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ABSTRACT. For every holomorphic endomorphism f : P¥ — P* of a complex projec-
tive space P¥ k > 1, there exists a positive number x(f) > 0 such that if ¢ : J — R
is a Holder continuous function with sup(¢)—inf(¢) < k(f), then ¢ admits a unique
equilibrium state py on J. This equilibrium state is equivalent to a fixed point of
the normalized dual Perron-Frobenius operator. In addition, the dynamical system
(f, 1) is K-mixing, whence ergodic. Proving almost periodicity of the correspond-
ing Perron-Frobenius operator is the main technical task of the paper. It requires
to produce sufficiently many “good” inverse branches and to control the distortion
of the Birkhoff sums of the potential ¢. In the case when the Julia set J does
not intersect any periodic irreducible variety of the critical set of f, we have that
ky = logd.

1. INTRODUCTION

The thermodynamic formalism for holomorphic endomorphisms of the Riemann sphere
C and Hélder continuous potentials, with sufficiently small oscillation, was originated
in [DU]. The existence and uniqueness of equilibrium states of all such potentials
was proved there, see also [Pr]. The corresponding Perron-Frobenius operator was
shown to be almost periodic and the equilibria were shown to be K-mixing. Later
([DPUJ, [Ha]) more refined mixing and stochastic properties of these equilibria were
established. The natural question then arises about the existence and uniqueness of
equilibria in the higher dimensional case, namely, for complex projective spaces of
an arbitrary dimension. Up to our knowledge, so far, in such generality, only the
case of the potential ¢ identically equal to zero has been treated. The existence and
uniqueness of its equilibria (e. i. the measure of maximal entropy) were proved in
[BD]. Some stochastic properties were established in [F'S], [Br], and [Du]; for related
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topics see also [D1] and [D2]; the expository paper [DS] contains a complete survey
of up to date results.

Our goal in this paper is to build the thermodynamic formalism for all holomorphic
endomorphisms f : P¥ — P* of all complex projective spaces of an arbitrary dimen-
sion k > 1, and, what we would like to emphasize equally strongly, for all Holder
continuous potentials ¢ : J — R, with sufficiently small value (depending only on
the endomorphisms f : P¥ — P* and denoted in the sequel by & ) of their oscillation
sup(¢) — inf(¢). J = J(f) in here and in the sequel, throughout the paper, denotes
the Julia set of the map f : P¥ — P* i. e. the topological support of the measure of
maximal entropy.

Note that in the literature our set J is usually denoted by Ji and it may be
essentially smaller than the set Ji, which is also frequently called a Julia set and
which is defined with use of the standard normality condition.

Our class of potentials is large indeed. It contains the restrictions to J of all Holder
continuous functions ¢ : P¥ — P* such that sup(¢) —inf(¢) < k. As a matter of fact,
if the Julia set J does not intersect periodic irreducible varieties of the critical set of
f, then we can take ks as large as possible, namely equal to logdeg(f). We observe
(see Corollary 4.4) that if k, the dimension of the projective space, is equal to 2, then
this intersection consists of finitely many critical periodic orbits only, whence sy is
easier to estimate.

In order to build the thermodynamic formalism for f and ¢ we, apart from the
methods of algebraic geometry, employ the techniques of ergodic theory, and we cope
especially hard with estimating the distortion of the Birkhoff sums of the potential
¢. This task is entirely absent in the case of the measure of maximal entropy; the
distortion is always zero. For more general potentials, the ones we are dealing with, the
situation is just opposite; the issue of bounded distortion becomes the central issue of
our approach. As a matter of fact, the bounded distortion for, in a sense, most inverse
branches, and the existence of sufficiently many “good” inverse branches, are the two
main tools used to produce upper and lower bounds of iterates of corresponding
Perron-Frobenius operators. This is the main technical theme of the paper. We
would like to mention that in the case of the measure of maximal entropy, this issue
actually trivializes; the function identically equal to one is then a fixed point of the
Perron-Frobenius operator for free.

A basic notion of ergodic theory is that of metric (Kolmogorov-Sinaj) entropy h,(f)
of a probability f-invariant measure. The basic notion of thermodynamic formalism
is that of topological pressure P(¢) = P(f, ¢) introduced by D. Ruelle in [Rul]. We
define them both in Section 2. Their alternative definitions and properties can be
found for instance in [Wa] and [PU]. The formula relating these two, seemingly
independent, concepts is the celebrated Variational Principle stating that

(1.1) P(6) = sup {hu(f) +f ¢du},
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where the supremum is taken over all Borel probability f-invariant measures p. The
measures g for which h,(f) + [ ¢du = P(¢) are called equilibrium states for the
potential ¢. We prove the following.

Theorem 1.1. For every holomorphic endomorphism f : P¥ — P* of a complex
projective space P*, k > 1, there exists a positive number r(f) > 0 such that if
¢ J(f) — R is a Holder continuous function with sup(¢) — inf(¢) < k(f), then
¢ admits a unique equilibrium state pg on J. This equilibrium state is equivalent
to a fixed point of the normalized dual Perron-Frobenius operator. In addition the
dynamical system (f, ug) is K-mizing, whence ergodic. In the case when the Julia set
J does not intersect any periodic irreducible varieties of the critical set of f, we have
that ky = logd.

Due to Yomdin’s work [Yo], the existence of equilibria is true for all C* smooth
endomorphisms of compact differentiable manifolds. In fact, Yomdin proved that the
entropy function is upper semi-continuous. Our proof of existence of equilibria is
entirely different; in particular we do not use upper semi-continuity of the entropy
function. With this respect we prove more than merely the existence. We construct
an equilibrium as a fixed point of the normalized dual Perron-Frobenius operator.
This gives a piece of a valuable information about the structure of this equilibrium
and, along with a detailed analysis of iterates of the Perron-Frobenius operator, allows
us to conclude the uniqueness of the equilibrium. We do it by showing that the topo-
logical pressure function is differentiable. We would like to remark that uniqueness
of equilibria is not in general true, and, without appropriate constrains on the poten-
tials, fails even for so smooth maps as rational functions of the Riemann sphere. The
K-mixing property is due to almost periodicity of the corresponding Perron-Frobenius
operator. We provide a more detailed description of the allowed oscillation k(f) in
Section 2. We also provide sufficient conditions for x(f) to be equal to logdeg(f),
nearly as good as in [DU]. The proof of Theorem 1.1 contains two additional ingredi-
ents we would like to bring reader’s attention to. Firstly, we prove a form of uniformly
subexponentially slow increase of local degrees of iterates of the map f : PF — PF.
This fact, being crucial for our entire proof, is interesting itself, and is related to some
results of Favre ([F1] and [F1]); in fact it generalizes and simplifies one of his main
propositions. Secondly, motivated by the argument of M. Gromov from [Gr], we prove
that the topological pressure is not larger than the logarithm of the eigenvalue of the
dual to the Perron-Frobenius operator. The proof is based on Lelong’s Theorem and
makes extensive use of geometry of projective spaces.

Our paper provides a generalization of corresponding results for the dynamics of
rational maps in P!. Although the formulation of our result is analogous to that
for one-dimensional case, its proof required the development of a new approach, and
several new major ideas appear in our arguments. Firstly, the problem of local degree
is absent in the one dimensional case (it is evident that deg, f™ is then bounded in
J, independently of n). Secondly, we are unable to control the distortion along the
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branches of f~™ defined on balls. Instead, for every pair of points the preimages
are paired in a way which depends of the points chosen and a collection of ”good”
pairs of preimages is then distinguished. This is done by keeping track of connected
components of the preimage of one-dimensional discs under iterates f™ and a careful
choice of "good” components. Surprisingly, in order to estimate the iterates of the
Perron-Frobenius operator, we have to extend our potential ¢ to some neighbourhood
of J and to estimate the Perron-Frobenius operator in this neighbourhood. More sur-
prisingly, in order to prove the crucial inequality P(¢) < log A, we have to extend
the potential properly to the entire projective space P* and to prove the appropriate
estimates for the iterates of the operator acting on the space P* (see Section 7). More-
over, we have to cope with periodic varieties contained in the critical set which may
intersect the Julia set, see Section 4. This is a phenomenon which has no counterpart
in the dimension 1 and this is why we have to estimate separately the part of the
Perron-Frobenius operator acting ”along” such ”critical periodic varieties”. This may
cause the maximal allowable oscillation k¢ to be smaller than log d.

Our paper is organized as follows. In Preliminaries, Section 2, we prove an appro-
priate Holder continuous extension result, and we define topological pressure and
metric entropy. In Section 3, Contracting Inverse Branches, we construct sufficiently
many (as it turns out later in the course of the paper) exponentially shrinking inverse
branches. We refer to them as good ones. In Section 4 we introduce and discuss the
maximally allowed oscillation x(f) for the potential ¢, we introduce the corresponding
Perron-Frobenius operator, we prove the existence of the “geometric” Gibbs state m,
(formula 4.10), i.e. an eigenmeasure of the dual operator, and the corresponding pos-
itive eigenvalue A. In Section 5, Uniform Bounds of Iterates of the Perron-Frobenius
Operator, in a sense a central section of the paper, we establish upper and lower
uniform bounds of iterates of the Perron-Frobenius operator. Section 6, Almost Pe-
riodicity of the Perron-Frobenius Operator, is devoted to proving almost periodicity
of this operator, and its uniform version, needed for the proof of the uniqueness of
the equilibrium state pg. Consequently, we produce a continuous fixed point pg of
the Perron-Frobenius operator, and the f-invariant measure gy = pgmy is our candi-
date for the only equilibrium state of the potential ¢. Based on almost periodicity of
the Perron-Frobenius operator, we establish its spectral properties, and in particular,
we show that its iterates converge uniformly. At the end of this section we deduce
from this convergence of the Perron-Frobenius operator, K-mixing of the dynamical
system (f, ug), whence its ergodicity. We also prove the decay of correlations. In
Section 7, Pressure versus Eigenvalue, developing the idea of Gromov from [Gr|, we
prove equality of the topological pressure P(¢) and the logarithm log A\. Section 8,
Existence and Uniqueness of Equilibrium States, is devoted to proving existence and
uniqueness of equilibrium states. The existence part is done by showing that the
measure [t is an equilibrium state. The idea of the proof of uniqueness is to show
the differentiability of the pressure function and to use the uniform periodicity of the
Perron-Frobenius operator established in Section 6. We may therefore state there the
main result, existence and uniqueness of equilibrium states, of our paper. The last
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section of our paper, Local Degree, contains the proof of uniformly subexponentially
slow grow of local degrees of iterates of the map f : P¥ — PF,

2. PRELIMINARIES

Lemma 2.1. Suppose that (X, p) is a compact metric space and F is a closed subset
of X. If g: F — R is a Hélder continuous function with an exponent o € (0,1), then
there exists a Holder continuous function § : X — R with the same exponent o and
with the following two properties: glp = g, sup(g) = sup(g) and vo(g) < 2v4(9g).

Proof. Let H > 0 be a Holder constant of the function g, i.e. [g(y) — g(z)| <
Hp*(z,y) whenever x,y € F. For every z € X, put

g*<1') = ;g}fr{g(a) + Hpa(l', a>}7

and set

9(x) = g«(x) — Hp"(z, F).
If x € F, then g.(x) < g(x) and p®(z,F) = 0, and consequently, g(z) < g(z).
Also, for every a € F, g( )+ Hp%(z,a) > g(x), and therefore, g.(x) > g(x). Thus

g(z) > g(x). Hence g( ) =g(x ), Wthh means that g|p = g. Now, fix two arbitrary
points z,y € X. Then

g«(z) < 322{9(66) + H(p(a,y) + p(y,z))*} < ;gg{g(a) + H(p"(y,a) + p*(z,y))}
= g«(y) + Hp"(z,y).

Hence g.(x) — g«(y) < Hp*(z,y), and changing the roles of z and y, we get that
192(2) — e ()] < Hp*(z,y). Now, plz, F) < p(z,) + ply, F), and consequently,

p*(x, F) < (p(z,y) + ply, F))=p*(z,y) + p™(y, F).

Thus, changing also the roles of z and y), |Hp“(x, F) — Hp“(y, F)| < Hp“(x,y). So,
|g(x) —g(y)| < 2H p“(x,y), meaning that g is Holder continuous with the exponent a.
Obviously, sup(g) > sup(g). To show the opposite inequality, take an arbitrary z € X
and then take b € F such that p(z, F) = p(z,b). Then g(z) < ¢(b) + Hp“(x,b) —
Hp*(z, F) = g(b) <sup(g). Thus, sup(g) < sup(g). We are done. O

A dynamical system T : X — X is called topologically exact if and only if for every
non-empty open set U in X, there exists j > 0 such that 77(U) = X. Since it is easy
to see that the map f : J — J is locally eventually onto (the union of all forward
iterates of every non-empty open subset of J covers J), and since J is contained in
the closure of repelling periodic orbits, we have the following.

Proposition 2.2. If f : P* — P* is a holomorphic endomorphism, then the dynamical
system f:J — J is topologically exact.
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As we have already explained in the introduction, our main result is related to topo-
logical pressure and Variational Principle. We want to define and formulate them
now. An interested reader is however encouraged to consult [Ru2], [Wal, [Bo] or [PU]
for example, to find a comprehensive treatment of these concepts.

Let us begin with recalling the notion of entropy of a measure-theoretic dynamical
system. Suppose that T': X — X is a continuous map of a compact metric space
(X,d) and that p is a Borel T-invariant probability measure on X. T-invariance
means that if A is a Borel subset of X then u(f~1(A)) = u(A). We call u (or T)
ergodic if the only Borel invariant subsets of T' (i.e. satisfying T~!(A) = A) are either
of measure 0 or 1. Given n > 0 we define the metric d,, on X by setting

dp(2,y) = max{d(T%(z), T'(y)) : 0 < i < n}.

Denote by B, (x,r) the open ball in the metric d,, centered in z and with radius r. If
the measure p is ergodic, then (see [BK]) for p-a.e. point z € X the limit

b (T) = lim lim — 28450 (@ 7))
r—0n—oo n

exists, is independent of z, and this limit is called the (metric) entropy of the system T’
with respect to the measure p. This entropy is denoted by h,(7"). Roughly speaking
it measures the exponential rate of decay of the measure of points that stay e-close to
the point  under forward iterates of f. Usually a different, more classical approach
is undertaken to define the entropy h,(T) (see [Bo], [Wa|, or [PU] for example), the
one chosen here is probably the fastest and, at the same time, it reflects in a better
way, the nature of entropy.

In order to introduce topological pressure, we choose one of the fastest methods,
and simultaneously the one, we will need in Section 7, Pressure Versus Eigenvalue.
For alternative approaches better suited to derive various properties of topological
pressure see also the positions quoted above. Consider a continuous mapping T :
X — X of a compact metric space (X,d) and a continuous function ¢ : X — R,
called, following physical tradition, a potential. Given n > 0 and ¢ > 0, we say that
a subset F' of X is (n,e)-separated if it is separated with respect to the metric d,,,
which means that if x and y are two distinct points of X, then d,(z,y) > €. Fixing
now ¢ > 0 we consider an arbitrary sequence F,(g), n > 1, of maximal (in the sense
of inclusion) (n,e)-separated sets. We then define the topological pressure of the
function ¢ with respect to the mapping 7" as follows

n—1
1 .
P(T, ¢) = lim li —1 E E T’
(T, ¢) = lim imsup — log exp » ¢oT’(x)

e—0
ee 2€F,(e) =0

Topological pressure belongs to topological dynamics, whereas metric entropy is a
notion in ergodic theory. The link joining them is given by the following formula
called the variational principle (see [Bo], [Ru2], [Wal, or [PU] for example), which we



have already mentioned in the introduction.
P(T, ¢) = sup{h,(T) + /(bdu},
o

where the supremum is taken over all Borel probability T-invariant (ergodic) measures
of X.

3. CONTRACTING INVERSE BRANCHES

Keeping f : P* — P¥ a holomorphic endomorphism, let Crit(F) be the set of all
critical points of f, i. e. the set of such points z € P* that deg, f > 2. We need the
following definition.

Definition 3.1. Given an integer n > 1 the periodic critical set A, is the union of
orbits of all irreducible varieties, that are contained in the critical set and are periodic
under an iterate f with some I < n. In particular, an orbit of a critical periodic point
of period | < n is in the critical periodic set A,,.

For all positive integers n and p such that n > p let EL be the set defined as follows.

Definition 3.2. E¥ is the set of all points © € P* for which there exists a non-negative
integer i <n — 1 such that f'(x) € A,.

Our main result concerning the behavior of the local degree is the following.

Proposition 3.3. For every 3 > 0 there exist p = p(5) and N = N(f3) such that for
every n > N and for every x ¢ Eh we have

#{j <n:fi(zx)€C} < pn.

Because of the very technical and combinatorial nature of the proof of this propo-
sition, and to focus first on the main stream of arguments, we decided to move our
presentation of this proof to Section 9, the last section of the paper.

Now, take v € (0,1). It follows from Proposition 3.3 that there exist two least integers
q1(7) and g2(7) such that if ¢ > g2(g), z € P¥, j > ga(g), and f7(2) ¢ Ag,(4), then

(3.1) deg.(f7) <~77.

Let us record the following obvious observation.
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Lemma 3.4. The two functions (0,1) > v — q1(7), q2(7) are weakly increasing,
the function (0,1) > v+ Ay, () s weakly ascending, and, consequently, there exists
v« € (0,1) such that these three functions are constant throughout the interval (0, y).

Put

Ay = Agi(y)-
We normalize the Fubini-Study metric p on P¥ so that the area A of any ball of radius
1 on a projective line is equal to 1. We will need in the proof of Lemma 3.6 the fact
easily following from Lelong’s Theorem ([La], Theorem I1.3.6 or [McM], Theorem 2.45)
and homogenuity of complex projective spaces.

Theorem 3.5. There exists a constant ¢ > 0 such that if x € P¥, 0 < R <
2diam,(P¥), and X is a 1-dimensional closed complex variety contained in B(x, R),
then

Area(X N B(z,R)) > ¢ 1r2.

For any two distinct points a, b € P* denote by I, » the projective line passing through
a and b. Our main (technical) result in this section is the following.

Lemma 3.6. For every v € (0,1), every integer s > 1, every integer ¢ > qa2(7),
and every n > 0 there exists R(n) = R(v,s,q;n) € (0,1) such that for every z €
Pk \ B(Ay,n) there exists a dense subset D(z) = D(v,s,q,m;2) of B(z, R(n)) C P
such that for every & € D(z) and for all n > s, there exists a family Wy (q,n, 2,§) of
connected components of f~9"(B(z, R(n)) NI, ¢) with the following properties.

(an) If V € Wiii(q,n, 2,€), then f1(V) € Wa(q,n, 2,8).

(bn) max{diam (V) : V'€ Wi (g1, 2,)} < 4"/

(cn) If n > s, then

#(Zn(q., 2,6) \ Walg, 2,6)) <77 (dey 39" 4 (k — 1) g) - Daln+),

where Zy,(q,n, z,&) is the family of all connected components of all the sets of
the form f~UV), where V.€ Wy_1(q,m,2,£) (c > 0 is the constant coming
from Theorem 3.5).

(dy,) For every n > s and every V€ Wy(q,n, 2,£), we have VN f9(Crit(f9)) = 0,
and f1"| g is at most v~ %1-to-1.

Proof. In virtue of (3.1) there exists R(17) > 0 so small that if z € P*\ B(A,,n),

x € f759(2), and if V/ is the connected component of f~5¢(B(z, R(n))) containing z,
then

(32) deg(f*v;) <~
and
(3.3) diam(V/) <~4%? and A(V!) < (4¢)" 1%,
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Since dim(Crit(f)) = k — 1, deg(Crit(f)) = (k — 1)%*!, and since for every projective
line T and every [ > 0, deg(f4(T")) = d*~Y!, using Bézout’s Theorem, we deduce
that there exists D(z), a dense subset of B(z, R()), such that for all & € D(z) and
for all [ > 0, we have

(3.4) H(Crit(f) N F(ae)) = (k — 1) 1ak=DL,

We shall first construct the sets W/ (q,n, f) and Z/(q,m,2,£), n > s, recursively
such that the conditions (a,), (8),), (c;l), and (d,) are satisfied. The condition (])) is
in here the following.

() V'€ Wl(q,m,z &), then Area(V') < y"H245 /4c,
and (c},) is the same as (¢,) with the number y~5¢ disappear. We start the recursion
by putting

Wila,n, 2,6) = Z(a,n, 2,€),

where Z!(q,n, z,§) is defined to consist of all connected components of all sets of the
form f~%4(B(z, R(n))ﬂl}@. Now assume that for some n > s the family W), (¢, 7, z,§)
has been constructed so that condition (b)) is satisfied. The inductive step is to
construct the family W) _ (¢, 7, z,€) so that the conditions (ay), (b),,;), (¢n+1), and
(dns1) are satisfied. The family W) (g, n, z,&) is defined to consist of all connected
components V' of all the sets f~9(G) with G € W) (¢, n, z,§) for which

q
(3.5) Area(V') < (40) 1y F25 and V0 | f/(Crit(f)) = 0.
j=1
Conditions (a,) and (b)) are then automatically satisfied as well as the first part
of (dpy1). If n = s, then f2°|y is at most v~ *9-to-1 by the choice of R(n), 50 (dny1) is
verified. In order to prove (¢}, ), let us first estimate from above #(f —a( (T, )N
FI(Crit(f)) for all j = 1,2,...,q. Indeed, if z € f~9"F(T, () N f7(Crit(f)), then
x = fi(c;) with some ¢, € Crit(f). Thus ¢, € f~4*+DH)(T, ), and since the
function = — ¢, is 1-to-1, we conclude from (3.4), that
#(f—q(n—i-l)(rzé) N fﬂ(Cmt(f))) < (/{7 _ 1)d+1d(k:—1)q(n+1)+j) < (k: _ 1)d+1d(k—1)q(n+2).

Hence,

#(f~ a(n 1) (p U f7(Crit(f (f) < (k- 1) gak—1a(n+2)
7=1
Thus, the number of elements from Z/,(q,n, z,£) that fail to satisfy the second condi-
tion of (3.5), is bounded above by (k—1)%1qd(*=1a("+2) Since Area(f~9" (T, ¢)) =
d=1Da(+1) the number of elements from Z/ n1(q,m, 2,€) that fail to satisfy the first
condition of (3.5), is bounded above by

467—(n+1)—2qd(k—1)q(n+1) < 40,7—3q(n+1)d(k—1)q(n+1).

Thus the condition (c), ;) for W’ and Z’ is established, and the inductive construction
of the families W}, (¢, 7, 2, §) and Z},(q, 1, 2, €) satisfying conditions (ay),(b},), (¢s), and
(dy) is complete. Now, decreasing R(n) appropriately (the smaller radius will be
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called R(7)) we shall check that condition (b,) also holds. Let 0 < R(n) < R() be
sufficiently small as specified later in the course of the proof. For every n > s define
Wy (q,m, 2, &) to consist of all connected components V' of all elements of W), (q,n, 2, &)
intersected with f~9"(B(z, R(n))NT,¢). Since each element of W) (q,7,2,£) contains
at least one and at most v~*¢ elements of W, (q,n, z,§), item (¢,) follows immediately
from the corresponding statement for W),. Conditions (a,) and (d,) also follow from
corresponding statements for families W),. We are to show that (b,) holds. We shall
specify the value of R(n) at this step. First, fix a positive integer

sq
M >4 | T.en | F(Crit(f))
j=1

Then fix an integer a > 1 such that v*?loga > 1, and let 0 < R(n) < R(n) be so
small that
0< f?(ﬁ) < g-+1)
R(n)

Now, for all p=0,1,..., M, consider the annuli

A, = (B(z, a?™ ' R(n)) \ B(z, apR(n))) NI e

By the choice of M, there exists at least one annulus in this collection, that does
not intersect the set (Ji_; f7(Crit(f)). Let us keep the notation A, for this specified
annulus. Set
D' =B(z,R(n))NT.¢, D= B(z,R(n))NT,g¢,
D, = B(Z, apR(n)) N FZ,E: Dy = B(Z> GPHR(U)) N Fz,{

(so D C Dy C Dy C D). As above, let V € W, be a connected component of
f79(D). Then, let V; be the connected component of f~9"(D;) containing V, let V5
be the connected component of f~7"(D5) containing Vi, and, as above, let V/ be the
connected component of f~7(D’) containing V5 (thus V. C Vj € Vo C V’). Clearly,
VN 7" (Ap) is a union of at most y~9* of some annuli, say, A}, the modulus of each
annulus A;- is bounded below by ~v%°loga, and, after appropriate rearrangement of
indices 7,

o\ Wi = 4,
j=1

with some m < y7%1. Since the modulus of every annulus A; in V5 \ V1 is larger than
Y% loga > 1, we have

1>

1 B inf? {length,,(1)} - length? (1)
mod(A7) — P\ Areay(4) = Arca(4))’

where the supremum is taken over all measurable Riemannian metrics on A;- and the
infimum is taken over all closed piecewise-smooth curves that separate both compo-
nents of the boundary of A. The values length(l) and Area(A}) respectively denote
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the length and the area calculated with respect to the Fubini-Study metric. Thus for
every annulus A;- there exists a curve [; in this family such that

length(l;) < |/Area(A;) < V/Area(Vs) < v/Area(V').

We claim that this implies the following.
(3.6) diam (V) < 2v/cy/(Area(V’)) v~ 9.

Indeed, one can enlarge V; so that the boundary of this modified domain is exactly
the union of curves ly,...[,,. Let us keep the notation V; for this modified domain.
Put Q = v/cy/Area(V'). Then consider the following two cases. Either

(a) there exists x € V; such that d(x,l;) > @ foralli=1,...,m.
or
(b) for every = € Vj there exists I, € {l1,...,ln} such that d(z,l;) < @ .

In the case (a), take x € Vi, satisfying (b), and let
U:=ViNnB(z,Q) C B(z,Q).
Then U is a closed algebraic variety in B(z, Q) and, using Theorem 3.5, we get

Area(U N B(z,Q)) > %QQ.

But Area(U N B(z,Q)) < Area(V’) = 1Q2. This is a contradiction implying that the
case (a) never occurs. In the case (b) we get that

=1 1=2

Since the set Vi is connected and both sets in the above union are open, they must
intersect, say B(l2,Q) N B(l1,Q) # (0. Thus, proceeding by induction and after
permuting the sets B(l;, Q) if necessary, we can require that

J

B(ljy, QN B, Q) #0

i=1
Therefore, if x € B(l1,Q) and y € B(l;, Q) then dist(x,y) < jQ + jsup,;{length(l;)}.
This implies that

diam(V1) < m@Q +msup{length(l;)} < 2v/c\/Area(V’)y~%.

As V C V', the formula (3.6) is thus proved. But, by our condition (b/,) on the area
of V', we can now write

. VI e om
dlam(V)SZﬁ\/an = 3.

So, (by) is established and we are done. O




12 MARIUSZ URBANSKI AND ANNA ZDUNIK

We would like to note that, although we do not use explicitly in the above proof the
geometric distortion lemma from [BD], this lemma has motivated our approach here.
We directly used Lelong’s inequality instead.

4. POTENTIAL’S OSCILLATION

For every v € (0,1) let
AJ7ry = A7 nJ.

Since the Julia set J is backward and forward invariant and since the set A, fails to
be backward invariant, there exists a least integer ¢3(y) > 1 such that

(4.1) deg(qu(v)’AM) < dBME _ 1

Note that like ¢; and g2 the function g3 : (0,1) — N is weakly increasing and is
constant throughout the interval (0,+,). For every v € (0, 1) set,

1
(4.2) g, = max {qgw) log, (deg(fq3(7)|AM)> ke — 1} < k.
Now, for every k € (0,logd) let
1
(4.3) Vi = €Xp <5(I€ —log d)) .

It then follows from above that the function (0,logd) 3 k — g, is weakly increasing
and takes on a constant value (in (0, %)) throughout the interval (0,log(dvy2)). Con-
sequently, the function (0,logd) > k — k — g, is weakly decreasing and takes on a
constant value (in (0, %)) throughout the interval (0,log(dv%)). Now we can define
the maximal oscillation of our potentials. Namely,

(4.4) ky :=sup{k € (0,logd) : (k — g,)logd > k} € (0,logd]
and

. N _
(4.5) gr =k o d €k—1,k).

Let us record now the following obvious observation.

Lemma 4.1. If AynJ =0 for all ¢ > 1, then
(4.6) Ky = logd.

Sticking to this issue, we would like to discuss at this moment the case when the
dimension k£ = 2. Although then the set A;N.J does not have to be empty, nevertheless
the task to estimate sy reduces to looking at finitely many periodic points only.
Indeed. we recall the following lemma from [FS] (Lemma 7.9).
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Lemma 4.2. Suppose that g : P> — P? is a holomorphic map of degree d and that
g maps a compact complex hypersurface Z into itself and that Z is contained in the
critical set of g. Then

dist(f(z), Z) = o(dist(z, Z)).
We shall prove the following.

Lemma 4.3. Suppose that g : P> — P2 is a holomorphic map of degree d. If D C C
is an irreducible component of the critical set C, and D is periodic under f (f'D = D
for somel > 1), then D does not intersect the Julia set J.

Proof. Indeed, let z € J and let U be an arbitrary neighborhood of z. It then follows
from the construction of the maximal measure in [BD] that | J,,~o f"(U) = P?\ E where
E is a (possibly empty) exceptional set, i.e. the largest totally invariant algebraic
subset of the critical set. Applying Lemma 4.3, we conclude that if D is a periodic
irreducible component of the critical set C' then there exists a neighborhood of D
which is mapped into itself under f!. Therefore, D N J = (). We are done. O

For every periodic point z of f let p(z) > 1 be the least integer such that fP*)(z) = z.
Denote by Per(f) the set of all periodic points of f. As a corollary of Lemma 4.3 we
get the following.

Corollary 4.4. If f : P2 — P? is a holomorphic map of degree d, then the set
W:={z:deg, f >d} ={z:deg, f >d+1}
1s finite and
1
> 2logd — log d — logdeg, (fP&)) 4 4.
Ky > 2log HMX{C% kewggﬁﬁmJ{p@)ogfﬂxf )}}

In particular, if W N J =0, then k5 =logd.

As was indicated in the introduction, our general assumption is that ¢ : J — R is a
Holder continuous function and

(4.7) sup(¢) — inf(¢) < Ky.

Let us take the first fruits of this assumption. First of all fix two positive numbers «
and [ such that

(4.8) sup(¢) —inf(¢) < a < B < Ky.
Set
(4.9) -2y
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We consider the dynamical system f : J — J. Let C(J) denote the Banach space
of all complex-valued continuous functions on J endowed with the supremum norm.
For every g € C(J) define Lyg by the formula

Log(z)= > " g(x),
z€f~1(2)
where the inverse images of critical values of f are counted with multiplicities. Then
Lyg € C(J) and the linear operator Lyg : C(J) — C(J) is bounded. Ly is called the
Perron-Frobenius (transfer) operator associated to the potential ¢. Now consider the
dual operator L : C*(J) — C*(J) defined by the formula £3(g) = p(Leg). Let M,
be the set of all Borel probability measures on .J. The map
c*
£¢N(]1)

1 € Mg,

is well-defined and continuous. Since M} is convex and compact (in the weak-* topol-
ogy), this map has a fixed point in virtue of Schauder-Tichonov Theorem. Denote
this fixed point by m, and set A = Lymy(1). Then

Hence, using (4.7), we get

A= / Lylldmy = / > e @dmy > / d* exp(inf(¢))dmy = d* exp(inf(¢))

z€f=1(z)
= exp(klogd + inf(¢)) > exp(sup(¢) — a + klogd).
Equivalently,
(4.11) sup(¢) —log A < a — klogd.
Therefore,
(4.12) B —logd+log A —sup(¢) — (k—1)logd. > 8 —a =26

Since the Julia set J is completely invariant, iterating (4.10), and making use of the
topological exactness of the map f: J — J (Theorem 2.2), we obtain the following.

Proposition 4.5. The measure mg is positive on non-empty open subsets of J; in
other words, supp(mg) = J.

5. UNIFORM BOUNDS OF ITERATES OF THE PERRON-FROBENIUS OPERATOR

Consider the number 73 as defined by formula (4.3). In view of (4.12) and (4.3) there
exists ¢ > max{qi(v3), 92(78),q3(73)} so large that for all ¢ > ¢, and all n > 1, we
have
(5.1)

WB*Sq (40753(171—}—(/{:—1)11—&-1(]) exp <qn((k;—1) log d+

1
log d+sup(¢)—log )\)> < e,
qn
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We also assume ¢, to be so large that ¢ > g, so large that

(5.2) (1—e )11+ (1 — e 90) LA "9easup(9) gak) =50 < i.
Now set

A, = A,w,

7=A4,0J
and

g* = g’yg'

Now, assume in addition that ¢ is an integral multiple of ¢3(73). Apply Lemma 3.6
with this ¢ and v := 3. By (4.2) there exits A7 > 0 so small that

(5:3)  deg(f7: B(A3. A7) N TU(B(AY.AY) — B(A7.A}) < do*.

Since the Julia set J is backward and forward invariant, there exists Aél) € (0,A7/2)
so small that

(5.4) FTUB(AG, AM)) N B(A, Ay) C B(AS,A),
and then A(?) € (0, Agl)/2) so small that
(5.5) fTUB(A\ B(A7,AN), AP)) N B(AL, A}) C B(A\ B(AG, AD), A /2).

Since {B(AT],A((ID),B(A* \ B(Af},Agl)),Af))} is an open cover of the compact set
A,, there exists A, € (0, A,(IQ)) such that

(5.6) B(A.,20,) € B(Ay, ANy U B(A.\ B(A,, A1), AP).
Fix 7 € R so small that 7 < sup(¢) and
(5.7) A ldkem < e

Define the function ¢, : JUB(A,\B(A%, AM), AV /2) — R by the following formula.

5 () = [ im0 o) ifzed,
q qr if z € B(Ax\ B(A*, Aél)), Aél)/2)

This function is well defined since J N B(A, \ B(Aj,Agl)),Agl)ﬂ) = (. Clearly,
it is Holder continuous and sup(¢,) < gsup(¢). Let (j;q : P — R be the Holder
continuous extension, produced in Lemma 2.1, of the function ¢, : J U B(A, \
B(A%, Agl)),Aél)/2) — R. Remember that sup(¢,) = sup(¢,), and that ¢, has the
same Holder exponent as ¢, and ¢. Denote this exponent by w and the w-variation
of qzq by H,, which, by Lemma 2.1, is bounded by the double w-variation of ¢,. for
every g : P¥ — R let

n—1
Sng = go Y.
=0



16 MARIUSZ URBANSKI AND ANNA ZDUNIK

It then follows from Lemma 3.6(b,) that for every n > 1, every V € W,(q, A, z,§),
and all z,y € V, we have

|Sndq(x) = Sudg(y)] < Y [dg(f¥ () = Sg(f¥ ()]

=0

jz—l ) 4 n—1 e
< Hyp?(f9(x), f9(y)) < Hy Y  Hyy 7 ©

(5.8) =0 =0
< H, i’)’%]
j=0

= Hy(1 -7/

Hence, for all n > ¢,

~ AT S
A—an eXp(Sn(b(y)))
where é'q = exp (Hq(l — A/ 2)_1). In this section we will need more auxiliary Perron-
Frobenius operators. First, define £ b C(P*¥) — C(P*) by the formula

S C’qg

Lyg(z)= Y enWg(a),
z€f~(2)
where the summation is taken over all the points of f~9(z) counted with multiplicities.
Similarly, as in Preliminaries, £; C(P*) — C(P*), is a bounded linear operator

acting on C(P¥). Tt is also called the Perron-Frobenius (transfer) operator associated
to the potential ¢. Define the operators ﬁng : C(PF) — C(P*) and L, : C(J) — C(J)
by the formulas

ﬁ¢ = )\_1£¢ and ﬁq;q = )\_q‘C(Z)q’
Our goal now is to prove some sufficiently good uniform upper and lower bounds on
the iterates £, n > 0. This will be done inductively. Fix

0<n<A,
For every n > 0, set
Lyl = L% Ulpe(a.,a,y and L5,1= L5 peas a,).
Set R, = R(n) > 0. For every n > g, every z € P*\ B(A,,n), every £ € D(z), and
every w € I'; ¢ N B(z, Ry), set
G = 3 Ten(Sid@)
xef*q’ﬂ(w)ﬂuwn (qquazvé)

and ) ~
Béq,z,f(w) = Z AT exp (S, dq(x)).
xef_qn (w)mu(Z” (q7Aquvg)\Wn(Q7Aq7zvé))
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It follows from (5.9) that

Ay (w)
(5.10) Cp< 225 < (.

(n)
G(i;lZ’ng(Z)

It also follows from Lemma 3.6(cy,) and (d,,), and from (5.1) that
(5.11)

B (w) < A" exp(sup(9g) #(Zn(g, Ag. 2:6) \ Walg, Ag, 2.€)
< 7™ exp(an(sup(®) — log A)) (4ey; ™" + (k — 1) g)d* i

1
log d+

= ’76*5‘(1 (46’753% + (k- 1)d+1q) exp <qn((k¢ —1)logd+ =

+ sup(¢) — log )\)>
< et

for every n > s, every z € P\ B(A,, 1), every £ € D(2), and every w € I',¢eNB(z, Ry).
Now, let Lo (B(Ax, Aq)) be the Banach space of all real-valued bounded functions on
B(Ax, Ay). For every h € Loo(B(Ax, Ay)) and every z € B(A., A,), let

(5.12) L.g(z) = > A7 exp(pg(x)) g().
z€f=9(2)NB(A.,Ag))

Obviously, L.g(z) is a linear operator acting on Loo(B(Ax, A,)). If z € B(A%,Ay)),
then it follows from (5.3), (5.4), (4.4), and (4.12) that,

ﬁ*ﬂ(z) < A~ 99-4¢5uP(%q) < exp (q(sup(gb) —log A + g« log d))
(5.13) < exp(sup(¢) — log A + klogd — 3)

< e 21 o0,

If, on the other hand, z € B(A, \ B(A4%, A((II)), Aff)), then it follows from (5.7), and
the definitions of ¢, and ¢4, that

(5.14) L A(z) < A74dReI™ < 7%,
Both (5.13) and (5.14) along with (5.6), imply that
L]l = 1L Joo < €77
Consequently, for all n > 0 and all z € B(A,, A,),
(5.15) LM(z) < e,
Now, fix z € P¥\ B(A.,n), £ € D(2), and w € T', ¢ N B(z, Ry). Set
Zj =Zj(q,n,2,§) and W; = W;(q,n, 2,&).
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We then have

n

L2 u(w) =Y S AT exp(Sig(x) Ly U (2)+

J=5 2 f =9 (w)NB(As, Ag)N(U(Z;\W;))
n n—j
(5.16) Y0 D N Yexp(Sidg(z1) Y. D AT exp(Sidg(x2)) -
Jj=s z1€A1(w) i=0 za€A2(21)

—qp$q(w3) pr—(j+i+1) (n)
Z G 1(x3) —I-Gq;q’zﬁ(w),
x3€A2(aS2)

where

Ar(w) = f (w) 0 B(As, Ag) N (U(Z;\ W),
Ag(z1) = [~ () N[ FH(B(A A)),
=0

Ag(xg) = fiq(.%'g) N BC(A*, Aq>

Denote the first summand in (5.16) by Egn)(w) and the second one by Egn) (w). We
will estimate each of them separately. Set for all [ > s,

M (¢g) = maX{HEAg]lHOO 1s<j< l}

and

Because of (5.11), we have
S w) < S ATV exp(Sd(@) My ()
J=s z€f~ 9 (w)NB(Ax,Aq)NU(Z;\W}))

MBS BY)
(517) S nfl((ﬁQ) Jgs qu’Z’f(w)

n
< M y(¢g) Y e
j=s

< (L= e )T My ().
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Because of (5.11) and (5.15) we have
(5. 18)

D2 TA e )Y YA el o) A M

Jj=s x1€M1(w) 1=0 zo€A2 (1) x3€A3(22)

éMs_l@q)Z Zx—qjexpwj&q(m))z > AT exp(Sidg(2)) Lo, L(2)

Jj=s x1€A1(w) =0 zo€A2(z1)
n n—j
< My_1(0g) ||Ls, | D DAY exp(Sidg(a1)) D D A" exp(Sidy(w2))
Jj=s z1€A1(w) 1=0 zo€Aa(z1)
n—j

< M _1(¢g) || Lo, Z > A W exp(8dg(x1)) D L11L(a1)

Jj=s z1€A 1 (w)

L[]

3
m.

< M;;_1(dg) || Ls, Z D A exp(S;0q xl)) e‘eqi

Jj=s z1€A1(w)

M) 20| N e 1 )

j:S xr1 €A1 (w)

% ~ A — 9
S Mn—l(¢‘1) £¢q 1 —€ ! 12 ¢)q: ’E

<.
Il
o

o0

< My _1(6q) ||Lg, || (L= )Tty e

j=s

<(1-e qe HE% 79qu271(¢~’q)
< A T9etP(Pa) gak (] — ¢ ~10) 20N ()
( -1 sup(¢)dk) (1 e_qe)_2e_0qu;—1(‘l~5q)

IN

Combining (5.16), (5.17) and (5.18) together, and then making use of (5.2), we get
for all n > 1, all z € PK\ B(A,,A,), all £ € D(z), and all w € ', ¢ N B(z, R,) that,
(5.19)

L2 W(w) < (1= )T eI,y (dg) + (AP (1 — &)%) eI, (dg)+

(n) <
+G¢qv vé( )
< (L= ) (14 (1 — e )TNt @)gak) e =0sa s () + G (w)

¢q7 7£

(n) 1 x (7
< G¢q, 75( )+ 4Mn71(¢Q)'
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If z € J\ B(As,n) and w = 2z, we thus get

1
4
for all n > s and all £ € D(z). Now, it follows from (5.10) that

(5.20) L8 (w) <G (w) + My (¢)

¢q7w7§

G(") (w)

51 P w,§ ~
(5.21) Cl <t <G,
Gy’ (2)
¢Q7w7€

In view of (4.10), we get for every z € J that
1= /ﬁi]ldnw, > / ﬁi]ldm¢ > C’;lﬁiﬂ(az)
B(z,Rq)

with some x € J N B(z, Ry), where C’;l = inf{my(B(y, Ry/2)) : y € J} is positive
in virtue of Proposition 4.5. Hence ﬁg) < éq. Since the function ﬁg 1:PF >R
q

is continuous, there exists T' € (0, Ry — p(2,x)) such that ﬁg (1)(w) < 2C, for all
q

w € B(z,T) C B(z,Ry). Now assume that z € J \ B(A%,A,). Since the set D(z) is

dense in B(z, R,), there thus exists y € D(z) N B(z,T') such that Eg(]l)(y) < 3C,.

So, G((;) (y) < 3C,. Along with (5.21), this implies that

q:z’y

(n) % (n) o
GQEqv’«':?J('Z) S CqG(Z;q,z,y(y) S Cq — 3crch.

Inserting this into (5.20), we get
An 1 *
(5.22) ol(2) < Cq + ZMn—1(¢)
for all n > s and all z € J \ B(A,n). Thus, (remember that n < A,),
* 1 *

Now, we can prove by induction the following.

Lemma 5.1. There exists a constant QF > 0 such that ||EA3)"||OO < Qf foralln>0.

Proof. Put Q = max{%Cq,M:_l(gb)}. We shall show first by induction that
M (¢) < @ for every n > s — 1. The case n = s — 1 is obvious. So, suppose that
n > sand My ;(¢) < Qy. We then get by (5.23) that

(5.24) M3(6) < Gyt 3 @5 < 2Qp + Q= Q0
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The inductive proof is complete, and in fact (5.24) holds for all n > 0. Now, fix n > 0
and w € B(A., Ay). It then follows from (5.15) that

(5.25)
L3 (w)=7) Z N exp(Sidg(a)) S0 AW Lrmily(y)
j=0 € [~ (w)NNi_, f~9 (B(Ax,Aq)) yEF—9(z2)NB(Ax,Ag)
<My 1(dg) ) S A Yexp(Sidela) 3 ATIeHW)
7=0 zEf~ (w)ﬂﬁ{zof—ql(B(A*7Aq)) yEf~1(22)NBC(Ax,Ay)
< M1 (@)l 1£an oo 3 S A exn(Sidy(a)

I=0 we a3 (w)nn]_o f =97 (B(Ax,Aq))

£ (w)

‘Mz

< Mj_1(¢g) (A dFesP(@))1

7=0

< M’:—l(q;q)(k_ldkesul)(@)q Z —0q;j
7=0
< (O -,
Moreover, if w € B(A., A,) N J, then M (¢,) can be replaced by M} _(¢), and
then along with (5.24), this estimate gives,

LI (w) < A dFe @) (1 — 7)1 Qp.

s |

We are therefore done by setting
Q+ Q* max{ ()\ 1dk sup(d))) ( efqé’)fl} )
O

Lemma 5.2. There exists a constant QQ; > 0 such that /333"]1(2*) >Q foralln >0
and all z € J.

Proof. Fix n > s. Take z, € J \ B(A.,A,) such that £1(z,) = M;(¢). It then
follows from (5.20) that

* (n) 1o (n) 1o
My (¢) < G% () + 4Mnf1(¢) < G¢;Q7Zn,§(zn) + 4Mn(¢)‘

for every £ € Dy(zy). Therefore,

(n) 3
(5.26) ¢ ()= 2u30)
But fﬁ‘é"]ldm(b = [1dmg = 1, and so, there exists a point y, € J such that

E;nﬂ(yn) > 1. If y, € J\ B(As, Ay), the we get that
M2(6) > £ (ya) > 1.
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Otherwise, it follows from (5.25) that
1< Ein]l(yn)
< (A_ldkesul)((b))q(l - e_qe)_lM;—l(&q)-
< (AN PO) (1 — e ) T ()
Thus,
M (9) > (A Feswp@)(1 — ¢79),

In either case,
Mn*(d)) > M := min {1, ()\dikef SUP(¢))Q(1 _ 6*(19)} )
Hence, by (5.26),

(n) >3
G¢qun7§(zn) - 8M

Thus, using (5.10) we obtain for every & € Dy(zy,), that

G (&) >3(8C,) M.
¢qyzn7£

Consequently, we get for every & € Dgy(zy), that
L3062 G (6)23(8C,) M.
q

()ZNS(DZTH
Since [Zg 1 is continuous and Dg(zy,) is dense in B(zy,, R,), this inequality extends
q
to all £ € B(zy, Ry). Since, by Proposition 2.2, the map f?: J — J is topologically
exact, there exists [ > 1 such that f%(B(z,, R,) NJ) = J for all n > 1. Hence, for
every x € J and every n > [ + s, there exists £ € B(zp, R,) N J such that f9(¢) = z.
Therefore,

L (x) > A% exp(glinf(¢)) L5 V1) > 3(4C,) " MA~ exp(qlinf()).

We are therefore done. O

6. ALMOST PERIODICITY OF THE PERRON-FROBENIUS OPERATOR
As an immediate consequence of (5.21) and Lemma 5.1,

(~n) < A +
(6.1) Gl e = Colg
for all z € J\ B(As,n), £ € D(z) and all w € B(z,R(n)) NI';¢. Now, we shall prove
the following.

Lemma 6.1. There exists a Hélder continuous function gZ;q : P* — R with the follow-
g properties.
(a) There exists a neighborhood U C P* of J such that q?)q|U = cz~5q. In particular,
Ggls =210 fI.
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(b) ngq < quSq throughout P*.
(c) Qq:= supnzo{Hqu]lHoo} < +00.
Proof. Assume without loss of generality that
1
R, < iAq'
Consider two sets
By = B(J \ B(Ax,A¢/2), Ry)
and
(P*\ By) \ B(Ax, Ay).
We shall show that
(6.2) B(J,Ry) N ((P*\ By) \ B(As,Ay)) = 0.

Indeed, suppose for the contrary that there is some 2z € B(J,Rq) N ((P* \ By) \
B(As,A;)). Then z € B(J,Ry) and z ¢ B(J \ B(A.,Aq/2), Ry). Hence, z € B(J N
B(A.,Ay/2),Ry). So, z € B(Ax, %Aq +R,) C B(A4,Ay). This contradiction finishes
the proof of (6.2).

Since f9(J) = J, there exists ¢4 € (0, Rq/2) such that
B(J,20) N (P By \ B(As, ) U f71((B*\ By)\ B(A.,A,)) ) = 0.
Fix t > 0 so large that

(63) e_t()\_2d2k65up(¢))‘I(1 + 6—q9(1 _ 6—q9)—1) <

AN,

and

—t <inf {ng(z) tz € (Pk \ Bg) \ B(Ax, Aq)) U f_q((Pk \ By) \ B(Ax, Aq))} :
So, by Lemma 2.1 there exists a Holder continuous function gZ;q : P¥ — R such that
Bl B(se,) = Pa» Dg restricted to (PF\ By)\ B(AL, Ag)) U f71((B*\ By) \ B(A, A,)) is
equal to —t and sup(gisq) < max {sup(ng|§((]7€q)), —t} < sup(¢,). Conditions (a) and
(b) are satisfied by the very definition of ¢ with U = B(J,¢,). Put
M = sup{/fgq]l(z) .z € B,)}, MP = sup{/qull(z) 2 € (PP\ B,) \ B(A., Ay}

and

M;(dg) = sup{£2 1(2) : = € PF\ B(AL, Ap)} = max{ M, MP).
q

Fix now an arbitrary z € J \ B(A,Ay/2), £ € D(z), and w € I', ¢ N B(z, Ry). Since
<;3q < ¢y, it then follows from (5.19), applied with n = A,/2), that

An (TL) 1 « ~
£2 (1)) < G (w) + M1 ()
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Applying (6.1) we thus further get

Since the union
{2 N B(z,Ry) : 2 € 2 € T\ B(Ai, Ay/2),€ € D(2)}

is dense in B(J \ B(A«,Ay/2), R;) = By, we thus get that

For every 5 > 0 put

j
Ay = () FT(B(AL AY))-
1=0



Using the definition of (ng and (5.15), we get for all w € P* that,
(6.5)
£r (1)(w) =
= > A—qe%(x)ﬁg—l(n)(xH

v f~a(w)N c(A*,A) !

5 ZA‘”GXPS% ) Do AT OLU (@) )+

J=1lyef=ai(w)nA z€f~ q(y)ﬂBc(A*Aq)
+ > A—qnexp(anzq@))
z€f ™ (w)NAn—1
- g sup(a) -1
< Z A e q£¢>q (1) (x)+
z€f~9(w)NB(Ax,Aq)
F M (09)D Y A Y exp(Soq(y)) > oA Py
J=1yef~a(w)NA; T€F1(y)NBc(Ax,Aq)
+ Y Ak @ Ll (g)
z€f~9(w)
< (AR PO () +

n

+ My ( ¢q Z Z AW exp(quAbq(y))(A—ldkesup(¢))q+
J=1yef~ai(w)NA;
+ (A_ldkesup(@)qe—@q(n—l)

< WTSPONIME (8g) + My (9g) (AT RPN TS T L1 (w)

+ (A" Ldkesw()yae—0a(n—1)

n

< (TN (dy) + My ()N POy
7j=1

+ (A—ldkesup —6q(n—1)

) e

< (WS ONL (dy) + My () (PO i1 =)
—i—()\_ldkesup )

< TM;_((dg) + (N HdFeP(9))e,

25
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where T = (A~ 1dFesP(9)4(1 4 ¢~ (1 — ¢=99)~1). Therefore, using the definition of
¢, and (6.3), we get for every w € (P¥\ B,) \ B(As, A,), that

L2 W) = > A leh@Lr (1))

z€f~2(w)

< ¥ A—qeéq(w)(TM;_l(ng)+(A—ldkesup(@)q)

zef*q(w)
- (TM;—1(GBq) + (A‘ldkesup(¢))q) Z N
zef*q(w)
— (A—ldk)qe—s(TM;_l(ng) + (A—ldkesup(@)q)

Thus,
11, -
M) < 1T 1 Ma-1(dg).
Combining this with (6.4), we get

- 1 = 1 -
M) < max{ 1.C,Q5 b+ (M (5

Now we can prove in the same standard way as in the proof of Lemma 5.1 that

M* := sup{ M (¢,)} < +0oc.
n>1

So, applying (6.5). we get for every n > 1 that
\|ﬁgqm|oo < TM* + (A dFesP(9))a,
We are done. g

We will need the following strengthening of the distortion property (5.8).

Lemma 6.2. For every € > 0 and n € (0,Ay] there exists 61 > 0 such that

|Sn¢3q(ff) - angq(y)| <e€
for alln > s, z € PF\ B(As,1n), € € D(2), V € Wu(q,n,2,€) and all x,y € V with
p(f7(x), fT"(y)) < 01.

Proof. Let H > 0 be the Holder constant of the Hélder continuous function ggq :
P* — R produced in Lemma 6.1. Take k, > 1 so large that HY 2 vzl < /2.

Since all the functions Sj(;gq, j=s,8s+1,...,s+ks— 1, are continuous (and there are
only finitely many of them) it suffices to prove the lemma for all n > s + ks. Take

02 > 0 so small that
N €

60(0) = dul@)] < -,
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whenever p(a,b) < d2. By Lemma 3.6(b,) there exists d; > 0 so small that for all
n > s+ ks and every n — ks < j <n — 1, we have

p(f¥(x), f9(y)) < 6

whenever z,£,V, x,y are as in the hypothesis of the lemma. Applying Lemma 3.6(b,,)
again, with n, z,£, V, x,y as in the hypothesis of the lemma, we get

|Sn¢;q($) - Snﬁgq(y)‘ <
n—(ks+1) . ’ . ' n—1 . ' . '
< Y 18a(f9 (@) = g (FY W)+ D [0g(fY (@) = do(FY (1))l
J=0 j=n—ks
—(ks+1)

<2H72'+sz

j=n—ks

o
20

<e

DN ™

o

<H > ~
i=kq+1

We are done. OJ

Recall that a bounded linear operator L : B — B acting on a Banach space B is
called almost periodic if and only if for every = € B, the closure {L"(z) : n > 0} is
compact in B. We shall prove the following.

Proposition 6.3. The Perron-Frobenius operator ,CA(z;q : C(PF) — C(P*) is almost
periodic.

Proof. Fix € > 0. Then take s > 1 so large that

(6.6) 2(1 — e ®)72(1 — 1 4 (A1) gh)T) e =057 < ¢,

Fix a function g € C(P*). Generalizing the functions Zgn) (w) and Zgn) (w), for every
n > s, every z € PP\ B(A., A,), every £ € D(z), and every w € I'.¢eN B(z, Ry), set

=M (g)(w) =3 S A Y exp(S;dg(2)) L2 (g) (@)

J=s z€f~ 9 (w)NB(Ax,Aq)N(U(Z;\W;))

and

55" (9)(w) =
:Zn: Z)\ U exp(Sjpy (1)) Z Z)\ 9 exp(Sidg(22)) Z)\q%(;pg,ﬁn(ﬂﬂ)( ().

j=s :1316/\(11)) =0 $2€A2(JK1) x3€A2($2)
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We then have by (5.16), (5.17), (5.18), and (6.6), that
(6.7) )
1£2 g(w) = £2 g()] =
= (21" (9)(w) — (Z7(9)(2)) + (25" (9)(w) — (25" (9)(2))+
+(@ (9)(w) G5, ,§<g><z>>r+
< =0 (g)(w) — (£ (9) ()] + 125" (9) (w) — (257 (9)(2)]
< 121 (g) ()] + 27 (9) ()] + |z (g)(w)] + 25 (9) (2) |+
+1657 (9w) -6 (o))
< 128 @)llgllso] + 1= () llglloe + 1Z5 (w)lllglls0 + 1257 (2)llg] oo+
+163) (9)w) =G5 (o))
< 21— e )L Q[ |glo| + 2N dF S P@O)I(1 — em90) 26054, ||| oo |+
+165" (@) =G5 (9))]
<2(1— e )2 (1 - e 4 (AP ) Qe g || +
+16) (9)w) =G5 (o))

3 (n) _ )
< Qullgllz + 162 (9)(w) = G (9)(2)].

Denote Ggl) f(g) by Gn(g). As before, set

q:zv

Zj = Zj(q;n, 2,€) and W; = W;(q,n, 2, ).

Fix £ € D(z), n > 1, and V, an arbitrary connected component in W,,. Since the
map f"|y : V — T',¢ N B(z, Ry) is proper, the degree of this map is well defined
and is constant throughout V. By Lemma 3.6(d,) this degree is bounded above
by 7%, Let fgqn(w) be the collection of all points z from f~7*(w) N UW,,), each

repeated according to the local degrees. Let o be an arbitrary bijection from fg_ M (2)

to fg_qn(w) respecting all components V' € W,,. Put 03 = min{R,, d1,d2}, where §;
and do come from Lemma 6.2. Using Lemma 6.2, and Lemma 6.1, we thus get for all

+¢
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n>s,all z € P\ B(Ay, A,), all € € D(z), and all w € T, ¢ N B(z, d3), that

|Grnl(9)(w) — Gn(g)(2)| =
= Z A" exp (Sng?)q(a(x)))g(o(aj)) — AN exp (Sng?)q(x))g(x)> ‘

z€ fg " (2)NUWy,

>

ze fo " (2)NUWy,

LY AT e (Sud(@) e(o(@) — g(@)

zefgq”(z)muwn
<llalle 30 A7 max {exp (S, d(0(@) exp(:6(2) }8,0(0(2)) — Sud(a)|+
z€ fe ™ (2)NUWn
+¢llglloo Z AT eXp(Snﬁgq(x))"_
$Efgqn(z)ﬂUWn
< lglloo (6 Z A" max {exp(Sngz;(a(x))) , eXp(anzB(m))} + sﬁ(%qﬂ(z))
zefgq"(z)muwn
< ellglloo (max{Ly, 1(2). £, 1(w)} + Q)
< 2QquHooE

IN

exp(Sud(0(2))) — exp(Sud(x))| lg(o (@) +

Combining this with (6.7) we get that,
68) €% aw) — £2 g()] < Qyllallce + 20y lallce = 3Qullglle

for all n > s, all z € P*\ B(A.,A,), all £ € D(z), and all w € T', ¢ N B(z,d3). Since

the set Ugep(,) I'z¢ N B(2,6) is dense in B(z,6) and since the functions L'gqg are

continuous, we conclude that

(6.9) 122 gw) — £2 9(2)] < 4Qyelgl e
q q

for all n > s, all z € PK\ B(As, A,), and all w € B(z,3).

Now suppose that z € B(A., A,). Recall that given j > 0 we denoted

FrU(B(ALLA)).

Du.

Aj =

=0
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According to (5.25), we have

(6.10)
s—1
=2 X NVew(Side(@) > AT ()4
J=0zef~99(z)NNA; yef~9(x)NB(Ax,Aq)
+ Z Z P exp(de;q(a:)) Z )\*qe%(y)ﬁg*j*lg(y).
J=s zef~(2)NA; yef~9(x)NB(Ax,Aq)

Now assume that n > 2s. Applying (6.9) we see that there exists d4 € (0, d3] so small
that if 2,2’ € P* and p(2/, x) < 4, then
(6.11)

s—1 - ~ .
> X S (Ve e Ly ()~

J=0zef~9(2)NNA; yef~1(z)NB(Ax,Ag)

— ATV exp(Sj 6y (a AT W) £ g(y) )| <

< Qqllgllce.

Now, take d5 € (0,d4) so small that for all j = 0,1,...,s —1 and all a,b € ]P’”C with
p(a,b) < 4 there exists a bijection 7/, : f~%(a) — f~%(b) such that 7’ b © Tb =1d
and p(Tgb(az),x) < &y for all x € f~%(a). If now z € B(As, A,) and w € B(z,d5),
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then looking at (6.10) we can write,
(6.12)

L2 glw) — £ g(2) =

) L TCH G N ()

a:77—2,’u) (x)

- Y (”jexP<sj¢%q<fz,w<x>>wexp(a%qwj

Tz, w
0<j<s—1
zef~4I (z)ﬁﬁAj
yEf~9(x)NBC(Ax,Aq)

— AU exp(S;q(z)) A4 eXP(éq(y))ﬁg_j_lg(m)

; > (”qjGXp(Sjéqv;‘,w(x»)xqexp<$q<y>)ﬁ2‘j‘lg<y>—

0<j<s—1
zef~47 (z)ﬂAj

ver=a(du@nt | (rra@nseanag))

Tz w

= A exp(Sydy (@) AT exp (Bl ()L g (7 W(y)))

- > (qu exp(S;oq(2)) A" exp(dq(y)) L7 gly)—
0<s—1
2 (£~ (w)nA\, o (779 ()0 )
VEF~1(2)NBE (A, Ag)

= NV exp(S(7h, () AT exp(dg(r) ;o W)LGT () (y))>
+35(9)(w) — E5(9)(2),
where ¥3(g)(2) is a subsum of
S59)(2) =Y Y. A Yexp(Side(x)) Y AW LI g(y),
J=s zef~9(2)NA; YES~9(22)NB(Ax,Ay)

and likewise, ¥3(g)(w) is a subsum of

n

5 (g) (w) = Yo N Yexp(Sidel) Y ATl LIy ),

J=s z€f~ai(w)NA; yEf~9(z2)NBe(Ax,Aq)
The same calculation as in (5.25) shows that

(6.13) [55(9) (w)] < Z3(1g])(w)] < [Z5(lgD ()] < Qqllglloce,

and similarly,

(6.14) 1Z5(9) ()] < 125(19) ()] < [Z5(1gD ()] < Qgllglloce,
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Denote the first the first three differences in (6.12) by X3(¢g)(w) — £5(g)(2). In view
of (6.11) we have

£1(9) (w) = B1(9)(2)] < 3Qqllglloce
Combining this along with (6.13), (6.14), and applying (6.12), we thus get that
122 g(w) = £2 g(2)] < 5Qy gt
for all n > 2s, all z € B(A., A,), and all w € B(z,d5). In turn, combining this with
(6.9), we obtain
(6.15) L5 g(w) = £5 n(2)] < 5Qq|glloce
q q

for all n > 2s and all z,w € P¥ with p(z,w) < &5. Clearly, there exists § € (0,d5)
(independent of g) so small that

122 g(w) — £2 ()| < Qullglloce

for all n = 0,1,...,2s — 1 and all z,w € P* with p(z,w) < 6. Along with (6.15).
Thus, the family (Eg g) ::0 is equicountinuous. Hence, invoking also Lemma 6.1(c), it
oI n=

follows from Arzela-Ascoli’s theorem that the family (ﬁ; g) ZO:() is relatively compact.
q

We are done. I

As an immediate consequence of this proposition and the fact that every function
g € C(J) extends continuously to a P* with the same supremum norm, we obtain the
following.

Proposition 6.4. The Perron-Frobenius operator E¢q : C(J) — C(J) is almost
periodic.

As a direct consequence of Lemma 5.1 and Lemma 5.2, we get the following.

Lemma 6.5. There exist constants Q1 > 0 and Q— > 0 such that Hﬁgﬂm < Q4 for
allm >0, and ﬁg)"ﬂ(z) > Q- foralln>0 and all z € J.

and

Proposition 6.6. The Perron-Frobenius operator Ly : C(J) — C(J) is almost peri-
odic.

It follows from this proposition that the sequence (l > .;01 ﬁé]l)oo

w2l 0 is pre-compact,
and it is easy to see that any of its limit points py is a fixed point of the operator
Ly and its integral against the measure my is equal to 1. Therefore, we have the

following.
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Proposition 6.7. There exists a continuous function py : J — [0,400) with the

following properties: ﬁ¢p¢ = po, [pedmg =1, Q_ < inf(ps) < sup(py) < Q+. In
particular, p1y = pgmey is a Borel probability f-invariant measure equivalent to my.

An important ingredient in the proof that p, is a unique equilibrium state of the
potential ¢ : J — R is the fact that for every continuous function g : J — C, the
iterates L3 g converge uniformly to (] gdmy)ps. We are going to prove it now. The
proof requires some preparations. We start with the following.

Lemma 6.8. Let F be a o-algebra of subsets of some set X. Suppose that 1 and
o are some equivalent probability measures on F with uniformly bounded Radon-

Nikodym derivatives. If B is a sub o-algebra of F and E,,(g|B) = E,, (g|B) for every

F-measurable function g € L'(u1) = L'(u2), then the Radon-Nikodym derivative dua

. dul
1s B-measurable.

Proof. Put p = j—ﬁf. Seeking contradiction suppose that p is not B-measurable.
Then at least one of the following two sets has a positive measure pq:

A={2€X: Eu(plB)) < p(x)} and A° = {z € X : By, (olB)(x) > plx)}.
Assume without loss of generality that p1(A) > 0. Then, on the one hand,

o) = [ adis = [ Buo(WalB)dps = [ Buu(alB)pdin
X X X
— [ B alBpdis = [ B (B 1a18)0) dus

- /X By (14 B)p By (0lB) djur,

and on the other hand,
pa() = [ ohadin = [ By (p14IB) dp
X X
> [ B (B p1B)1L0)

— [ B (6B (L41B) din.
So, pa(A) > pua(A), and this contradiction finishes the proof. O

Our second auxiliary fact, interesting itself, is this.

Proposition 6.9. The number 1 is the only unitary eigenvalue of the Perron-Frobenius
operator Ly : C(J) — C(J) and the corresponding eigenspace is equal to Cpy.
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Proof. Suppose that R

Lgg =&y
with some ¢ € C of modulus one and some non-zero function g € C(J). Having
Lemma 6.5, it follows from Theorem 4.9 and Exercise 2 (p. 326/327) in [Sch] that
the unitary eigenvalues of the operator ﬁ¢ : C(J) — C(J) form a finite cyclic group.
There thus exists [ > 1 such that & = 1. We then have

L'éﬁg =g.
Since ﬁ¢ preserves the class of real-valued functions, the same is true for Reg and
also for Img. Hence, it is sufficient to consider the case when ¢ : J(f) — R. Denote
g+ = max{0,g} and g = min{0,g}. Since the operator ﬁ¢ is positive, we have
gf = ﬁé)gar >0,9, = EAfﬁgO* <0and g = ﬁéﬁg = gf + g; . Clearly there is not
a unique decomposition of g into a positive and negative function. However, the
functions g4 and ¢g_ are extremal in the sense that they are the smallest functions
that have this property. Consequently gfr > g+ and g; < g—. Since these functions
are continuous and since [ gfr dmg = [ g4+ dmg, we have gfr = g4 and, for the same
reasons, g; = g—. Therefore,

Lhgr =g and Lhg =g .
Suppose that g4 does not vanish identically. § = my(g+) 'g+. Then

Lhg=9, §>0, and /gdm¢:1.

Since the map f': J — J is topologically exact and since § is a non-negative not
identically vanishing continuous function, we thus conclude that § is strictly positive
everywhere throughout J. Hence, the two invariant measures py = pgmg and i =
gmg are equivalent with uniformly bounded Radon-Nikodym derivatives. Therefore,
all versions of expected values Ej(u|Z) and Ey,(u|Z) are well defined on a set of
common measure 1 for i and pg4, where v : J — R is any i (equivalently pg)
integrable function and 7 is the o-algebra of all fl-invariant subsets of J. Since at
almost every point z € J both E;(u|Z) and E,,(u|Z) are equal to the Birkhoff’s
ergodic averages

1 n—1
Jim =% Juo fU(z),
§=0
we therefore conclude that
En(ulT) = B, (ulZ) ae.
Hence, it follows from Lemma 6.8 that the Radon-Nikodym derivative is measurable
with respect to the o-algebra Z. This means that the ratio §g/ps is constant on
grand orbits of almost all points in J. Since by topological exactness of the map
f':J — J, the grand orbit of every point in J is dense in J, and since the function

G/pg is continuous, we conclude that the function §/py is constant throughout J. As
both measures ji and pg are probabilistic, this implies that g/pg is equal to 1, i.e.
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g = pg- S0, gy = apy with some a € C, and likewise, g— = bpg with some b € C.
Consequently, g = g+ — g— = (a — b)pgy. We are done. O

For every bounded operator A : B — B of a Banach space B, let B, be the closure of
the linear span of unitary eigenvectors of A, and let By = {g € B : lim,,_,oc A"g = 0}.
M. Lyubich proved in [Ly] that if A : B — B is an almost periodic operator, then
B = B, & By, the direct sum of closed vector subspaces. We shall prove the following.

Theorem 6.10. We have

In addition, if g = gy + go with g, € C(J)y and go € C(J)o, then g, = (| gdmg)pg
and the sequence (ng)go converges to ([ gdmey)py uniformly on J. In particular,
mg is the only Borel probability measure on J satisfying (4.10) and py is the only

non-negative fixed point of the operator /j¢ such that [ pgdmy = 1.

Proof. The fact that C(J), = Cp,, is the content of Lemma 6.9. If g € C(J)o, then
[ gdmg = lim, .o fﬁggdm¢, = 0. so,

(6.16) ClT)o C {g el /gdm¢ - o} .

If, on the other hand, [ gdm, = 0, write uniquely g = g, + go where g, € C(J),

and go € C(J)o. Then [gudmg = [ godmy — [gdmg = 0 — 0 = 0, whence g =

(f godmy)ps = 0py = 0. Hence, g = go € C(J)o. Theinclusion {g € C(J) : [ gdmy =0} C
C(J)o is proved, and together with (6.16) it yields

C(J)o = {g cCl): /gdm¢ _ o} .

The second assertion of our theorem is now obvious and the third assertion follows
from the first one too since we know that g — ([ gdmg)ps € C(J)o, and therefore,
because of Lyubich’s Theorem, lim,, (g — ([ gdmy) ,0(;5) = 0, the limit considered in
the Banach space C(J). We are done. O

We shall now record two mixing properties resulting from this theorem. The proof of
the first one is the same as the proof of Corollary 37 in [DU], the second property is
also its straightforward consequence.

Theorem 6.11. The dynamical system (J, f, png) is metrically exact. This means
that (o—o [~ "(B) consists only of sets of measure 0 and 1, where B denotes the o-
algebra of Borel sets of J. In particular, Rokhlin’s natural extension of (J, f, ug) is a
K -system and the dynamical system (J, f, ng) is mizing of any order. In particular,
it 1s ergodic.
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Theorem 6.12. (Decay of Correlations) If g € C(J) and h € L'(mgy) = L (ug),
then

lim [ ho f"-gduy = /hdu¢/gdﬂ¢.

n—oo

Given H > 0 and 0 < ¢ < kg let P4,(f) denote the class of all Holder continuous
potentials ¢ : J — R such that ||¢||o < H and sup(¢) — inf(¢) < ¢. Call all such
potentials (H,¢)-admissible. By Arzela-Ascoli theorem, P4, (f) is a compact subset of
C(J). Another crucial technical fact for the uniqueness of equilibrium states is the
following refinement of Proposition 6.3.

Lemma 6.13. For every H > 0, 0 < t < Ky, and every relatively compact set
K C C(PF), the set {ljg (9): ¢ € PL(f),g € K,n >0} is relatively compact.
q

Proof. Suppose first that K is a singleton, i.e. K = {g} for some g € C(J). Observe
that the number § > 0 coming from (4.9) can be taken the same for all ¢ € PL(f). The
constructions of Q;; and then of Qq lead to a number Q > 0 such that Qq < Q for all
¢ € PL(f). Having this, one verifies that given £ > 0 the numbers, d; through d5 and
8 appearing in the proof of Proposition 6.3 can be taken the same for all ¢ € PL(f).
Then the proof of Proposition 6.3 shows that the set {ﬁgq (9): ¢ € PL(f),n >0} is

relatively compact. Now consider the general case. Take a sequence (ﬁ?(; ) (gj))(;il.
j)a -

Since the set K is relatively compact and Pk (f) is compact, passing to a subsequence,

we may assume without loss of generality that (9j)§i1 converges uniformly to some

g€ C(J) and ((g?)j)q);';l converges uniformly to some ¢ € PL(f). Then

A N — || o < Ollg: — ‘
Hﬁwj)q(gj) E(asj)q(g)Hoo | £i6, 9 g)Hoo < Qllg; = gllec
Since lim; o Q||g; — g||so = 0 and since, in view of the already proved singleton part

from our lemma, the sequence (ﬁ?(; ) (g));il is relatively compact, we conclude that
274

(EAZ; ) (gj));il contains a converging subsequence. We are done. O
J)a -

As an immediate consequence of this lemma we get the following.

Lemma 6.14. For every H > 0, 0 < t < Ky, and every relatively compact set
K c C(J), the set {ﬁg(g) : ¢ € Py(f),9 € K,n >0} is relatively compact.
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7. PRESSURE VERSUS EIGENVALUE

In this section, developing the idea of Gromov from [Gr], we prove equality of the
topological pressure P(¢) and the logarithm log A. This major part of our argument
is done in the following.

Theorem 7.1. Let v be a continuous function 1) : P¥ — R. Assume that there exists
A >0 and Q > 0 such that

sup® + (k — 1) logd < log A
and, for all integers n > 1 the following inequality
£(1)(x) < QA"
holds. Then P(v) <log .
Proof. We shall follow the idea of the proof of the inequality
hiop(f) < log(degiopf) = klogd

which is due to M. Gromov, ([Gr]) Thus, Gromov’s inequality corresponds to the case
¢ = 0. Let us consider the following integral

/ exp(Spth) (W + ffw -+ (") w)".
Pk
As in [Gr| we consider the embedding, a generalized graph,
fo i PF = X = (PF)"
given by the formula
fal@) = (z, f(2),..., ["7H(@)).

Let m; : X,, — X@ = PF be the projection to the i-th coordinate. We endow the
space X, with a Kéhler form 7 by putting

wi=mw and N =wi + -+ wp.

Now, let E be an (n, 2¢)-separated set in P, i.e. d,(z,v) > 2e for w,y € E,x # vy,
where d,, is a metric in P* given by d,(z,y) = maxo<i<n{d(f'z, fiy)}. Then

n—1
— i, pi, )2\ i, fi
(1) (@) Suly) = Qd("2: ) 2 guax (dl f'a, £) > 2.
Thus, the balls B(f,(z),e),x € E, (with respect to the metric d,) are mutually

disjoint. Now, we use Lelong’s Theorem ([La], [McM]) for the form 7 and the em-
bedded complex analytic variety f,(P¥) C X, and conclude that the n-volume of

fn(]I k) B(p,é), ie
fn(PF)NB(p,e)
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is bounded below by a constant c., depending on e only. Now, fix an arbitrary
d > 0. Since the function ¢ is uniformly continuous, there exists € > 0 such that, if
d(x,y) < € then |[¢(z) — ¥ (y)| < 0 and, consequently,

-0 v
ew(y) <€

e "<

Let E be an (n, 2¢)-separated set. Then we can write
(7.2)

> exp(Spth(z)) <> inf  {exp(Snp(y))}

B,
z€E vel VS dn ()

<A LS inf {exp(Sut) i (BUn(), )

£ z€E yeBdn (175)

— LY int {exp(Su )} B, (o). )

¢ el yEBay,, (x,e

SNl {exp(Swb) M) (Ba, 2,9)

B
e £ yEBay (.2)

1 *
<ol / exp(Snt(f21))
Ce JPk

where we have used (7.1) in the second inequality. Since f}(w;) = (f*)*w, the last
integral takes on the form

(73) [ explSus)o+ ot (10w

We shall estimate this integral from above. First, notice that, if, instead of the above
integral, we had

[ el

then the integral would transform immediately to

Lo(1)dw”
Pk

since the operator f* acts on measures on P* as a conjugate to the operator

(7.4) fg@) =Y gy

yef~1(z)
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In our case, we have to write the integral (7.3) as a sum of integrals, and then to use
the above observation.
(7.5)

/P exp(Sup) (w4 b (D)) =

=/Pk exp(Sn¥) S WA WA AR w

0<i1,...sin<n—1

Since all forms (f%)*w A (f2)*w A -+ A (fi*)*w are positive, we can treat them as
measures and estimate

(7.6) k
/ exp(Sp) (w+ ffw+ -+ (F" V)W) <

Pk
< k! /ka eXp(Snd)) Z (fn)*w A2 A (flk)*w

11 <ig < Sip<n—1

n—k
:k!Z/ exp(Snth) > () (WA WA A ()W)
i=0 /P

J2<-Sjp<n—i

Using the observation 7.4 again, one can rewrite the above sum as

n—k
(7.7) B> . L1,(1)(x) exp(Sp—ity(x)) S WA WA A ()
=0 Ja S Sjr<n—i

Recall that, according to our assumptions, we have
Ly(1)(x) < QA"
for all z € P*. By our assumption on 1) we can estimate the above sum by
n_k . . .
(7.8) k!QZ)\’exp((n—i)a)/ S WA WA A ()
i=0 PY < jr<n—i
It remains to calculate the total mass of each measure w A (f72)*w A --+ A (f7%)*w.

Recall that (f/)*w = d’w in the de Rham cohomology group H?(P¥). It is then
straightforward to check that

/ WA (FRY WA A () w= / izt k= giattie < gqk—1(n—i)
Pk Pk
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since j,, < n —1 for all 2 < m < k. Now, the number of all possible choices of

42, ..., jk can be estimated above by n*. Finally, we can estimate (7.8) by
n—~k
cpnk Z A exp((n — i) sup(y))dF—D =) =
i=0
n—k
(7.9) = cpnF A" Z [exp(—log A + sup(¢)) + (k — 1) logd)]" ™"
=0
n—k ‘
= cxnfA™ Y exp(—log A + sup() + (k — 1) log d)] "~
=0

The last sum is bounded by a constant depending on k but independent of n since
—log A + sup(¥)) + (k — 1)logd < 0. Therefore, we obtain the following. For every
d > 0 there exists €9 = €¢(d) such that for every € < g9 and every (n,2¢)-separated
set F we have

Z exp Spth(z) < eMC (e, k)nF A",

z€eE
where C(g, k) is a constant depending on € and k. This gives immediately

P(y) <logA+ 6

and, as § was arbitrarily small,
P(¢) <log A.

We are done O

8. EXISTENCE AND UNIQUENESS OF EQUILIBRIUM STATES

As we show in the following proposition the measure ji4 turns out to be an equilibrium
state for the potential ¢ : J — R.

Proposition 8.1. The invariant measure iy = pemeg 15 an equilibrium state for the
potential ¢ : J — R. In addition, P(¢) = log A.

Proof. Let ng : P* — R be the extension of ¢q : J — R produced in Lemma 6.1.
It follows from this lemma that the function ¢ = ¢, satisfies the assumptions of

Theorem 7.1 for the the dynamical system f?: P¥ — P*. Applying this theorem we
get that P(¢) = 1P(¢q) 1P(gbq) <log A. Therefore,

hu¢+/¢>d,u¢ > /logJu¢+/¢du¢

= /logp¢du¢ — /logpd, o fdug + log A +/¢du¢ — /¢du¢
=log A\ > P(¢)
Invoking the Variational Principle, i. e. formula (1.1), finishes the proof. O
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In order to demonstrate the uniqueness of equilibrium states we shall prove an ap-
propriate version of differentiability of topological pressure. The proof is based on
Lemma 6.14 and two facts proved below. It goes along the general scheme presented
in [PU].

Proposition 8.2. For every H > 0 and every 0 <t < xy the function
C(J) D Pu(f) > ¢ = py € C(J)
is continuous with respect to the topology of uniform convergence on C(J).

Proof. Suppose the contrary. Then there exist § > 0 and a sequence (¢y)72, of
functions in P (f) that converge uniformly to some function ¢ € P (f) and

(8.1) gy = Pglloc >0

for all £ > 1. Since, by Lemma 6.14, the family (pg, )72, is equicontinuous, passing
to a susequence, we may assume that the sequence (pg, )72, converges uniformly to
some function p € C(J). By (8.1), we have that

(8.2) P # P

For every k > 1 let my be the measure produced in (4.10) for the potential ¢5. By
Proposition 8.1, we have

L, (my) = ") my,.

Passing to a subsequence again, we may assume that the sequence (mk)iozl converges
weakly to a Borel probability measure m on J. Since the topological pressure function
C(J) > g — P(g) is continuous (in fact Lipschitz continuous with the Lipschitz
constant equal to 1), we have that limg . P(¢x) = P(¢). Thus, the limit measure
m satisfies the equation [,(’;(m) = eP@m, and, because of Theorem 6.10, m is the
only Borel probability measure on J satisfying this equation, i.e. m = mg. Now, fix
an arbitrary function g € C(J). Since the sequence (¢;)72, converges uniformly to
¢ € C(J), and since (my,)72, converges weakly to a m, we get

Jim ( / 9per.dmy, — / gpdm) =
= lim ( / (9pgy, — hp)dmy + ( / gpdmy, — / gpdm))
= klim (/(gpm — hp)dmk) + klim (/ gpdmy — /gpd’m)

=0+0=0.

Therefore, the sequence ()32, converges weakly to the Borel probability f-invariant
measure u = pm. Thus, p is a non-negative fixed point of the normalized Perron-
Frobenius operator Ly with | pdm = 1. However, in view of Theorem 6.10, py is a
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unique fixed point of /3¢ in C(J) with [ pgdmg = 1. As m = my, we thus get that
p = py, contrary to (8.2). O

In this proof we have also estblished the following.

Proposition 8.3. For every H > 0 and every 0 <t < xy the function
C(J)DPy(f) D¢ my €

is continuous with respect to the weak topology on the space of Borel probability mea-
sures on J.

Lemma 8.4. Fizr H >0 and 0 <t < ky. If ¢ € Py (f) and g € C(J), then

+L7 (Sn9)
W - (/gdﬂ¢)ﬂ

lim

n—oo

=0.

o0

Proof. We have
1£5,(Sng) _ 30050 £y (90 F) 5 X000 £5,7 (9L, (1)

n £n (1) £n (1) n (1)
It follows from Lemma 6.14 that
(8.4) the set {gﬁé)q(ﬂ) :j > 0} is relatively compact.

Applying Lemma 6.14 again we thus conclude that
8.5 the set {£777 gﬁj 1)):n>0,0< 75 <n—1} is relatively compact.
®q @q

Therefore

1
8.6 the set *E LJ > 17 is relativel t.
(8.6) e se - I(g 1)):n> is relatively compac

By Theorem 6.10,
(8.7) Tim [1£3,(1) = polloc = 0.

By the definition of Qq we have,

el - ([ adualos| =

e}

<13 lello(eh, (1) = po)loe + 11£5,(900) — ([ do)ooll

Ly (gL, (1) = gps) + Ly (9ps — (/ 9dpig)ps) H

oo

< 1@llglol1£4, (1) = polloc + 1125, (900) ([ bt ool
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Since in addition, in view of Theorem 6.10, lim,,— ;. H/qu_j(g%) — ([ 9dpg)pslloc =
0, invoking (8.7), we thus see that

. AN—J J . —
tim (1€, (94, (1)) = ( [ gduo)oul | = 0.
n—j—o0

Consequently,
1 n—1 ) ]
Jim || 25725 (o), () ~ ([ gduslp)|| =0,
J=0 oo
It follows from this and (8.7) that
520050 £, (9L, (1)
lim [|2=2=0 "% i - (/ gdpg)l| =0.
i £,m) .
We now are done by invoking (8.3). O

Proposition 8.5. Suppose that ¢ : J — R is a Hoélder continuous potential with
sup(¢) — inf(¢) < Ky and that g : J — R is a Hélder continuous function. Then
the function R 3 t — P(¢ + tg) € R is differentiable on a sufficiently small open
neighborhood of zero and

%P(QH‘YZG) = /gdﬂqwrtg-
Proof. Put
¢t = ¢ +1yg.
Clearly, there are H > 0, 0 < s < xy and § > 0 such that ¢; € Py (f) for all

t € [—4,0]. Tt then follows from Proposition 5.1, Lemma 5.2, and Proposition 8.1 that
for every x € J,

P(¢r) = lim ~ log £, (1)(x)

n—oo n
o1
= lm —log > exp(Sud(y) (xp(Sng(y))"-
yef~"(@)

Fix an arbitrary € J and for every n > 1 put,

(8.8)

1 n
Fa(t) = = log £3, (1)(x).
Then
(8.9) P(¢) = lim F,(t).
We shall prove the following.

Claim: For every n > 1 the function [—4,0] 5 ¢t — F,(t) is convex.
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Indeed, for all t1,ts € [0, d] and all v € [0, 1], using Minkowski’s inequality, we get

Fo(ytr + (1 =7)t2) =

= %log Z exp(Sno(y)) + 7t1Sng(y) + (1 — 7)t2509(y))

yef " ()
1
=—log| > exp(y(Snd(®) + t150g(®)) + (1 = 7)(Snd(®)) + 125n9()
yef(z)
1
<oqlog | D) exp(Snd(y) +tiSng(v)) | +
yef~"(x)
1
+—(1=log [ > exp((Sne(w) + t25n9(y))
yef(z)
We are done. ]

But, since

Len (Su(g) (@)  L1L7 (Su(g)(x)
, e _onTg
BO=To e T e

Lemma 8.4 yields that the sequence of functions [—d,0] 3 ¢t — F(t) converges point-
wise to the integral to [ gdug,. Therefore, the functions ¢ — F),(t) are monotone (by
the Claim) and converge pointwise to the function ¢ — [ gdug,, which is continuous in
view of Proposition 8.2 and Proposition 8.3. Hence, this convergence is uniform. Com-
bining this with (8.8), we thus conclude that the function (—4,6) >t — P(¢+1tg) € R
is differentiable and the derivative %P(gb + tg) is equal to [ gdugirg, the limit of
derivatives. We are done. n

Now, after all this preparation the proof of the main result of our paper is ready.

Theorem 8.6. If f : P* — P* is a holomorphic endomorphism of a complex projective
space P*, and ¢ : J — R is a Hélder continuous potential satisfying sup(¢) —inf(¢) <
Ky, then there exists exactly one equilibrium state for ¢. This equilibrium state is
equal to py = pemy and it is metrically exact.

Proof. The fact that ugy = pgymg is an equilibrium state for ¢ was established
in Proposition 8.1. Its uniqueness follows directly from Proposition 8.5 and Corol-
lary 2.6.7 from [PU]. Metrical exactness of the dynamical system (f,uy) coincides
with Theorem 6.11. We are done. ([l
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9. LocAL DEGREE

Let us start by looking at the following result of Charles Favre (see [F1]).

Proposition 9.1. For all z € P* the limit

d(x) = lim_ (deg, f")"
exists. If d(x) > 1 then there exists an irreducible complex subspace V and integers
k,l such that f*(x) € V and f{(V)=V.

The proof of this theorem in [F1] is based on Szemeredi’s Theorem, and the thesis
[F1] provides a way of avoiding it. Favre’s statement, however, is not sufficient for
us; we need a uniform estimate of degrees of n/th iterates. So, our main result of this
section, Proposition 3.3, may be understood as a strengthening of Favre’s result. In
addition, as a byproduct, we obtain also an elementary proof of Favre’s Proposition.
For the convenience of the reader we begin with two short definitions that have been
already formulated in Section 2, Preliminaries.

Definition 9.2. Given an integer n > 1 the periodic critical set A,, is the union of
orbits of all irreducible varieties, that are contained in the critical set and are periodic
under an iterate f with some I < n. In particular, an orbit of a critical periodic point
of period | < n is in the critical periodic set A,,.

For all positive integers n and p such that n > p let EL be the set defined as follows.

Definition 9.3. E} is the set of all points x € P* for which there exists a non-negative
integer i < n — 1 such that f'(z) € Ap.

Our main result in this section is the following stated in Preliminaries as proposi-
tion 3.3.

Proposition 9.4. For every 3 > 0 there exist p = p(3) and N = N () such that for
every n > N and for every x ¢ Eh we have

#{j <n:fl(x) e Oy <np.

For its proof we need the following three simple lemmas.
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Lemma 9.5. Let h : X — X be an arbitrary map and let ' C X be an arbitrary
subset of X. Fixz o > 0 and consider the union

Fo= |J Fnr'(F).
i<[1]
Neat, consider a trajectory x, h(z),...,hM=1(z) of length M > [L1]. If
#{s <M :h%(z) € Fp} < alM,
then
#{s <M :h*(z) € F'} < 3all.

Proof. Divide the trajectory z, h(z),... h™~!(z) into blocks, ending at consecutive
points in the trajectory, which are in F, i.e: By = [z, h(x),...h" (x)] where s; is the

smallest iterate of 2 which falls to F', and, inductively, By,.1 = [h*™ 1z, ... h¥m+1(z)]
while the last block has the form [h*" (), M ~1(z)]. Let us choose all blocks B,,,, m < r
of length < [é] — 1. Notice that then h®(z) € F,, since the distance sy, 1 — sy, is not

larger than [é] Consequently, by our assumption, the number of such blocks is not
larger than M .Moreover, in the remaining blocks B,,,,m < r every appearance of an
element of F is followed by at least [é] elements which are not in F'. Consequently,
the total number of elements of F' in the trajectory can be bounded from above by
aM + oM +1=2aM +1 < 3aM (since M > [1]). O
Lemma 9.6. Let h : P* — P* be a holomorphic map and let D = {Dy,...,D;}
be a collection of irreducible varieties of the same codimension p. If, for some 1,
h=4(Ds)N D, has an irreducible component of the same codimension p, then h'(D,) =
Dy.

Proof. Let V be a component of h=*Dy N D, of the same codimension. Since
V C D, and D, is irreducible, we have V = D, and, consequently, D, C h_i(DS).
Thus, hi(D,) C D,. Next, since Dy is also irreducible and dimh(D,) = dimD,., we
get h'(D,) = Ds. O

Lemma 9.7. Under the assumptions of Lemma 9.6, there exists an integer | > 1
such that, for H = h!, if H{(D,) = Dy for some i € N and some D,,Ds € D, then
H(Dy) = D;.

Proof. We build a natural graph with vertices Dy,...D;. We put an arrow from
D, to D, if Dy is mapped under some iterate h’ of h onto D, and, for all 1 < j < 1,
the image h7(Dy) is not a variety in our family D. Associate to this arrow the weight
1. To every maximal path in this graph, which is not eventually a loop, we associate
its weight defined to be the product of weights of all arrows forming this path. Let [
be a multiple of the lengths of all simple loops and, which in addition, is larger than
the weights of all maximal paths in the graph that do not contain loos. Then every
variety D, is mapped by H = h! either on a variety which is not in our family D, or
onto a variety D, which belongs to a loop; thus fixed by H. ([l
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We now pass to the proof of the Proposition 9.4. The proof will be performed in two
steps. In the first, preparatory Step I, we construct recursively appropriate families of
irreducible varieties contained in the critical set. They are then used in the inductive
proof of Proposition 9.4 in Step II.

Step 1. Construction of families of irreducible varieties D%Q’jg”“'jm).

Given 8 > 0, let Bp = 3, b1 = g, and G, = ﬂ’ggl for all 2 < m < k. This choice
of the sequence [, will become clear in the second step of the proof. First, let us
use lemma 9.7 for the map f and for the collection Dgl) of irreducible components
C4,...Cy of the critical set C. The superscript (1) stands here for the codimension
1 of all varieties in the family. We then replace the original map f by its iterate
g1 = f, such that for which the statement of Lemma 9.7 is satisfied for the family
of irreducible varieties Dgl).Next we define the family of varieties Dél’z). This family

consists of all irreducible components of the intersections D, N g; Dy of codimension
2, where i < [%] Notice, that, for k¥ = 2 the varieties in the family Dél’z) are just
points. For k = 2 our construction ends at this step.

For k > 2 we proceed as follows. Using Lemma 9.7 again, we find an iterate go = glf
such that the statement of this lemma is satisfied, i.e. for each D,, Dy € ’DS’Q), if
g5(D,) = Dy for some i > 1, then go(Ds) = Ds. Now, for every 3 < j3 < k let D§1’2’j3)
be the family of all irreducible components of all intersections of the form D,Ng, "D,
D,, D, € Dy, that have codimension 3 < jg3 < kand 1 < < [%] Let

k
D3 — U D§1»2733)
Jj3=3

Again, notice that if £k = 3 then only j3 = 3 is possible and the procedure ends at
this point.

For a general k, proceeding by induction, fix m > 3 and assume that for every
1 < jm < k the family D%’Q’jg’""jm) of irreducible varieties of codimension j,, has
been defined. Also, assume that the map g,, (as an appropriate iterate of f) has been
defined. We assume by induction that the map g, has the following property. If,
for some 7 > 1, and D,, D, € D%’Q’js""jm), gt (D,) = Dy, then g,,(Ds) = D,. Fix
1 < jm < k. If j,, = k then the procedure ends at this moment (note that the elements
of DL 2I3Im) gre then just points). If j,, < k, we define the families Dgf’lj?’""jm’jm“),
(1»2:j3’~~-j7nvjm+l)

where jmi+1 > Jm as follows. The family D, 7§ consists of all irreducible

components of all intersections D, N g, Dy, i < [%] that have codimension equal

t0 jm+1. Note that the range of admissible j,4+1’s is {i;, + 1, ...k} but some families
Dgf’f?’"“]m’]m“) may be empty. Finally, for all families Dgf’lﬁ"“]m“), defined in this

. . l
way, we find, using Lemma 9.7, a common value l,,,+1 and an iterate gm,11 = gny ' of
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gm such that if Dy = g%, (D,) for some D,, D, € Dgf’ljzs""jm“), then gn,41(Ds) =
D,.

Step II. Fix N = Ny =l - ly - -+ - [, N}, where N, > N,g and N,g > [ﬁ—lk] so that
the statement of Lemma 9.5 is satisfied for all M > N,g and all o > 3. Let N1 =
lg-lg--++ Ngy Nyp = lp1 ... N (so that Ny—1 = 1,,Np,). Take now an arbitrary

point 2 € P¥ and assume that the trajectory of x, up to f(x) visits the critical set
with a frequency larger than G:

#{n< N : ffzeC} > [BN.

Since N = Iy - Ny, the whole trajectory z, f(x),... () can be split in a natural
way into [; trajectories of the points f*(z),7 <1, under g1 : f*(z), g1(f*(2)) .. g (fi(x)),
and it is evident that there exists a point & = f7(z), j < l; such that

#{n < Ny : g1'(z) € C} > BNy.

Let us consider two cases. Either
(1) there exists n < Ny, i < [%], such that ¢7'(Z) € C,, g7 (%) € Cy and the
component of C N g; (Cy) containing # has codimension 1,
or else, the following holds:

(2) if g7(%) € C, and g" (%) € Cs for some n < Ny i < [%] then the component
of C, N g7*(Cs) containing g} (#) has codimension 2.

If the case (1) occurs, we conclude that the point ¢i"*(Z), where n 4 i < Ny,i < [%],
lands in a critical variety V', which is fixed by g; thus periodic for f with period ;.
This implies that f™(x) € V, where m < N, f4(V) =V, and = € ER,. The proof is
then finished.

In the case (2) we proceed as follows. Using Lemma 9.5, we conclude that

#0<n<Ni:gi(@) e | (Cng™'C) p > B/3N1.
i<[3]

This means that the trajectory gi(Z),g7(Z),..., 9" () of &, under g; visits the va-

rieties D, from the family Dém) with frequency larger than (3/3, This property is
referred to as M;(Z) and reads as follows.

(9.1) #{0<n<N:gi@e |J Drp>8/3N=pMN
D,eD{H?

It is easy now to conclude the proof if k = 2. Indeed, then the varieties in D12 are
just points, and we can proceed as follows. Let R = R(f) = #D12) | 1t is evident
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that, if N7 is large enough and

#30<n<Ni:gi(@e |J Drp=>p/3N
DyeDy”

then there exist m, m 4+ < Nj and a point z in the family Dém) such that ¢7"(z) =

g7 (%) = 2. Hence, there are n < N, and j < [%] such that f(z) = f"*(z) = 2z
and z is a critical periodic point. thus z € EX;, where p = [%] This concludes the

proof if k = 2.

For an arbitrary k we use the following inductive procedure. Put p = lls . ..1;. Recall
that 31 = 3/3. Let m < k and assume that for the point = the following property
M,,—1(z) holds.

#0<n < Np-1:gna@e | Dp>BnaNn,
DED%‘2’j3"'jm>

where D € D,%’m'"jm) for some sequence (1,2, 3. ..7m,) which depends on x. Note
that for m = 2 this is precisely the formula (9.1). Let D,,, be the union of all families
of the form D%’Z]smjm). Recall that g,,, = 93?71 is the iterate of f such that, (see Step

1), if for some D,., Ds € Dy, g'(D,) = Ds then g,,(Ds) = Ds. Since the trajectory

Ny
{:Evgmfl(l‘)? g?n—l(l'% cee 7gm—11(x)}
of the point z under g,,_1 can be split into I, trajectories of the points 95';171(93)7

0 <j <ln—1, under gp, it is evident that there exists a point & =g/, _(z),i < Iy,
such that

#H#An < Ny : g?n(j) € U D} > Bn-1Nn.

(1,2,55.17
DeD,, 3™

Recall that N,,_1 = ,, N,;,. Now, as in the case of m = 1, we consider two possibilities.

(Ind.1) There exist n < Ny, @ < [Bril] and D,, Ds € Dy, of the same codimension,

say jm, such that gy (%) € Dy, gti(%) € Dg, and the component of D, N
9 (Ds) containing & has codimension jyy,.

(Ind.2) If g7 (%) € D, and ¢g"" (%) € Dg for some n < Ny,,i < [%], then the

component of D,.Ng,*(Ds) containing g% (#) has codimension larger than jp,.

If (Ind. 1) occurs then, by Lemma 9.6 and Lemma 9.7, we get that g,,(Ds) = Ds and
g**t(Z) lands in an irreducible variety D, which is fixed by g,,. In particular, this
case always occurs when j,, = k, i.e the varieties D,., Dy are just points. Since g":"*(Z)

lands in the variety Dy, fixed by g,,, we see that gﬁ;r_lT(nH) (r) = gt (%) lands in

the component Dg. Note that j + l,,(n + i) < Ny—1 and gfg_l(Ds) = gm(Ds) = Ds.
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Thus, we conclude that for some r < N,,,—; the point g, (x) lands in the variety D,
which is contained in the critical set and which is periodic under g,,—1 with period
l;,. We are then done.

Bmfl

In the case (Ind. 2) we proceed as follows. Using Lemma 9.5, for a = ==+, we can
write
B s Bm—1
#An< Ny:gn@e J U (D, Ng7Dy) p > "5 Np.
i<lg>51 Dy, DseDly 38 Im)

Recall that the family Dgf’lj:”"'j mIm+1) consists of all intersections D, N g;lj D,, 1<

j< [%], D,,D, € D%Q’jg'”’jm), which have the same codimension j,11.

{Dy N gDy : Dy, Dy € Diy2d-ind} = | ] Dl 2jwmdmt)
Jm+1
and, since the range of all possible j,11’s is less than k, we can choose one value of
Jm+1 such that the following property M,,(Z) holds.

DTepirllfijgm»jerl)

Therefore, we have checked the following. If the condition M,,_1(x) is satisfied for
x then either there exists » < Np,—1 so that g),_,(z) falls into a variety which is
contained in C' and periodic under g,,—1 with period [,,, or else, the condition M,,(Z)
is satisfied for some & = f7(z), j < l,n, and some family DyBI%Im1  This ends the
inductive step.

Now, take an arbitrary point 2 € P* and consider its trajectory z, f(z),..., fN(x).
where N = p- N, N > N,g. Let us turn again to the beginning of the Step II. Since
the case (1) ends the proof, we are left to consider case (2). This leads to the condition
M;(z) (see (9.1)). We then apply the above inductive procedure, starting from the
point £ and m = 1. If, at some step the case (Ind.1) occurs then the induction
stops. It is evident that the number of inductive steps is at most k. Assume that
the procedure ends for some m = my < k. It then follows that for some r < Ny,,—1
the point gy, ;(Z) lands in a variety Ds, which is contained in the critical set and
which is periodic under g,,,—1 with period l,,,, thus periodic under f with period
Lo * lmg—1-+- 11 < p. Observe that & is a point in the trajectory of z and, in fact
it is easy to see that & = f!(x) for some t < Iy + lylo + -+ + lla...lp,—1. Since
Gmo—1 = filzlmo=1 we get fi(x) € D, for some t < N. Finally, take an arbitrary
n > l1l2...lkN,8 :pN,S. Then n = pM + r for some M > N,? and 0 <7 < p. Itis
evident that, if #{i < n: fi(z) € C} > 2ng then #{i < pM : fi(x) € C} > nB if M
is large enough. Thus, the statement follows from the proven part for N = pM. O
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