemma� For ���almost all x� y � B� Hx�y maps the measure class of �x onto the
measure class of �y�

�



Proof� First observe that there exists a constant C � � such that for all �x � �F �		� all
y� z � B and all n � �

��	

������
nX
j��

� � f�jxj
�y	�

nX
j��

� � f�jxj
�z	

������ 	 C�

Indeed� let � � � be a H�older exponent of � and let H be a H�older constant� Using ��	 we
therefore get������

nX
j��

� � f�jxj
�y	�

nX
j��

� � f�jxj
�z	

������ 	
nX
j��

���� � f�jxj
�y	� � � f�jxj

�z	
���

	
nX
j��

H
���f�jxj

�y	� f�jxj
�z	
��� 	 H

nX
j��

�Le��j	�

	 HL�
�X
j��

e���j � HL�
e���

�� e���
�

Thus the proof of formula ��	 is complete� Applying some appropriate results from ��� we
conclude that there exists a constant Q � � such that for all �x � �F �		� all n � � and all
Borel sets A � B

Q�� exp

�
	 nX
j��

��xj	� P��	n



A���A	 	 ���f

�n
xn

�A		 	

	 Q exp

�
	 nX
j��

��xj	� P��	n



A���A	��
	

Given now an element �x � ����x	 � �F �		 and an integer n � � de�ne the cylinder set

�x�� x�� � � � � xn� �� f�z � ����x	 � �F �		 � zj � xj ���j�ng�

Note that �x�� x�� � � � � xn� is independent of coordinates of �x larger than n� Now� us�
ing the property �c	 of Lemma � we see that for ���a�e� x � B and for every cylinder

�x�� x�� � � � � xn� � ����x	 � �F �		

�x��x�� x�� � � � � xn�	 � lim
r��

��
�
f�nxn

�B�x� r		

��������B�x� r		 � �F �			
�

Applying property �a	 of Lemma � and �
	 we therefore get

Q�� 	 �x��x�� x�� � � � � xn�	

exp
�Pn

j�� ��xj	� P��	n
� 	 Q

�� 	
�






Hence� for ���a�e� x � B and ���a�e� y � B

�� 	

Q�
exp
� nX
j��

��xj	� ��yj	
� 	 �x��x�� x�� � � � � xn�	

�y�Hx�y��x�� x�� � � � � xn�		
	 Q�

�� 	
exp
� nX
j��

��xj	� ��yj	
�
�

where yj � f�jxj
�y	� � 	 j 	 n� and� let us recall Hx�y��x�� x�� � � � � xn�	 � �y�� xy� � � � � yn��

So� applying ��	 we conclude that

�� 	

Q�
e�C 	 �x��x�� x�� � � � � xn�	

�y�Hx�y��x�� x�� � � � � xn�		
	 Q�

�� 	
eC �

Therefore� the Sublemma is proved�

Now� in order to conclude the proof of Lemma � notice that by Luzin#s theorem there exists
a compact set G � J�f	 such that ��G	 � ��� and �jG is continuous� hence uniformly
continuous� In view of Birkho�#s ergodic theorem there exists a Borel set �F��		 � �F �		
such that ���� �F��			 � ���� �F �			 and for all �z � �F��		

�
	 lim
n��

$f� 	 j 	 n� � � �f�j��z	 � ����G	g � �����
���G		

n
� ���G	 �

�

�
�

Since ���� �F��			 � ���� �F �			� for ���a�e� x � B� �x� �F��		 � ����x		 � �� It then follows
from the Sublemma that for ���a�e� y � B�

�y� �F��		 � ����y	 �Hx�y

�
�F��		 � ����x		

�
� ��

So� for any such a pair x� y � B there exists at least one point �z � �F��		 � ����x	 such
that Hx�y��z	 � �F��		 � ����y	� By �
	 there then exists an increasing to in�nity sequence

fnjg�j�� such that for every j � �� both �f�n��z	� �f�n�Hx�y��z		 � ����G	� This implies that

fznj �x	 � znj � �� �f�n��z		 � G and fznj �y	 � ��� �f�n�Hx�y��z			 � G� where fzn � �B � CI�

n � �� are good inverse branches� Therefore� using ��	 and uniform continuity of ujG we

conclude that lim supj�� ju�f�njznj
�y		 � u�f

�nj
znj

�x		j � �� Using this� ��	� and letting in

��	� n � nj �
� we obtain

����u�y	u�x	
� �

���� 	 
k
�jx� yj	�

Since limt�� 
�t	 � �� the proof of the �rst part of our lemma is �nished� The second
part is now an immediate consequence of the �rst part� formula ��	� and the fact that the
topological support of �� is the whole Julia set J�f	�

From now on �x

��	 � � 	 � Q�� exp�inf��	� P��		�






We now want to produce extensions of u on some neighborhoods of points in J�f	 nCVM

and we want these extensions to satisfy the cohomological equation of Theorem �� We
begin with the following�

De�nition �� Let �Jb � �J be the set of all sequences �x � fxng�n�� � �J such that
x� �� CV�� fxng�n�� has at least one accumulation point in J�f	 n CVM and such that
there exist two open connected sets U � U � V with x� � U such that the inverse branches
f�nxn

of fn sending x� to xn are de�ned on V for all n � �� Then by B��x	 we denote the
maximal open ball centered at x� such that all the inverse branches f�nxn

are well�de�ned
on �B��x	�

It immediately follows from this de�nition that if �x � fxng�n�� � �Jb� then �f����x	 �
fxn��g�n�� also belongs to �Jb� Our next step is to prove the following�

Lemma �� Let u � J�f	nCVM � S� be a continuous function that satis�es the following
cohomological equation�

�
f ��z	

jf ��z	j
�k

�
u�f�z		

u�z	
for all z� f�z	 � J�f	 n CVM �

Let �x � fxng�n�� � �Jb and let U be one of the neighborhoods of x� considered in De�ni�
tion �� Then the formula

u�x�z	 � u�x�	
�Y
j��

�
f ��f�jxj

�z		

jf ��f�jxj �z		j

�
f ��xj	

jf ��xj	j


k

� u�x�	 lim
n��

�
�fn	��f�nxn

�z		

j�fn	��f�nxn �z		j
�

�fn	��xn	

j�fn	��xn	j
�k

��	

de�nes a real�analytic function from U to S� which coincides with u on J�f	 � U n CV��
is independent of U �in the sense that if U � is another set with the properties required
above� then the corresponding extensions agree on the intersection U �U �	� and such that
if �y � �f����x	 then

�
f ��z	

jf ��z	j
�k

�
u�x�f�z		

u�y�z	
for all z � f��x�

�B��x		�

Proof� Let V be the set produced along with U in De�nition �� In order to check
that the limit in ��	 exists� notice �rst that the family ff�nxn

� �B��x	 � CIg is normal

by Montel#s theorem �cover V by countably many open balls so small that the sets CI nB
contain at least one periodic orbit of period � �	� Additionally� limn�� diam�f�nxn

�B		 � �
since x� � J�f	� Therefore� looking at the second formula de�ning u�x �partial products	�
applying the chain rule and the stronger version of Koebe#s distortion theorem we conclude
that the partial products of the product de�ning u�x form a Cauchy sequence� Then

�



independence of u�x on U is obvious� The cohomological equation claimed in the lemma is
an easy calculation based on ��	 and we have only left to demonstrate that u�x coincides
with u on J�f	 � B��x	 n CV�� Towards this end� �x �x � �Jb and z � �J�f	 � U	 n CV��
Then there exists a subsequence nl such that xnl converges to a point in J�f	 n CVM �
Since liml�� dist�f�nlxnl

�z	� xnl	 � �� in view of Lemma ��

lim
l��

ju�f�nlxn
�z		� u�xnl	j � ��

Therefore� using Lemma �� and since no points xn� f
�n
xn

�z	 belong to CVM

u�x�z	 � u�x�	 lim
l��

�
�fnl	��f�nlxnl

�z		

j�fnl	��f�nlxnl
�z		j �

�fnl	��xnl	

j�fnl	��xnl	j


k

� u�x�	 lim
l��

�
u�z	

u�f�nlxnl
�z		


 u�xnl	
u�x�	



� lim

l��
u�z	

u�xnl	

u�f�nlxnl
�z		

� u�z	

and the proof of Lemma 
 is complete�

We state now our main technical result�

Proposition 	� Let the functions u�x be as de�ned by ��	� Then �i	 implies �a	 and �ii	
implies �b	� where

�i	 u�x � u�y on B��x	 �B��y	 for all �x� �y � �Jb with x� � y� � J�f	�

�ii	 u�x �� u�y on B��x	 �B��y	 for at least one pair �x� �y � �Jb with x� � y� � J�f	�

�a	 The function u � J�f	 n CVM � S� extends in a real�analytic fashion to an open
connected set G whose complement is contained in a closed countable set contained
in the union of CV� and the set of �at most two	 exceptional points of f � In addition

�
f ��z	

jf ��z	j
�k

�
u�f�z		

u�z	
for all z � G � f���G	�

�b	 J�f	 � fp��	 for some p � � and �� a real�analytic open arc such that � � J�f	 is
an open subset of J�f	� Moreover� all the self�intersections of the set

S
n�� f

n��	 lie
outside the Julia set�

Before proving this proposition let us derive from it the dynamical and structural conse�
quences claimed in Theorem �� The �rst structural consequences of �i	 are the following�

Lemma 
� If �i	 holds then

�a	 If fm�x	 � fn�y	 for some x� y � G� then degx�f
m	 � degy�f

n	�

�b	 If c is a critical point of f in CI and fm�c	 � f�w	 for some w� then w is either a
critical point or w � CV��

�



�c	 The trajectories of all critical points of f are �nite�

Proof� Let q � degx�f
m	� Then there exists an analytic function g de�ned on a neigh�

borhood of x such that g�x	 �� � and on this neighborhood

��	 fm�z	 � fm�x	 � �z � x	qg�z	�

Hence �fm	��z	 � q�z � x	q��g�z	 � �z � x	qg��z	 and therefore

�fm	��z	

j�fm	��z	j �
q

jqj
�
z � x

jz � xj
�q��

g�z	

jg�z	j �O�jz � xj	�

In particular

lim
z�x

�
�fm	��z	

j�fm	��z	j
��

z � x

jz � xj
�q��


�
q

jqj
g�x	

jg�x	j � S��

Let u � G � S� denote the real�analytic function produced in item �a	 of Proposition 
�

Since u�f�z�
u�z� �

�
f ��z�
jf ��z�j

�k
on G � f���G	� we get

�m�

lim
z�x

�
u�fm�z		

�� �fm	��z	

j�fm	��z	j
�k


�
�m�

lim
z�x

u�z	 � u�x	 � S��

where lim�m� means that the limit is taken for z � G � ����G	 � � � � f�m�G	� Combining
these two formulas we conclude that the limit

�m�

lim
z�x

�
u�fm�z		

�� z � x

jz � xj
�k�q���


exists and belongs to S�� And since by ��	

lim
z�x

��
z � x

jz � xj
�q�

fm�z	� fm�x	

jfm�z	� fm�x	j
�

�
jg�x	j
g�x	

� S�

we conclude that the limit

Lm �
�m�

lim
z�x

�
uq�fm�z		

�� fm�z	� fm�x	

jfm�z	� fm�x	j
�k�q���


exists and belongs to S�� Since fm maps a neighborhood of x onto a neighborhood of
fm�x	� we can write

�c�

lim
w�fm�x�

�
uq�w	

�� w � fm�x	

jw � fm�x	j
�k�q���


� Lm�

�



where lim�c� means that w avoids a countable set �in fact in our case the set CI n�����G	�
� � � f�m�G		� Let now s � degy f

n� Similarly we get

�c�

lim
w�fn�y�

�
us�w	

�� w � fn�y	

jw � fn�y	j
�k�s���


� Ln�

for some number Ln � S�� Since fm�x	 � fn�y	� these last two displays imply that

�c�

lim
w�fm�x�

��
w � fm�x	

jw � fm�x	j
�sk�q�����

w � fm�y	

jw � fm�y	j
�qk�s���


� LsmL
�q
n � S��

Let d � sk�q��	�qk�s��	� If d �� �� then there is z � S� such that zd �� LsmL
�q
n � But we

may choose w � fm�x	 such that w�fm�x�
jw�fm�x�j � z� achieving a contradiction which �nishes

the proof of �a	� Let us now demonstrate that �b	 follows from �a	� Indeed� if the forward
orbit of c forms a periodic cycle which is backward invariant� then w belongs to this orbit�
and therefore w � CV�� Otherwise� one can �nd two points x� y � G and integers k� n � �
such that c � fk�x	 and w � fn�y	� Then fm�k�x	 � f��n�y	� and it follows from �a	
that degy�f

��n	 � degx�f
m�k	 � degc f � �� Since degy�f

��n	 � degw f 
 degy�fn	� we
therefore conclude that either w is a critical point of f or w � CVn � CV�� Since f is of
degree � � and the number of critical points of f is �nite� �c	 follows in turn from �b	�

As an immediate consequence of Lemma � we have the following�

Corollary �� If �i	 is satis�ed and if f has no superattracting periodic point with a
preimage at which f has a di�erent degree� then f is critically �nite with parabolic orbifold�

Next we derive some consequences from item �ii	 of Proposition 
�b	� beginning with the
following�

Lemma �� If �ii	 of Proposition 
 is satis�ed and the Julia set J�f	 is not totally discon�
nected� then the Julia set is either a geometric circle and f is biholomorphically conjugate
with a �nite Blaschke product� or the Julia set J�f	 is a closed subarc of a geometrical
circle �considered in CI	 and f is biholomorphically conjugate with a ��to�� factor of a �nite
Blaschke product�

Proof� Let 
 � fp��	 be the curve produced in Proposition 
�b	� Since J�f	 is not totally
disconnected and 
 has no self�intersections in J�f	� at least one connected component of
IntJ�f��
�J�f		 is a non�degenerate segment of 
� Consider one such component and call it
�� By the topological exactness of f � J�f	� J�f	� fq��	 � J�f	� Since � � 
 � fp��	� it
therefore follows from the second part of Proposition 
�b	 that fq��	 has no self�intersection
points� that is J�f	 � fq��	 has only points of topological order 	 �� So� � is either a
simple closed curve or is homeomorphic with the closed segment ��� �� whose endpoints� call
them a and b� satisfy f�fa� bg	 � fa� bg� Suppose �rst that J�f	 � fq��	 is a simple closed
curve �Jordan curve	 and let D� and D� be the two connected components of CI n fq��	�

��



Since fq��	 is obviously recti�able� if f�Di	 � Di� i � �� �� then it follows from Theorem
A of ���� �which includes Jordan curves without parabolic points	 that f is conjugate with
a �nite Blaschke product and the conjugating map is given by a M�obius transformation
�note that � � J�f	 may contain a parabolic �xed point of f	� In particular � � J�f	 is
a geometric circle� If f�D�	 � D� and f�D�	 � D�� then all this holds true for f�� We
therefore may assume that � � �D� � S� and f�S�	 � S�� The classi�cation theorem
of such maps then tells us that f must be a �nite Blaschke product� Suppose now that
fq��	 � J�f	 is a closed interval joining the points a and b� Without losing generality
we may assume that a � �� b � ��� and 
 �� fq��	� Consider a two�sheeted cover of CI
rami�ed over � and ��� given by the map �� where y

��z	 �
z � z��

�
�

Since �����	 is a closed smooth Jordan curve dissecting CI into two topological disks D�

and D� and since �f � a lift of f via �� preserves �����	 � J� �f	� it follows from the previous
case that �f is� up to biholomorphic conjugacy� a �nite Blaschke product� So the proof of
Lemma � is complete� and all the cases �a	%�d	 of Theorem � are taken care of�

If condition �b	 of Proposition 
 is still satis�ed but J�f	 is totally disconnected� then
it immediately follows from Proposition 
�b that item �a	 of Theorem � holds� Thus the
proof of Theorem � is complete� In view of part �e	 of Theorem �� in the case of a totally
disconnected Julia set J�f	 it makes sense to speak of an accumulation point of J�f	 as
being either a one�sided or two�sided accumulation point of J�f	 in the curve fp��	� If
we can describe the nature of one�sided accumulation points in this �totally	 disconnected
case this will help us to better understand the structure of these Julia sets� this is carried
out in the next two lemmas�

Lemma �
� Each critical value �of any order	 of f in J�f	 is a one�sided accumulation
point of J�f	 in fp��	�

Proof� Suppose that w is a critical value of f which is a two�sided accumulation point of
J�f	� Let z � CI and n � � be such that fn�z	 � w and �fn	��z	 � �� But then z � J�f	
and we would need at least two arcs passing through z in order to cover any neighborhood
of z in J�f	� This� however� is a contradiction� since no such point exists�

Lemma ��� Every one�sided accumulation point of J�f	 in fp��	 is eventually periodic�

Proof� Let x be an arbitrary one�sided accumulation point of J�f	 in fp��	� First note
that all the forward iterates of x are also one�sided accumulation points of J�f	� Passing to
a su!ciently high iterate we may assume that ffn�x	 � n � �g contains no critical points
of f � Suppose now on the contrary that x is not eventually periodic� Then the ��limit set
of x is in�nite and therefore there exists y � J�f	� an ��limit point of x which is not a
periodic parabolic point� We have

���	 y � lim
k��

fnk�x	

��



for some sequence fnkg�k�� which is increasing to in�nity� Let �k be the maximal arc
contained in fp��	� �CI nJ�f		 one of whose endpoints is fnk�x	� It follows from ���	 that

���	 lim
k��

diam��k	 � �

and that the arcs �k are mutually disjoint� Since y is not a rationally parabolic periodic
point� the arcs �k do not contain critical values of any order for all k su!ciently large�
say for k � k�� Since x is not a critical point of fnk there then exist for all k � k� well�
de�ned inverse branches f�nkx � �k � ffnk�x	g � CI of fnk mapping fnk�x	 to x� Since
moreover each inverse branch f�nkx extends to an open neighborhood of fnk�x	� f�nkx ��k	
is a real�analytic arc � fp��	 � �CI n J�f		 joining x and some other point of J�f	� Since
x is a one�sided accumulation point of J�f	 in fp��	� this arc is independent of k� Call
it �� and take an arbitrary point z � �� By ���	 and ���	 y � limk�� fnk�z	� Since z
belongs to the Fatou set CI n J�f	� it follows that y must be a rationally parabolic point�
This contradiction �nishes the proof�

Thus we have�
Corollary ��� Each critical point in J�f	 is eventually periodic�

We now turn our attention to the proof of Proposition 
� We precede it with the following�

Lemma ��� If �x � �Jb� �y � �J � y� � U��x	 n CV� and yn � f�nxn
�y�	 for all n � �� then

�y � �Jb and u�x � u�y on U��x	 � U��y	� where U��x	 and U��y	 are the sets U described in
De�nition ��

Proof� Clearly �y � �Jb� In order to prove that u�x � u�y on U��x	�U��y	� take z � U��x	�U��y	�
Since f�nxn

�z	 � f�nyn
�z	� and by Lemma 
 u�x�y�	 � u�y�	� we get

u�x�z	

u�y�z	
�

u�x�	
Q�

j��

�
f ��f�jxj

�z��

jf ��f�jxj
�z��j

� f ��xj�
jf ��xj�j

�k

u�y�	
Q�

j��

�
f ��f�jyj

�z��

jf ��f�jyj
�z��j

� f ��yj�
jf ��yj�j

�k

�
u�x�	

u�y�	


�Y
j��

�
f ��yj	

jf ��yj	j
� f ��xj	

jf ��xj	j
�k

�
u�x��y�	

u�y�	
�

u�y�	

u�y�	
� ��

The proof is complete�

Proof of Proposition 	�a�� Given x � J�f	 n CV� let B�x	 � B�x� ��dist�x�CVM 		�
De�ne

W �
� �

�
B�x	 n

� �

�
B�x	 � �

�

�
B�y	 � Cf����

�
B�z		�

��



where the �rst union is taken over all x � J�f	 n CV� and the second one over all pairs
x� y � J�f	 n CV� such that

B�x	 �B�y	 � J�f	 � ��

for all pairs x� z � J�f	 and all connected components Cf�����B�z		 of f�����B�z		 for
which

B�x	 � Cf����
�
B�z		 � J�f	 � ��

We want to demonstrate �rst that

���	 J�f	 n �CV� � f���CV�		 �W�

Indeed� take w � J�f	 n �CV� � f���CV�		 and suppose on the contrary that w �� W �
This means that either there exist sequences xn � J�f	 n CV�� yn � J�f	 n CV� and
sn � �

�B�xn	 � �
�B�yn	 such that B�xn	 �B�yn	 � J�f	 � � and limn�� sn � w� or there

exist sequences xn � J�f	 n CV�� zn � J�f	 n CV� and tn � �
�B�xn	 � f�����B�zn	 such

that B�xn	 � Cf���B�zn		 � J�f	 � � and limn�� tn � w� where Cf���B�zn		 is the
connected component of f���B�zn		 containing tn� If the �rst possibility occurs� then
passing to a subsequence we may assume that xn � x � J�f	 and yn � y � J�f	� In fact
x� y � J�f	 nCVM since otherwise� if say x � CVM � then limn�� diam�B�xn		 � � which
implies that w � limn�� sn � x � CVM � CV�� Hence lim infn�� diam�B�xn		 � ��
lim infn�� diam�B�yn		 � �� and as sn � �

�B�xn	 � �
�B�yn	 converges to w� we therefore

conclude that w � B�xn	 �B�yn	 for all n large enough� This is in contradiction with the
facts that w � J�f	 and B�xn	 � B�yn	 � J�f	 � �� If the second possibility happens�
then passing to a sequence we may assume that xn � x � J�f	 and zn � y � J�f	�
Similarly as in the previous case x� z � J�f	 n CVM � Indeed� if x � CVM � then as above�
limn�� diam�B�xn		 � � which implies that w � limn�� tn � limn�� xn � x � CVM �
CV�� a contradiction� If� on the other hand� z � CVM � then limn�� diam�B�zn		 � ��
and therefore� w � limn�� tn � f���z	 � f���CVM 	 � f���CV�	� again a contradiction�
Hence lim infn�� diam�B�xn		 � �� lim infn�� diam�B�zn		 � �� and the latter formula
implies that lim infn�� diam

�
Cf���B�zn		

�
� �� Since tn � �

�B�xn	 � Cf�����B�zn	 it
therefore follows that w � B�xn	 � Cf���B�zn		 for all n large enough� This contradicts
the fact that w � J�f	 and B�xn	 � Cf���B�zn		 � J�f	 � �� Thus ���	 is proved�

We now extend u to W as follows� Fix w � W and choose x � J�f	 nCV� such that
w � B�x	� In view of Lemma �� B�x	 � B��x	 for some �x � �Jb with x� � x� Then de�ne

u�x	 � u�x�w	�

In order to check that u is well�de�ned� choose another point y � J�f	 n CV� and �y �
����y	� �Jb such that w � B�x	 and B�y	 � B��y	� Since w �W � B�x	�B�y	��J�f	nCV�	�
there exists s � B�x	�B�y	��J�f	nCV�	� De�ne �a � ff�nxn

�s	gn�� and �b � ff�nyn
�s	gn���

Then by Lemma ��� u�x � u�a on B��x	�B��a	� u�b � u�y on B��y	�B��b	� and� by �i	� u�a � u�b
on B��a	 � B��b	� Thus u�x � u�y on B��x	 � B��y	 � B��a	 � B��b	� and since this intersection

��



is a non�empty �containing s	 open subset of B�x	 � B�y	� we conclude that u�x � u�y on
B��x	 � B��y	� In particular u�x�w	 � u�y�w	�

Our next step is to check that ��	 holds on W � f���W 	� So� �x w � W � f���W 	�
Then there exist x� y � J�f	 n CV� and �x � ����x	 � �Jb� �y � ����y	 � �Jb such that
w � �

�B�x	 � �
�B��x	 and f�w	 � �

�B�y	 � �
�B��y	� By the de�nition of B�y	� there

exists a holomorphic inverse branch f��� � B�y	 � CI of f sending f�w	 to w� In view
of ��	 that is the choice of 	� Lemma �� and �i	 there exists �v � ����y	 � �Jb such that
v� � f��w �y	 and B�y	 � B��v	� We now proceed in a similar way as before� Since w � W
and w � �

�B�x	 � f��v�
� ��B�y		 �where f��v�

� f��w 	� B�x	 � f��v�
�B�y		 � J�f	 �� �� We can

therefore �x � � B�x	 � f��v�
�B�y		 � J�f	 n CV�� De�ne now �� � ff�nxn

��	gn�� and �� �

ff��n���vn�� �f��		gn��� Both ��� �� � �Jb� In view of Lemma ��� u�x � u�� on B��x	�B���	� Since

f��v�
�f��		 � �� it follows from property �i	 of Proposition 
 that u�� � u�� on B���	�B� ��	�

Finally� using Lemma �� with U� ��	 � B��b	 and U� �f����v		 � f��v�
�B��v		� we see that

u��b	 � u �f����v� on B��b	�f��v�
�B��v		� Thus u�x � u �f����v� on B��x	�B���	�B��b	�f��v�

�B��v		�

and since this intersection is an open subset of B��x	�f��v�
�B��v		 containing �� we conclude

that u�x � u �f����v� on B��x	 � f��v�
�B��v		� Therefore� it follows from Lemma 
 and the

de�nition of u that �
f ��w	

jf ��w	j
�k

�
u�v�f�w		

u �f����v��w�

�
u�f�w		

u�w	
�

Hence� ��	 holds on W � f���W 	�
Now� by ���	� J�f	 n W is a compact set contained in the countable set CV� �

f���CV�	� Hence W � J�f	 �� � and we can �nd an open ball B � W and an integer
q � � such thatB�J�f	 �� � and fq�B	 � B� We want to extend u in a real�analytic fashion
from B to CI n�CVl�CV� n J�f	�� where l � qp and p � � is so large that fqp�B	 � J�f	�
The �rst step is to de�ne real�analytic functions un � Bn �� fqn�B	 n CVqn � S�� n � �
such that

unjBn	B � ujBn	B �

So� let U � Bn be the set of all points w � Bn for which there exists an open simply
connected set Sw � Bn such that w � Sw� Sw � J�f	 �� �� and if z � B � f�qn�fwg	� then
f�qnz �Sw	 � B� where f�qnz � Sw � CI is the analytic inverse branch of fqn sending w to
z� Notice �rst that U � �fqn�B	 � J�f		 n CVqn� Hence U �� �� We shall now prove that
U is an open subset of CI� We �x w � U � Since all the analytic inverse branches ff�qn� g
of fqn are well�de�ned on Sw and are �obviously	 continuous� there exists r � � so small
that if v � B�w� r	 and f�qn� �v	 � B� then f�qn� �w	 � B� Therefore� putting Sv � Sw� we
have concluded the proof of the openness of U �

It is a little harder to demonstrate that U is a closed subset of Bn �in the topology
relative to Bn	� Let us consider a converging sequence fwkgk�� of points in U such
that w �� limk�� wk � Bn� We need to show that w � U � First� since w � Bn �
CI n CVqn� there exists R � � so small that all the analytic inverse branches ff�qni gof
fqn are well�de�ned on B�w� r	 and f�qni �B�w� r		 � B whenever f�qni �w	 � B� Take
now k � � so large that wk � B�w� r	� Without loss of generality we may assume that
Swk is the ��neighborhood of an analytic closed arc and � � is so small that the union

��



B�w� r	 � Swk is simply connected� The set B�w� r	 � Swk is our candidate for Sw� And
indeed� we just stated that B�w� r	�Swk is simply connected� Since Bwk�J�f	 �� �� we get
�B�w� r	�Swk	�J�f	 �� �� Suppose now that f�qni �w	 � B� Then f�qni �B�w� r		 � B and
f�qni extends uniquely in an analytic fashion to B�w� r	 � Swk since this union is simply
connected� Since f�qni �wk	 � f�qni �B�w� r		 � B� we conclude that f�qni �Swk	 � B� Thus
w � U � completing the argument that U is a closed subset of Bn� Since Bn is connected
we conclude that U � Bn� In order to simplify notation� for every j � � and every
z �� Crit�f j	 set

&j�z	 �

�
�f j	��z	

j�f j	��z	j
�k

�

Fix now w � Bn and x � B � f�qn�fwg	� De�ne then the function ux � Sw � S� by
setting

ux�z	 � u�f�qnx �z		&qn�f
�qn
x �z		�

We shall demonstrate that if y is another point in B � f�qn�fwg	� then

ux � uy�

Indeed� since Sw is an open set� since J�f	 � Sw �� �� since J�f	 is completely invariant�
and since J�f	 nW is a compact countable set� there exists a non�empty open set H �W
such that

f�qnx �H	 � f�qny �H	 �W � f���W 	 � � � � � f�qn�W 	�

Multiplying formula ��	 by qn we conclude that for every z � H

ux�z	 � u�f�qnx �z		&qn�f
�qn
x �z		 � u�fqn�f�qnx �z		 � u�z	

and that similarly uy�z	 � u�z	� Thus uxjH � ujH � Since H is a non�empty open subset
of an open connected set Sw and since both functions ux and uy real�analytic we therefore
conclude that ux � uy� Hence we can speak about the function uw � ux independent of the
preimage x� We now choose a sequence fwjg�j�� of points in Bn such that Bn �

S
j�� Swj

and we de�ne the function un � Bn � S� by setting

un�z	 � uwj �z	

if z � Swj � In order to check that this procedure de�nes a real�analytic function on Bn�
we need only verify that if z � Swj � Swk � then uwj �z	 � uwk�z	� Choosing two points

x � B � fqn�wj	 and y � B � fqn�wk	� let f
�qn
x � Swj � CI and f�qny � Swk � CI be

the two corresponding inverse branches� Since f�qnx �z	 � f�qnx �Swj 	 � B and f�qny �z	 �
f�qny �Swk	 � B� we conclude that there exist gx � Sz � CI and gy � Sz � CI� two analytic
inverse branches of fqn determined by the conditions gx�z	 � f�qnx �z	 and gy�z	 � f�qny �z	�
Making use of what we have already proved� we write

uwj �z	 � u�f�qnx �z		&qn�f
�qn
x �z		 � u�gx�z		&qn�gx�z		 � u�gy�z		&qn�gy�z		

� u�f�qny �z		&qn�f
�qn
y �z		 � uwk�z	�

�




Therefore� the real�analytic function un � Bn � S� is well�de�ned�
Now for every n � � let�

Wn � �B �W � f���W 	 � � � � � f�qn�W 		 n CVqn �� �

Then Wn has non�empty intersection with the Julia set� It follows from our construction
that ujWn

� ujWn
� Since additionally�Wn � B�Bn is an open set and B�Bn is connected�

we conclude that

���	 unjB	Bn
� ujB	Bn

�

Therefore un��jB	Bn	Bn��
� ujB	Bn	Bn��

� unjB	Bn	Bn��
� Since B � Bn � Bn�� �

fqn�B	nCVq�n��� is a non�empty open set contained in the open connected set Bn�Bn���
we thus get

���	 un��jBn	Bn��
� unjBn	Bn��

�

Suppose now that m 	 n� Since Bm � Bn � fqm�B	 n CVqn � fqk�B	CVqk � Bk� for
every q 	 k 	 n� we conclude by induction from ���	 that the formula

u�z	 � un�z	� z � Bn

de�nes a function from G �
S
n��Bn to S�� Since each set Bn is open� so is G� Since each

set Bn is connected and
T
n�� � B n CV� �� �� G is connected� The function u � G� S�

is real�analytic since all the functions un are and all the sets Bn are open� Suppose now
that z � CI n G and z is not an exceptional point of f � Since

S
n�� f

qn�B	 is equal to CI
minus the set of exceptional points of f � z � fqn�B	 for some n � �� Since z �� Bn� this
implies that z � CVqn� Thus the complement of G is a closed countable set contained in
the union of CV� with the set �at most two	 exceptional points of f � We are left to show
that u � f � u 
& on G � f���G	� Using ���	 we conclude that

��
	 ujG	B � u�

Hence� we have
u � fq � u � fq � u 
&q � u 
&q

on G � f�q�G	 � B � f�q�B	 � f���W 	 � f���W 	 � � � � f�q�W 	� Since fq�B	 � B and
since J�f	 nW is a compact countable set� this last intersection is not empty� Since it is
obviously open� we conclude that

��
	 u � fq � u 
&q

on the connected set G � f�q�G	� Our aim is to replace q by � in ��
	� In order to
accomplish this� let Wc be the union of all connected components of W which intersect
J�f	� We shall �rst show that

���	 ujG	Wc
� ujG	Wc

�

�




We �x a connected component V of Wc� Then V is open and J�f	 � V �� �� Since
fq � J�f	� J�f	is topologically exact� there exists a transitive point w � J�f	�V for fq�
In particular� there exists n � � such that fqn � G�B and� by continuity of fqn there exists
an open ballD�w	 � V centered at w such that fqn�D�w		 � G�B� Take now an arbitrary
point z � D��w	 � D�w	�Wc � f���Wc	 � � � �� f�qn�Wc	�G � f���G	 � � � �� f�qn�G	�
Using ��	 qn times� ��
	 n times� and ��
	� we then get that�

u�z	&qn�z	 � u�fqn�z		 � u�fqn�z		 � u�z	&qn�z	�

Hence� u�z	 � u�z	� Since D��w	 is a non�empty open subset of G � V � this implies that
ujG	V � ujG	V �notice that the intersection G � V is connected	� In conclusion� ���	 is
satis�ed� Applying now ���	 and ��	 we have that for every z � G�f��G	�Wc�f���Wc	

u�f�z		 � u�f�z		 � u�z	B�z	 � u�z	B�z	�

Since this last intersection is a non�empty subset of the connected set G � f���G	� we
�nally conclude that

u � f � u 
B on G � f���G	�

The proof of Proposition 
�a	 is complete�

Proof of Proposition 	�b�� First notice that since J�f	 is a perfect set and since�
by Lemma 
� u�x � u�y on B��x	 � B��y	 � J�f	 n CVM � the set ' � fz � B��x	 � B��y	 �
u�x�z	 � u�y�z	g consists of �nitely many real�analytic curves and isolated points whose
union contains B��x	 �B��y	 � �J�f	 n CVM 	� Let 
 be a connected component of ' which
meets J�f	� By the structure of '� IntJ�f��
 � J�f		 �� �� and therefore there exists an
open real�analytic arc � � 
 such that � � J�f	 is a non�empty open subset of J�f	� By
the topological exactness of f � J�f	 � J�f	 there exists p � � such that fp��	 � J�f	�
This proves the �rst part of Proposition 
�b	� For proving the second part� let us suppose
that z � J�f	 is a self�intersection point of the set

S
n�� f

n��	� Then there would exist
two open arcs ��� �� � � and two numbers m�n � � such that fm���	 � fn���	 � fzg�
Since the map f � J�f	� J�f	 is open and J�f	 is totally invariant this would imply that
fzg � fm�J�f	 � ��	 � fn�J�f	 � ��	 is an open subset of J�f	� This however gives a
contradiction� since J�f	 is perfect� With this observation the proof of Proposition 
�b	
and hence of the whole of Proposition 
 is complete�

Acknowledgment� We are deeply indebted to the anonymous referee whose valuable
comments and suggestions in�uenced and improved our paper considerably�

REFERENCES

��� T� Bedford� A� Fisher� M� Urba(nski� The scenery �ow for hyperbolic Julia sets� Preprint�

��� R� Bowen� Equilibrium states and the ergodic theory for Anosov di�eomorphisms�
Lect� Notes in Math� �

� ����
	� Springer�

��



��� M� Denker� F� Przytycki� M� Urba(nski� On the transfer operator for rational functions
on the Riemann sphere� Ergod� Th� and Dynam� Sys� �
 ����
	� �

��



��� M� Denker� M� Urba(nski� Ergodic theory of Equilibrium states for rational maps� Non�
linearity � �����	� �������

�
� A� Freire� A� Lopes� R� Man(e� An invariant measure for rational maps� Bol� Soc� Bras�
Mat� ��� �����	� �
�
�

�
� N� Haydn� Convergence of the transfer operator for rational functions� Preprint�

��� V� Ljubich� Entropy properties of rational endomorphisms of the Riemann sphere�
Ergod� Th� Dynam� Sys� �� �����	� �
����
�

��� V� Mayer� Comparing measures and invariant line �elds� Preprint �����

��� F� Przytycki� On the Perron�Frobenius�Ruelle operator for rational maps on the Rie�
mann sphere and for H�older continuous functions� Bol� Soc� Bras� Mat� �� �����	� �
���
�

���� F� Przytycki� M� Urba(nski� Fractals in the Plane � the Ergodic Theory Methods�
available on the web�http���www�math�unt�edu��urbanski� to appear in Cambridge Univ�
Press�

���� F� Przytycki� M� Urba(nski� A� Zdunik� Gibbs and Hausdor� measures on repellers for
holomorphic maps� I� Ann� of Math� ��� �����	� �����

�

���� D� Ruelle� Thermodynamic formalism� Encycl� Math� Appl� �� �����	� Addison%
Wesley�

���� M�Urba(nski� A� Volberg� A rigidity theorem in complex dynamics� Progress in Prob�
ability� �� ����
	� �������

���� P�Walters� A variational principle for the pressure of continuous transformations�
Amer� J� Math� �� ����
	� ��������

��
� A� Zdunik� Parabolic orbifolds and the dimension of maximal measure for rational
maps� Inv� Math� �� �����	� 
���
���

��


