THERMODYNAMICAL FORMALISM
FOR
A MODIFIED SHIFT MAP

STEPHEN MUIR AND MARIUSZ URBANSKI

ABSTRACT. We introduce a transfer operator and use it to prove some theorems of a
classical flavor from thermodynamical formalism (including existence and uniqueness of
appropriately defined Gibbs states and equilibrium states for potential functions satisfy-
ing Dini’s condition and stochastic laws for Holder continuous potential and observable
functions) in a novel setting: the “alphabet” F is a compact metric space equipped with
an apriori probability measure v and an endomorphism 7. The “modified shift map” S is
defined on the product space EN by the rule (xiz523...) — (T(22)23...). The greatest
novelty is found in the variational principle, where a term must be added to the entropy
to reflect the transformation of the first coordinate by T' after shifting. Our motivation is
that this system, in its full generality, cannot be treated by the existing methods of either
rigorous statistical mechanics of lattice gases (where only the true shift action is used) or
dynamical systems theory (where the apriori measure is always implicitly taken to be the
counting measure).

1. INTRODUCTION.

1.1. The Space and Map under consideration. Let (F,dy) be a compact metric space
equipped “apriori” with a Borel probability measure v : B(E) — [0,1]. Let T : E —
E continuously and surjectively with the additional “not-too-contracting-at-short-range”
property that for some constants x > 0 and 6 > 0

(1) do(a,b) <6 = do(Ta,Th) > kdy(a,b)

If k > 1 then this property is called distance expanding, but distance expanding isn’t
required for any of our present theorems. Assume further that 7" preserves the Borel sets of
E in both directions, i.e. T(#(E)) C A(E) (invariance under T~! follows from continuity),
and that the apriori measure is quasi-invariant in both directions, i.e.

voT '<<v and voT << 1.

Now, unless T injects the function v o T' is not additive on the whole B(FE) (though it is
subadditive). Nonetheless the density function %°T is well defined because Equation (1)
implies that 7" must be a local homeomorphism (see Lemma 1.2), and we’ve assumed it to
be biquasi-invariant. Then integration against the “global measure” v o T can be defined
via the density.

In the language of shifts, E serves as the alphabet (physically, the individual state space)
and the product space X = E" serves as the (full) shift space (physically, the configuration
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space). For any 0 < ¢ < 1 the distance function
1 — ¢ —
d= Tqudoo (7Tk X 7Tk),
k=1

wherein 7y, is the kth coordinate projection, makes X into a compact metric space (where
the constant %q guarantees the diameter of X to be 1) and the product measure v makes
X into a Borel probability space.

Define the modified shift map S : X — X pointwise by

(2) S(zyzoxs...) = (Txexs...).

It is continuous under the metric d by the continuity of 7" under the metric dy. In the
cases where (F,dp) contains a proper limit point the map S cannot be expansive, much
less distance expanding. If, for instance, a; — a in E as j — oo with a; # a for any j > 1
then the points (a;, a;41,...) and (aj41,aj19,...) in X will be arbitrarily close and remain
so under all iterates of S for sufficiently large choices of j.

Whenever f: (X,d) — (X’,d’) is a map between metric spaces we use the modulus of
continuity notation

m(f,t) = sup{d'(f(z), f(y)) : d(z,y) < t}.

Lemma 1.1. For anyt >0
1 t
q q
Proof. By rearranging the definition we see

1
d(va Sy) = gd(:c,y) - do(fb’hyl) +q (do(sz,TZh) - do(ff?z,y2))

1
< 5 d(z,y) + q(do(Tz2, Tys)) .

The lemma follows by observing (by definition of d) that d(x,y) < ¢ implies do(x2,y2) <
t
el O

q

1.2. Statement of Theorems to be Proved. For a continuous function ¢ : X — R
we will define (Equation (5)) a transfer operator £ in the spirit of Bowen, Ruelle, Perron-
Frobenius, etc., and prove (Lemma 2.3) that
1
p(¢) = lim glog £"1(x)

exists independently of x and (Theorem 5.1) is an upper bound on “modified free energies”

dvoT
/¢du+H(MVN)+/ log( e )duomjl,
a€FE dv

where p ranges over all S invariant Borel probability measures on X.

For descriptive purposes adopt the convention that a function weighting a transfer op-
erator is a potential function, and a function the transfer operator acts on is an observable
function.
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For a potential function ¢ : X — R satisfying Dini’s condition (Equation (8), weaker
than Holder continuity) we use the transfer operator in a typical way to produce an §
invariant Gibbs state n (Lemma 3.3, Fact 4.5) and prove (Theorem 5.1, Theorem 5.2) that
it is totally ergodic (Proposition 4.7) and is the unique equilibrium state, i.e. S invariant
Borel probability measure on X of maximal modified ¢-free energy.

For Holder continuous potential functions ¢ we prove that the central limit theorem
(Theorem 6.8) applies to any stochastic process of the form { f 0 S*};>¢, where f is a Holder
continuous observable : X — R and the underlying probability space is (X, #(X),n). We
also show this process has exponential decay of correlations (Theorem 6.7) and, in the cases
where T' : E — FE is a homeomorphism, it adheres to the law of the iterated logarithm
(Theorem 6.9).

Finally we consider the dependence on the apriori measure and show (Theorem 7.2) that
for a fixed potential satisfying Dini’s condition the pressure and equilibrium state depend
continuously on the apriori measure.

1.3. Inverse Branches in the “local” map. Before defining the transfer operator, pres-
sure, etc., let us establish an important aspect of the single coordinate map T : £ — E
which distinguishes S from a true shift. As a continuous surjection between compact spaces,
T is necessarily open. A standard argument involving metric topology shows that if we let
s> 0,a € F, and

r(a,s) =sup{r >0:Va€ E B(Ta,r) CT(B(a,s))},

then inf,cpr(a,s) > 0. In particular let 6 > 0 be the distance threshold from condition 1
and let

, )
(3) ro = ;gg’l“ (a, 5) .

Lemma 1.2. On any ball B(b,r) where b € E, there are finitely many inverse branches
7' : B(b,ro) — B (T[lb, %) with the property that T|T;1(B(b,m)) is a homeomorphism from
T, (B(b, o)) to B(b, 7o) (whose inverse is T; ' ). These inverse branches account for all the
preimages of any point in the ball B(b,rq); the number of branches is constant on connected

components of E; and
(4) P = max{|T '(a)| :a € E} < oo.

Proof. First of all notice that even if F has infinitely many connected components, P < oo
still holds. This is simply because E is compact: points with infinitely many preimages
would necessarily violate property (1) by having preimages arbitrarily close to each other.

Also by property (1) it follows that 7" injects on every ball of radius g, and by the
definition of rq it follows that for every a € E B(Ta,ro) C T (B (a, g)) To construct
the inverse branches at a point b € F, recall the assumption (surjectivity) that 7-'b # ()
and label T71b = {Tflb, e ,Tj_lb}. The observations in the first sentence of the proof
show that for each ¢ € B (b,79) and for each i : 1 < i < j there is a unique point 7} 'c €
T-'(c)nB (Ti_lb, g) Because T' is continuous and open, the claim of homeomorphism has
been proved.
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Now, U_,T; !¢ accounts for all of T—'(c) because if there were another preimage of ¢
then the present reasoning would imply the existence of another preimage of b, which is
assumed not to exist. Thus the cardinality of preimages of points under 7" is constant on
balls of radius rq and moreover on connected components of E, which can be covered by
paths of overlapping balls of radius ry. O

Said differently, this lemma shows that if dy(a,b) < rg, then a and b can share the same
inverse branches 7, ', 1 < i < j, and for each 4, do(T; 'a, T, 'b) < 4.
2. THE TRANSFER OPERATOR ASSOCIATED TO A FUNCTION ¢ : X — R.

If 9 : X — R continuously then the transfer operator associated to ¢ is the bounded
linear operator mapping C'(X) — C(X) by the rule

(5) / Z fe (abzoxs...)dv(a).

€E per-

Fubini’s theorem allows a straightforward mductlve proof that for all n > 1

(6) / > ferf(anby .. baaaws )V a),

b1€T 1 (a2)

bn—lej‘71 (an)
b €T~ (21)

wherein appears the ergodic sum $,¢ = ¢+ oS+ -+ ¢o S"L
Let

(7) A (¢) = sup {|sp¢(ax) — sp¢(ay)| : a € E", x,y € EV}.
We say ¢ satisfies Dini’s condition if

(8) > m(¢,27") < o0

Notice that ¢ satisfies condition (8) if and only if for every 0 < ¢ < 1

(9) Zm(qb,q”) < 0

Lemma 2.1. If ¢ : X — R satisfies Dini’s condition then

= Zm(dntcﬂ)

defines a nondecreasing function h = hy, : [0,00) — [0,00) with h(0) =0 and h(t) — 0 as
t— 0.

Proof. The claims are all obvious except perhaps the last one. For any € > 0 there is an in-
dex n solarge that ) -, m(¢,q") < e Thent < g™ "implies h(t) <> o, m(¢,¢" ) <
€. B B O
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The dependence of the function A on the parameters ¢ and ¢ is suppressed when we
aren’t considering the effect of varying them.

Lemma 2.2. If ¢ : X — R continuously then A,¢ = o(n), and in particular if ¢ : X — R
satisfies Dini’s condition then {A,¢}n>1 is bounded.

Proof. Regardless of any conditions on ¢ the triangle inequality yields
A, <m(¢,¢"diamFE) + - - - + m (¢, gdiamFE) .

The second claim now follows from Lemma 2.1: if ¢ satisfies Dini’s condition then A, ¢ <
h(diamF) < oo holds for all n > 1.

For the first claim let ¢ > 0 and observe that mere continuity of ¢ implies that for large
enough integers, say for n > n., it holds that m (¢, ¢"diamF) < € and hence

1 1
ﬁAnqj < - (m (¢, ¢"diamFE) + - - - + m (¢, ¢"diamFE) + - - - + m (¢, gdiamFE))
n—(ne—1)

< € + % (m (¢, q”f_ldiamE) + -+ m(o, qdiamE)) ,

n

which converges to € as n — oo. Thus mn%%A,@ < ¢, and the first claim is proved. [

The next lemma introduces a standard formula for a number p(¢) associated to a
continuous function ¢. Here p(¢) characterizes the growth rate of the unit function
I = 1x : X — R under iterates of ¢’s transfer operator £, and it will be seen to have
further significance (see Equation (14), Theorem 5.1).

Lemma 2.3. For any continuous ¢ : X — R

p(¢) = lim llog,ﬂnll(m)

n—oo N,
exists in R and is independent of x.

Proof. The first step is to check that for any given x € X the limit exists. This follows
from near-subadditivity of the sequence {log £"1(x)},>1. Let 1 < m < n, and consider the
integrand of £"1(z) at the point a € E™. Reverse the order of the summation and factor
as

Z e (i 1bmst - - - bpToTs . . .) Z e (arby ... byxows. .. )

bnET71I1 bm—lETilam

bmeT_lam+l by €T71a2
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Factor further, with an error factor bounded by e*"(®) by replacing by, . .. b,2axs ... with
an arbitrary tail y € EN:

A s Sn—
<e mo § e m¢(a1b1 . bm—ly) E e’n m¢(am+1bm+1 . bnl’gxg .. )
bmfleT_lam bnET_lml
beTay b €T tamt1

Then put the order of summation back to normal and use Fubini’s theorem to obtain
£'1(x) <
ehmd / Z e (arby .. bp_1y) dv™(ay . .. ap)
at...amEE™

b1eTlay

bm—1€T Lam

Sn—m n—m
. / E e (A 1Oyt - - bpToxs ) AV (At - - Q).
Am41...anEE—M

meTflaerl
bnGT:_lwl

Finally force the summations to match the integrations as they should in the transfer
operator with another error factor bounded by Pe®m(9):

< eQAm¢/ > > e (arby . bpoabmyays - )dV™ (a1 ) -
ackE™

b1 ET_lag bmeT_lyl

bym—1€T™ lam

. P/ Z e (1Dt - - bpaty . )V ™ (Apsy - - - Gn)
am+l--~an€E vmm

bm+1 GTflam+2

bneT:*lxl
= P2 M (y) L™ ().

This holds for any y, and letting y = x yields the desired near-submultiplicativity:
(10) £l (x) < Pl gmil (2) £ ™ 1 ().

Schematically now there is a sequence {L,, = log £"1(z) },,>1 satisfying the near-subadditivity
property that for any 1 <m <n

L, <Cy+ L+ Ly,

where it is known that C,,, = o(m) (specifically C,, = log(P)+2A,,¢). It is a fairly routine

calculation to show that in such a case lim,,_, %Ln exists (though it need not equal the
infimum of the sequence, as in the truly subadditive case.)
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To show that the limit is independent of  examine the integral in the right hand side of
Equation (6). Observe that for any two points =,y € X, any point a € E™ in the domain
of integration, and any choice of indices by € T tas,...,b,_1 € T 'a, in the integrands of
L1 (z) and £1(y), respectively, the estimate

ZbgeT—lml €S"¢(alb1 cobExamg L)

P le 8 < Pelnd
B by eT—1y 68”¢(albl . --b%y2y3 . ) N
holds, and therefore in fact
1 £"1(x)
11 Plemtn? < Z 7 < pehnd,
- ()
Use Ap¢ = o(n) again to conclude *|log £"1(z) — log £"1(y)| — 0 as n — oo. O

Note that for all continuous ¢ : X — R

1 1
lim —logsup £"1 = lim — loginf £"1 = p(¢)

n—oo M n—oo M,

is also true.

Observation 2.4. If ¢ : X — R satisfies Dini’s condition then for every n > 1 and every

r,ye X
P—le—h(diamE) < 271]1(1.) < Peh(diamE)’
T erl(y) T
Proof. Apply the second claim of Lemma 2.2 to Estimate (11). O

Before proceeding to the construction of Gibbs states and the variational principle it is
prudent to refine and extend the estimates that established the existence of the pressure.

We consider two points z,y € X to be sufficiently close if do(z1,y1) < ro. Recall from
Lemma 1.2 that if x,y are sufficiently close then they share common inverse branches:

Ty = {T, oy} and Ty = {7 'y b,
and foreachi: 1 <i <7, d0<T‘71x177}71y1> < 0.

1

Lemma 2.5. If ¢ : X — R satisfies Dini’s condition (8) and x,y € X are sufficiently close
as just described, then for every n > 1, every point a € E™, and every inverse branch T; *
i common between x and y

1s,0(aT ' zy2s ... ) — 8,0(aT; pya... )| < h <max (1, %) d(zx, y)> :

Proof. By Property (1) do(T; 2y, T, ty1) < %dg(xl,yl). Thus for any n > 1 and any
k:1<k<n

nik+1d(T~71‘T1£€2 c. ,fT{lyl, Yo ... )

dlay ...a, T ewg . ag . ca, Ty, y2..0) = g ;

1
< ¢ *lmax <1, —) d(z,y).
K

Now by the triangle inequality the difference in question |s,¢(aT; *z12y . .. )—s,0(aT; ' yrya . .. )|
is bounded above by the first n terms of the series i (max (1, 2) d(z,y)). O

'K
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From now on denote

(12) 7 — max (1, %) |

Lemma 2.6. If ¢ : X — R satisfies Dini’s condition, f : X — R is continuous, and
x,y € X are sufficiently close as just described, then for everyn > 1

(13)  |€"f(2) = £ f(y)| < £ W(a)m (f,¢"Fd(2,y)) + | f oL L(y)[1 — 0],

Proof. Combine the difference of the two integrals £"f(z) and £"f(y) into one integral
dv™. In the integrand, for each a € E", b, € T tas,...,by,—1 € T ta,, and each i indexing
a common inverse branch of T" at x; and y;, add and subtract a term of the form

f(a1b1 . bn,lelyl Ya ... )esTLd)(Clel .. bnflﬂilﬂjl o ... )
With the triangle inequality this leads to

£ f(x) — £ F ()] < /E 3 Z(

b1eTlay =1
brn—1 e‘T‘_lan

es“¢(a1b1 R TZ;-*ILUISL’Q e )‘f(albl Ce T»*lxle ce ) — f((llbl . T[lylyg c. )) +

1

+ |f(a1b1 T Yy )‘ ’es”‘b(albl T s )= (aghy T iy )’ )du"(a).

Separate this integral into the integral of the sum of the left hand terms of each summand
and the integral of the sum of the right hand terms of each summand. In the left hand
terms

\f(albl c. 7—;71.%'11'2 c. ) — f(a1b1 .. .ﬂilylyg c. )| <m (f, qn/%d(l', y)) .
In the right hand terms factor out es"qs(albl . Ti’1y1y2 ... ) and use Lemma 2.5 to complete
the estimate. 0

Lemma 2.6 shows a sort of local equicontinuity in the sequence {£"f},>1; with the
right normalization of the operator it will become truly equicontinuous. The normalization
uses the dual transfer operator and is a key point in demonstrating the existence of an
equilibrium state (with respect to S) for the potential function ¢ satisfying Dini’s condition.

3. THE DuAL TRANSFER OPERATOR.

The vector space C' of continuous complex valued functions on X = EY is a Banach
space with || ||, and for any ¢ € C' the associated transfer operator £ is a bounded linear
operator on C. Let C* be the dual space of bounded linear functionals on C', and let £*
be the adjoint or dual bounded linear operator on C*, defined by £*u(f) = u(Lf). The
transformation

C*"3 pu— L' e

1
Lop(1)
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is not linear, but it is clearly continuous (with respect to the weak™ topology on C*) and it
preserves the (weak®) compact subset C} ; of positive linear functionals with norm 1. By
Schauder and Tichonov’s fixed point theorem there must be a functional v € C7 ; fixed by
this transformation. In terms of £ this means that for all f € C'

(14) Y(Lf) = v(L1) y(f).

We see in Corollary 5.3 that v is unique. Naively for now adopt the convention that,
assuming a potential function ¢ has been fixed, v always refers to an arbitrary eigenvector
of £* as defined in Equation (14).

Observation 3.1. If ¢ € C then logy(L1) = p(¢).
Proof. Tterating Equation (14) and evaluating both sides at 1 yields

Y(£'1) = (v(£1))" v (1) = (v(£1))".

So
1 n < %log sup £"1
logy(£1) = ﬁlogv(ﬁ 1) { > Loginf €71 — p(¢) as n — oo.

|
Next comes the normalization, promised in the previous section, which makes the se-

quence of iterates of the unit function under the transfer operator equicontinuous. The
normalized transfer operator weighted by a potential function ¢ € C' is defined by

(15) Lo=ePOg
Notice £{y = 7. The claimed equicontinuity and its first consequence are elaborated in the

next lemma.

Lemma 3.2. If ¢ : X — R satisfies Dini’s condition then e”®) is an eigenvalue of £ with
a positive eigenvector p € C' that is bounded away from 0.

Proof. Let n > 1. Because 1 is positive and y(£"1) = ™) there must be points y, z € X
satisfying
Ll (y) < e < gn1(2).
By Observation 2.4,
P—le—h(diamE)gn]l(z) < gn]l(:E) < P€h(diamE)£n]l(y),
and combining these yields
P—lenp(¢)—h(diamE) < E/n]l(flf) < Penp(¢)+h(diamE)

ie.
(16) P—le—h(diamE) < Sg]l($) < Peh(diamE)
for every z € X. Now take f = 1 in Lemma 2.6 and divide by e™®) to obtain
S01(z) — Lol(y)| < £hl(y)|1 — "FIEw)]
< PediamE“ . eh(fid(m,y)) "
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which holds for all z,y € X with dy(x1,y1) < 2ry. Thus the sequence of functions {£{1},>1
is equicontinuous. Because

1 n . 1 n
m (52011,5) = nm(ﬁoll,é)

the sequence {%28]1}7»1 is equicontinuous too. By Arzela and Ascoli’s theorem there is a

| llo convergent subsequence {%sgi ]1} converging to a uniformly continuous limit p.
J

Jjz1
Because £y is continuous
1 .. 1 ..
[Lop —pl = | lim L£o—Ly'1 — _20]]1’
J—00 n; n;
s 1
=lim [£y— (£l —-1)[=0
J—0o0 nj

because {£y’};>1 is bounded in operator norm. Thus £9p = p.

Because all the functions £, 1, j > 1 are bounded below P~le , their limit p is
too. Note for use in Theorem 7.2 that Estimate (16) proves that p is in fact bounded from
0 and oo by constants that are independent of the apriori measure v. [l

—h(diamFE)

Lemma 3.3. There is an S-invariant functional n € C7 ; that is boundedly and continu-
ously equivalent to .

Proof. We have only to check that n = #(ﬂ)pv is S-invariant, because the boundedness

and continuity of the density function p was proved in Lemma 3.2. Both facts £§7 = v
and £op = p are used:

py(foS)=~(pfoS)=7(LlpfoS))=~(fLop) =7(fp) =pV(f)

Scaling by won’t change the invariance. 0

1
py(1)
4. GIBBS STATES ASSOCIATED TO A POTENTIAL FUNCTION ¢ : X — R

There is a natural Borel probability measure associated to each functional in C7 ; we
let the two go by the same name. If n > 1 is specified and A € Z(E") then the cylinder
set notation

[A] = 7 a(A)
can be used without ambiguity.

Definition 4.1. We define a Gibbs state for ¢ € C' as a measure p € C7 ; for which there
exist constants ¢y, co > 0 such that for every n > 1, every set A € B(E™) with v"(A) > 0,
and every point x € X

1 1([A]) <o
cicy — Lrllpg(x) — b

(17)

Note that the proof of the following observation contains the fact that v"(A) = 0 if
and only if £"1 4 is identically equal to 0, which prevents division by 0 in the preceding
definition.
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Observation 4.2. If $ € C and u is a Gibbs state for ¢ then the finite projections pomy ", |
n > 1 are equivalent to the apriori measures v™ on (E™, B(E")), respectively.

Proof. Let n > 1 and a consider any rectangle A = A; x --- x A, € B(E").

() = /EEH S (e lay(b) T (b s) -

bieTLay

bn—le;Tilan
bnET_lzl

e (arhy .. byxy ... ) dv"(a)

(18) = / > e (arhy .. bywy. ) dv"(a).
a€EEXTAsx---xTA

" o eT LagNAs

bn_leTilanmAn
bnET_l:Bl

Assuming voT << v as we do, this shows £"ll 4 () = 0 for all z € X if v"(A) = 0. Thus,
by the right hand side of Definition 4.1, any Gibbs state v has yom; ! << ™.
Conversely, because the integrand is positive and bounded away from 0, and because
of the left hand side of Definition 4.1 it follows that if vy o 7;",(A) = 0 then £l is
identically equal to 0 and therefore either v(A;) or one of v(T'Ay),...,v(T'A,) must be 0.
By quasi-invariance (v o T~ << v) it holds that if v(T'Ax) = 0 then v(A;) = 0, and so we
conclude that v << yom ! . O

Observation 4.3. A functional i € C7 1 is a Gibbs state for ¢ € C if and only if there
are constants cy,co > 0 such that for every n > 1 and every A, measurable f € C

L _wlf) _a

ady T Lrf(x) T

(19)

Proof. Tt is a standard limiting argument in measure theory. If the measure p is known
to be a Gibbs state then Estimate (4.1) extends to %, measurable simple functions by
linearity of p and £; then it extends to all %, measurable functions by the Lebesgue
dominated convergence theorem. Conversely, if the functional p is known to be a Gibbs
state then Estimate (19) applies to all continuous “bump” functions f that could be used
to approximate indicator functions 14, and so the measure constructed to represent y as
integration (in the Riesz representation theorem) is bounded in the same way. U

Observation 4.4. If ¢ : X — R is continuous and has a Gibbs state then the constant cy
in the definition of a Gibbs state must be eP(®).
Proof. For every n > 1, taking the set A in Definition 4.1 to be E™ yields
1 1 C1
< < —.
ccy = £l(z) T &
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Taking logs, etc. yields
log £"1(x) + log ¢y

log £*1(x) — log ¢y < log ey < 7
n n

wherein logcy is seen to be bounded between two sequences converging to same limit

p(®). O

In light of Observation 4.4, an equivalent but more streamlined definition of a Gibbs
state would be any u € C—T—,l for which there exists a constant ¢; such that for all n > 1,

all Ae B(E"), and all z € X

1
1 ()

20 _PATA)
(20) ca — Lplla(x) —

Fact 4.5. If ¢ : X — R satisfies Dini’s condition then any solution v of Equation (14) is

a Gibbs state for ¢, and n = #mpv 15 an S-invariant Gibbs state for ¢.

Proof. Fix n > 1 and A € (E"), and consider the integrands of £"14)(z) and £" 14 (y)
for arbitrary z,y € X. For each choice of a € E", by € T 'ay,...,b,_1 € T 'a,,b” €
Tz, and bY € T~ 'y;, the number

{0, 1} > H[A}(albl Ce bn,1b21’2 R ) = H[A](albl Ce bnflb%yg R )

and in fact only depends on a,by,...,b, 1 (not b* or b¥). This means Estimate (11) and
Observation 2.4 can be generalized to say that

’Sn]l[A](x) < Peh(diamE)
2 y(y) T ’

holds for any n > 1, A € B(E"), and z,y € X. Changing both instances of £ to £y has
the non-effect of multiplying by 1 in the center expression. Therefore, integrating dv(z)
(or, equivalently, treating each term as a function of x and applying )

P—le—h(diamE)

p1p—h(diamB)—np(¢) V(L5114 < pehdiamE)-np(9)
Ll (y) T

which, bearing in mind the £ invariance of «, proves the first claim. The second claim
is a trivial consequence of Lemma 3.3 because it is clear by definition that any functional
boundedly equivalent to a Gibbs state is also a Gibbs state. U

Lemma 4.6. Let ¢ : X — R satisfy Dini’s condition and let n be an S invariant Gibbs state
for ¢. Then there is a constant ¢y > 0 such that for anyn > 1, A € B(E™), B' € B(F),
and B" € B(X)

(21) n(m (A N (B Nty (BY) > con (mt,A) n (ry (TB) Ny ! BY)
holds.

Proof. The inequality will follow from a kind of near-supermultiplicativity in the sequence
of iterates under £ of indicator functions for the appropriate cylinder sets. Separating the
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integrals and making substitutions as in the proof of Lemma 2.3 leading up to Estimate
(10), one ascertains that

1
(22) £m+nﬂ[A><B’><B”}(x) Z ngﬂ[A}(x)gnﬂ[TleBu}(I)
holds for every m,n > 1, A € B(E™), B' € #(E), B” € B(E™ '), and x € X. With
this and the bounds from the definition of 7 as a Gibbs state, (using first the lower bound
on the measure of the longer cylinder, then the upper bound on the measure of the two
shorter cylinders)

DIAX B X B) 2 o 8 (0
> s W) s (0
> s (AD(TE x B)
> AD(TE x B)).

3 Pe2h(@iamE) !

The constant
1

CO = oo
2 C%Pe2h(d1amE)

satisfies the claims of the lemma. To prove it we’ll first extend this last estimate to allow
any B"” € #(X). Use S-invariance of  and surjectivity of T to see that for any [ > 1
n([Ax B'x B") = cn([A])n([T(B") x B")
= cn([A)n([E' x T"HT(B")) x B")
(23) > con([ADn([E' x B' x B")).

Now consider two measures on #(X):

(24) m(B) =1 ([A x BN (E™ x B))

(25) ma(B) = ([T(B)]N (£ x B))
Observe that m; << mao, because of the set containment
[Ax BN (E"™ x B) C [E"x B|n(E"™ x B)
C ST ([T(B)n(FE x B))

and S-invariance of 7. In terms of these two auxiliary measures Estimate (23) shows that
for any k£ > 1 and any set B € %,

my(B) = can([A])ma(B)
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dmi|g,

> cou([A]) my -a.e.. Now Theorem 35.7 of [2]

(application of the martingale convergence theorem to Radon-Nikodym derivatives) tells

holds; this suffices to conclude 5
ma|z,

us that ZZ;E: — 41 my-ae. as k — oo and therefore 92 > cyu([A]) mo-a.e., ie.
my(B) Z can([A])ma(B)
holds for every B € #(X), which is this lemma’s statement. O

Proposition 4.7. If n is an S-invariant Gibbs state for a continuous potential ¢ : X — R,
then it is totally ergodic, i.e. (X, %B,n,S™) is an ergodic measure preserving dynamical
system for every iterate n > 1.

Proof. Suppose to the contrary that there was an iterate n > 1 for which S™ was not n
ergodic. There would be a set Bg € £ of n non-trivial, non-full measure for which

Bs=S"Bs = {(ai...a,bx):a1,...,a,,b€ E, x € X, and (Th,x) € Bg}
= E"x{(byx):be E,z € X, and (Th,z) € Bs}
—: E" x Bg, modn.

Although we won’t need it, we can give an explicit description Bg = o(S~(B)), where ¢
is the usual left shift. More generally, iterating S™ 7 > 1 times leaves

Bg = S7"Bg = E’" x Bg, modn.
The function
m:= A~ n(AN Bg)
defines a positive Borel measure on X, and clearly m << 7. For any j > 1 and any
A=A x EN S '%jn—l

m(4) = (1410 (B x Bs))
= () —n (4]0 (B x BS"))
= o) = (m L ) Nl E) L, (B)
( by lfgma ) < n(A) (1 — ca (Wfl(TE) ok (BSC>)>
( by surjectivity ) _ A (1 e (E y BSC>>

E— (1 — e ((BS)U)) .

Since this holds for every j > 1 and every %;,_1-measurable set A, this bound extends to
the (%;,_1-measurable) density between the restrictions of the respective measures:
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Again invoke [2] Theorem 35.7 to conclude that the densities between the restricted mea-
sures converge 1 — a.e. to ‘fi—’;, and therefore that m(A4) < n(A) (1 —cn ((BS)C)) holds for
every A € . We have arrived at the contradiction

1(Bs) = m(Bs) < n(Bs) (1— e ((Bs)') ) < n(Bs),
which finishes the proof. 0
5. VARIATIONAL PRINCIPLE AND EQUILIBRIUM STATES.

For p € C7 | 5 let

dpomyt
H(pomy ,lv") = p (— log (—M dwf'“") 0 m..n>

if the n'* projection of 11 is absolutely continuous with respect to v, and —oo, otherwise.
Basic entropy theory (see [7], section II1.4) states that

-1 n 1 "
(26) H(,U‘VN) = hm H(ILLO’TFL“n|V ) — lnf H(NOWl...n’V )

n—00 n n>1 n

€ [—00,0].

For reasons that should become clear, we add a term involving the transfer of v under T
and call it the modified entropy:

dvoT
(27) M) = ) + [ dog ™2 domy
E
Finally define the modified Gibbs free energy for ¢ as
(28) Clis 2 1 Gou) = (@) + Hs(ulv").

Although this definition doesn’t really require p to be S-invariant, the relationship between
p(¢) and G(p) stated in the variational principle depends on it. And if G, attains its
supremum at some invariant state u, then p is called an equilibrium state for ¢.

Theorem 5.1. Variational Principle. For all continuous ¢ : X — R the number p(¢) is
an upper bound on Gy, and if ¢ : X — R satisfies Dini’s condition then

p(¢) = sup Gy
and every S-invariant Gibbs state for ¢ is an equilibrium state for ¢.

Proof. (That p(¢) is an upper bound.) Partition the alphabet E into finitely many mea-
surable sets W € W of diameter < ry. For each W € W label a full set of inverse branches
{Tv}}i}gi"l; they are defined on some ball of radius ry containing W. The branches of the
preimage of a given one of these balls are disjoint. So, for each W € W, T~'W is the dis-
joint union of {TVT,IZW}ZL‘/l and therefore {TI;/IZ(W) : WeW,1<i<jw} is arefinement
of the partition T-'W.

Recall from Lemma 1.2 that each W € W is homeomorphic to T (W) via T'|y, and
therefore v|y o T'|y is a well defined finite measure on (W, Z(W)). Then “globalize” the
measure by defining

(29) voT(A)= Y vwoT|w(WnA),
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a probability measure on (E, Z(F)).
Observe that for any n > 1
Wy ={ExWyx---xW, : W eW,2<k<n}
is a partition of E™ and calculate

(jWQ ?-szwn)

< H(I) N WZH/aEEXWQX...Wn . . Z .

(22 ----- ln):(l,---,l)bGT_lxl
e (a Tyt (a2) Tyt (an)bya ... ) dv™(a)

Jw2, an

RPN

beT 1z Wn (i2,...,in)=

/aGEXT 1 (WQ)X---xTV;jLM(Wn)

e ay ... anbxy...)dv ® (v o T)" (a)

— Z /aGE" e (abxy ... )dv @ (v o T)" (a)

beT—1xy
(30) any > e_A”d)/ e (ay)dy @ (v o T)" (a).
acE™

Notice that the S invariance of u, along with the identities
m oS =T om,,
oS =mp Vk>2,
now imply
pom' =pomytoT !
and for all kK > 2

(31) pomyt =pom .

Using Fubini’s theorem and the fact that the density between product measures is the
product of the densities, this goes to show that

dv®@ (voT)" !
/nlo T dpony! = Z/log

dvoT
=(n—-1 1 d -1
(n >/Eog oL dwor;

For n > 1 and y € X define the continuous map

d,uo7r

7T11ny En_>X by aH(a7y)'
Vi=X2x— ¢(x...11Y),
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By change of variables and S-invariance of p it holds for any indices 0 < 7 < n — 1 that

oS omt, duom’, =/¢°S]O7fi.1.nyom-.-ndﬂ
X

En

_ -1 J

= / ¢ e} Wl‘..n,y OT1.mn—j© S’ d/ub
X

_ -1 -1

= / , ¢o T mn—jy dp o Ty n—j
En—i

—>/gz5d,u as n—j — 00.

The argument for the convergence is that of the convergence of Riemann sums and holds

for continuous ¢.
Since we have just described a convergent sequence of numbers, the sequence of averages

must converge to the same limit:

1 12 A
= / snd(ay) dpom ! (a) = — Z/ ¢ o S (ay) du o, (a)
TL CLEE" n ]:0 CLEE"
1 n—1
= ) / ¢lay)dponi’, ;(a)
n ]:0 aeEnfj

— /qbd,uasn—>oo.

It is now clear that we can calculate the modified Gibbs free energy as

G, ¢,pn) =
1 1 T n—1
62 tim Snmw;}n’y_log%mg du®(§; )

n—o0o N Jpn

dpomi .

Using p o7}, << v™ and consolidating the logs we rewrite the integral as

dv@(voT)?~1

e y) = — \ dupom!
1 ) dv™ 1.n n
/n Og( dﬂoﬂp;.l‘n dvm dv

dv™
by d T\n—1
Jensen’s < 10g/ esnﬁb(” y) Ve (CI;Z ) dv”
inequality " v
by
estimate S Angb + IOg Snﬂ(.l’)
30

for any x € X. Dividing by n and taking the limit, the term A, ¢ vanishes by first claim
in Lemma 2.2. This half of the variational principle is proved.
That p(¢) is the least upper bound, given Dini’s condition on ¢.
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By definition (see Formula (4.1)), if v is a Gibbs state for ¢ and A = A; x --- x A4,, €
PB(E™) then
'yOﬂ;AlAn(A)
1 on (A) < A
cre™P(®) = v (A1xTAsx--xTAn) £ 14 () — enn(9)
v (A) v (A1 XTAax--xTAp)

(33)

holds for any =z € X.

To see why we’ve made a simple expression complicated, recall Equation (18). If diamAy <
§ for each 2 < k < n in that formula then T injects on each Aj i.e. T 'a,yN A} is a singleton
for each aj in the domain of integration T'Ay. Calling T 'a;, N Ay = {by_1} for 2 <k <mn
reduces equation 18 to

(34) LM () = / Z e ?(ayby ... bywy. .. ) dv™(a).

EEXTAax--xTA, b €T 121
n

Taking each set Ax, 1 < k < n to be a ball of small radius around a singleton a}, we have

Sn]l[A](IL‘) ond
1/"(E><TAQ><...><TAn)—> Z e (ar ... anbpzy ... ).

bnET_lxl

as all the radii shrink to 0.
Regarding the other two factors in the middle of Estimate (33), it is known that voT <<
v and yo !, << v". Therefore

dryor !
o o 2250 o
cremr(@) — d((”ijfl’i’l (ay...al) Z e (a'bpry...) erp(?®)
bp€T 121

holds for v"-a.e. a' € E™.
By the right hand side

d -1
—logLZl'”"(a’)+log Z e (a'bpay ... ) +

np(¢) —loge; < -
bpneT 121
d T n—1
+ log %(aé ..al)
for d’y o 71—1_1 / /
any < —log — = (d) + sng(ay) +log P+ A +
yeX v
d T n—1
1og WD ) )

Integrating the last line dy o ;! (@) and dividing by n results in a quantity that differs
by only %Anqﬁ from the nth term of the right hand side of Equation (32) (taking pu = ).
It was already shown that those terms converge to

G(7) = v(9) + Hs(v["),
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as n — 00, and by Lemma 2.2 the difference %Angb vanishes in the limit.
This finishes the proof that every S-invariant Gibbs state for a continuous ¢ : X — R is
also an equilibrium state for ¢. In light of Fact 4.5, this finishes the theorem. O

If ¢ is continuous but does not satisfy Dini’s condition (8) then the upper bound on the
free energy still holds, but we are not guaranteed the existence of an S-invariant Gibbs
state to prove that it is the least upper bound. In fact, Dini’s condition was not used in the
proof of Theorem 5.1 in any other way than to ensure the existence of an invariant Gibbs
state. It follows that if ¢ fails to satisfy Dini’s condition but is continuous and happens to
have an invariant Gibbs state, then that state is still an equilibrium state.

We turn to the question of uniqueness. As a matter of fact uniqueness of S-invariant
Gibbs states for Dini potential functions has already been proven. It follows from Theorem
4.7 and the facts that all Gibbs measures must be boundedly equivalent while distinct
ergodic measures must be mutually singular. However it still seems possible that there
could be another type of equilibrium state which is not a Gibbs state. The following
theorem rules this out.

Theorem 5.2. If ¢ does satisfy Dini’s condition, then the S-invariant Gibbs state n =

#(mpfy constructed in Lemma 3.3 is in fact the only equilibrium state for ¢.

Proof. 1t suffices to demonstrate that there is only one ergodic equilibrium state, because
the following three facts show that for a continuous potential function ¢ the set of all
equilibrium states for ¢ is the weakly* closed convex hull of the set of ergodic equilibrium
states for ¢.

(1) The set of all equilibrium states for a continuous potential ¢ is convex and w*
closed (therefore w* compact). This follows from w* upper semi-continuity and

affinity of the entropy H(u|v") and w* continuity and linearity of u — u(¢) and

e [y oozt = u (BT o)

(2) By (1) and the Krein-Milman theorem the set of all equilibrium states for ¢ € C' is
the w* closed convex hull of its extreme points.

(3) Also owing to affinity of the entropy, the extreme points of the set of equilibrium
states for ¢ € C' must all be ergodic.

Since distinct ergodic measures are mutually singular and since we already know that
the measure 1 of Fact 4.5 is an ergodic equilibrium state (by Theorem 4.7 and the latter
half of Theorem 5.1), it suffices to prove that no equilibrium state can be mutually singular
against 1 = py, where p is normalized to make 7 a probability measure.

In the first place observe that, because the entropy H(u|vY) is the infimum of its finite
stage approximations, for any equilibrium state p for ¢

1 dpomy ! dvoT
p(e) < o)+ / ~log <&) dpom’, + / log ——— dju o 73"

n dvy™

1 1 d 1 1 d(voT)" !
= u (—snd) — —log <w) 0Tl nt+ log o) o 7T2...n) :
n n dym n
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Multiplying through by n and rearranging yields

(d(uoT)"—1 ) % o Ty
l,n—l ...n
(36) 0 < p | log [ esnémrl®) 1 =
Flhen oy,

To introduce 1 = py use the left hand side of Estimate (35), replacing v with 7, to obtain
that for every z € X and a € E" and b € T~ ()

dnory !, ( a)
) T ) € ) g

VeT—1(z1) “r (a2 .. an)

Using this in Estimate (36) yields

n
-1 d(voT)?—1\ n—1
—d"c;”lw" oM (%) O My n
V'n. e
0 S K log ¢t log d(voT)n—1 duoﬂfl ’
-1 ©CT2.n 0T
wherein the big logarithm can be split
dporm Tt _
W L, Mot
8 dnory |, O ¥ n_1 % g1 T
dv™

Recall by Formula (31) that

d(voT)" 1 dvoT
2 (log(dy% © 7T2...n) = (n - 1)# (log dv © 7T2)

and because nom; L << "

dpory !,

dv™ — d:u o Wfln dv" — d:u o Wfln
dnory dvt  dnpow', dnoml’
%
Thus for any equilibrium state p for ¢ and all n > 1 we’ve proved
dpomy! dvoT
(37) M <log Lﬂl_ln o 7T1...n> < logc) +p (108; A 7T2) .
dnom dv

This is a statement of the boundedness of density between an arbitrary equilibrium measure
w1 and an S-invariant Gibbs measure 7).

The remainder of the proof is to show that if there were an equilibrium state p L 7, then
it would have to satisfy

dp| 5,
dn
and hence, invoking Fatou’s lemma,
( dﬂ|%n)
| log — 00 as n — oo.
dn)| 5,
The contradiction of Divergence (38) with Estimate (37) will prove the theorem.

(38)

— 00 ft —a.e. as n — 00

33"
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To prove (38) fix a number ¢ > 0 and let, for every n > 1,

Q(t) = {d’”%" < t}.

dn|z,

Then let
Qt) = N1 Umsn Qin(2),

i.e. the set where 3’; :‘z" is infinitely often < t. We will show that

(39) 1= p(Q0F),

d:u".@n
dn| sy,

i.e. the set where
(38).
Let ng > 1 and consider any set A € %, with A C Q(t). Apply the typical disjointing
to the ngth intersectand of Q(¢):
UMZNOQm(t) = Um>ng (Qm(t) \ Uno§l<le(t)) = UmznoQ;n(t)-
Use the fact that for all m > ny

is eventually > ¢ has full ;4 measure. This will imply convergence

AN (t) € B

to estimate

pA) = 3 (AN, ()

m>ng
= Y s, (AN, (1)
m>ng
du
= Z 1|, ( 'u"mllAQO(t)>
S dn\z,,
m>ng
< ) (AN, (1)
m>ng
= tn(A).

Let us see for how large a class of sets this estimate
p(A) < tn(A)
remains valid. For each n > 1 let
B, NQAt)={AecB,: ACQ)};
it is a o-algebra of subsets of Q(t). The finite unions of sets from
Un>1%, N Q1)

therefore form an algebra of subsets of Q(t), call it o/ (t). Notice (<7 (t)) = B(X) N Q(1).
This is because 7 (t) contains all the basic open sets in the restriction of the product
topology on X = EN to Q(t), the product topology coincides with our (compact and
hence separable) metric topology and is therefore 2nd countable, and hence any o-algebra
containing the basic open sets contains all the open sets and hence the Borel o-algebra.
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Now, the class
C={AecB(X)NQL) : w(A) <tn(A)}

is a monotone class and we have just finished showing that it contains the algebra <7 ().
The monotone class theorem then states that the estimate p(A) < tn(A) holds for all
Aco(d(t) =B(X)NQ(L).

Now we finish the proof: if u L 1 then there would be a set F' € Z(X) with u concen-
trated on F' and n concentrated on F C. It would follow that

p(Q2(t)) = p(t) N F) < tn(Q(t) N F) =0,
which proves Statement (39) and thereby proves Statement (38) and finishes the proof. [

Corollary 5.3. If ¢ satisfies Dini’s condition then the eigenvalue e??) has one dimensional
eigenspaces for both the transfer operator £ and the dual operator £*. This means there is
a unique normalized eigenvector v € CY 1 for which £y =~ and a unique p € C' for which

v(p) =1 and Lop = p.
In other words there are well defined maps

(40) ¢ = v €CT,
(41) ¢ — ps€C

for the components of the unique equilibrium state 1y = pyys for ¢.

Proof. Suppose there are v # 7' € C7 | such that £y = ey and £y = eP(?4/. Take any
positive function p as constructed in Lemma 3.2 that satisfies £p = e?(¥)p. Without loss of
generality let 0 < py(11) < py/(1). There must be a Borel set A such that y(A) # v/ (A),
and by replacing A with A® if necessary we may assume v(A) > v/(A). It follows that
py(A) > py'(A) and so too

A4 p'(4)

py(L) = py(1)
But now we have two distinct positive normalized functionals p—%, ;% which have both
been constructed to be equilibrium states for ¢, according to Fact 4.5 and the latter half
of Theorem 5.1. This contradicts Theorem 5.2.

Now that we know + is unique let p be constructed as in Lemma 3.2 and suppose there

is a continuous function p’ # p satisfying £p' = eP®)p/. If p is a scaling of p then we are
done, and otherwise we can conclude that scaling the functions won’t make them equal:

P 4
py(L) © py(1)
By a standard argument of measure theory it follows that the respective weightings of ~
are also distinct:

oy Py
py(L) © piy(1)
Again this contradicts the uniqueness of equilibria stated in Theorem 5.2. 0
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6. STOCHASTIC LAWS FOR HOLDER CONTINUOUS ¢ AND HOLDER CONTINUOUS
OBSERVABLE

For 0 < a <1 let ‘H, be the space of locally Holder continuous functions

f: X —Rwith sup M < 00

d(z,y)<2ro d(l‘, y)a

Assume in this section that diam(F) < 1, which causes no loss of generality and leads
to the nice property that H, increases (in the sense of set containment) as 0 < a < 1
decreases.

In this section we’ll see that if the potential function ¢ is Holder continuous then for
any Holder continuous observable function f. the stochastic process {f o S™},>1 exhibits
exponential decay of correlations, satisfies the central limit theorem, and, in the case T :
E — FE is continuous and bijective, i.e. is a homeomorphism, the law of the iterated
logarithm.

6.1. The Theorem of Ionescu Tulcea and Marinescu. All the probabilistic laws stated
above depend on a decomposition of the transfer operator according to a famous theorem
published in [5]. The conclusions of the theorem are stated at the beginning of the proof of
Proposition 6.6, where they are used. There are four hypotheses, which we address next.
As a matter of terminology, we say that an operator O on a Banach space (B, || ||5) acts
with the Romanian inequality (or two-norm inequality) on a Banach space (C, || ||c), where
C C B if constants B > 0 and 0 < r < 1 can be found so that

10clle < Rliclls +rliello

holds for all vectors ¢ € C'. Actually this theorem applies to any Banach spaces B, C for
which C' is dense as a subset of (B, || ||5), but we are here only concerned with the specific
case B =C(X), C = H,.
Ionescu Tulcea and Marinescu’s theorem requires
(1) If 0 < k < o0, fr € H, with || fn]la < k for every n > 1, and f,, — f in C(X), || ||oo,
then f € H, with || f|la < &, too.
(2) Considered as an operator on H,, the set of norms of iterates {||£{|| }>1 is bounded.
(3) Some iterate of £y acts with the Romanian two-norm inequality on H,.
(4) £ is a compact transformation from H, to C(X), i.e. if A C H, is bounded in || ||4
then £(A) is conditionally compact in || ||o-

Condition (1) is simply a property of metric topology. Because £ is a positive operator,
Condition (2) follows from Estimate (16) in the proof of Lemma 3.2 that {||£{1]|c}n>1 is
bounded. Condition (3) is the subject of the following lemma, and with the Arzela-Ascoli
theorem Condition (4) follows from Estimate (44) below.

Lemma 6.1. If ¢ € Hp for some 0 < 3 < 1 then for every 0 < o < 3 there is an iterate
£y of ¢’s normalized transfer operator which acts with the Romanian inequality (or two
norm inequality) on the Banach subspace Ho C (C(X), || ||oo)-

Proof. First of all we claim that o < 8 guarantees H, to be invariant under £q. This will
be justified by Estimate (44) below. For this proof we recall Lemma 2.6 and sharpen its
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statement with the added strength of Holder continuity. First of all divide Estimate (13)
(in the statement of Lemma 2.6) by A" to obtain expressions for £f from those for £". Use
the fact that £p1(z) < PeMdamE) (see Estimate (16)) independently of n and x to obtain

(12) |25/ (x) — S5 ()| < PeEmE) (m(f, qRd(x,y)) + || floolL — " FU0])

Recall the norm || || = 74 + || || which makes H, into a Banach space. Of course the
Holder property yields immediately that m(f,s) < 7,(f)s* and m(¢,s) < ¥3(¢)s”. This
latter estimate implies that

ht) = D m(e,tq")

< V() >t
n=1

Use all of this and the fact |1 — e*| < |z|e/*l to update Estimate (42) to read
(43)

15 F @)= f(y)] < Peh@amE) (%(f)f” (Rd( )" + || fllYo0) (R, )" 3 " e’l“d“’y”> '

n=1

Take the supremum of the right hand side over all z,y : d(z,y) <t forafixedt: 0 <t <
2ry, divide both sides by t*, and then take an upper bound on the leftover factor t7~e")
from the facts that ¢t < 2ry, 6 — a > 0, and h(t) is nondecreasing. This yields

(44) t%m (23]0’ t) < Pehl(diamE) (%(f) agon 4 HfHoo% 27“0 [3 azqﬂn 2rgn> .

By definition the right hand side is an upper bound on %, (£j f); this shows that £y does
indeed preserve the space H,. Now we glean the Romanian inequality by associating
appropriate terms:

1€6 flla = 1€6.flloo + Ya(£6f) <

< et (Hfuoowm G4 |l TR 20) “Zqﬁ" )
(4

_ Peh(diamE) (Raqan ||f||o¢+ ( p2o an+a//ﬁ 2T0 ﬁ oaz qﬁn h2ron> ||f||oo> .

The key to the Romanian inequality is that » < 1; this is accomplished by taking n so large
that the coefficient of || f||, in this last upper bound is < 1. O

6.2. The fully normalized transfer operator. There is an “even more normalized”
transfer operator than £y = e P®) . Let

(46) ef = %sf)(pf);



THERMODYNAMICAL FORMALISM FOR A MODIFIED SHIFT MAP 25

notice that, because of the fact that p is bounded away from 0 and oo, £, is conjugate to £
by a bounded invertible linear operator with a bounded inverse. It retains the characteristic
interaction with iterates of S that is shared by £ and £y, namely that for all n > 1 and all
continuous functions f, g

Li(fgoS")=gLi(f)
Notice too that

and
£in=mn, ie. n(&f) =v(L(pf)) =n(f) Vf € C(X).

The following observation facilitates checking Gordin’s condition for the central limit
theorem, see Theorem 6.8.

Observation 6.2. If ¢ : X — R satisfies Dini’s condition and n = ng4 is the S-invariant
Gibbs state introduced in Fact 4.5 then for every f € C(X) and every n > 1 a version of
E,[f|S™™(%)] is given by £} f o S™.

Proof. As a general rule, a the composition of a Z-measurable function on the left with S™
on the right is S™"(%) measurable. A typical event (set) in S™"(Z) can be represented
without loss of generality as S™"(B) for some B € 4. Using only general principles of
integration and the established properties of the objects in this paper,

N (Ls—np) (£1f) 0 S") =n((Ip L7 f) 0 S™) =n (s L} [)
=n (LMo S"f) =n(lpoS" f)=n(Llsnm)f)-

Thus the conditional expectation is achieved. 0

The convergence introduced in the following theorem is strengthened to exponentially
fast in Proposition 6.6. The proof is standard, as in [8], for instance.

Lemma 6.3. If ¢ : X — R satisfies Dini’s condition (8) and n = pvy is the S invariant
Gibbs state introduced in Fact 4.5 then for every f € C(X) the sequence £Vf, n > 1
converges uniformly to the constant function n(f)1.

Proof. First of all check that £, is a monotone operator on C'(X) with respect to its natural
pointwise ordering. It follows that, pointwise,

Lif < Li((sup f/)I) =sup f 1
and therefore
sup £, f <sup f.

For any f € C(X) the sequence {£{ f},>1 is bounded by a slight extension of Estimate
(13) and || ||« equicontinuous by Estimate (42). By the Arzela-Ascoli theorem this shows
that the operator £y is almost periodic. £, is almost periodic by its conjugacy to £y. By
compactness of C'(X) there is a uniform limit

(47) fr=lim £y f
J—00
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of some subsequence {n;};>1 of iterates for every continuous observable function f. The
above monotonicity argument says

sup f* > sup &1 f* > sup L1 > ...

We claim that in fact all the suprema are equal. To see it, let € > 0. Taking only one half
of the compound inequality (which holds for large enough j)

1/ = L1l < €
leaves the pointwise inequality
fr2 L f e,
Monotonicity of £; implies that for every ¢ > 1
LI > 207 f — el and hence sup £7f* > sup £77f — e
Choose k; > 1 large enough that n;,x, > n; + ¢ for each j > 1, which implies

sup £ f > sup £ f.

So we have
sup f* > sup £1f
> Ty oo sup(EHf) — €
> Timoesup(€)” 7 f) — €

sup f* —e.
The last equality follows from the defining equation (47) for f*. This proves the claim that
sup f* = sup £ f* for every ¢ > 1.

By compactness of X there exists, for each ¢ > 1, a point 27 € X for which £{f*(z?) =
sup £ f* = sup f*. The positivity of the operator £; and the fact £;(1) = 1 show that for
any x € X the expression

Lif (@)
is an integral against a probability measure of a convex combination of the values
f*(albl R bql‘g R ), (al, e ,aq) S Eq, b1 S T_lag, ce ,bq S T_ll'l,

which are all bounded above by sup f*. Taking x = z¢ we have an integral of a convex
combination of the values f*(aib;...b,x...) which is equal to the upper bound sup f*
on the values. Thus f*(aiby...byzd...) = sup f* for v%-ae. a € E? and every by €
T 'ay, ... ,b, € T7'z1. We have proved this for every ¢ > 1. Assuming that the
topological support supp(v) is not less than the full alphabet E, continuity of f* leads to
the conclusion that f* is constant. In fact, f* is the constant function n(f)1, because £}
invariance of n implies n(f) = lim; ., n(£," f) = n(f*).

Since n;, j > 1, was an arbitrary subsequence along which the iterates of f under £;
converged and we have shown that relative compactness of the full sequence £} f, n > 1,
follows from the Arzela-Ascoli theorem, we can conclude that the full sequence converges
uniformly to the constant function n(f)1. O

Lemma 6.4. The number 1 is the only unitary eigenvalue of £, and ker(£, — I) = C1.
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Proof. 1t has already been shown that £, (1) = 1, thus C1l C ker(£, —1I). For the rest that
has been claimed suppose z € C, |z| =1, and £, f = zf for some nonzero f € C(X). Then
by lemma 6.3 £} f = 2" f — n(f)1 uniformly as n — oo, and even pointwise convergence
here implies z = 1 and therefore f is constant. 0J

Lemma 6.5. The number 1 is the only unitary eigenvalue of £y and ker(£y — 1) = Cp.

Proof. By definition p € ker(£y — 1). For the rest, let z € C, |z| = 1, and £of = zf for
some nonzero f € C(X). Then £, <%> = % and hence (as in Lemma 6.4) z = 1 and % is
constant. U

These corollaries now permit the final bit of analysis to be done before being able to
conclude the probability laws. Specifically we apply the theorem of Ionescu Tulcea and
Marinescu to provide conditions on the potential and observable functions ¢, f that guar-
antee the convergence in Proposition 6.3 to be exponentially fast.

Proposition 6.6. If ¢ and f are Holder continuous then
1€1f = n(/)fe — 0O

exponentially fast as n — oo.

Proof. 1f ¢ and f are Holder with different exponents then use the larger class (the one
with the smaller exponent) as the subspace of C'(X) in Ionescu Tulcea and Marinescu’s
theorem. By virtue of Section 6.1, the theorem applies to £; and states that £; is of the
form Q + >, zP;, where {2}, is contained in the unit circle of C and comprises all
the eigenvalues of £y, the operators 3; are projections orthogonal to each other and to £,
and the spectrum of £, which is the essential spectrum of £;, is contained in some closed
disk about the origin of radius r¢ < 1. By Lemma 6.5 we know in fact that {2}/, = {1},
and by the spectral radius formula we can conclude that for every constant r : rg <r <1
there exists a constant cg > 0 such that for every n > 1

(48) Q"] < cor™.
So
£1 =Q+ ma

and for every n > 1

Lf=Q"f +BJ.

Since

L1 = (/)1
and

Q"f — 01
uniformly as n — oo it must be that

n(f)L =Pf

and hence
1€1F = n(/) o = 19" fll o < cor™|[fllo-
This proves the proposition. 0
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6.3. Statement of the laws of probability for the dynamical system.

Theorem 6.7. If the potential ¢ and the observable f are Holder continuous then there is
an exponential decay of correlations in the stochastic process {f o S™} on the probability
space (X, B(X),n).

Proof. The theorem claims that corr,(foS™, foS™) — 0 exponentially fast as [n—m| — oo.
This provides a memorable statement for the theorem, but we are really in a position to
prove a stronger result. Let 1 < m <n and g € Z(n) and expand

n((foS™ —n(foS™))(goS" —nlgoS™)))
(n((f o 5™ = 1(f 0 S™)2)((g © S™ — n(g 0 §™))2))?

By S-invariance of n the denominator reduces to

((n(f2) = M()2) (n(g?) = (m(9))?))?

so exponential decay of the correlation will follow from exponential decay of the numerator
as n —m — 00.

To streamline the formulas let fo = f —n(f)1 and go = g — n(g)1. Then the numerator
of the correlation (the covariance) becomes

n(fooS"gooS") = n(fogooS"™™)
= (L7 (fogoo S"™))
= 7 (90 27117”1“700)
< |lgollt[I€57™ foll oo-

corry(foS™,goS") =

Because n(fy) = 0, Proposition 6.6 shows that this last norm decays exponentially fast as
n—m — oo. O

Theorem 6.8. If the potential ¢ and the observable f are Hélder continuous with n(f) = 0,
then the central limit theorem holds for the stochastic process {f o S*}i>1 on the probability

space (X, B(X),n), i.e.
2)\ 2
UZHm(M@MH)
k—o0 k
exists and if o > 0 then for every z € R

n({%<z}) 0\/% 6202 du as k — oo.

Proof. According to a famous criterion published by Gordin ([4], Theorem 2), it suffices to
show that

XM W(I157HB))?) < oo
By Observation 6.2 the kth term of this series is
0 <7 ((B,[f1S7(#)])?) = n(f E,[f1S™()])
0 (f (£1f) 0 S*) < I flloen (1L f] 0 S*)
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= [1£llson (I€1£1) < IF llooll €5 £ lloc-
Because n(f) = 0, Proposition 6.6 finishes the proof. O
It is no real restriction in Theorem 6.8 to require the observable function f to have

expected value n(f) = 0 because for any Hélder function f we can apply the preceding
theorem to fy = f —n(f)1. Then

({2t ) ()

converges to the normal probability N, ((—oc, z)) and we have recovered a statement of the
central limit theorem for uncentered (i.e having nonzero expectation) random variables.

Theorem 6.9. If the local map T : E — FE is a homeomorphism and the potential ¢
and observable f are Holder continuous then the law of the iterated logarithm holds for the
stochastic process {f o S¥}r>1 on the probability space (X, B(X),n), i.e.

o = lim (M)%

k—o0 k‘
exists and
V20 = Timy sif — kn(f)
7 V/k log(log(k))
holds n-a.e.

Proof. The extra requirement on T ensures that T-!(%(F)) = %(FE) and not a smaller
o-algebra. Thus we have

VIS (%) = BE)RT H(B(E)® - 0T (AB(E) {0, E"} = B,.
We rely now on the result of Phillips and Stout ([1], c.f. [6]) that the law of the iterated
logarithm applies to this process if the following two conditions are met:

(1) the dynamical system is p-mixing and
(2) |f = n(f|%n)]l2 — 0 on the order of -5 or faster.

To discuss the p-mixing let us refine our notation somewhat and define
PBrmw ={E™ ' xBx EY : Bec BE"™)]},

a sub o-algebra of B(X). Let 1 <m <n—-2, A€ % _,,and B € %, . We can represent
these sets as A = A’ x ENm and B = E™ x B’ for some sets A’ € (E™) and B’ € #(E"").
We'll soon use the fact that

Ip=1lpyp oS
For ¢-mixing we are supposed to analyze
(AN B) —n(A)n(B) = n((1a —n(A)L)(1p —n(B)1))
=1 ((La = (A1) (Lpxp —n(B)L) o S")
=7 (L7 (Ta = (A L) (Lpxp — n(B)L) 0 5"7))
=n ((]lExB’ —n(B)1)Ly ™ (1a — 77(14)]1))
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— (A (<n n(BYL)C! ( Ls n))
= ExB' — — :
) boAn(A)

M exp = (Bl < 1,

Because

we conclude

(AN B) —n(A)n(B)| S??(A)’ (Sn 1( (A) ﬂ))'

=l (g (040 )

L7 (14)
n(A)

< (AL

-1
< n(A)cer™™ e,

wherein c¢g > 0 and 0 < r < 1 come from the decomposition of the operator £; in corollary
6.6 and ¢; > 1 is the constant guaranteed by the definition of 1 as a Gibbs measure to
satisfy

1_ (A
cp S{n]l[A/]({l?) -
forallm>1, A € Z(E™), and x € X.
We have proven that (X, %,n,5) is a p-mixing system with

o(n—m) =cgerr™ T

To arrive at Condition (2) we fix an n > 1 and observe that for any measurable rectangle
Ay X -+ x A, CE"and any x € [A; X -+ X A,)]

f[A1><-~-><An] n(fL%ln) dn f[A1><~-><An] Jdn c
n[Av > x Al (A X x Ay))

€ (f(z) = Ya(f)diam ([Ay x -+ x Ap])?, f(2) + 76 (f)diam ([Ayp x -+ x Ap])7).

It thus follows by the martingale convergence theorem that

By(f] %) (az) € (f(at)—%(f)%,f(atH%(f) il )

Thus

an

f = n(f|P1)| < %(f)aq_—q)a

holds n-a.e., which clearly gives exponential decay of the associated 2-norms, too. This is
even faster than the required power-law decay. 0
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7. WEAK CONTINUOUS DEPENDENCE OF THE EQUILIBRIUM STATE ON THE APRIORI
MEASURE

We prove that for a fixed potential function ¢ : X — R satisfying Dini’s condition the
pressure and equilibrium state depend continuously on the apriori measure n, where apriori
measures are treated with the weak topology and functionals with the weak* topology. In
this section dependence on ¢ is suppressed in all notation and dependence on v, which has
heretofore been suppressed, is notated with subscripts.

Lemma 7.1. If v, is a sequence of Borel probability measures on E converging weakly to
v and 7, C C* is a sequence of functionals converging weakly™ to v then £, -y, converges
weakly™® to £y

Proof. Let f € C'. Applying the convergence v, — v to the estimate
yields
(49) mnﬁoown(gvnf) (& f)] < mn—%ﬁhn(svnf - &1l
Now let € > 0 and 0 < §; < m(fe?, 35). For any a priori measure ' and any two points

x,y € X with d(z,y) < 3 = min (7’0, ) we have

T~ (1))

(50) |Lvf(x) = Lo fy)l = |V Z feP (T @)z ) = fO T (y)ye ) | |

wherein Lemma 1.2 has shown that, because dy(x1,y1) < ro they have common inverse
branches with paired points satisfying

_ _ 1
do(T; 1371>Tz‘ 13/1) < Edo(thh)
and therefore

dGT N we .o T () -2 ) < gRd(z,y) < 6.
Now by definition of §; and the triangle inequality estimate 50 yields

(51) 8 f@) = S W < P (55) =5

Let X, be a finite d, net in X endowed with an arbitrary order. Define a map X > x +—

T € X, by the rule that 7 is the first element of X, within §, of . By Estimate (51) it
follows that for any apriori measure v/

€

20f —Suf o< &

By the weak convergence v,, — v it follows that for all 7 € X, there is an index nz . beyond
which

12, /(@) — £,/@)] < 5.
Let

Ne = Max Nz
IEXe e
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and observe that for n > n. we have, in the right hand side of Estimate (49),
(Lo f — L f)] <
1€, f = Lo fo-lloct+ 1€, fo-—Lufo-llct[€fo-—L flle
< €.
This finishes the lemma. O

Theorem 7.2. Treat the space of Borel probability measures v on E with the weak topology.
Then for any ¢ : X — R satisfying Dini’s condition the maps

vi—py(9) €R,

Vi o € Ch,
and

Vi n(j)7y G C‘T‘,I,S

are continuous.
Proof. Let v; — v, and for each j > 1 find a functional v; € C7 ; for which
£ 75 = ey

Because the sequence of pressures is bounded, every subsequence j;, k > 1, has a convergent
subsequence among the pressures

p(vj,) = p1 €Rasl — ooc.

By Banach-Alaoglu’s compactness theorem there is a further weakly™ convergent subse-
quence
Vie, — N E Cy 1 asm — oo.

By Lemma 7.1 we have the weak™ convergence

*

*
v Vie, T £y as m — oo.
Ilm m

Then again it is easy to see that

pwjy, )
e Mim iy,  — ey as m — 00
m

also holds weakly*, and therefore
Loy = ey
By Observation 3.1 p; must be equal to p, = p,(¢) and by Fact 4.5 v is a Gibbs state
for ¢ with a priori measure v. Thus by Corollary 5.3 v; = 7,,. Repeat the argument first
choosing a convergent subsequence of vs and then refining it to a convergent subsubsequence
of pressures. Together we've proven that p,(¢) and 7, = 7,4, are the only possible limits
of the sequences {p,, };>1 and {7,,};>1, respectively, as j — oo. With compactness this
proves both sequences truly converge to their respective limits.
Now finally suppose there is a convergent subsequence of the equilibrium measures:

Ny, — T as k — oo.
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We've just proven that v, — 7. According to Estimate (16) in Lemma 3.2

1
holds independently of k. It follows that
(Peh(diamE))_2 < Py, < (Peh(diamE))Q
Vvjp (p’/jk )
also holds independently of k£ and hence, by definition of n, that for every £ > 1 and every

B € #(X) with v, (B) >0,

(Peh(diamE))_2 < M (B) < (Peh(diamE))Q.
- ’Yij (B> N
Then for all sets B € #(X) with 7,(B) > 0 and 7,(0B) = 0 it follows from the weak
convergence that (and for all continuous functions B : X — R)

(Peh(diamE))_2 < m(B) < (Peh(diamE))Q .
V(D)
Thus 7, is a Gibbs measure for v, and moreover it is invariant because it is the weak™ limit
of invariant measures. By the uniqueness theorem (Theorem 5.2) this shows 9, = n,,. O
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