HOMOGENEOUS KERNERLS AND SELF SIMILAR SETS
VASILIS CHOUSIONIS AND MARIUSZ URBANSKI

ABSTRACT. We consider singular integrals associated to homogeneous kernels on self
similar sets. Using ideas from Ergodic Theory we prove, among other things, that in
Euclidean spaces the principal values of singular integrals associated to real analytic,
homogeneous kernels fail to exist a.e. on self similar sets satisfying some separation
conditions. Furthermore in general metric groups, using similar techniques, we generalize
a criterion of L2-unboundedness for singular integrals on self similar sets.

1. INTRODUCTION

The singular integrals, with respect to the Lebesgue measure in R?,

1)) = [

f(y)dy

where (2 is a homogeneous function of degree 0 have been studied extensively, see e.g. [St],
being one of the standard topics in classical harmonic analysis. On the other hand if the
singular integral is acting on general lower dimensional measures the situation is much
more complicated even when one considers the simplest of kernels. The topic is deeply
connected to geometric measure theory as it turns out that basic properties of singular
integrals such as boundedness in L? and a.e. existence of principal values depend on the
geometric structure of the underlying measure.

In a series of innovative works, see e.g. [DS1] and [DS2], David and Semmes developed
the theory of uniform rectifiability for the geometric study of singular integrals in R% on
Ahlfors-David regular (AD-regular, for short) measures, that is, measures p satisfying

T'n,

Yol < w(B(z,7)) < Cr" for z € sptp and 0 < r < diam(spt(u)),

for some fixed constant C'. Roughly speaking, given a sufficiently nice kernel £ David and
Semmes intended to find geometric conditions that characterize the AD-regular measures
p for which the singular integrals T}, , are bounded in L*(p). To this end they introduced
the novel concept of uniform rectifiability which can be realized as rectifiability with some
quantitative conditions. Recall that n-rectifiable sets in R? are contained, up to an #H"-
negligible set, in a countable union of n-dimensional Lipschitz graphs. Here H™ stands
for the n-dimensional Hausdorff measure.

When one assumes that the measure p has sufficiently nice structure the situation is
pretty well understood. David in [D1] proved that if p is n-uniformly rectifiable any
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convolution kernel k : R?\ {0} — R such that for all x € R?\ {0},
(1.1) k(—z) = —k(z) and |Vk(z)| < ¢ lz| "7, for j=0,1,2,...

defines a bounded operator in L?*(u). Later on, Tolsa in [T] relaxed the smoothness
assumption up to j = 2. Furthermore Verdera in [V] proved that if the measure p is
n-rectifiable the principal values with respect to any odd kernel satisfying (1.1) exist
[-a.e.

On the other hand, much less is known when one assumes L2-boundedness or ji-a.e exis-
tence of principal values and wishes to derive information about the geometric structure of
. David and Semmes in [DS1] proved that the L*(p)-boundedness of all singular integrals
in the class described above forces the measure p to be n-uniformly rectifiable. Naturally
one might ask what happens if in contrast to the previously mentioned result we only
assume the boundedness of a single operator. Even for the n-dimensional Riesz kernels,
x/|z|"t, x € R?\ {0}, the question, which is frequently referred to as the David-Semmes
conjecture, remains partially unresolved.

In [MMV], Mattila, Melnikov and Verdera settled the David and Semmes question in
the case of the Cauchy transform, that is for n = 1. It is a remarkable fact that their proof
depends crucially on a special subtle positivity property of the Cauchy kernel related to
an old notion of curvature named after Menger. Recently, in a very deep work, Nazarov,
Tolsa and Volberg [NToV], gave an affirmative answer to the David-Semmes conjecture
in the case of the (d — 1)-dimensional Riesz kernels. The conjecture remains open for
l<n<d-1

Very little is known for other homogeneous kernels. In [CMPT] the kernels Re(2)?"~!/|z|*",
2z € C,n € N, were considered and it was proved that the L2-boundedness of the operators
associated with any of these kernels implies rectifiability. Recently in [CP] the aforemen-
tioned result was extended to Euclidean spaces of arbitrary dimension. By now, these are
the only known examples of convolution kernels not directly related to the Riesz kernels
with this property. It is of interest that there exist some examples of homogeneous kernels
in the plane whose boundedness does not imply rectifiability, see [H2] and [JN].

Mattila and Preiss proved in [MP] that the p-a.e. existence of the principal values
of the n-dimensional Riesz transforms implies n-rectifiability. Huovinen in [H1| consid-
ered the vectorial kernels 2?"~1/|z|*" 2 € C,n € N, and proved that the p-a.e. exis-
tence of their principal values implies rectifiability. The same holds true for the kernels
Re(2)*1/]z|", z € C,n € N, considered in [CMPT].

It becomes clear that our knowledge restricts to a few particular examples of kernels.
Our goal in this paper is to prove, under certain restrictions, a general result. The
idea is that given any sufficiently nice kernel it should behave badly on measures with
sufficiently irregular geometric structure. In Theorem 3.5 we prove that given any s-
homogeneous real analytic kernel its principal values do not exist H*-a.e. in C' C R?if C'is
a strongly separated, rotation free s-dimensional self-similar set. Furthermore in Theorem
3.4, without even assuming strong separation for C', we prove that the corresponding
maximal operator is unbounded in L*®(H*|C). As a toy example the reader can have
in mind the action of any kernel of the form P(z)/|z|"™, z € R? where P is an n-
homogeneous polynomial, on the 1-dimensional 4-corners Cantor set in the plane.
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In our proofs we make use of the fact that the zero set of any non-trivial real analytic
function in RY is contained in a countable union of C'! manifolds of dimension at most d—1.
Combined with Mattila’s geometric rigidity theorem for self similar sets, see Theorem 3.2,
it allows us to prove that certain truncated integrals with respect to real analytic kernel do
not vanish on a set of positive H*-measure. A key and novel ingredient in our proof is the
use of ideas and tools from Ergodic theory, especially suitable applications of Birkhoft’s
Ergodic Theorem. To our knowledge this is the first time that Birkhoff’s Ergodic Theorem
is being used in the context of singular integral operators.

Furthermore we use again Birkhoff’s Ergodic Theorem in order to prove a criterion for
unboundedness of homogeneous singular integrals on self similar sets of metric groups.
This criterion was first obtained in [CM], with a quite different argument, under stronger
separation conditions for the similarities. Motivation for the study of singular integrals in
metric groups comes from the study of removable sets for Lipschitz £-harmonic functions
in Carnot groups, where L is the sub-Laplacian. It was proved in [CM] that the critical
dimension for such removable sets in the Heisenberg group H™ is 2n + 1 and the criterion
for unboundedness was employed to prove the existence of removable self-similar sets with
positive and finite H?"*!-measure.

The paper is organised as follows. In Section 2 we lay down all the necessary notation
and definitions regarding self similar iterated functions sytems and singular integrals in the
general framework of complete metric groups. In Section 3 we consider singular integrals
with respect to real analytic kernels in Euclidean spaces. In Section 4 we prove a criterion
for unboundedness of singular integrals on self similar sets of metric groups. Finally in
Section 5 we prove in Euclidean spaces the collection of homogeneous kernels that define
unbounded operators on self similar sets is dense in the C” topology of homogeneous
kernels.

2. NOTATION AND SETTING

Let (G, d) be a complete metric group with the following properties:
(i) The left translations 7, : G — G,

,(x)=q -z, x € G,

are isometries for all ¢ € G.
(ii) There exist dilations §, : G — G, r > 0, which are continuous group homomor-
phisms for which,
(a) 07 = identity,
(b) d(6(x),6,(y)) = rd(x,y) for z,y € G,r >0,
(¢) 0ps = 0y 0 0.
It follows that for all r > 0, §, is a group isomorphism with § ! = (5%.
The closed and open balls with respect to d will be denoted by B(p,r) and U(p,r). By
diam(E) we will denote the diameter of £ C G with respect to the metric d.

Let E be a finite set called in the sequel an alphabet. Without loss of generality we
can assume that £ = {1,..., N} for some N € N. Let

o: EY — EN
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be the shift map, i.e. cutting off the first coordinate. It is given by the formula

o((wn)azy) = (Wni1)niy)-

E* = EOJOE".

For every w € E*, by |w| we mean the only integer n > 0 such that w € E™. We call |w|
the length of w. If v € E*, w € EN and n,m > 1, we put

We also set

wlp, =wy ... w, € E",
Wm,....mtn = Wit - - - Wi, € B,

vw = (1, ..., VW, - .. ) € BN,

V" = (U1, Uy U1, -, Up)) € BT

v =ovv--- € BN,
For every v € E*, we denote the corresponding cylinder by
[v] := {r € EN: Tl = v},
and if A C EN we put
voA={va:aec A}

Let S = {S;}icE, be an iterated function system (IFS) of similarities. This means that

(2.1) d(Si(x), Si(y)) = rid(z,y)

with some r; € (0,1) for all i € E. The self-similar set C' is the invariant set with respect
to &, that is, the unique non-empty compact set such that

c={]Jsi(0).
i€E
We say that S satisfies the open set condition (OSC) if there exists some non-empty
open set O such that
(i) S;(O) Cc O forallie E,
(ii) S;(0)NS;(O)=0foralli#jeE.
If furthermore O N C' # () we say that S satisfies the strong open set condition (SOSC).
Finally S is called separated if S;(C) N S;(C) = 0 for all 4,5 € E with ¢ # j. This
equivalently means that there exists some non-empty open set O satisfying (i) and (ii)

and also (ii) with O replaced by the closure of O.
Given any word w = (wy, ..., w,) € E* we adopt the following conventions:

Sy =Sy, 008, and C, = S,(C).

The periodic points of S are exactly those x € C' such that S, (z) = x for some w € E*.
In this case

{z} = () Sur(C).



We also define the coding map 7 : EN — C by
{m(w)} = N5Z15u, (C).

We denote by H*, s > 0, the s-dimensional Hausdorff measure obtained from the metric
d,ie. for EC G and § >0, H*(E) = sups-q Hj(E), where

In

H3(E) = inf {Z diam(F;)° : E C | E;, diam(E;) < 5} .

It follows by a general result of Hutchinson in [Hut] that whenever S is a finite set of
similarities in R? which satisfies the OSC,

N
0 <H(C) < oo for er =1,
i=1

and the measure H*|C is s-AD regular. Here H®|C stands for the restriction of the s-
dimensional Hausdorff measure on C'. The real number s is frequently called the similarity
dimension of S. In complete metric spaces the OSC does not always imply that the limit
set has positive and finite H* measure. Nevertheless it holds true under some extra
assumptions on the group G, see Section 4.1 for more details. We also remark that if S
is separated it always generates a limit set with 0 < H*(C') < 0.

From now on, unless otherwise stated, we will denote u = H*(C)"'H*|C. Tt follows,

see e.g. [Hut] that
p=pon
where /i is the canonical product measure in EV,
i€k

where ¢; denotes the Dirac measure at ¢ € F.
We will consider the following class of kernels.

Definition 2.1. For s > 0 the s-homogeneous kernels are of the form,

tog) = g0

where ) : G — R is a not identically vanishing, continuous and homogeneous function of
degree zero, where O-homogeneity means that,

Q(6,(z)) = Qzx) for all x € G,r > 0.

1y € G\ {(z,y) =z =y},

The truncated singular integral operators associated to p and k are defined for f € L'(u)
and € > 0 as,

T.()(y) = / k(. 9) f (9)du(y),

G\B(z,¢)
and the maximal singular integral is defined as usual,

T°(£)(x) = sup [T.(N)(@)].
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We say that the principal values with respect to k and p exist for x € spt p if the limit

pv T'(z) := lim k(z, y)du(y)
20 Je\B(z.e)
exists and it is finite.
We also introduce symbolic principal values and symbolic maximal singular integral
operators.

Definition 2.2. Let S be a set of separated similarities and let C' be the corresponding
s-dimensional self similar set. We say that the symbolic principal values with respect to
a kernel k and py = H*|C exist for w € EN if the limit

pVey T'(m(w)) = lim \ k(m(w), y)du(y)
CC’w|k

exists and it is finite.

Definition 2.3. Let S be a set of similarities satisfying the open set condition which
generats a limit set C' such that 0 < H*(C) < oco. We define the symbolic mazimal
singular operator with respect to k and u = H*|C' as

*

T3, (f)(w) = sup k(m(w), y)f(y)du(y)

ey 17 Cuoln \Culn
* du if [gdp <
for f € L'(n). Here we denote [~ gdu = {({9 H ltI{Q ,u oo
otherwise

Remark 2.4. Notice that if S generates a separated self-similar set [ * can be replaced
by [ in the above definition.

3. REAL ANALYTIC KERNELS AND SELF SIMILAR SETS IN R¢

In this section (G,d) = (R% dg), where dg is the Euclidean metric, we focus our
attention on the following class of kernels.

Definition 3.1. For s > 0, we say that k € G, if it is of the form,
Qz —y)

lz =yl

k‘(l’,y) = mERCI\{O}v
where Q : R?\ {0} — R is a non-trivial real analytic and homogeneous function of degree
Zero.

Mattila in [M1] proved the following geometric rigidity theorem for self similar sets.

Theorem 3.2 ([M1]). If S is a set of similarities satisfying the open set condition and
C' is their corresponding s-dimensional limit set then either C' lies on an n-dimensional
affine subspace for some n < d or H*(C N M) =0 for any t-dimensional C* submanifold
M where t can be any number in (0,d).
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If there exists some n € N such that C' C V,, where V,, is an n-dimensional affine
subspace and 0 < H"(C') < oo we will call the self-similar set C' flat. In this case we can
assume that the ambient space is R and it follows that whenever C' is flat it has interior
points and forms a local tiling, see [S1].

We will be interested in non-flat self similar sets whose generating similarities are sep-
arated and do not contain rotations. The latter means that S = {S;}icp, is a set of
similarities of the form

(31) Sz = Tqi e} 57%'
where ¢; € R, 7, € (0,1) and i = 1,..., N. Here as usual §,(z) = rz, z € R% r > 0 and

7,() = ¢+ x, ¢,x € RY, denote respectively the dilations and translations in R

Theorem 3.3. Let S be a set of separated, rotation-free similarities which generates an
s-dimensional self similar set C and a kernel k € G;. Then

(i) the symbolic principal values with respect to k and p = H*|C do not ezist fi-a.e.

in BN,
(ii) the symbolic mazimal operator T, is unbounded in L*(fi).
Proof. Let

01 = Sl(C> == 71'([1])
The function f: (C'\ C1)¢ — R defined by

f(z) = /C\C k(z,y)du(y)

is real analytic in (C'\ C})°. Furthermore f is not identically equal to zero. To see this fix
Yo € C'\ C}. Then there exists zy € 0B(yo, 2 diam(C')) such that Q(xo—1yo) := 1o # 0 and
without loss of generality we can assume that 1y > 0. Hence, there exists some cylinder
[a] such that
Q(xg—y) >0 forall ye C,.
Notice also that for all w € E*, since § does not contain rotations, we have
(3.2) Q(Sy(r) — Su(y)) = Uz —y) for all z,y € R
Therefore,
Qzg — Q(S.(S;! — Sa
o< | =1y [ U5 e0) = 5l
Ca\Sa(C1) |20 — Y C\Cy 1Sa(S51 (20)) — Sa(2)]
_ / Q55" (z0) — 2)
oer 1951 (@) — 2P
= f(S85 " (w0)),
after changing variables y = S,(z). Hence f(S;'(zo)) > 0. Since x¢ ¢ C' it follows that
S (zo) ¢ C and f: (C'\ C1)¢ — R is not identically equal to zero. Let
Zr ={x e (C\C1)°: f(x) = 0}.

It follows by Lojasiewicz’s Structure Theorem, see e.g. [K] , that Z; is a countable union
of real analytic submanifolds whose dimension does not exceed d — 1. Since S is separated

|Saldu(z)

dp(z)
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the limit C' is non-flat. This follows for example from [S1, Corollary 2.3]. We therefore
deduce from Theorem 3.2 that

M(Cl N Zf) =0.

Without loss of generality we can thus assume that there exists some x; € C such that
f(z1) > 0. Hence by the continuity of f there exists some relatively open neighborhood
Ay C Cy of 21 (so u(Ay) > 0) and

(3.3) f(z) >n forall z € A; and some 7 > 0.

The shift o : EN — EY is a measure preserving and ergodic transformation with respect
to the measure fi. Since ji(m~*(A;)) = u(A;) > 0, Birkhoff’s Ergodic Theorem yields

lim — ZXW 1 A1 w)) = la(ﬂ—_1<"41)) >0

n—oo 1

for ji-a.e. w € EN. Therefore if
W = {w € E" : there exist infinitely many k’s such that o*(w) € 77'(4,)},
we see that (W) =1. Let w € W. Let x = n(w), and define
Go={keN:c"(w)ecr(A)}.
Now if k € G, then o%(w) € [1], that is wy,; = 1, and after a change of variables we get

/ k(x, y)dp(y) = / k(z, y)du(y)
(3.4) Cul \Culyyq i, \Cul1

— [ b S ) ).
oGy
Let 2’ = 7(o*(w)). Then
Suly(2') = Suy, (7(0* () = m(w]ko" (w)) = 7(w) = z.

Furthermore by the choice of w and k it follows that 2’ € A;. Hence by (3.3) and (3.4)

Lo k)= [ K, S ) ) ()

Cw\k\cw|k+1

_ QS w\k (') - Sw|k(y)) . BT

B /C\c1 d(Swl ('), Swl, (¥))? (s -1 )" dily)
_ Q' — y)

B oo AT, y)s Ay Y

= f@) >n

Hence we have shown that for ji a.e. w € EN there exists a sequence G, = {k; }ien such
that

(3.5) / k(r(w), y)du(y) > 1.

C“’\ki \Cw\ki-u
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Therefore for fi a.e. w € EY the symbolic principal values fail to exist. Hence we have
proven (i).

For the proof of (ii) let u € E* such that C,, C A; where A; is as in (3.3). We now define
a sequence of maps {®y hren, Pr : R? — RY, by

® <I>() =1d
o &, =S, forall k£ > 1.
We denote

1 = m(u™®) € C,.
Obviously g : C' — R defined by

o(y) = {())(0\01(‘1’1:1(9)) if y € ©4(C) \ ©x(Ch)

otherwise

belongs to L>(u). Then for all m € N,

(3.6) /C \%(Cl)g(y)ks(xl,y) du(y) = ; /@ k(c)\q)k(ol)g(y)k(xhy) du(y)

Using the change of variables y = ®4(z) we have for all k € N

/ o(y)k(ar, y)duly) = / e (B () k{1, y)duly)
D1 (C)\ P, (Ch) @, (C)\?,(C1)

B / Xeves (2)k(@1, Pp(2)) @] dpu(2)
C\C4

_ Q(‘Pk(@]zl(xl)) — ®p(2) ., s .
- /c\cl (@ (o) = Bae)]e |k )

B /c\c k(®, " (21), 2)dp(z)

- / F(z1, 2)du(2)
C\C4
= f(x1) >n

by (3.3) because x; € C,, C A;. Now let M > 0 be an arbitrary number and let m € N
such that mn > M. Then by (3.6) and (3.7),

/ g(y)k(x1,y)du(y) > M.
O\®,n (C1)

(3.7)

By continuity of & there thus exists some m’ > m such that
[ awkdut) >
C\®,,(C1)

for all z € @,,/(C). Therefore we have shown that there exists a word v € EN, which is
just v = u®, such that for all M > 0 there exist my, mo € N, which depend on M, such
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that
(3.8) / g(m(0))k(m(w), 7(0))di(0) > M
EN\[v]m, ]

for all w € [v]ymy4+m,]. Now let
V ={w € EN: there exist n > 0 such that 0" (w) € [V|m,1m,]}-

Applying Birkhoff’s Ergodic Theorem as in (i) we obtain that (V) = @(EY). Let w € V
and let n := n(w) > 0 be such that 6" (w) € [v|m,+m,]. Then using the change of variables
T = w|,0 we get

/“ g(m(o™ (7)) Vh(m(w), 7(7)) dju(r) =
[wn\[w]n+m4]

=/ g(m (0" (w[n0)))k(m(w), w(w[n0))|Syy, |*d(6)

EN\[w‘n ,,,,, n+m1]

:/EN\[I ]g(ﬂw))k(Swln(W(Un(w))?Sw|n(7T(9)))\S{U‘n|sdﬁ(9)

:AWIﬂwmmw%mﬂwww>M

by (3.8) because 0" (w) € [V]m, £m,]- Hence we have shown that for j-a.e. w € EN there
exists some n(w) > 0 such that T} (g oo o™®))(w) > M. Therefore there exists some
no and some B, C EN with fi(B,,) > 0 such that

Ti(gomoa™)(w) > M

for all w € By,. Thus ||T7,(g o ™ 0 ¢™)||Le > M while on the other hand |lg o7 o
0" || () < 1. Since M was arbitrary we have shown that T, is not bounded in L*(f1).

0

The following theorem follows immediately from (ii) of Theorem 3.3 and [CM, Lemma
2.4)].

Theorem 3.4. Let S be a separated and rotation free set of similarities which generates
the s-dimensional self similar set C. If k € G, then the maximal singular integral with
respect to k and p = H*|C is unbounded in L™ ().

We say that a set of similarities S is strongly separated if the corresponding self similar
set C' satisfies

mlg dist(S;(C),C\ S;(C)) > max diam(C}).
1€ 1€
As another immediate corollary of Theorem 3.3, we have the following theorem.

Theorem 3.5. Let S be a strongly separated and rotation free set of similarities which
generates an s-dimensional self similar set C. If k € G, then the principal values with
respect to k and p = H*|C do not exist p-a.e..
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Proof. Since S is strongly separated, for all v = (iy,...,4.) € E,
dist(C,, C, \ Cy) = dist(Sy,_, (53, (C)), Sy, (C\ 83y, (C)))
=Ty o Ty, dist(C,C\ S (O))
(3.9) > Ty o Ty, diam(S;, (O))
= Ty, - - - Ty, diam(C)
= diam(C,).

‘|v|—1

Furthermore C'\ C, = U'v‘ Nes
we get

\ €y, and this union is disjoint. Therefore using (3.9),

|J1

dist(C,, C'\ C) = min dlSt(Cv, Col;r \ Cy,)

J=1,...,]v]

> min dist(Cuy, Gy \ Cop)

> min diam(C,|,)

T =10
= diam(C,).
In particular this implies that for all w € EN and every k € N
U(m(w), diam(Cly, ) N (C'\ Cyy,,) =0
and
p(B(w(w), diam(Cyj, ) = p(Cluj,)-

Hence, as in the proof of Theorem 3.3, by (3.5), for ji-a.e. w € EN there exists a sequence
{k;}ien such that

/ K (), 9)d(y)
B(m(w),diam(C, M\ B(7(w),diam(C,

w‘kz wlki+1 ))
-/ k() y)duy) = 1> 0
Cw\ki \Cw\ki+1
and the principal values fail to exist for all such 7(w). O

4. THE OSC AND SINGULAR INTEGRALS IN METRIC GROUPS

In the context of complete metric spaces Schief proved in [S2] that if S is a set of
similarities as in (2.1) generating the limit set C' and Y.~ 7% = 1 then

i=1"14

(4.1) H(C)>0 = SOSC.

If furthermore the space is doubling, that is there exists some N € N such that for all
and all r > 0 there exist {z;}¥, such that

B(x,r) C U, B(x;,7/2),
Balogh and Rohner proved in [BR] that
(4.2) OSC <= 0<H(C)< .
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We remark that if (G, d) is a locally compact metric group the left Haar measure A on
G is doubling that is, there exist some constant C' such that for all x € G and r > 0,

AN B(x,2r)) < CX(B(zx,r)),

see e.g. [M3, Proposition 2.14]. By an observation of Coifman and Weiss in [CW] the
existence of a doubling measure on G forces the metric space to be doubling. Therefore
whenever S is a set of similarities in a locally compact metric group, (4.1) and (4.2) imply
that

OSC <+ SOSC.

From now on (G,d) will be a doubling, complete metric group with dilations as in
Section 2 and § = {S,...,Sn}, N > 2, will be an iterated function system of similarities
of the form

(43) SZ = Tlh O 5’”
where ¢; € G,r; € (0,1) and i =1,..., N.

Theorem 4.1. Let S be an IFS as in (4.3) which satisfies the OSC and generates an s-
dimensional self similar set C. Let k an s-homogeneous kernel. If there exists a periodic
point T, w € E*, such that x,, € O for some open set O for which S satisfies the SOSC,
and

| Hwint) #0

C\Cuw

then T*(1)(x) = oo for p-a.e. x.

The essential step in the proof of Theorem 4.1 is the following proposition.

Proposition 4.2. Let S be and IF'S as in (4.3) which satisfies the OSC and generates an
s-dimensional self similar set C'. Let k£ an s-homogeneous kernel. If there exists a periodic
point z,,, w € E*, such that

(4.4) /C Mty £ 0

then 77 (1)(v) = oo for fi-a.e. v € EN.

Proof. For simplicity we denote x = z,,. Without loss of generality we can assume that

/ k(z,y)du(y) =n > 0.

C\Cu

Notice that the homogeneity of €2 implies that for all v € E*,

(4.5) Q(S,(2)™" - Su(y)) = Q((Snl...mm (27 y) = Q™! y).

Hence

(4.6) k(Sy(2), Su(y)) = k(, y)(ro, - - v))*.
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Therefore for all k& € N, after changing variables y = S, (2) and recalling that S, (z) = x,

Qe -y)
k(x,y)duyz/ —du(y)
/ka\owarl C i \C yht1 (:L“,y

)
_ Qz= - Sue(2)) . k(s
—/C\C A2 () T Tnwy) ()
«(S,

[ Q@) S
—/C’\Cw (S (S_X(x)), S ( e (Fwy -+ Ty )" dpa(2)
- Q(S;,}(:L') 1 - z) .
/c~\cw A1), 2

Qz71-2) B
/C\cw a2 )
n.

Let M be an arbitrary positive number and choose m; € N such that m;n > M. Then

x,y)du(y / k(x,y)du(y) > M.
/C\Cwml Z wz\cwz+1

Therefore by the continuity of k£ away from the diagonal there exist mo > m;y, such that

(4.7) /C\C k(m(7),y)du(y) > M for all T € [w™?].

Let

A= {v e EY: there exists n € N such that 0" (v) € [w™]}

Then as in the proof of Theorem 3.3, Birkhoff’s Ergodic Theorem implies that fi(A) = 1.
For v € A set

G,={neN: o"(v) € [w™]}.
Then G, # () and for n € G, we have

[ k(o). m(r i) = [ k(o). (7))
[WIn]\[0 ]ty )] [no(BM\[V]n 41

----- ”+m1|w\])

-/ * K (v), 7(r)dji(7).

v]no(EN\[w™1])
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The last equality follows because ¢"(v) € [w™?] and mgy > my. Hence after a change of
variables 7 = v|,,0

/[ () )dplr) = [ blr(w), 7 01a0) (11, D)

[wln]\[V]ntmy )] EN\[w™1]
[ hS (R (), 8, (6)) (1o, )
(4.8) B[]
= [ " @) (0 (0

_ / k(m(a™(v)),y) du(y) > M
C\C\ym1

because 0" (v) € [w™2]. Since M was arbitrary we deduce that for ji-a.e. v € EV

T5,(1)(v) = oo.

Proof of Theorem 4.1. Let X = O. Then there exists ng := ng(w) € N and ¢ := co(w) >
0 such that for all m € N

(4.9) dist (Symsno (X), DSm (X)) > co diam(Sm (X))

To see this notice that as z,, € O there exists r = r,, > 0 such that dist(B(x,,r),0X) > 0.
Therefore there exists some ng := ng(w) € N such that

dist(Symo (X),0X) = dg > 0.
Let ¢y := dydiam™'(X). Then for all m € N
dist (Sym (Swno (X)), Sum (X)) = dist(Sym (Swuno (X)), Sym (9(X)))
= (Fuy - -« Tupy) " dist(Syno (X), O(X)) = (P -+ - Ty,,) " co diam(X)
= ¢p diam(S,m (X)),

and (4.9) follows. Let M > 0 be arbitrary and let my,m; € N be as in the proof of
Proposition 4.2, that is they satisfy (4.7). Let

A" ={v € EY: there exists n € N such that ¢"(v) € [w™"™]}
Then Birkhoff’s Ergodic Theorem implies that fi(A") = 1. For v € A’ set
G ={neN: o"(v) € [wm]}.
Then exactly as in (4.8) we get that for all v € A’ and for all n € G'(v)

N ) = / K(r (o), 7(7)di(r) > M.

[l \[V]ntmy )]

n+m1|w|



15

Lemma 4.3. If v € A" and n € G, then there exists a constant ¢; := ¢(w) such that

/C”'n\c’)'nmlm

where By = B(m(v),2diam(Cy,)) and By = B(7(v), 2 diam(C,
Proof. We have
Ovln \ Ov\n+m1|w\ ( v[n \ B2) ((B2 \ Cv\n+m1|w\) N Ovln)

S Cy,

k(e (v), y)dpy) — / M) p)dnty)

|n+m1|w\ ))

and
Bi\ By = (B1\ (Cy, U Bs)) U (Cy,, \ Ba),
where the unions are disjoint. Hence

/ (r(e) (o) + [ () )dity)
CU‘”\CU‘nﬁ»mﬂw\ Bl\(cv|nUBz)
- / K (v),y)du(y) + / K (v), 9)du(y)
B1\B (B2\Col,p 1 o))l
and so,

k(n(0), y)duy) — /B M) vty

/;1)|n\c1)|n+m1w|

4.11
e < [l 2oy (/ \C d(ﬂ(vLy)‘sdu(yH/ .
Bi\C,,, B2\Cy

= [[@lzo0 o (1 + 12).

For all integers 0 < < m; we have

d(m(v), y)‘sdu(y)>

nt+my |w|

C\Cyyu © U S:@c | S(X)CcX\ Sy, (X
irha R
Hence
dist(7(v), O\ Cy, ) = dist(m(v), X\ Sy, ., (X))
= dist(m(v), DSy, ., (X))
= dist(Suy,, (7(0™(©))), Suf, (DSul, 11 iy (X))
(4.12) = (ro, ... 1y,) dist(m (0" (v)), 05, (X))
= (1o, ... 1,) dist(m (0" (v)), X\ 51 (X))
>c (rvl. .Tvn)dlam( St (C)
= dlam(Svm”wl (@),

where we used (4.9) and the fact that o"(v) € [w™t™] C [wW!T™] as my > my > .
Applying (4.12) for [ = 0 and for [ = m; we obtain that I; + I, < ¢ with some constant
c2 and the lemma follows by (4.11) with ¢; := ¢o||Q] Loo()- O
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Since M was an arbitrarily large number Theorem 4.1 follows by (4.10) and Lemma
4.3. 0J

5. C"-PERTURBATIONS OF KERNELS

Fix r € {0,1,2,...,00}. Let Q : R?\ {0} — R be a non-trivial C" and homogeneous
function of degree zero. Equivalently, and this will be more convenient throughout this
section, ) can be treated as a C" function () from the unit sphere S%! to R. Let F" be
collection of all such Qs. Let & = {S;}icr be a separated IFS consisting of similarities.
Let w € E* be a finite word and let &, be the only fixed point of S,,. As in the previous
sections let s be the similarity dimension of the limit set C'. We shall prove the following.

Proposition 5.1. Let S = {S;}icr be a separated IFS consisting of similarities which
generates an s-dimensional limit set C. For every r € {0,1,2,...,00} and every finite
word w € E* the subcollection F"(w) of F" consisting of all elements §2 such that
Qx — &)

(51) | duw #0

w17 — &l
is open in C° topology, dense in C" topology if r is finite, and in C* topology for every
finite k if r = co. In consequence F"(w) is open and dense respectively in C” topology or
all C* topologies.

Proof. The openess statement is obvious. So, let us deal with denseness. Fix 2 € F". Our

task is to find elements of F" arbitrarily close to €2 in C" topology for which the integral

in (5.1) does not vanish. Fix z € C'\ C,. Define the function H : R?\ {0} — S%~! by

_ T — fw
|z — &ul

Consider U, an open ball contained in S%! such that H(z) € U. Given ¢ > 0, by the C>

version of Urysohn’s Lemma there exists a C* function ¢ : S9! — R such that

H(zx)

ngd—l\U =0, g|U >0,

and all the derivatives of g from order 0 up to r are less than e. Define Q* : R?\ {0} — R
by declaring that Q* = 2 + g. Then

Q*EQ on S*! and O*>Q on U.

/ 2w = Cu) gy £ 0,

\Chw |z — &ul*
we are done; there is nothing to do. Otherwise, Q2* is e-close to € in C" and, as u(H 1 (U)\

Cy) > 0, we get
Joo T 00> [, T ) >0

If

The proof is complete. ([l



17

As an immediate corollary of Proposition 5.1 and Theorem 4.1 we have the following.
Let K" be the collection of s-homogeneous kernels k£ which are C"-away from the origin
and let U" be the subcollection of K consisting of all kernels k& such that 7)(1)(z) = oo
for H*-a.e.

Corollary 5.2. Let S = {S;}icg be a separated IFS consisting of similarities which
generates an s-dimensional limit set C. For every r € {0,1,2,...,00} let K" be the
collection of s-homogeneous kernels k which are C"-away from the origin and let " be
the subcollection of K" consisting of all kernels k& such that T} (1)(z) = oo for H*-a.e
x € C. Then U" is open and dense in the C"-topology of K.
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