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FOR ANALYTIC FAMILIES
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ABSTRACT. We prove several results establishing real analyticity of Hausdorff dimensions
of limit sets of analytic families of conformal graph directed Markov systems. With this
tool and with iterated functions systems resulting from the existence nice sets in the
sense of Rivera-Letelier, we prove that the canonical Hausdorff measure restricted to the
radial Julia set of a tame meromorphic function (can be rational) is o-finite and that
the Hausdorff dimension of the radial Julia sets for fairly general families of meromorphic
functions (can be rational) is real-analytic.
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1. INTRODUCTION

Complex dynamics is a field originated in the works of Pierre Fatou and Gaston Julia.
Of course, the problem of linearization for a fixed point was studied before (Béttcher,
Koenings and others) and definitely it was an inspiration for the idea of creating this

The research of M. Urbaniski supported in part by the NSF Grant DMS 1001874.

1



2 BARTLOMIEJ SKORULSKI AND MARIUSZ URBANSKI

separate branch of mathematics, but numerous and extensive works of Fatou and Julia
were the place where complex dynamics was born and maturated. The field became widely
known and popular when about three decades ago first computer images of Mandelbrot
set and Julia sets appeared. Complex dynamics attracted attention of many researches
who started to investigate a variety of interesting and exiting topics in this field. One of
them is the geometry of Julia sets and one of the ways to describe and analyze the complex
nature of this object is its Hausdorff dimension. In this paper we study the behavior of
this dimension under analytic perturbations.

Probably the first result indicating how the Hausdorff dimension of Julia sets changes
under analytic perturbations is the result of Ruelle in [I5]. He studied the family 2 +— 22 +c¢
and showed that the Hausdorff dimension of the Julia set is a real-analytic function for
a complex parameter ¢ sufficiently close to zero. The main technique Ruelle used was
thermodynamic formalism. We refer the reader to the books of M. Zinsmeister [24] and F.
Przytycki & M. Urbarniski [12] for a modern exposition of thermodynamic formalism and
contemporary approach to the problem of real analyticity of Hausdorff dimension.

The problem of real analyticity of the Hausdorff dimension was further studied for many
families of rational and meromorphic functions (see e.g. [23], [22], [21], 8], [L] and [9]).
In the present paper we continue this line of investigation. Our two main results are
Theorem [I.T]and Theorem [I.2]stated below. In these theorems we establish real-analyticity
of Hausdorff dimension of radial Julia sets under weakest, up to our knowledge, conditions.
Having a family {f)}rea of meromorphic functions we commonly abbreviate J for J(f»),
the Julia set of f\. The concept of strong N-regularity appearing below is introduced in
Definition [3.6] The class of dynamically regular meromorphic functions was introduced and
investigated in [8] and [9). We deal with them in Section [f] entitled Strong N-Regularity of
Dynamically Regular Meromorphic Functions.

Theorem 1.1. Assume that a tame meromorphic function f : C — C is strongly N-
reqular. Let A C C? be an open set and let {f)}ren be an analytic family of meromorphic
functions such that

(1) fog = [ for some N\g € A, o
(2) there exists a holomorphic motion H : A x J\, — C such that each map H) is a
topological conjugacy between fy, and fx on J,.

Then the map
A> A= HD(F,(f))

15 real—analytic on some neighborhood of \.

Theorem 1.2. Suppose that f: C — Cisa dynamically regular meromorphic function of
divergence type which belongs to class S. If A C C is an open set, {fr}rea i an analytic
family (in the sense of Section E‘S]) of meromorphic functions, and if f\, = [ for some
Ao € A, then the function A 5 X\ — HD(J,.(f\)) is real-analytic in some open neighborhood
of \o in A.
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Both of these two theorems include rational functions. The former of them is also new
for such functions; all hyperbolic, parabolic, semi-hyperbolic, and non-recurrent rational
functions are tame. The latter one in the context of rational functions reduces to hyperbolic
ones and is well-known.

One of our two main techniques employed in the proofs of these two theorems above is the,
recently emerging, concept of nice sets. These sets were introduced and extensively studied
by Przytycki and Rivera-Letelier ([13], [II]) in the context of Collet-Eckmann rational
mappings. Nice sets in transcendental meromorphic dynamics were used to show that
there is no absolutely continuous invariant probability for Misiurewicz exponential maps
(see [3]). A general construction of nice sets for transcendental functions can be found in
[2]. In our present paper we use them to construct appropriate conformal iterated function
systems and then to apply the developed machinery of graph directed Markov systems from
[6] and [7] that form a natural generalization of graph directed Markov systems. While
doing this, as an actually auxiliary step, we obtain new, up to our knowledge, results
about real analyticity of the Hausdorff dimension of limits sets of (infinite) conformal
graph directed Markov systems. The following theorems and in particular extend
corresponding assertions from [21] and [I]. While dealing with iterated function systems,
or more generally, with graph directed Markov systems, we extensively use the results,
definitions, and notation from [7] and [6]. For the convenience of the reader we collect in
Appendix all those of them that we will need and use.

Theorem 1.3. If an analytic family {S\}rea consisting of finitely primitive conformal
graph directed Markov systems, is strong, then the function A © X — b(S,) € R is real-
analytic on some neighborhood of every strongly reqular parameter Ay € A.

In addition, if we know the Bowen’s parameter is equal to the Hausdorff dimension of
the limit set (which is due to Theorem in Appendix guaranteed for example by the
Open Set Condition), we thus automatically get real analyticity of the Hausdorff dimension
of the limit sets of conformal graph directed Markov systems Sy, A € A, on that same
neighborhood of .

Theorem 1.4. If A C C? is an open set and {Sx}rea s an analytic family of finitely
primitive conformal graph directed Markov systems such that S,\O is strongly reqular for
some A\g € A and there exists a holomorphic motion H: A X C — C such that

PR (H(N, 2)) = H(A, ;" (2))
forall A € A and all z € Jy,(:= Ts, ), then the Bowen’s parameter function A > X — b(S))
is real-analytic on some sufficiently small neighborhood of \.

Again, if the Bowen’s parameter is equal to the Hausdorff dimension of the limit set then
the Hausdorff dimension is real-analytic.

Note that although we assume in the latter theorem seemingly more, namely the existence
of an appropriate holomorphic motion, however, on the other hand, we merely assume
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here analyticity of the family of graph directed Markov systems, which is much weaker
than weakly regular analyticity required in Theorem from [21I]. Staying in the realm
of abstract Conformal Graph Directed Markov Systems we are able to provide a very mild
sufficient condition, called periodical separation, which entails the existence of a suitable
holomorphic motion. We can then prove Theorem under very weak hypotheses indeed.
This is however not quite the end of the story about directed Markov systems. The point
is that those conformal Markov systems constructed in the proof of Theorem are not
known to satisfy the Open Set Condition. To remedy this we invoke the theory of conformal
Walters expanding maps developed in in [4].

Having Conformal Iterated Function Systems produced with the help of nice sets, we were
also able to show (see Theorem [3.4), as a straightforward consequence of the theory of Con-
formal Graph Directed Markov Systems, that the canonical Hausdorff measure restricted
to the radial Julia set of a tame meromorphic function is o-finite. This is also new for
rational functions.

We have already indicated this a few times but as the last remark we would like to say again
that all our considerations about tame meromorphic functions also do apply to rational
functions, and also for them are new. We do not assume that our meromorphic functions
are transcendental.

2. NICE SETS AND CORRESPONDING CONFORMAL ITERATED FUNCTION SYSTEMS
FOR MEROMORPHIC FUNCTIONS

Let f:C — C be a meromorphic function. The Fatou set of f consists of all points
z € C that admit an open neighborhood U, such that all the forward iterates f™, n > 0,
of f are well-defined on U, and the family of maps {f"|y. : U, — C}>°, is normal. The
Julia set J(f) is then defined as the complement of the Fatou set of f in C. By sing(f™1)
we denote the set of singularities of f~', i. e. such points w € C that for every spherical
ball B(w,r) C C there exists a connected component C' of f~*(B(w,r)) for which the map

f:C — B(w,r) is not a homeomorphism. We define the postsingular set of f: C — C as

P(f) = | fr(sing f).

Given z € C we say that a complex number w is in w(z) if all the forward iterates f"(z),
n > 0, are well-defined and w is a cluster point of the sequence {f"(2)}22,. The set w(z)
is then refereed to as the w-limit set of z. Note that w(z) = 0 if and only if either z is
eventually mapped to infinity or lim, .., f"(z) = co. The primary object of our study in
this paper, the radial Julia set J,.(f) of f is defined as

T (f) :={2€ T(f): w(z) \ P(f) # 0}.

Given a set F € C and n > 0, by Comp(f~"(F)) we denote the collection of all connected

components of f~"(F). A meromorphic function f : C — C is called tame if its postsin-
gular set does not contain its Julia set. Unless otherwise stated all meromorphic functions
considered in the sequel will be tame. As noted in the introduction, J. Rivera-Letelier in-
troduced in [I3] the concept of nice sets in the realm of the dynamics of rational maps of the
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Riemann sphere. In [2] N. Dobbs proved their existence for tame meromorphic functions
from C to C. We quote now his theorem.

Theorem 2.1. Let f : C — C be a tame meromorphic function. Fiz z € J(f)\ P(f),
k> 1, and K > 1. Then there exists L > 1 and for all r > 0 sufficiently small there exists
an open connected set U = U(z,r) C C\ P(f) such that

(a) If V € Comp(f~™(U)) and VNU # 0, then V C U.
(b) If V€ Comp(f~™(U)) and VNU # 0, then, for all w,w" €V,

et LY W)
Il = & and Gy = 5

(¢) B(z,7) C U C B(z,kr) C C\ P(f).

Let U be the collection of all nice sets of f: C — C, i.e. all the sets U satisfying the
above proposition with some z € J(f)\P(f) and some r > 0. Note that if U = U(z,7) € U
and V € Comp(f~"(U)) satisfies the requirements (a), (b) and (c¢) from Proposition
then there exists a unique holomorphic inverse branch f,;" : B(z,xr) — C such that
fv,"(U) = V. The collection Sy of all such inverse branches forms obviously an iterated
function system in the sense of [6] and [7], comp. Appendix. In particular, Sy clearly
satisfies the Open Set Condition. We denote its limit set by Jy.

3. HAUSDORFF DIMENSION; HAUSDORFF, CONFORMAL AND INVARIANT MEASURES

Recall that U is the collection of all nice sets of a tame meromorphic function f : C — C.
Since, by Theorem U forms a basis of topology for J(f) \ P(f) and since this metric
space is separable, it follows from Lindel6f’s Theorem that U contains a countable cover of
J(f)\P(f). We start with the following.

Lemma 3.1. If W is a subcover of U, than

g =U Ur*w.

UeW k=0
Proof. Since Jy C J, for all U,

U Ur*aw ca.

vew k=0

On the other hand, if x € J,, then there exists y € w(z) \ P(f) and therefore U € W with
y € U such that the set {n > 0: f"(z) € U} is infinite. So, z € f~%(7,) for some k > 0.
This finishes the proof. O

Now, we aim to prove that for a tame meromorphic the Hausdorff dimension of limit
sets of all nice sets is the same and is equal to the Hausdorff dimension of the radial Julia
set. To do this we need the following proposition, concerning general Conformal Iterated
Function Systems, which is also interesting on its own.
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Proposition 3.2. Let S = {¢.}ecr be a Conformal Iterated Function System. For every
T € E*, let

I =n({w € E*: w contains infinitely many copies of the block T}).
Then HD(J2) = HD(J,).

Proof. Let F C E be an arbitrary finite subset of E (containing all letters of 7). Let mp
and firp be respectively the corresponding symbolic geometric and invariant hg-conformal
measures; see Appendix for their definitions. Let

F> = {w € F*: w contains infinitely many copies of the block 7}

since supp(pir) = F*°, it follows from Birkhoff Ergodic Theorem that fip(F>°) = 1. Since
the measures niy and fip are equivalent, we conclude that m(F#2°) = 1. Thus

me(w(F)) = mp o v (w(F)) > mp(F) = L.

T

Since F' is finite, the measure mp coincides on Jr up to a multiplicative constant with the
Hausdorff measure Hy,,.. So, Hy, . (7(F2°)) > 0, whence HD(7w(F2°)) = hp. Thus,

HD(J7°) = sup HD(7(F7°)) = sup hp = hg.

where both suprema are taken over all F' being a finite subsets of £ containing all elements
of the finite word 7. This finishes the proof. O

Coming back to meromorphic functions, we prove the following.

Lemma 3.3. If U and W are two arbitrary nice sets of a tame meromorphic function

f: C— C, then HD(Jw) = HD(Jv).

Proof. Let Sy = {¢V : i € Iy} be the iterated function system induced by the nice set U.
Since U N J(f) # 0, there exists ¢ > 0 so large that

fONIf)2If)Nnw.

Since
lim sup{diam (oY (U): |w| =n} =0

n—oo

(in fact the rate of convergence is exponential), and since W is an open set, there thus
exists 7 € Ej; such that

FEUNIf) cTHNW.
Hence
(3.1) fUT5S) € Jw.
Therefore, applying Proposition we get that
HD(Jy) = HD(Jr7) = HD(f*(Jr77)) < HD(Jw ).

Exchanging the roles of the U and W we also get that HD(Jw) < HD(Jy) and the proof
is complete. 0
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Now, as the main result of this section, we show that the number

h = HD(Z.(f))

is equal to the common value of Hausdorff dimensions of the limits sets of all the iterated
function systems induced by all the nice sets and that the the corresponding Hausdorff
measure on the radial limit set J(f) is o-finite.

Theorem 3.4. Let f: C — C be a tame meromorphic function. Then the following is
true.

(a) h =HD(J.(f))) = HD(Jy) for every nice set U.

(b) The h-dimensional Hausdorff measure Hy, restricted to each nice limit set Jy, U €
U, is finite.

(¢) The h-dimensional Hausdorff measure Hy, restricted to J.(f) is o-finite.

Proof. Fixing U € U, and choosing a countable subcover of U containing U, Part (a) follows
immediately from Lemma and Lemma [3.1] Part (b) follows from Theorem 4.5.1 and
4.5.11 from [7], comp. Fact (d) in Appendix, and Part (c) is an immediate consequence
of part (b) and Lemma applied with an arbitrary countable subcover W of . We are
done. 0

Let us record the following straightforward:

Observation 3.5. If f: C — C is a meromorphic function, then the following are equiva-
lent.

(a) For every point z € J(f) there exists a radius R(z) > 0 such that J(f)NB(z, R(z))
is contained in a real-analytic (so connected) curve.

(b) There exists a point z € J(f) and a radius R(z) > 0 such that J(f) N B(z, R(z))
is contained in a real-analytic (so connected) curve.

(c) For every point z € J(f) there exists a radius R(z) > 0 such that J(f)NB(z, R(z))
is contained in a countable union of real-analytic curves.

(d) There exists a point z € J(f) and a radius R(z) > 0 such that J(f) N B(z, R(z))

is contained in a countable union of real-analytic curves.

If one, or equivalently all, of the above condition fails, we call the meromorphic function
f: C — C of fractal type A; otherwise we call it of fractal type B.

Definition 3.6. We call a tame meromorphic function f: C — C (strongly) N-regular if
there exists at least one nice set U € U giving rise to a (strongly) regular iterated function
system (IFS) Sy.

In Section [6] we shall provide same sufficient conditions for a meromorphic function to be
strongly N-regular. Strong N-regularity will turn out to be a much harder issue than mere
N-regularity.
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Let us now recall another fundamental concept. Its origins go back to work of S. Paterson
(J10]) in the realm of Fuchsian groups and of D. Sullivan([18], [20], ([I7], ([I9],) in the
contexts of Kleinian groups and rational functions. Namely, a Borel o-finite measure my,
on J(f) is called h-conformal for f: C — C if

(3.2) ma(F(A)) = / £ o

for every Borel set A C J(f) (or C C) such that f|4 is one-to-one. This concept is
clearly similar to the one for graph directed Markov systems (see Appendix) although it is
a verbatim copy of Sullivan’s definition for rational functions, and it therefore should not
be regarded as historically later than that of graph directed Markov systems.

The existence of this kind of measures is of enormous help in the investigation of geo-
metric properties of Julia sets. Therefore, we now prove their existence and establish some
properties of these measures.

Theorem 3.7. If a tame meromorphic function f : C — C is N-regular, then the following
hold.

(a) Each nice set W € U gives rise to a regular IFS.

(b) There exists a o-finite h-conformal measure my, for f: C — C. In addition,
mp(JT(\T-(f)) = 0, and for every nice set U € U, we have that mp(Jy) > 0
and the measure my,| g, is h-conformal for the IFS Sy .

(c) There ezist a Borel o-finite f-invariant measure pp, on J(f) such that p, (T (f\T-(f)) =
0, 0 < pn(Ju) < 400, for every nice set U € U, and up|z, = pu is equivalent to
the h-conformal probability measure my on Jy.

(d) The Radon-Nikodym derivative din% has a unique real-analytic extension to an open
neighborhood of the set J(f) \ P(f) if the meromorphic function f: C — C is of
fractal type A, and a unique holomorphic extension to such a neighborhood if the
function f is of fractal type B.

Proof. Let U € U be a nice set giving rise to a regular IFS Sy = {¢Y: ¢ € E}. Denote
le|| the number n € N such that f" o ¢V = idy. For every n > 1 let I, parametrize all
holomorphic branches {f;"}ier, of f7" that are defined on U, let I = |J)~, I,, and for
every i € I let n(i) be a unique integer k > 0 such that i € I;. Let I, be the subset of I
consisting all elements ¢ such that fk(f;n(i)(U)) NU =0 for all 0 < k < n(i) — 1. Notice
that the family { f;"(l)(U ) }ier, consists of mutually disjoint sets and define the measure
mp, on UUcp. 7D () by the following formula. If i € I, A C f;"(U) is an arbitrary
Borel set, then

(33) )= [ O @) ),
@ (A)

Otherwise, if A C U is a Borel set, then

(3.4) ma(A) = mu(A).

It immediately follows (3.3) that (3.2) holds for all Borel set A C f;™(U) where i € I,
since n(i) > 1. Now, for any z € Jy let N(z) > 1 be the first return time to U, i.e. N(z) > 1
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is the least integer such that fV(*)(z) € U. Note that N(z) < 4+oc0 and fN®)(z) € Jy. For
every Borel set A C Jy and every n > 1 let

A, ={z¢€ A: N(z) =n},
then {A,}22, is a partition of A into measurable sets. Notice that

= |J el

llell=n

Assume that f|4 is 1-1. Then also f|4, is also 1-1, and by (3.3, (3.4) and conformality of
the measure my for the IFS Sy,

mu(f(A)) = th Z > ma(fo gl (f"(An))

n=1 e:|lel|=n

DS / oYy

n=1 eillel|=n

SDOD N IRRTEr e

n=1 eille||=n A“

- X [ it

n=1 e:||e||=n ¥ Pe U(fm(An

S 3D O IRt

n=1 |jefl=n * ¢¢ (/" (A4n
/ iy =S [ 17
1 ULl (P (An)ilell=n} " A

- / ' hdmy, = / " dm,
Unz1 4An A

Thus, (3.2) holds for all Borel sets
Acuvulrmow)
i€ L

such that f|4 is 1-1. Observe that then all sets f(ANU) and f(AN f~"O(U)), i € I, are
mutually disjoint and m,(ANU) = my(ANTy) as well as my (f(ANU)) = mu(f(ANTy)).
Since also

o0

(3.5) mi(C\(Jo U | £ (T))) =0
i€l
and since
f(vulJ £ ) = (awu ) =gwu J £

1€, i€l i€l
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we conclude that mj, is a Borel o-finite h-conformal measure for f: C — C such that
mp|z, = my. Since

(3.6) JulJ N c g
i€l
we further conclude from that mu (T (f) \ J-(f) = 0.

If now W is an arbitrary nice set, then it follow from , conformality property ,
and the fact that m,(J55) = my(J5%) = 1, that my(J,) > 0. Items (a) and (b) of our
theorem are then proved.

It is known that one can spread out the measure py and get a unique ergodic and
conservative f-invariant measure y, on Jy U, ¢, f[n(l) (Jv) such that |7, = py. Hence,
by (B-6), (T (/)\T-(f)) = 0 and the item (c) is proved.

Let us now prove item (d). For any two open balls By, By C C let By A By = B; and
By ABy = By if either BiNBy = or J(f)N BN By # (. Otherwise, let {a,b} = 0B1NIB,
and let [ be the unique straight line passing through the points a and b. Let then H;, 1 = 1,2,
be the connected component (open half-plane) of C\ [ containing the center of the ball B;.
Set then

Bl/\BnglﬁHl and Bg/\Bl :BQOHQ.

Let s be the spherical metric on C normalized so that diam,(C) = 1. For every integer
n > 0 consider the set

D= {2 € T(H\P(f) : 270 < s, P(f) U {oo}) < 277},

Obviously, each set I',,, n > 0, is compact and

UTn=T(H\P).

n=0
For every integer n > 0 and every point z € J(f) \ P(f) let U, be a nice set containing z.
Fix then an open ball B,(z) = B(z,7,(2)) with 0 < r,,(2) < 273 50 small that
(3.7) B,(2) cU,NC\ P(f).

Since each set I'),, n > 0, is compact, we can find for every n > 0 a finite set F,, C I',, such

that
|J Bu(w) > T,
wekE),
An immediate observation is that
(3.8) U Butw)n {J | Belz) =0
wEFEy, k=n+2 zeE}

for all n > 0. Hence, for every n > 0 and every w € E,,, the set
A(n,w) :={(k,z) e NxC:z€ E; and B,(w)N By(z) # 0}

is finite. Set then R
B, (w) = ﬂ B, (w) A Bi(2).
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It immediately follows from our construction that

(a) T(NH\P(f) C G =UZoUper, Balw) C C\P(f).

A

(b) All the sets B,(w), n > 0, w € E,, are open and convex; so simply connected.
(c) If By(w) N By(z) # 0, then J(f) N By(w) N By(z) # 0, in fact

(T(HNP)) N Ba(w) N By(z) # 0
as P(f) is a nowhere dense subset of J(f).

In virtue of Theorem 6.1.3 from [7] (comp. Fact[8.3](c) in Appendix), for every w € J(f)\

P(f) the Radon-Nikodym derivative % defined on Jy,,, has a real-analytic extension

~ . . . d .
pw : Up — R. Since 4o is a constant multiple of S“%=  we thus infer that 2o has
dmy | Jy,, dmy,, dmy 1 Jy,,

a real-analytic extension, being a constant multiple of p,,, p, : Uy, — R. Assume now that
our meromorphic function f : C — C is of fractal type A. Define a function p : G — R by
setting

p(2) = pu(z) if z € By(w) with some n >0 and some w € E,.

Since G is an open set containing J(f) \ P(f), all what what we are to check is that the
function p is well-defined. But from our construction (item (c) above), if n,k € N, w € E,,,

z € By, and B, (w) N By(z) # 0, then J(f) N B,(w) N By(z) # 0. But as
T(f) 0 Bu(w) N Br(2) € {€ € Bu(w) N Bi(2) : (pw — p2)(€) = 0},

if p, and p,, are not identically equal on B, (w)NBj(z), then the right hand side of the above
formula is a countable union of real-analytic curves, contrary to item (d) of Observation .
Thus p, = p. on B,(w) N Bi(z) and we are done in the case meromorphic functions of
fractal type A.

In the case of fractal type B, in the construction of the balls B, (z), n € N, z € E,, in
addition to we require the radii r,(z) > 0 to be so small that the real-analytic function
p restricted to A,,, (where A,, denotes the real-analytic curve contained in B, (z) and
containing J(f) N B,(z)) extends uniquely to a holomorphic function p, : B,(z) — C.
Now the argument analogous to that employed in the case of fractal type A, shows that all
the functions p, | Ba(z» M €N, z € By, glue together to a holomorphic function p: G — C
which extends the function p : J(f) \ P(f). The proof is complete. O

4. REAL ANALYTICITY OF HAUSDORFF DIMENSION FOR CONFORMAL GRAPH
DIRECTED MARKOV SYSTEMS

The results of this section form a far going strengthening of existing theorems about real
analyticity (see [21I] and references therein) or even continuity (see [14]) of the Hausdorff
dimension of limit sets of Conformal Graph Directed Markov Systems. All notions needed
are explained in Appendix. We would also like to emphasize that our results in this section
will primarily concern Conformal Graph Directed Markov Systems (conformal GDMSs)
without assuming the Open Set Condition to hold and will be primarily formulated as
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real analyticity of Bowen’s parameter defined below. Real analyticity of the Hausdorff
dimension of limit sets will be then obtained as an immediate corollary in the case when
the Open set Condition holds. However in Section |5 devoted to proving real analyticity
of the Hausdorff dimension of radial Julia sets of tame meromorphic functions that are
strongly regular, we will construct conformal Graph Directed Markov Systems which will
not be known to satisfy the Open Set Condition. Real analyticity of Bowen’s parameter
will result from the present section whereas its equality to Hausdorff dimension will come
from the theory of conformal Walters expanding maps laid down in [4].

Let A C C¢ be a complex manifold. Let I' = (E,V,t,i, A) be a finitely primitive multi-
graph with edges F, vertexes V, initial and terminal function ¢ and ¢, and a incidence
matrix A: F x E'— {0,1} (see Appendix). For every vertex v € V' let bounded open sets
W,, W! C C be given satisfying that W, C W/. Further more, for every A € A, let

Sy ={¢: Wye) = Wiy}

be a conformal GDMS generated over the multigraph I" with the properties that W, is
connected, W, C W/, ¢, : Wt’(e) — Wi’(e) and @ @ Wyey — Wie). Although for our
applications to meromorphic dynamics considered in this paper all the sets X} will be
independent of \, here we do not assume that the corresponding compact seed sets X C W,
are independent of .

Fix A\, € A and for every w € EY, let ¥,,: A — C be given by the following formula

(3,) (ma(0))
(92 (Mg (0)

where m\: EY — Jg, is the canonical projection induced by the GDMS S,. The family
{S)}xen is called analytic if

T, (\) =

(ra-a) For any e € E and every z € Wy, the function A 3 X — ¢X(z) € C, A € Ais
holomorphic.

The analytic family {Sy}aea is called strong if the following conditions are satisfied.

(ra-b) The GDMS S, is strongly regular, and then we simply say the parameter )\ is
strongly regular.
(ra-c) There exists a function x: E — (0, +00) such that

sup{||(¢)|| exp(s(e)): e € E,\ € A} < +oo.

(ra-d) The family of real-valued function A 3 X\ — r(w;) tlog [P, ()|, w € EY, X € A, is
bounded.

There are two differences of the above setting as related to Section 4 of [2I]. The first
one, as a matter of fact, inessential, is that we do not require in the present paper the sets
X7 to be independent of A\, and the second one, more important, is that condition (ra-d)
involves log |¥, ()| rather than log W, (\). Somewhat awkwardly, a family of such maps
was called in [21] weakly regularly analytic. Having all this said, Theorem 4.2 from [21] can
be reformulated as follows.
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Theorem 4.1. If {S\}ren, a family of finitely primitive conformal GDMS, is weakly regu-
larly analytic, then the function A 5 X+ b(S)) € R is real-analytic on some neighborhood
of every strongly reqular parameter \g € A.

In fact the assertion in here is different than in the original theorem in [21]. The point
is that since we now did not assume the Open Set Condition to hold, we have replaced
Hausdorff dimension by Bowen’s parameter; the Open Set Condition was used in Section 4
of [21] exclusively to guarantee that Bowen’s parameter is equal to the Hausdorff dimension
of the limit set. With condition (ra-d) weaker then its analog in [21] as explained above,
our strengthened version of Theorem is the following.

Theorem . If an analytic family {Sx}rea consisting of finitely primitive conformal
GDMS, is strong, then the function A 5 X +— b(Sy) € R is real-analytic on some neighbor-
hood of every strongly reqular parameter \g € A.

Proof. Fix a strongly regular parameter \y € A. We shall show that on same sufficiently
small open neighborhood of \g, the family of functions

{A = (k(w1) " log Wu (M) fuers,
is uniformly bounded. Then the theorem follows from Theorem [4.I] So assume without

loss of generality that A is simply connected. First, for every w € EY, choose an analytic
branch of logarithm log,(¥,): A — C such that

(4.1) log, U, (A\o) = 0.
Then set
1
4.2 YL/R@D () = ex <—lo (A ) )
(12 ) 1= exp (s o, W)

Let B > 0 be the bound coming from (rad). We then have that, for all w € EY and all
A EA,

(4.3) Y] = exp (Re (H (il) log,_ m»))

= o (o Re o )

_ exp (K(;) log]\lfw()\ﬂ) < B
Put
o 1= WL/AED),
Fix an arbitrary r > 0 so small that B(\g,2r) C A and let A € B(Ag,7). Set
Io={yeA:|y—N|=rforalj=1,...,d}.
In virtue of Cauchy’s formula, and of , we have

1 w
/ 9.(7) dyy .. .dvyyg
r

dg.,
DY T @k oo

dA
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1 |90 (7)]
s dyil...|d
SIRCTLY S v v wELLLUR L
1
= (27r2)d wMldm] ... |d
(2772 /Fr g (M]dm| - - - [dvyal
< BBTd B GB

(2mr2)d  (27r)d’
Since g, (Ao) = 1, we therefore get, for all A € B(\g, ), that

€B

190(A) = 1 = {90 (X) = g (Xo)] < WP\ — Aol-

Fix now § € (0,r) so small that e?(27r)™40 < 1. Let logy: B(1,5) — C be an an-

alytic branch of logarithm such that logy(1) = 0. Then log,og,: B(Ap,d) — C is an
analytic branch of logarithm of g, and, by (4.2). It follows from (4.1)) and the fact that
log) 0g.,(Ag) = logy(1) = 0, that

1
K(w1)

for all w € EY and all A € B()g,d). Then

log,, W, (A) = logg 0guw(A)

o) log, ¥, (A)| < sup{|logoge(2)|: z € B(1,1/4)} < 4o0.

We are done. O

Remark 4.2. With the hypotheses of Theorem [I.3] if we knew in addition that Bowen’s
parameters are equal to the Hausdorff dimensions of the corresponding limit sets (which
due to Theorem is guaranteed for example by the Open Set Condition), then we would
automatically have a corresponding real analyticity statement for Hausdorff dimension.

We now provide a useful sufficient condition for an analytic family of GDMS to be strong.

Definition 4.3. An analytic family {S\}ea, consisting of finitely primitive conformal
GDMS, is called Hélderly stable if

(a) there exists A\g € A, called the center of A, such that S), is strongly regular,
(b) there are two constant ¢ > 0 and o € (0,1) and for every A € A there exists a
homeomorphism Hy: J,, — J\ such that

C7'z —w| < |Hy(2) — Hy(w)| < Clz — w|® for all z,w € Ty,

and
o Hy = Hyop) foralle € E.

Proposition 4.4. If S, an analytic family consisting of finitely primitive conformal GDMS,
1s Holderly stable, then S is strong and, in consequence, the associated Bowen’s parameter
function is real-analytic in some sufficiently small neighborhood of the center of S.
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Proof. In order to show the first part we need to prove that there exists a function x: £ —
(0,+00) such that (ra-c) and (ra-d) holds. Indeed, it follows from condition (b) of Defini-
tion 4.3 that

C™! diam® (£)(J),)) < diam(p2(J)) < C diam® (92 (Jy,))
for all e € ' and all A € A. Therefore, by uniform distortion, there exists C > 0 such that
A~ _ l A~ a
(4.4) CH(p2) ()= < 1(@2) (W)l < Cl(we) (2)]
foralle € E, all z € J,,, all A € A and all w € J,. It follows

—log € + (1/a — 1) log |(#)(2)] < log (22 ()| — log () (2)
< log € + (@ — 1) log [(¢2Y (=),
and then for the distortion constant K > 1 we have
—log C'+ (1= 1/a)log K + (1/a — 1) log [|(¢2)']| <
< log |(¢2)'(w)] —log |(¢2)'(2)|
<log €'+ (a —1)log K + (o — 1) log [[(¢2°)'-

Hence .
- (1-21) logC+ (1—21)logK

T« —alog||(¢2°)|]
1 )
) gl
—alog[|(e®)]| (@) (2)]
(1—a) N (1—a) logK+10g(j
o —alog||(g2°)|]

<

<M

for some M > 0 large enough since, for all e € E, [|(p2°)|| < S < 1 and lime o |[(¢20)']] =
0. Since in addition, by (4.4)),

I(ge) Il < Cll(ee)ll®

~

= Cex (alogl|( )’||)
= C (exp(=(—alog |l(¢2°)'[])) .

we conclude that conditions (rac) and (r d) are satisfied if we set

r(e) = —alogl|(we)'ll.

The first assertion of our proposition is thus proved. The second one follows now immedi-
ately from Theorem O

Remark 4.5. Similarly as in Remark [£.2] if we knew in addition to the hypotheses of
Proposition [4.4] that Bowen’s parameters are equal to the Hausdorff dimensions of the
corresponding limit sets, which due to Theorem is guaranteed for example by the Open
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Set Condition, then we would automatically have a corresponding real analyticity statement
for Hausdorff dimension.

Now we may prove the following main general result of this section already stated in the
introduction.

Theorem [1.4] - Let A C C? be an open set. Assume that {Sx}aea is an analytic family
consisting of finitely primitive GDMS such that for some \g € A the system Sy, is strongly

reqular. If there exists a holomorphic motion H: A X C — C such that

P (H(A 2)) = H\, ¢.°(2))
for all X € A and all z € TJ,,, then the Bowen’s parameter function A 5 X — b(S)) is
real-analytic on some sufficiently small neighborhood of A\g.

Proof. Fix a radius r > 0 such that B(Ag,7) C A. Then, decreasing r > 0 if necessary, the
A-lemma (see [5], [16]) asserts that for all A € B()g,r), the maps C 3 z — H(\,z) € C
are Holder continuous with both, a common Hoélder exponent and a common Hélder con-
stant. Hence, the analytic family {S)}rep(ro,r) is Holderly stable. Applying Proposition
finishes then the proof. 0J

Remark 4.6. Similarly as in Remarks[4.2)and [4.5] if we knew in addition to the hypotheses
of Theorem|[I.4] that Bowen’s parameters are equal to the Hausdorff dimensions of the limit
sets, which due to Theorem in Appendix is guaranteed for example by the Open Set
Condition, then we would automatically have a corresponding real analyticity result for
Hausdorff dimension.

For our applications to meromorphic functions, we will need Theorem in the form
as stated above, explicitly involving holomorphic motion. However, we can already now
provide some mild quite general sufficient conditions for an analytic family of conformal
GDMSs to admit a holomorphic motion. These conditions are frequently fairly easy to
verify, though not in the context of meromorphic functions.

Definition 4.7. Let S be a finitely primitive GDMS and let
Er={w€FE" :w =wy and w # 7" for any 7 € E and k > 2}.

For every w € E; let z,, € Wy, be the only fixed point of the map ¢, : Wt(w) — Wt(w)
We say that the system S is periodically separated, if x,, # x, wherever w,7 € E and the
words are incomparable (that is none of them is an extension of the other).

Let us now record two obvious sufficient conditions for a GDMS to be periodically sep-
arated. The following proposition will not be used later.

Proposition 4.8. If either
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(a) for every w € Ey, x, € Wiy and pa(Wia) N oo(Wie)) = 0 whenever a,b € E with
a#b
or
(1) (W) N os(Wiyp)) = 0 whenever a,b € E with a # b,
then S is a periodically separated.
Lemma 4.9. If A C C?% is an open simply connected set and {S\}xea is an analytic family

consisting of finitely primitive conformal GDMS that are periodically separated, then for
every Ao € A there exists a holomorphic motion H: A X j,\o — C such that

ONH (N, 2)) = H\, @2(2)) for all X € A and all z € T, .
In addition
H{\} x Ty) = Tx and H{AY x To,) = Ty for all X € A,
Proof. Fix w € E. Since the map
A X Wiy 2 (N, 2) = ¢l(2) € C

is holomorphic and since (¢7})'(§) # 1 for all £ € Wy, it follows from the Implicit Function
Theorem that for ry,, > 0 small enough there exists a unique holomorphic function

B(X\o, Tagw) D A xiow € Wiw)

A

Aw and z3  is (of course) the unique fixed point of the map

()

such that ¢} (z3, ) = =
o) Wiwy — Wiw). By this umqueness all the maps x, _ glue together to a unique
holomorphic function A 3 X +— z)) € Wi(w) such that
(4.5) wo(3) = .
Let
={z):we B}
Since all the systems {S)} en are periodically separated, there exists a bijection Py: Yy, —
E* sending each point € Y to the unique w € E7 such that x)) = Py(z) and for every
fixed A € A, the map Y, > z — W]’EA ) € Y, is bijective. Thus the map H: A xY,, — C
0
given by the formula
H(\ 2) = 27 Py () €C
is a holomorphic motion, and by the A-lemma it unﬂuely extends to a holomorphic motion
H: A xY,, — C. But, by finite primitivity, Yy = Jx. By (4.5) on the other hand only by
continuity of the map H, we have that
(4.6) Po(H(N, 2)) = H(\, 30 (2))
for all A € A and all z € J,. Also, for all A € A, we have
H({A} x Tn) = H({A} x Ya,) = Ya = Jh.
Finally, it follows from (4.6)) that my(w) = H (A, m),(w)), and therefore
In=m\(EY) = H{A} x M\ (EX)) = H{A} x T))-
We are done. ]
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Theorem 4.10. Let A C C be an open simply connected set whose complement C\A
contains at least two points. If {Sx}rea s an analytic family consisting of finitely primitive
conformal GDMS that are periodically separated, then for every Ao € A there exists a
holomorphic motion H: A x C — C such that

OMH(N, 2)) = H\, ¢2°(2)) for all X € A and all z € Jy,.

In addition,
H({\} X Ty,) = Ty for all X € A,

and if the system Sy, is strongly regular, then the Bowen’s parameter function \ — b(S))
is real-analytic on some sufficiently small neighborhood of \.

Proof. In virtue of Lemma there exists a holomorphic motion on A x 7, satisfying the
required properties. By Slodkowski’s Theorem [16] it can be extended to a holomorphic
motion on A x C with uniformly bounded dilatation. The last assertion of the theorem
follows then immediately from Proposition [I.4] O

Remark 4.11. Similarly as in the three preceding remarks, if we knew in addition to the
hypotheses of Theorem that Bowen’s parameters are equal to the Hausdorff dimension
of the corresponding limit sets, which due to Theorem is guaranteed for example by the
Open Set Condition, then we would automatically have a corresponding real analyticity
result for Hausdorff dimension.

5. REAL ANALYTICITY OF HAUSDORFF DIMENSION FOR MEROMORPHIC FUNCTIONS

Recall that a meromorphic function f: C — C belongs to Speiser class S if the set
sing(f~1) of all singularities of f~! is finite. Let A C C? be an open set. We say that a

family {f\}rea of meromorphic functions from C to Cis analytic if

(a) The function fy, : C — C belongs to Speiser class S.

(b) The function A 3 X — sing(f, ') is continuous.

(c) Each point of sing(f,.') \ J(fx,) belongs to the attraction basin of some attracting
periodic orbit of fy,.

(d) The function A 5 A +— fy(z) € C is meromorphic for all z € C.

The main result of this section is the following theorem already stated in the introduction.

Theorem Assume that a tame meromorphic function f : C — C is strongly N-—
regular. Let A C C? be an open set and let {f)}ren be an analytic family of meromorphic
functions with the following properties:

(1) fog = [ for some N\g € A,
(2) there exists a holomorphic motion H : A x J\, — C such that each map H) is a
topological conjugacy between fy, and fx on J,.
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Then the map
A > A— HD(J))

1s real-analytic on some neighborhood of \.

Proof. The idea of the proof of this theorem is to associate, by means of nice sets, to the
analytic family f) : C — C of meromorphic maps a strong analytic family of conformal iter-
ated function systems (the simplest subclass of conformal Graph Directed Markov Systems)
that have the same Hausdorff dimensions of their limit sets as the Hausdorff dimensions
of the radial Julia sets of the corresponding maps f,. Having this, we can use the real
analyticity results of Section [4] to conclude the proof.

Since the function fy, is tame, it has at least one nice set U. Let Sy, = {¢2°}eer be
iterated function system generated by the nice set U. We can require that

(5.1) B(&,R) CU C B(&,2R)

with some non-periodic point § € J),. Because of analyticity of our family f) : C — C,
A € A, (this takes care of singular points of fy ! lying in the Fatou set of f,) and because
of topological conjugacy guaranteed by (2) (this takes care of singular points of f; ' lying
in the Julia set of f)), we may further require that

B(&,12R) | /3 (sing(f;1) =0

n=0

and
(5.2) () (2)| > 6K whenever z € B(£,6R) and fy(z) = &

for all A € I'} , where I' | C A is a sufficiently small open neighborhood of Ay € A. The
number K > 1 is here the Koebe’s constant corresponding to the scale 1/2. Now for every
A € I}, form an iterated function system Sy acting on B(&,6R) as follows. If e € E, let
¢ be the unique holomorphic inverse branch of fl¢ll defined on B(¢,6R) and sending ¢ to
Hy(p20(€)). We shall prove the following

Claim 1. For any \ € F?\O sufficiently close to Ng, Sy = {©)}eer is a strongly regular
conformal iterated function system on B(§,6R).

Proof. Conformality of the maps ¢, e € E, is immediate from their definitions. The
distortion properties follows immediately from Koebe’s Distortion Theorems and the fact
that all maps ¢ have unique univalent holomorphic extensions to B(£, 12R). In order to
complete the proof that S is a conformal IFS it thus suffices to show that

©2(B(£,5R)) C B(£,5R).

Indeed, since for any e € E, ¢20(U) C U, we get that ¢2°(J(Sy,)) N U # 0, and therefore
(see also (5.1) @) (HA(T (Sx,))NB(€,3R) # 0 for all A sufficiently close to Ao (independently
of e), say A € B(\,01) C T3 . Since [|(¢})']| < § (see (5.2)), using the triangle inequality,
we conclude that
v2 (B(€,6R)) C B (& 3R+ 12R|/(¢2)'l])
C B(&,3R+2R)

— B(¢,5R).



20 BARTLOMIEJ SKORULSKI AND MARIUSZ URBANSKI

We are left to show that all the systems S, are strongly regular for all A sufficiently close
to Ao. Indeed, since the system S, and S), are quasi-conformally conjugated on J(S),)
and J(S)) respectively, we get that

(5:3) CHIC2) I < 11ed)'ll < @)1
for all w € E* and some C' and numbers a, € (0,1) such that
(5.4) lim o) = 1.

A— Ao

For every A € B(\g, 61) put
by = b(S)).

Since the function f), : C — Cis strongly N-regular, the system S, is strongly regular,
and so, there exist ty < by, and 0 < k < 1 such that

(5.5) 0 < Py (t) < +00

for all t € (to — k(bxn, — t0),to + K(br, — to)). In view of (5.4) there exists o € (0, ;) such
that
asto, a5 'tg € (tg — Kby, — to), to + K(br, — to))
for all A € B(\g, d2). Formulas (5.3)) and (5.5 imply then that
P)\(t) < P)\O(a)\to) < 400
and
P)\(t> > P)\O(Oé;\lt) >0

for all A € B(\g, d2). Thus, all the systems Sy, A € B(\g, d2), are strongly regular, and the
proof of Claim [1|is complete. O

Claim 2. HD(7,) = by for all A € B(\g, d2).
Proof. By the very definition of the nice sets all the sets X (U), e € E, are mutually dis-

joint, and therefore, so are the sets {¢2(J (Sy,)}eer- So, because of topological conjugacy,

the sets {0 (J(Sy)}ecr are mutually disjoint for every fixed A € B(\g,d2). This means
that the global map Fy: |J,cp¢a(T(Sx)) — J(S)) is well-defined if given by the formula

F\(p)2)) = z where z € J,.

It is straightforward to see that all transformations F), A € B(\g, d2), are Walter expanding
conformal maps in the sense of [4]. Therefore, Theorem 2.7 in [4] yields HD(7(S))) = ba
for all A € B(Ao, d2). The proof of Claim [2]is complete. O

Claim 3. There exits 63 € (0, 62] such that, for every X € B(\g,d3) C A, we have that
HD(J(51)) = HD(Z:(f))-

Proof. Clearly J(Sx) € J-(f\). Hence,

(5.6) HD(J(5))) < HD (J:(f2)) -

In order to prove the opposite inequality take A € B()\g, d2) and consider a nice set Uy C
B(&, R) for the tame meromorphic map fy. If ¥} is a member of the iterated functions
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system S} induced by the nice set Uy, then ¥} (Uy) C Uy. So, if A is taken sufficiently close
to A (independently of e), say A € B(\g, d3), with 0 < d3 < 09, then

Hi ' o) (T,(f») NU) C B(£,2R).

Thus the map ¢2°: U — C, the unique holomorphic inverse branch of f/l\f”, determined
by the condition that ¥2(¢) = Hy' o ¢(€) is a member of Sy,. But then ¢} = ¢,
where ¢} € S\. Consequently, the limit set J(S) of S5, A € B()g,d3), is contained in
J(Sy). Hence HD(J(S})) < HD(J(S))), and, in virtue of Theorem [B.4, HD(7,(f))) <
HD(J(S))). Along with (5.6)), this finishes the proof of Claim O

Conclusion of the proof of Theorem This proof is now straightforward. Since the family
(fx)aen is analytic, so is the family {S\}reB(ro,s5)- By the very definition of the systems
Sy, the map H| B(X0,03)x T (Sxg) forms a holomorphic motion such that

H\(J (Sx)) = J(Sy)
and
PR (H(X, 2)) = H\, ¢2°(2))
for all A € B(Ao,d) and all z € J(S),). By Slodkowski’s Theorem ([16]) this holomorphic
motion extends to a holomorphic motion of the entire extended complex plane C. Thus

Proposition [I.4] with the help of the Claims [I], 2] and [3, complete the proof of our theorem.
U

6. STRONG N-REGULARITY OF DYNAMICALLY REGULAR MEROMORPHIC FUNCTIONS

In this section we deal with dynamically reqular functions as defined in [9]. Our goal is
to show first that they are all strongly N-regular and then, in the next section, to prove
real analyticity of Hausdorff dimension of radial Julia sets of analytic families consisting of
dynamically regular meromorphic functions. We refer the reader to [9] for the definition
and specific facts about dynamically reqular functions. In what follows we use the notation
of that article.

Let f: C — C be a dynamically regular meromorphic function. Let |d7(2)| be the
Riemannian metric defined in section 5.1 of [9]. Remember that metric |d7| is conformally
equivalent to the standard Euclidean metric |dz|. It was proved in [9] that the limit

1
P(t) = lim ﬁlogﬁﬁl(z)

n—oo

exists for any z € J(f), where L;: Co(T(f)) — Co(T(f)) is the bounded linear operator
defined by the formula
Lig(z)= Y gw)f ()",
wef~1(2)
It is referred to as the Perron-Frobenius operator associated to the parametert. The number

P(t) is called the topological pressure at t. It was proved in [9] that there is a certain number
¢ > 0, that if £t > ¢, then

I£:1]|co < oo and therefore P(t) < oc.
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For every open set U C C, we define

ﬂf U NT())={zeT(f): f1z) ¢ U for all n > 0},
and

ﬂf (U NTo(f) ={z€ T(f): (z) ¢ U for all n > 0}.

Of course K(U) is a Closed subset of J(f) and K, (U) is a closed subset of J,(f). Both
K(U) and K, (U) are forward invariant in the sense that

fKU)) € K(U) and f(K(U)) € K. (U).

Put .
Us= ()7,
§=0
and define
Py(t) = sup{Pp(z,1): z € T(f) N U},
where

Pp(z,t) :hmsupllog Z (™) (w)|~ _hmsupllogﬁ 1ye(2).

n—oo TN n—o00

welgnf—n(2)
We shall prove the following.
Lemma 6.1. If U is an open subset of J(f) and Py (t) <0, then HD(K,(U)) < t.
Proof. For every k > 0 set
K*U) = {2 € K,(U): limsup|f"(2)| < k}.

From topological hyperbolicity of f, guaranteed by its dynamical regularity, there exists
d > 0 such that each open ball B(2,26), z € J(f), is disjoint from the forward orbit of
the singular set of f~1. Cover the ball J N B(0, k) with finitely many balls {B(z;,8)}.cE,
where £ C J(f) NU*°. Fix arbitrary n > 0. By hyperbolicity of f and the definition
of Py (t), there exists an integer I(n) > 0 such that, for all n > I(n), all z € E, and all
w € f~"(z), we have that
(f") (w)|- > 2Kn~"0
and
. UMW <exp (P()/2).
yef(z)
But the family

{f;"(B(x, 0):n>1n),z€F,we f_"(x)}

covers K*(U) and
diam (£, (B(x,8))) < K26](F*) (w):" <
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for all n,  and w as above. Also

>y Z diam; (,"(B(x.6))) <

n=l(n) €L wef—"

ZZ Z (2K0)' (") (w)-|™*

n=l(n) x€E wef—n

(2K 5)' Zzexp( )

n=l(n) e€k

o ep(PWI)2)
= R HE T o (P2

Since lim,,_q {(n) = +00, we thus conclude from this that the Hausdorff measure H; (K¥(U)) =
0. Thus, the formula

= J KU
k=0
yields H; (K, (U)) = 0. Hence HD (K, (U)) < t and the proof is finished. O

We now need the following standard auxiliary fact.

Lemma 6.2. Let F' C C be a closed set, let R € (0,00), and let K be a closed subset of
B(0, R)\F. Then, there exists a smooth C* function g: C — [0,400) with the following
tow properties:

(a) 1p<g<1and
(b) 9lx =0.

The main technical result of this section is the following.

and U s an

Proposition 6.3. If f: C — Cisa dynamically reqular function, t > alg

+7

arbitrary open subset of C intersecting the Julia set J(f), then P&(t) < P(t).

Proof. Since lim,,_.o, m;(US) = 0, there exists ¢ > 1 so large that

d
my(US) < —H@tum,where 0r = ﬁ.

t

Let R > 0 be so large that m, (B°(0,R)) <
B(0, R)\U{ such that

smy(US). Let K be a compact subset of

my (B(0,R)\ (U UK)) < émt(U;).
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Finally, let g be the function associated to the triple R, K, and F' = U, according to
Lemma [6.2] Then,

/ gdm; <
T
< / gdmy + / gdmy + / gdmy + / gdmy
B¢(0,R) UgnB(0,R) K B(0,R)\(KUUg)

= / gdmy + / gdmy + / gdm
B<(0,R) UenB(O,R) B(0,R)\(KUU)

1 1
5
1 _

< Sled |-

Now, since the function g is bounded and Hoélder continuous, it follows from Theorem 6.5
in [9] that there exists s > ¢ such that

1
Iig— o0 [ gl < 5

Consequently
. ) . 1 1 1 1
1L e lloo < [1L5 uelloo < 1IL5Gllo0 < [lotlloo [ gdmy + 1S1t173%
Hence, for any n > 0 and any z € J(f), we get that
L S O
=exp(—P(t)(n+ 1)s)L}* ([,flU(an)s(z))
= exp(=P(H)(n+1)s) > () @) Lo, (w)
wef=m3(2)
—ep(-POn+1s) > (V@I > 1)@
wefn(z) e€f 7 (W)NUE, 4y,
—exp(-POm+1)s) > (Y@L Y 1@
we f~ms(z)NUE, zef~s(w)NU§
= PO N ) L, (0) (77O N 1) (@) L ()
wefns(z) zEf 5 (w)
< e PO S (107 )l g, (w)lle ™0 L )
wefm(2)
< ||6_P(t)m£?slUg||oo||6_P(t)S£t1Ug oo
1
S §||6_P(t)n8£?51Uﬁ | |<>o
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Therefore,

1
lexp(=P(t)(n + 1)s)L" 1y loo < Slle” PO L1y,

(n41)s

So, by induction,
(6.1) e £ ||, < 277

for all n > 0. Now, for any integer £ > 0, write k = ns+r, 0 <r < s — 1. Formula (6.1)
implies then that

£ 10¢ || L1, [loo < Lol 1£7 10, oo
Qsz—nep(t)ns

0.2~ BSE  P(t)r o~ P(Dk

ININA TN

— Q52£€_P(t)T2_§€P(t)k
MSQ_EG_P(W“,
where M, = 2°5 Q, max{e P®r: 0 < < s —1}. Thus

IN

. 1
P, < limn_)oozlog 1L 1ue||o0 < P(t) — —log2 < P(t).
s
We are done. 0

Corollary 6.4. If f: C — Cisa dynamically reqular function and U is an arbitrary open
subset of C intersecting the Julia set J(t), then HD(K,(U)) < HD(J,).

Proof. We know that the topological pressure P(t) is finite for all ¢t > alﬁrT. We also

know (see theorem 8.3 in [9]) that P(HD(J,)) = 0. Since in addition the function t —

P{(t) < P(t) is continuous (as convex) throughout (a £ —i—oo), we therefore conclude

1477
from Proposition that there exists ¢ € (aliT, HD(.Z)) such that P{(t) < 0. Lemma
[6.1] then yields HD(K,(U)) < t < HD(J,). O

Corollary 6.5. If f: C — Cisa dynamically reqular meromorphic function of divergence
type, then each nice set U € U gives rise to a strongly regular IFS. In particular, the
function f: C — C is strongly N-reqular.

Proof. Let Sy = {p.}ecr be the conformal IFS generated by the nice set U. Fix one b € E
and let Syp = {@e}eer\(py- Then HD(Js,,,) < HD(K,(p(U))) < HD(J)) = HD(Js,),

where the inequality sign ” < ” follows from Corollary[6.4)and the equality sign ” =" comes
from Theorem [3.4] The system Sy is thus strongly regular because of Theorem 4.3.10 from
[7]. O

7. REAL ANALYTICITY OF HAUSDORFF DIMENSION
FOR DYNAMICALLY REGULAR MEROMORPHIC FUNCTIONS

Taking fruits of the previous section, in the present one, fairly short, we provide concrete
examples of analytic families of meromorphic functions that satisfy the hypotheses of The-
orem [[.I As an ultimate consequence, the Hausdorff dimension of their radial Julia sets
varies in a real-analytic fashion. The following theorem already stated in the introduction.
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Theorem . Suppose that f: C — Cisa dynamaically regular meromorphic function of
divergence type which belongs to class S. If A C C is an open set, { fr}rea s an analytic
family (in the sense of Section@ of meromorphic functions, and fy, = f for some \g € A,
then the function A > X\ — HD(J.(f\)) is real-analytic in some open neighborhood of Ao
contained in A.

Proof. Since our family is analytic, for every ay, € sing(f;, ') there exists a meromor-
phic function A\ +— a) € sing(fy') defined on some sufficiently small neighborhood of
Ao Furthermore, the analyticity of the family {f\}ieca applied again entails the functions
{A — fl(ar)}52, to form a normal family on some sufficiently small neighborhood of g
for every point ay, in sing(fy,'). Therefore, see Lemma 9.3 in [9], there exists a holo-

morphic motion H: I'y, x J,, — C over some neighborhood I'y, € A of Ay, such that
Hy\(Jy,) = Jx and Hy o fy, = fr, © Hy on J), for all A € T'y,. Since also the meromorphic
function f,, : C — C, as dynamically regular is tame, and since, by Corollary |6.5] it is
strongly N-regular, invoking Theorem completes the proof. 0

Notice that, unlike in [9], we did not have to assume in this theorem anything technical
like that our family { fy}aea is of uniformly balanced growth or of bounded deformation.

8. APPENDIX; CONFORMAL GRAPH DIRECTED MARKOV SYSTEMS

Graph directed Markov systems are based on a directed multigraph (V,1,i,t) and an
associated incidence matrix A : I x I — {0,1}. The multigraph consists of a finite set V' of
vertexes, a countable (finite or infinite) set of edges, frequently called an alphabet, and two
functions i,¢ : I — V that indicate for each directed edge i € I its initial vertex i(e) and
its terminal vertex t(e), respectively. The matrix A is an edge incidence matrix and thus
tells which edges may follow a given edge. Moreover, it respects the multigraph, that is, if
A, = 1 then t(a) = i(b). It is thereafter natural to define the set of all one-sided infinite
A-admissible words

IV ={wel*| Ay, =1,Vie N}

The set of all subwords of I7° of length n € N will be denoted by I}, whereas the set of all
finite subwords will be denoted by I} = U,enl’. A graph directed Markov system(GDMS)
S consists of a directed multigraph (V, I,4,t) and an edge incidence matrix A, together with
a set of non-empty compact subsets { X, },c1 of a Euclidean space R?, a number 0 < s < 1,
and for every a € I, a one-to-one contraction ¢, : Xy — Xj() with Lipschitz constant
not exceeding s. A GDMS is called iterated function system (IFS) provided that V is a
singleton and the matrix A: E x E' — {0, 1} takes on the value 1 only.

The graph directed Markov system .S is said to be conformal provided that the following
conditions are satisfied.

(a) Each set X,, v € V, is compact connected and X, = Int(X,), where the closure
and interior are taken with respect to the Euclidean space RY.

(b) There exists an open connected set W O X such that for every i € I the map ¢;
extends to a C' conformal diffeomorphism of W into W.
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(c) (Cone property) There exists v, > 0, v < 7/2, such that for every v € V and
every € X, C R? there exists an open cone Con(x,7,l) C Int(Xy) with vertex x,
central angle of measure v, and altitude [.

(d) There are two constants L > 1 and « > 0 such that

@5 = 165(@)I| < LIGH Iy — =°

for every i € I and every pair of points x,y € X(;), where |¢;(z)| denotes the norm
(equivalently, the scaling factor) of the derivative ¢(x).

Usually, but let us emphasize that not always in this paper, one assumes the following.
(e) (Open set condition; OSC) For all a,b € I, # b,

Pa(Int(Xy(a))) N Gp(Int (X)) = 0.

For every w = wywy ... wy, € I}, n > 1, set t(w) = t(w,) and i(w) = i(w,), and then define
the composition

P 1= Py © Py © - - Doy Xi(w) — Xi(w)-
It is proved in [7] that if d > 2 and a family S = {¢; };cs satisfies conditions (b) and (d),
then it also satisfies condition (f) with a = 1. Condition (f) in turn implies the so called
bounded distortion property, which says that

oLl
IEACI

with some constant K > 0, all w € (J,~, ", and all 2,y € Xyy. If w € [} UIY and
n € N does not exceed the length of w, we denote by w|, the word wiws . ..w,. Since, given
w € Iy, the diameters of the compact sets ¢, (Xiw,)), 7 € N, converge to zero and since
these sets form a decreasing family, the set

() Pt (Xiwn)
n=1

is a singleton, and we denote its element by 7g(w), or, occasionally, by ;. This defines the
coding map

mg: I — RY,
Clearly, 7g is a continuous function when I3 is equipped with the Tichonov topology. The
main object of our interest will be the limit set

J, S =T S(IZO)
Observe that Jg satisfies the natural invariance equality,
Js = Jei(Js).
iel
Recall that a matrix A is finitely primitive if there exists a finite set I' C I} of words of

the same length such that for all a,b € I there is a word w € I' for which awb € I}}. If
the matrix A is finitely primitive, we also say that the system .S is finitely primitive. Each
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iterated function system is of course finitely primitive; take I' = (). We now recall the
definition of topological pressure. Given t > 0, the following limit exists:

1
Ps(t) := lim —log > LIk

well

This limit exists since the sequence involved is subadditive; it is called the topological
pressure of the parameter t. I will be occasionally denoted by P;(t). Let

O :=1inf{t > 0: Ps(t) < +o00}.

The basic fact for pursuing the study of fractal properties of limit sets Jg is the following
theorem, of Bowen type, proved in [7]. We call the number

inf{t > 0: Pg(t) < 0}

Bowen’s parameter of the system S, and we denote it by b(S). Its geometrical meaning is
signified by the following.

Theorem 8.1. If the conformal graph directed Markov system S s finitely primitive and
satisfies the Open Set Condition, then

HD(Jg) = b(S) = sup{HD(Jp) : F' is a finite subset of 1} > 0s.

We recall from [7] that the system S is reqular if there is ¢ > 0 such that Pg(¢) = 0, it is
called strongly regular if there is t > 0 such that 0 < Pg(t) < +o00, and it is called cofinitely
(hereditarily) regular if Pg(fs) = +o0o. The basic properties of these concepts, proved in
[7], are these.

Fact 8.2. If the conformal graph directed Markov system S is finitely primitive and satisfies
the Open Set Condition, then the following hold.

(a) Each cofinitely regular system is strongly reqular and each strongly reqular system
18 reqular.
(b) If the system S is reqular, then there is a unique h > 0 such that Pg(h) = 0. Then
hs :=h >0 and hg = HD(Js)
(c) The system S is cofinitely reqular if and only if the series
e b
icl

diverges.

Fix ¢t > 0. A Borel probability measure m on R? is called t-conformal with respect to the
iterated function system S provided that m(Jg) = 1,

/|¢ dm
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for every every ¢ € I and every Borel set A C J; :=n({w € I¥ : Ai,, = 1}), and
m(i(Ji) N d;(J;)) = 0

whenever ¢ # j and both ¢ and j are in I. Note that if S is an iterated function system,
then J; = Jg for all i € I. Furthermore,

Fact 8.3. If the conformal graph directed Markov system S is finitely primitive and satisfies
the Open Set Condition, then the following hold.

(a) For every t > 0 there exists at most one t-conformal measure.

(b) For any t a t-conformal measure exists if and only if the system S is reqular. If
it 1s regular, then such a t is unique, in fact t = hg = HD(Js), and we denote
the corresponding hg-conformal measure by mg. We refer to it as the conformal
measure of the system S.

(c) If the system S is reqular, then there exists a unique Borel probability S-invariant
measure j1g on Jg absolutely continuous with respect to mg. S-invariance means
that for every Borel set A C X,

ps(A) = us(¢i(AN Jy)).
iel

The measure ug is ergodic and equivalent to mg. The corresponding Radon-Nikodym
derivative iﬁ‘@—i 15 a log bounded function on Jg and has a real-analytic extension on
each set X, v € V.

(d) The hg-dimensional Hausdorff measure Hy, (Js) of Js is always finite while the hg-
dimensional packing measure Py (Js) of Js is positive whenever J N Int(X) # 0,
1.e. whenever the so called Strong Open Set Condition is satisfied.

(e) If either the hg-dimensional Hausdorff or packing measure of Jg is positive, then
the system Sy is reqular and the normalized version of the hg-dimensional Hausdorff

or packing measure on Jg coincides with mg.
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