THE GEOMETRY OF BAIRE SPACES
TUSHAR DAS AND MARIUSZ URBANSKI

ABSTRACT. We introduce the concept of Baire embeddings and we classify
them up to C17¢ conjugacies. We show that two such embeddings are C''+¢-
equivalent if and only if they have exponentially equivalent geometries. Next,
we introduce the class of IFS-like Baire embeddings and we also show that two
Hélder equivalent IFS-like Baire embeddings are C1*¢ conjugate if and only if
their scaling functions are the same. In the remaining sections we introduce
metric scaling functions and we show that the logarithm of such a metric
scaling function and the logarithm of Sullivan’s scaling function multiplied
by the Hausdorff dimension of the Baire embedding are cohomologous up to
a constant. This permits us to conclude that if the Bowen measures coincide
for two IFS-like Baire embeddings, then the embeddings are bi-Lipschitz
conjugate.

1. INTRODUCTION

An involved analysis of the geometries of Cantor embeddings and their conju-
gacies originated in the work of D. S. Sullivan, [5] and [6]; where he introduced
the concept of scaling functions. Sullivan presented a classification theorem to
the effect that two Cantor sets with bounded geometries are C'*¢ conjugate
if and only if their geometries are exponentially equivalent if and only if their
scaling functions are the same. This topic was treated in length in [4]; whereas
the case of conjugacies between Baire embeddings was treated in [1]. In [1] the
case of real-analytic IFS-like Baire embeddings was, in a sense, exhausted. It
has been shown there that two real-analytic IFS-like Baire embeddings (one of
which must not be essentially affine) are conjugate in a real-analytic fashion if
and only if they are bi-Lipschitz conjugate. In terms of scaling functions intro-
duced in [1], it was shown that two C' conjugate Baire embeddings have the
same scaling functions. In this paper, developing the approach in [4], we anal-
yse in greater detail the geometries and conjugacies between Baire embeddings.
In this setting the concept of exponential geometries looses its significance and
meaning - already we have that the lengths of the first level sets converge to
zero. Instead we assume that the embeddings are Holder equivalent. We prove
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that two Baire embeddings are C''*¢ conjugate if and only if their geometries are
exponentially equivalent. The proof requires a more refined geometrical analysis
and in fact, more notions describing the geometry of Baire embeddings than was
needed in the case of Cantor embeddings. Following [1] we then introduce dual
Cantor sets and scaling functions defined on these sets. We then prove that two
Hélder equivalent Baire embeddings are C''*¢ conjugate if and only if they have
the same scaling functions. Note that in [1] it was only shown that if the scaling
functions are the same then the Baire embeddings are bi-Lipschitz equivalent.
In the last part of the paper, our starting point is the natural Bowen measure
induced by a given Baire embedding. We first associate to such a measure its
counterpart (not simply via reflection) on the dual symbol space and then to
the this dual measure, the reciprocal of its Jacobian; which we call the metric
scaling function of the original Baire embedding. We show that the logarithm
of such a metric scaling function and the logarithm of Sullivan’s scaling function
multiplied by the Hausdorff dimension of the Baire embedding are cohomolo-
gous up to a constant. This implies that two Baire embeddings with the same
Bowen measure are bi-Lipschitz equivalent. It is known (Theorem 3.1 in [1])
that in the case of real analytic Baire embeddings (one of which must not be
essentially affine) this conjugacy is real-analytic.

2. PRELIMINARY NOTATIONS AND DEFINITIONS

Let us recall that two topological dynamical systems 7T: X — X and S: Y —
Y are topologically conjugate if there exists a homeomorphism A: X — Y such
that S oh = hoT, that is, if the following diagram commutes:

X L. x
hl lh
y 5.y

Denote I := 2N — 1. Consider ¥ = (2N — 1)Y = [N with the product topology.
Then the following are homeomorphic

re=R-Q)N[0,1]
where, .4 is Baire space, viz. NV with the product topology. Let us define

¥* = GI’“ U (G I* x 2N).
k=0 k=0

Denote I* := [J;, I* and G* := |J;=, I* x 2N. One can think of the I* as the
intervals that remain at a finite level and the G* as the corresponding gaps that



are left out. Then

We=IruaGgr
If we I*, then C, := h(Jw]) and 1, is the closed convex hull of C,. On the
other hand if w € G*, where w = 7j for 7 € I*,j € 2N, then [, is the gap
between ]7—(]‘_1) and ]T(j+1)‘

Definition 2.1. Let h: X — R be a homeomorphism onto its image such that

(a) w <7 = h(w) < h(r) i.e. his order-preserving
(b) h(X) is bounded
c) h: 3 — R is uniformly continuous, meaning that

(
(2.1) lim sup {diam(h([w]))} =0

=000 pyeln

(d) h([i])) NA([j]) = @ for all i # j

Call such an h a Baire embedding. Denote by H the class of all such Baire
embeddings.

Notation 2.2. Let us set the following notations:

(1) For every w € I™,

2) diam(/,,) := diam(h([w])).

(2) Dn(h) := sup,em diam(h([]))

(3) Forn >0, E, := Ugenl, and denote C := h(X) = N0 E,. Here C is
the embedding of our Baire space into R.

(4) A := diam h(X)

(5) Denote the (closed) convex hull of a set A by co(A). Therefore forw € I*,
we have that 1, :=: co(C,,) :=: co(h(|w])).

Remark 2.3. Observe that conditions (a) and (d) imply that I; N I; = & for
1 # j and thus it follows by induction that if w,7 € I* are incomparable, then
I, NI, = @. Moreover in such a circumstance, sup I, < inf I, if w < 7. Also
observe that condition (c), viz. (2.1) can be expressed as

lim D, (h) =0.

(2.

Lastly, we would like to note that by translating and scaling the map h, we may
assume without loss of generality that the co(h(X)) = [0, 1].

Notation 2.4. For every w € I* let I, :=: h(woo) := lim; o, h(|wi]) be the
right-hand endpoint of I,. In particular, h(oco) = h(@oo) is the right hand
endpoint of 1.

We now prove the following
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Proposition 2.5. h(X) = h(2) U {h(woo) : w € I*}.

Proof. The inclusion C is clear. In order to prove the reverse inclusion let us
fix 7 € h(X). Then there exists a sequence (w™),>; of elements w™ € ¥ such
that = = lim,_. h(w™). For each k € N, define

Ep(z) == {w™|, : n >k} and let Ey(z) := @.

Note that if 7 € Ejyyq(z) then there exists v € Ej(x) such that 7|, = 7. So,
Ex(x) is arooted tree with vertex Ey(z). Now consider two cases: First, suppose
that there exists k& € N such that Ej(x) has infinitely many elements. Then put

q := min{k € N : Ei(z) has infinitely many elements}.

The set E,-1(x) is finite and non-empty although it might be equal to the
singleton {@}.Thus there exists 7 € E,~1(x) C I* and an infinite sequence
(wénj ))jzl of distinct elements of I such that 7w\ = wmi)|, for all j € N.
Therefore

z = lim h(w™)) € limsup h(w™|,) = lim sup h(Tw(g"j)) = h(T00).

J—00 j—o0 Jj—oo

Thus x = h(700) and we are done in the first case.

Next, suppose that the set Ej(x) is finite for every & € N. Since, as we have
mentioned before, these sets form a rooted tree with vertex Ey(z), Konig’s
Lemma yields the existence of an infinite word w € ¥ such that w|, € Ex(z)
for all £ € N. Therefore, there exists an increasing sequence (ny)ren such that
w|r = w™)|;, for all k € N. Thus |h(w™)) — h(w)| < Di(h) and thus condition
(2.1) yields that = = limy_, h(w™)) = h(w). We are done. O

Now given hy,hy € H, consider the map hy o hy' : hy(X) — ho(X). By
Proposition 2.5 the formula
Hyolz) = hy o hy!(x) if x € hy(X)
LT hy(woo) if z = hy(woo) and w € I*,

defines an extension Hjo(x) : hi(X) — hg(X) of hy o hy' from the closure of
hy(X) to the closure of hy(X). We shall now prove the following

Proposition 2.6. If hy,hy € H, then Hio : hi(X) — hao(X)) is a homeomor-
phism.

Proof. Since Hyy 0o Hyp = Idm and Hyip0 Hyy = Idm, it suffices to show
that Hy o : h1(X) — hy(X)) is continuous. We shall prove the continuity of H o

at every point z € hy(X). Suppose first that = € hy(X), i.e. £ = hy(w) for some
w € X. For every y € I, let n, > 1 be the largest integer n > 1 such that




5

y € I,,),. We then have that lim, ., n,, = +00 and therefore it follows from (2.2)
combined with continuity of hy : 3 — R that
lim His(y) = ha(w) = hy o hy''(x) = Hyo(x).
yehi(T)

We are done in this case. Next, suppose that x € hi(X) — hy(X). Then, in
view of Proposition 2.5 there exists w € I* such that x = h;(woo). For every

y € hi([w]) — {z} there exists a unique j, € I such that y € hy([wj,]). In
addition lim,_,, = 4+00. Therefore we have that

zlJl_Ig Hy5(y) € limsup hy([wy,]) = limsup hy([wj]) = ha(woo) = Hya(x).

y—x j—00
Thus lim,_,, H; 2(y) = « and we are done. O
Notation 2.7. Let k = sup{|[;| : j € N}. Notice that
(2.3) k <max{|L]|,A—|L|} <A =1

Definition 2.8. A : N — [0,1] is said to be a probability vector if and only
if Y00 g A(n) = 1. Given ¢ > 1 two probability vectors A : N — [0,1] and
B :N — [0,1] are said to be c-equivalent, A ~. B, if ¥n > 1,

c 'B(n) < A(n) < cB(n) .
Given w € I* define A(w) : N — [0,1] by
AW 1= Ayw) = 22

Note that each A(w) is a probability vector with no zero entries.

Definition 2.9. h € 'H is said to be of bounded geometry provided there exists
¢ > 1 such that A(w) ~. A(D) for allw € I* and A;(h,w) < cA;(h,w) whenever
li—j| < 1. Denote by H, the class of Baire embeddings with bounded geometry.
If more than one Baire embedding is considered, write Ap(w) for A(w) and

A;(h,w) for Aj(w).

Recall that we had introduced the notation [, to denote the right-hand end-
point of the interval I,. Let us now prove a straightforward but useful fact.

Lemma 2.10. Let h € 'H be of bounded geometry. There exists a constant
c* > 1 such that for allw € I*, if x € 1, y € 1,,; and |j —i| > 2, then

diam(I,; U I,;) < c*ly — z|.

Note that i or j can be oo, and it does not hurt to assume that oo — oo| > 2.
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|[wi‘

Proof. Since h is of bounded geometry there exists a ¢ > 1 such that Tocis)] <c
and WGJT;‘D' < c. Then |L,| < c/luGin] < cly — x| since x and y are not in

Ii+1y. Similarly, |I,—1| < c|lyj] < cly — x|. Thus, we have that
diam (L U L) < [Luil + [Luj] + [y — =
which completes the proof. U

Definition 2.11. hy,hy € H are said to have weakly equivalent geometries,

hy ~y e, if
lim sup sup{‘M — 1‘} =0

n—00 yeIn jEN Aj(hlaw)
Notation 2.12. Given w € I* and 1,7 € N, let
Ajlh,w) |
Ai(h,w) ~ | Ll

If it is clear which homeomorphism we are dealing with, we will frequently drop
the subscript h and will write Q(w;i,7) for Qn(w;i, 7).

Qn(w;i,j) =

Definition 2.13. hy, he € H are said to have equivalent geometries, hy ~ ho,

of
lim sup sup{ M — 1‘} =0,

n—=00 el §,5€N th (w;id)
that is, Yw € I*

lim [Salitd) 1‘ —0
i’jﬁoo Qh1<w;27j)
and
. A1<h27w> '
2.4 lim sup |—————~% —1| =0.
( ) nHOOwG[EL Al(hbw)

Notation 2.14. Givenw € I* and j € N let
Lojy = Uzl -

In particular note that 1,1, = 1.



For alli,5 € N let
max{%,j}
Iw[i,j] = U Lk
k=min{i,5}
be the convex hull containing 1.; and 1,;. All intervals of the form 1,; ;1 will be
called w-intervals.

Definition 2.15. hy, hy € H are said to have weakly exponentially equivalent
geometries, hy ~yep ho, if

hgw_l

(2.5) N Bl >0
. Dt ain ;IEIN min{log |I}],log 12|} .

This condition means that there exist ¢ > 1 and 6 > 0 such that YVw € I*,

Vi,j € N
Ai(h

(2.6) ‘—J( 2,)

1| < o
) 1] < eminfl 12, ),

We note that if we wish to be more explicit about the constant §, we may write
hy Nwez(d) hy fOT hy ~wez Do

Definition 2.16. hy, he € H are said to have exponentially equivalent geome-
tries, hy ~egz ho, if

Qhy (wiisg)
o log | Q@i — 1’
liminf inf inf =Y
n—oo wel™i,jeN min {10g Ii[lj] ’IOg [i[zj] }
and
|A1(h2w _ |
log A1 (h1,w)

> 0.

li { inf
IT];,E})rol wlgln min{log |I}|,log |12|}

These conditions equivalently mean that there exist ¢ > 1 and 6 > 0 such that
Ywe I*, Vi,j €N

Qny (w;4, ) :
(2.7) ’Q:(w,w) 1’ < Cmm{|fiu,ﬂ| | Zoeal }
and
Al(h27w)

2. 2 L 1] < emin{|I1°) | 12)°).
25) T < cnin{I 2
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We note that if we wish to be more explicit about the constant 6, we may write
hy ~ex(d) ha f0’/" hy ~eqp ha.

It is straightforward to see that the relation of being (weakly) exponentially
equivalent geometries is reflexive and transitive. Noting that 7! —1 =2"1(1—
x), it is also easy to see that this relation is symmetric. Thus they are equiv-
alence relations. Let us now prove that our weak notions are implied by their
stronger counterparts.

Lemma 2.17. If the geometries of hi, hy are equivalent, then they are weakly
equivalent.

Proof. The proof follows directly from the following formula and the definition
of equivalent geometry.

Aj(h2,w) .
‘Aj(hmw) B ‘ _ | A Ailhz,0) | Qn(wilg) Ailhew)
AJ<h17w) 1221 2% Al(h17w> th( ; 7 ) Al(hh w)
]

Lemma 2.18. If the geometries of hy, ho are exponentially equivalent, then they
are weakly exponentially equivalent.

Proof. Let u be either 1 or 2.

Aj(hs,w) Qny(wi1,)  Ai(hg, w)
Aj(hhw) th(w;lmj) A1<h17w>

o Qh2(w;17j) . ) (Al(h%w) i )
B ‘ <Qh1(w;17j) ! Al(hhw) bt
Qny(wi1,5) Ai(heyw) ) ‘
" (Q}u(w; laj) 1> " <A1(h17w) !
< AL IS+ el L5y | + el 15

< | + 2|1
< 3|1,

-1

_1‘:

O

Definition 2.19. hy, hy € H are called C**e-equivalent, hy ~'*¢ hy, for 0 <
e < 1, if there exists an increasing C**¢ diffeomorphism ¢ from a neighbour-
hood of co(h1(X)) onto a neighbourhood of co(ha(X)) such that ¢|y, () = haohi ™.
Similarly, hy, hy € H are called C*-equivalent, hy ~*T0 ho, if there exists an in-
creasing C' diffeomorphism ¢ from a neighbourhood of co(hi(X)) onto a neigh-
bourhood of co(hay(X)) such that @|p, sy = hao hi'. Again, hyi, hy € H are called
O equivalent, hy ~'T! ho, if there exists an increasing C'T! diffeomorphism



9

(i.e. one whose first derivative is Lipschitz) ¢ from a neighbourhood of co(h1(X))
onto a neighbourhood of co(hs(X)) such that ¢|n, sy = ha o by

The composition hy o hy' : [0,1] — [0, 1] is called the natural conjugacy from
hi(X) to he(X). Each conjugacy class of the relation ~'*¢ is called a C1*=-
structure on X.

Proposition 2.20. If hi,hy € H and hy ~'*° hy, then hy and hy have equiva-
lent geometries, i.e. hy ~ hs.

Proof. Let ¢ : Uy — U, be a C! extension of hy o hl_l. Let Mp, be the modulus
of continuity of D¢. By assumption, |D¢(x)| > A > 0 for all x € U;. Then

‘Aj(hz,w) _ ‘_ 15,1/

[ — —_1
Aj(h, w) ’

12551/ 1 ‘
1
11/

[21/125)
|tz
[O(L5)]/115]
= gi/((a;:f)) - 1‘ for some z,,; € Iij,
_ ¢ (205) — &' ()]
¢/ (z)]

z, €1} .

Thus taking j = 1, the last requirement of equivalent geometries viz.(2.4) is
satisfied. Let us deal with the first one. We have
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. . A](h ,w)
Qualwiinf) 1‘ _ |—<> | 1'
1.9 o Aj(hlrw) o
Qh1<w7l7j) m ‘ |/| |
|
T21/115] |
_ ‘(b( wg)|/| wjl 1'
oL/ 11L]
/ .
— ZZ‘:Z)) — 1| for some z,; € ij, T, €1, .
[¢'(a) — ()
¢/(:UUJ7/)
< AT'M(| L))
We are done. O

Lemma 2.21. If h € H,, then

1
limsup — log D,,(h) < 0.
n

n—oo

Proof. Take ¢ > 1 such that A(w) ~. A(@) for all w € I*. Then for all w € I*
and for all j € 2N — 1, we have

2 iem gy il | L] 14l 4
L 2L C 2 qaz e ) AT

Note that the last inequality follows from (2.3). Therefore,

Iw' wi
(2.9) ‘|[J|| Z|| ’<1—c 11— rA™Y

ie.
Lol < (1= c7H (1 = wAT)(| L))
Thus by a straightforward induction,
L] < (1=t (1 — kA
for 7 € I*. We are done. O

We would like to note an immediate consequence of this lemma and the defini-
tion of weakly exponentially equivalent geometries, see (2.6), viz. if hy, hy € H,
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with hq ~yer ho, then we have that

1 A;i(h
(2.10) lim sup — log sup sup {‘J(—2’w) — 1‘} < 0.

n—oo 1 wel™ jeN Aj(hlvw)

3. C''** EQUIVALENCE

In this section we prove our first main result, viz. that two Baire embeddings
are C'*? conjugate if and only if these have (1 + d)-equivalent geometries. Be-
sides being interesting in itself, this result will play a central role in the next
section.

Theorem 3.1. Let hi,hy € Hy,. Fiz § > 0. Then hy ~'0 hy & hy ~ex(s) No-

Proof. (=) Essentially the same computation from the first part of the proof of
Proposition 2.20, gives us

Aj(h%w) —1 | / -1 ) —11716
1< A wj) — w)| S ATz — w,|” <AL
T 1| < A7 10 ) = )] < A7y — < A7)
Likewise
Aj(hi,w) ‘ —1(7216
—— 2 1| < cATH|I?|°.
‘Aj(h%w) a |W|

Thus the requirement (2.8) is satisfied. For the second requirement we now
repeat the same computation from the second part of the Proposition 2.20 to
get

th(w;iaj) ‘ —1 4 1o -1 ) —1171 )
—— L — 1| < AP (20) — & (wi)| < A7 c|wwi — Tuwj|® < cAT |,
o 6 (205) — &/ (i) £ A el — T
Likewise
Dltd) | < ey 1
QhQ(W;Z,]) 7

Thus we are done with the first part of our implication.

(<) For all a,b € hy(X), a # b, set
Hy 5(b) — Hi2(a)
b—a

and for every interval (closed, open or clopen) J C R with endpoints a,b €

hi(X%), set

R(a,b) =

_ Hip(b) — Hip(a) _ [Hia(J)

R(J) b—a |
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Fix § > 0 and ¢ > 1 coming from (2.7) and (2.8). We shall prove the following:

R(1,,)
R(I,)

(3.1) — 1 <L), | < e,

with the same constants c¢;,co > 1 for all w € ¥*(= I* U G*) and also for all
0<m<n<|wl.
Indeed, suppose first that n = m + 1. Then

‘H1’2<I‘}’|m+1)‘
R(IvldlmH) 1 ’I‘}"m+l‘ 1= “2’|m+1 / “1’|m+1 1
R(L,)  [me(i,)] e |/,
Lom
Lyin| /L2 .
ilm+1/ :Jlm
- Awm+1(h27w‘m+l) _ 1

B Awm+1 (hla w‘erl)
It therefore follows from Lemma 2.18 that

R(IY )

R(IL )

S 03’Iu1)|m|67

with some universal constant c3 > 1. In other words, we have

R(I )

W|m+1

W =1+ c(Wlns1) [ Lop |’

(3.2)

with some constant ¢(w|,41) € [—cs, c3).

Now come back to the general case of arbitrary m,n > 0. Set
0:=—log(l—c'(1—rkAT"))>0 (cf.(2.9)).

We may assume without loss of generality that n > m+ 1. Using (3.2), we then
get

R(I

w\n f[ “"J“ ]j 1—|—C w|]+1 |] | )

W‘m w|]



Hence
R([l ) n—1 n—1
Wln
logm Zlog 1+C(W|J+1 |I \J < mlC W|J+1 H

n—1 s
< cll, |

j=m

n—1
<ey oIl

j=m

But by (2.9), ][ib\ < e‘g(j_m)\fj)'m]. Therefore,

R(I}, ) ; Z _66(j—m)
I,

R(I
—C‘ . | 26705

log

= c(1— e )T P

< CAJ(l o 6795)71

13

Thus there exists a constant c¢; > 1 depending only on the number cA%(1 —

e~%)~1 such that

RUY) | R
RIL ) | TR

< Ac (1 — 6_95)_1|]5|m|6

< A1+5C C4(1 _ 6796)716795711'

The formula (3.1) is proved.

Now we shall show that there exists a constant ¢5 > 1 such that for all w € I*

and all w-intervals A, I with diam(A UT") small enough,

(3.3) ‘% — 1‘ < cs (diam(A U F))(S
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Indeed, set A = L4, and I' = L, 5, Let a = min{i, i} and b =
max{ji,j2}. Then AUT C I,y and diam(A UT) = |I,y]- Now using
(2.7) we can write

R(A) _Jll 2kl SR 1l
RT) 3 112/ S0 1

kgll SRl S 2]
T Tkl i, 1

khAk(h% W)/ i, Arlha, w)
1 Arlh,w) ) 352, Ax(hy,w)

_31 Qh2( )/Zk =iy Qh2(w;a>k>
k; =j1 th( )/Zk i th(w;a7k>

i (L4l I, b]| )Qny (w3 a, k) /S0 (14 il Iy )@y (w; a, k)
—J1 th( )/ Zk:il th (WS a, k)

(34) =

with some ¢, € [—c¢, ] since It wlak] - I}J[a b]

Now assume |} wlap | = diam(A UT) to be so small that

(3.5) max{2¢, 3¢ + ¢?, 3¢} |1, b]|‘s <1/2.
Then we have that

0t el = [3 (el o] = —statl” o
wla,b] — wla,b] 1:FC|IL1u[a’b]|5 = wla,b]

and we also have that

L= 20| Lol < (1 e Lo y|) 71 < 1+ 26| L0 "

Now using this observation, we have from (3.4) that
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R(A) < (1 + el Loy l”) f o th(w'a k)/(1+ el L, ) reiy Qni (Wi a k)
R(T) = 1 Quwsa k) 5, Qn(wia k)

<1+C| w[abl )

(1_C|]:;ab]| )

< (L4 el Loy ) (X + 2e| L y°)

<1+ s Lyl
and that

R(A) (1 —cxll [ab]| ) 1;2 71 th(u)‘a k)/(1+ cxl w[ab| ) 22:1‘1 Qn, (w; a, k)

<
RT) ~ g Qi wia, k) S, Qn (wia, k)
(= e l”)
(1 +c|]1[ab]| )
< (1—d[I [ab| )(1 = 2c|1 [ab|)
<1 —cll, [ab]|

with universal constants cs, cg > 1.

Thus we have shown that
R(T)
‘M — 1‘ < max{c5, C6}|[u1;[a7b]|6
and we are done with the proof of (3.3).

Now it follows from (3.1) that for every w € IN the limit of the sequence
(R(I} ), exists, is finite and non-zero. We define it to be

Wl
Hy o(hy(w)) = lim R(I,)) -

In fact, we can further observe from (3.1) that

Hiy(hi(w))
1
R(1 ;)
Whereas, noting that I}, = I, it follows from (3.3) that
H{ (7 (wo0))

R(I})

(3.6) — 1| <l |\5 for every w € I, j € N;n € N.

(3.7) — 1’ < I for every w € I*.
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Likewise, it follows from (3.3) that for every w € I*, the limit of the sequence
(R(IL, )52, exists, is finite and non-zero. We define this limit to be

wn+
H; (I (w00)) i= Tim R(I,.))

Thus, looking at Proposition 2.5, we see that we have defined a function H7, :

hi(X) — (0, 400). It readily follows from (3.1) and (3.3) that

(3.8) 0 <inf{H,} <sup{Hj,} < +oo
and that
Hi 5(h1(w))
s 1| s,
(3.9)
H¥ ,(hi(1too .
| A5 1] < e (diam(A U {ha(ro0) )Y

for all w € IN, 7 € I*, n € N and a 7-interval A. Note that it also follows from
(3.1), (3.3) and Lemma 2.10 that

H{y(hi(w))
3.10 s <l 0 < &hy(w) = hy(T)]°
( ) Hi2(h/1(7—)) = 1| w/\T[a,b]| = | 1( ) 1( )|
for all w,7 € I with |a — b] > 2; where a := min{wjnr|+1, Twarj+1} and

b := max{Wjunr|+1; Tlwar|+1} and also that
Hiy(n(ro0))
Hiy(h(tw))

for all 7 € I* and w € I™.
Now observe that the complement of the Baire set hy(X) in the interval [0, 1]

(3.11)

1| < Al

has all its connected components (frequently referred to as gaps of hy(X)) of
the following form, viz. the gap between I' and [}J(nH) inllwel, nce
I := 2N — 1 that has endpoints hi(wnoo) and h;(w(n + 2)1°°) and is denoted
by [i(n +1)- Denote these endpoints respectively by a,(n) and b,(n). We first
extend HY, to each gap [a,(n),b,(n)] as follows.

Take an arbitrary ¢ € R and extend H7, to a function H(, 5, : [aw(n), bu(n)] —

R by demanding that
(a) H{| 5), 1s linear on [a,(n), aw (n)+bw(n)

5 | and on [M,bw(n)]

2
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(b) H{ g)4(auw(n)) = Hi 5(au(n))

(€) Hyg)4(bo(n)) = Hiz(bu(n))

and ,
(d) H (=52 = 1.

Now an elementary computation gives that
bu(n)

aw{n) H(l 2); t( )d{f %(bw(n) . aw(’)’l,)) <H(*1,2);t(;w(n))+t + (1 2); t(2 w(n ))+t>
(312) bw (n) — Qy, (n) - bw(n) — aw(n)

- %(H(*m)(aw(n)) + H ) (bo(n) + Qt)

Thus there exists a unique ¢t € R such that

by (1)
H*12 x)dx
(3.13) afm 12 (%) H(LZ)(bw(N))—Hu,z)(%(n)))

) =y e ) (Z bo) = au(n)

Set Hi, = H{) 4, on [a,(n),b,(n)] with this unique ¢. It follows from (3.12)
and (3.13) that

t _, 1 Hi 5(au(n)) L1 Hiy(bu(n) )
R(ay(n), b,(n)) 2\ R(a,(n),b.(n)) ] 2\ R(au(n),bu(n))

Equivalently, we have that

(3.14)
¢ I H;5(aw(n)) )t H; 5(bo(n)) ).
R(ay(n),b,(n)) 2\ R(ay,(n),b,(n)) 2 2\ R(ay(n),b,(n))

Now in view of (3.9),

His(bo(n))

R(IT

—1
w(n+2))

< 05‘ |6

w(n+2)

and in view of (2.10) and bounded geometry of h;, we have that
R(Iulj(n+2)>
R(ay(n), bu(n))

§

1] < 3l Ty P < (140 L P = e5(14+0)° (bum) —au())’.
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Hence we have that
H 5(bu(n))
R(a,(n),b,(n))

with some universal constant cg > 1.

- 1‘ < g (bu(n) — “w("))é’

(3.15)

Likewise in view of (3.9),
‘Hiz(aw(n))
R(1L,)
and in view of (3.3) and bounded geometry of h;, we have that
R(1,,)
R(ay(n), bu(n))

_ 1' < eI |7

5
=1 < o5l Lyl < (140 [ i) = e5(14¢)° (bu(n) —au(n))".

Hence, we have that

Hiolul) [
Fraa s 1] < ulbun) — o)’

with some universal constant c;g > 1.

(3.16)

Combining this and (3.15) with (3.12), we get that
‘ t
R(ay(n), bo(n))

It follows from this that ¢ > 0 if b,(n) — a,(n) = |I$(n+1)| is small enough.

(3.17) (co + ¢10) (bu(n) — au(n))’.

N —

_1‘§

Now since for every = € Ii(n 41y, the point Hi,(z) belongs to the convex hull
of Hi,(aw(n)), Hi 5(bu(n)) and t; we then have that (3.15), (3.16) and (3.17)
taken together yield

Hfz(x)
R(ay,(n), b (n))
with some universal constant c¢;; > 1. In fact with a possible bigger constant
C12, we have

- 1' < e (bu(n) — aw(n))é’

(3.18)

‘ Hikz ) B f2<x)
H12 (aw(n)) ’ 1,2(bw(”))

It therefore follows from (3.8) that on U, the complement in [0, 1] of some
collection of finitely many gaps, we have that

(3.19)

_ 1‘ < 13 (by(n) — ay(n))’.
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(3.20) 0 < m:=inf{H,lv} < M:=sup{H,lv} < +oo.

Our aim now is to show that Hj,|y is Hélder continuous with exponent 4.
To do so let us come back to our gap (a,(n),b,(n)). Due to our definition of
H; , throughout the interval [a,,(n), M] , the absolute value of the slope

% Therefore using (3.19) and

(3.20), we get for all a,(n) <x <y < M that

|H{,(y) — Hiy(z)| = 2‘1;);(75)[;_2(5:(?)))‘

ly — #[(bu(n) — au(n))’

of Hf, on this interval is equal to

|y — o

(3.21) < Hiy(aw(n))er b (1) — au(n)
= el 5(au(n))ly — z|(bu(n) — au(n))’™!
<o Mly —z|°.

\

Similarly, (3.21) holds for all M <z <y <b,(n). Now suppose that
a,(n) <z < M <y <b,(n). Then

aw(”);‘bw(n> —x,y— aw(n);—bw(n) < y—=z,

and applying (3.21), we get

[Hio(y) — Hio(@)] < [Hi () — H (M) "

i (SR

<2, M|y — 2]’
Thus we have that
(3.22) | Hio(y) = Hio(2)| < 2, My — off
holds for all z,y € [a,(n), b, (n)].
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Now fix z,y in the same (out of finitely many) connected component of U.
Let w € I* be the longest word such that z,y € IL. If z,y € I'  with the same
n € 2N (i.e. in the same gap), we are done by (3.22). So suppose that x € I,
and y € [j)j with i,7 € N, ¢ # j. We may assume without loss of generality
that ¢ < j. Consider two cases:

Firstly, suppose that j — i > 2. In view of the first part of (3.9) and (3.18), we
get that

HT,Q(?J)
R(1Z;)

H: (x
‘ 1’2(1 )) — 1‘ < clgllii\‘s and '

16
RIIL 1| s

where ¢13 = max{cy, c12}. Now applying (3.3) and the inequalities above, we

obtain that

Hik,z(y)
HT,Q(x)

(3.23) - 1‘ < cyy(diam(1}; U _fij))‘S < eisly — z°,

where there are constants ci4, c15 > 1. Note that we use Lemma 2.10 for the
last inequality.

Secondly, suppose that j =i + 1. We will have 2 subcases, viz. when Il is an

. 1 . .
interval and Iw(i +1) 18 a gap and vice versa.

Subcase 1. I', is an interval and ]i(iﬂ) is a gap.
In this case, we have an interval followed by a gap. Let a be the right-hand

end-point of the interval I;, i.e. a = h(wioo). Since I}, is a gap we have

wi? i+1)
that

(3.24) [Hia(y) — Hip(a)] < cly —al’.

Now let x € I, for some n € N. There are two subcases: either x belongs to
a gap or to hi(2). If x belongs to a gap, then let 2’ be the right-hand end-point
of the gap. If x € hy(X), set ' = x. In either case we have from (3.22),

(3.25) [Hio(2) — Hiy(2")] < cHo — 2|,
Since 2’ € hy(X), we get from (3.11) that

(3.26) ’Hik,z(a) - Hik,z(x/” < C2|[mn+’(S = ¢l — x/’(s'
Now combining (3.24), (3.25) and (3.26) we have that
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[Hia(y) — His(@)| < caly — 2l

and so we are done in this case.

Subcase 2. 1, is a gap and I}, ) is an interval.

(i+1

Now let a denote the right hand end point of the gap I;, i.e. a = h(w(i+1)1%).
Since 1 ; is a gap, for x € I,; we know that

(3.27) [Hi5(2) = Hiy(a)] < clo —al’.

Now let y € I, (i+1)n for some n € N. Again there are two subcases: either y
belongs to a gap or to hy(X). If y belongs to a gap, then let ¥ be the right-hand
end-point of the gap. If y € hy(X), set ¥ = y. In either case we have

(3.28) |H; 5(y) — Hio(y)] < cly — |’

Now ' € hi(X), say ¢ = h(w(i + 1)k) with k € IN k; = n. Since yy # a =
h(w(i+1)1°°), there must exist some j such that x; # 1 and x; € 2N — 1. Now
we would like to use (3.10), where we also use Lemma 2.10. Using notation
from the Lemma we now have that |a — b| = |x; — 1| > 2, and thus we obtain

(3.29) [His(a) = His(y)| < cla— o).
Now combining (3.27), (3.28) and (3.29) we have that

[Hia(y) — His(@)| < cly — 2l

and so we are done in this case.

Thus we have proved the theorem.

4. THE cLASS OF IFS-LIKE BAIRE EMBEDDINGS AND SCALING FUNCTIONS

In this section we deal with the class of Baire embeddings that give rise to
iterated function systems in the sense of [3]. We will call them IFS-like in the
sequel.
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Definition 4.1. For the shift map o recall that the inverse branches were labeled
o;'. For everyi € 2N — 1 set ¢; :== hoo; " oh™' : h(X) — h([i]). A Baire

embedding h : ¥ — [0,1] is IFS-like if each map v; := hoo; o h™' : h(X) —
h([i]) has a bijective differentiable extension ¢; : co(h(X)) = [0,1] — I; =
co(h([7])) with the following property: 3¢ > 0 3L > 0 Vi € 2N — 1 Va,y € [0, 1]

(4.1) |6i(y) — ¢i(x)] < L-inf{[¢f(2)| : 2 € [0,1]} - [y — z".
For every w € (2N —1)*, say w € (2N — 1), set
Gn 1= Py © Pup 0+ 0 @y, 1 [0,1] — I,

Now as in Lemma 4.2.2 in [2], we shall prove the following

Lemma 4.2. Let h be a Baire-embedding that is IFS-like. Then for every
w € (2N —1)*, there exists T > 0 such that for all z,y € [0,1],

| log |, ()| —log ¢, (x)|] < T-

Proof. Forevery w € (2N—1)*, say w € (2N—1)", set 2, := ¢y, _,,,00u, ,,,0 " ©
buw, (2) for z € [0,1]. Put 29 = 2. Recall that D,,(h) := sup, ¢ diam(h([w])).
Then for z,y € [0, 1] we have that

w n—j3)| — gﬁ:) n—i
[ og |61, ()] — log ¢/, (2)]| = \Zl ( o,y |q§/>!<xlj>]|(x M)!
< ZH 1|||10g|¢w](yn Bl —log|¢£uj(xn_j)|‘
= Z“yn—j — T by (4.1)
< iLuﬂjw\e
j=1
<Y (Dusj(h))

< Z(Dj(h)f =T < 400, by Lemma 2.21.
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Proposition 4.3. Suppose h : ¥ — [0, 1] is an IFS-like Baire embedding. Then
there exists s > 0 and ¢ > 1 such that
[0L]lec < cexp(—s|w]),
for allw € (2N — 1)*.
Proof. By Lemma 2.21 there exists s > 0 and ¢; > 1 such that
|I,| < c1exp(—s|wl|)
for all w € (2N — 1)*. Then by Lemma 4.2, we get that
10, ]loe < exp(T) inf{|¢i(2)] : z € [0,1]} < exp(T)|Lu| < c1 exp(T) exp(—sw])

0

Lemma 4.4. Let h be a Baire-embedding that is IFS-like. Then for every
w € (2N = 1)*, there exists s > 0 and ¢ > 1 such that for all z,y € [0, 1],

CE

| log |9/, ()| — log |¢.,(2)|| < LT}D(—&S) ly — =|°.

Proof. Note that

Yn—j = Tn—jl = |Gu; 11 © Puyys @+ 0 G (T) = Py © Doy © 0+ © P, (Y]
< 10kl 2=y
< cexp(—s(n —j))|z —yl.
Therefore
Yn—j — Tn—j|” < ¢ exp(—es(n —j))|lz — y/°

Then using this estimate in the inequality from the proof of Lemma 4.2, we
have that

| log ¢, (y)| — log |6, ()]| < Llya—j — wayl®
j=1

< LS exp(—es(n— j))la — yf

j=1
CE
<L—— |z —y|°
1 —exp(—es) ==yl
O
Definition 4.5. We now define the dual Cantor set and the functions S, (w; j

w; ).
Define N~ :={...,=3,=2,—1}. Then the dual Cantor set is defined as ¥ :=
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(2N — 1)N". Now define for every n € N the functions S, : ¥ x N — [0,1] given
by

. . |-[wn‘
Suwi ) = Awh)() = 75T

where w|, =w_y,...w_1 and j € N.

Theorem 4.6. If the map h : X — I is IFS-like, then 3¢ > 0,3e € (0,1] such
that

(a) Vw € X,Vj € N,Vn > 1

4.2 <
- Su(wrg) 1| = el
(b) Yw € E,Vi,j eN,Vn > 1,
Sna1(w; J) /Sni1(w;i) .
— < . .
- ‘< S/ B ) Y] <Ml

(c) [consequence of (a)]

S(w;j) == lim S,(w;j) exists, and

S(w; 7)
Sn(w§j)

(4.4)

— 1‘ S C,|]w|n|‘€ .

We call this S(w;j) the Sullivan scaling function of the Baire embedding h.
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Proof. (a) The proof follows from the following sequence of inequalities given
below,
Sp1(w; 7) o 1‘ _ |Iw\<n+1)]'|/|]w|<n+1> | _ 1‘
e )Mt

|¢w (n+1)('[w|n>|/|]w|n|
(l.u —(n+1) (yn)

(IJJ_(n+1> (xn)

(for some x,, € I, yn € L,),; by the Mean Value Theorem)

o ) = 0L (@)

Zu (n+1) (xn)
Leint{lef, . ()] 2 € [0,1]} - [y — ol

{u_(n+1)(a:n)
S Llyn - xn|€
S L|I¢U|n|€

(b) The proof also follows a very similar strategy to that of part (a).

'(Sn+1(w;j) Sn+1(w;i)> _ 1‘ _ |§bw|(n+1 ( J)|/|¢W|n( )| _1
Sn(w;j) /7 Sn(w;i) |¢wun+n( 1)/ @t (1)]
oo (W)
_ | ¥t T
@

(for some = € I,,,y € L,,;,by the Mean Value Theorem)
18 @) = e @)

|¢w (n+1)( )|
< Lly — x|
£
< L|Ljig)

(c) This follows from the estimate in part (a).
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Lemma 4.7. Let us stick to the same set-up in the previous theorem. Then
Jes > 0 such that Vw € X, Vi, 5 € N,Vn > 1

’<%(g;125>/ SSR((:);))> - 1‘ < esllupigl”

Proof. Note that

and therefore that

+k
/ Si(w; j) / H
Sntr(w; J) Sn—',—k Sz+1 w; J) Sz+1 w; 1)

n+k—1

H Si(w; 7) Si(w; 1)
Sl+1 w; J Sl+1<w§i>'

Therefore we have that

lo
<n+kwj/5n+k°dl>|

n+k—1 -
10g< H Si(w; 7) Sl(w,@). >
Sl+1 w; J Sl—i-l(W;Z)
n+k—1

:‘ > lOg(1+cl‘lez[i,j}|E)‘
l=n

(for some ¢; € [—c, c|, where ¢ is from (4.3).)

n+k—1
1

> 1+wl|01||fw|z[i,j]|€

l=n

IN

(for some |wy| < || Loy,5.7]°| by the Mean Value Theorem. )
n+k—1

<2al Y ol
l=n

<2l Y [apial?
l=n

<2al Y o poq s
l=n

(for some s < 1, see Lemma 2.21.)
= 2ler Ly, i1 (1 — 5°)
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Thus we now have that

lo
(n—i—kw]/sn-‘rsz)

where M = 2|¢|(1 — s°)7 L.
Finally noting that for y € R we have that 1 — 2y < e¥ < 1+ 2y and therefore
that |e¥ — 1| < 2y we conclude that

'<%((cuci;325>/ S;((;ug)> - 1‘ < 2M|Lujig |-

We are done noting that c3 = 2M. 0

< M| Lyl

Proposition 4.8. If hy, hy are IFS-like and are CY*¢-equivalent, then Sy, =
Shy, 1.€. their scaling functions are the same.

Proof. Notice that we have

Sh2<w|n;.7) ‘ ;
—————2 — 1| < min I .
This implies that Sy, (w;j) = Sh, (w; 7). D

Proposition 4.9. If hy, hy are [FS-like, hy o h;l 1s bi-Hélder continuous and
Shl = Sh27 then h1 ~1te h2.

Proof. Let w € 3.

‘Al(hQaw‘n) . 1’ _ Shz(wln;j) —1
Al(hlaw|n> Sh1(w|n;j)
_ Sh2(w|n;j) . Shl(w;j> . 1‘
Sho (Wi ) Shy(Wlns )
< ¢y max{ If‘i , IS') } (using (4.4))
< min{ ]U(Jl& n’ ]f') } (since hy o hy' is Holder),

with some 0 <7 < e.
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Now using Lemma 4.7, we get that

th(w|n;i7j) _ 1‘ _ Shg(w|n;j) Sh1(w|n) ) 1‘

th(w|n§i’j) Shz(w|n;i) 1(w|ml>
_ ShQ(wln;j) 2(w|n72) ‘

Shl(wln; ) Sh1(w|n7

| She(@lns ) / Sy (Wlns J) Shy (W3 1) Sh1 (W|ns )
B Shy(W; 7) Shy (w3 7) Shy(w; 1) Shy (w; 1)
o Shg w|n7 / Shz W’na Shl w”nﬂ / Shl w”rﬂ
B Shy(W; 7) Shy(w; 1) Shy (w3 ) Shy (w; 1)
< cy max{ If‘i[m] , [f}l‘i[z,]] }
< ¢y min {|IU(J2|7)L|7I7 |]£1‘i|n} (since hy o hy! is Holder).

The proof is concluded by invoking Theorem 3.1. 0J

Thus we can finally state the main result of the section, viz.

Theorem 4.10. Let hy, hy be IFS-like. If hy ~'*¢ hy, then S, = Sy,. Con-
versely, if Sp, = S, and hy o hy' is bi-Hélder continuous, then hy ~'*¢ hy.

Proof. Follows immediately from Propositions 4.8 and 4.9. U

It was proved in [1] (Theorem 4.3) that if hy ~'t9 hy, then S;, = Sj,. Note
that this also follows easily from our considerations here. Now as an immediate
consequence of this and Theorem 4.10 we get the following rigidity result:

Corollary 4.11. If hy, hy are two IFS-like C'*°-equivalent Baire embeddings,
then they are C1*¢-equivalent with some € > 0.

5. GIBBS STATES, DUAL MEASURES AND CONDITIONAL MEASURES

We begin this section by introducing some notation and definitions. In a sense
this section is independent of the rest of the paper and we will thus attempt to
write it in such a fashion.

Definition 5.1. Let us make the following conventions: N = {1,2,3...};
No:={0,1,2,3...}; N :={---—3,-2 —1} and Ny := {--- —3,-2,—1,0}.
Now let I be a countable set and A : I x I — {0,1} be a finitely primitive
incidence matriz.

Y= XY ={welM: A, ., =1,Yn > 0} will be called the symbol space.

)_1
)_1




29

50 o= i\g ={we M A, .. =1,Yn <0} will be called the dual symbol
space.

We also define ©:=: 5, = {we IV 1 A, . =1,Yn<1}.

Now let i be a Borel probability shift-invariant measure on Y. For every finite
wordw € X9, set fi([w]) = p([w]), where [w] on the left-hand side of the equality

is treated as a subset of X9, whereas [w] on the right-hand side is treated as a
subset of ¥Y.
Let us define

MZ]T”‘“ = {7 Toai = Wari V0 <i < b—a}.

Then one can define

(E e B (]

Note that since the measure i is shift invariant, fi extends uniquely to an addi-
tive function on the algebra generated by finite-length cylinders. It is also easy
to check that the continuity condition is satisfied and thus i extends to a (o-

additive) measure on 3. Also we note that since p is measure, fi is (right)
shift-invariant.

Let us denote the space of shift-invariant Borel probability measures on E/JE and
Y9 by M(X9) and M(XY) respectively. Thus we have just defined a map

M(E%) 3 s fi € M(E%);

which one can also define in the reverse direction by symmetry, i.e.

M(ZY) 5 v 7 € M(ZY).

Note that the” map is an involution, i.e. it = p and hence is a bijection between

M(DY) and M(2Y).

Let &€ = {[w] : w € S4}. One can check that € is a measurable partition
of Eflv%, and let {Mw}wei be the corresponding canonical system of conditional
measures. Then it follows from the Martingale Convergence Theorem that for
p-a.e. w € XY,

& = fi -1 (w) = lim M'
Su(w) = i1 (w) = lim i([w|=n])
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We call S’M : igx — [0, 1] the scaling function of the measure p. It is clear from
the formula above that S, is the inverse of the Jacobian of the right-oriented

shift map o : i}E — iﬁ with respect to the measure i, i.e.

(5.1) 5uw) = (B2Z@) = (3a0) )

We also note that for every w € f;;,
(5.2) Y. Suwi) =1
j:Aw,1,7:1

We shall now define partition functions, topological pressure and Gibbs states
and state some of their well-known properties (see for e.g.[3]).

Definition 5.2. Given a function f : ¥4 — R we define the nth partition
function by

Zuf) = 3 explsm > 7o)
we(S0)n T€lwl ;g

Note that we would have the analogous definition for function defined on i@.
We denote the nth partial orbit sum by

Sn(f) = Zfoaj'
=0

Next we define the topological pressure of f with respect to the shift map o to be

P(f) = im ~log Z,(f) = inf ~log Zu(f)

n—0o0o

Definition 5.3. If f : X% — R is a Hélder continuous function, then a Borel
probability measure iy on X4 is called a Gibbs state for f, when there exist

constants QQ > 1 and P,, such that for every w € ¥% and every 7 € [w] we have
that

-1 py([w]) )
(5:3) @S Bt () — By e = ¢

In addition, if s is shift-invariant, it is then called an invariant Gibbs state.

Also note that we have the analogous definition for functions f : iﬁ — R.
Notice that S\, f(T) in the definition refers to the |w|-th partial orbit sum of
[ with respect to the shift and should not be confused with the scaling function

SM : 3% — [0,1]. Let us denote the spaces of invariant Gibbs states of X% and

Y9 by G(2Y) and G(2Y) respectively.
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We recall that a Hélder continuous function f : ig‘ — R with an exponent 3 > 0
that satisfies the condition

> exp(sup(f)) < oo
iel
1s called summoable.

Definition 5.4. A function ¢ : iﬁ — (0,1) is said to be a Keane function if
and only if

¢ 1is Hélder continuous and Z d(wj) =1, for allw € Y4

j:Awfljzl

Likewise, a function v : X% — (0,1) is said to be a Keane function if and only

if

Y is Hélder continuous and Z Y(jw) =1, for allw € 3 4.

JiAjw =1

We denote the class of Keane functions on i]i and 39 by IC(EA]EE‘) and K(X9%)
respectively.

Remark 5.5. We now state the following well-known fact about Gibbs states,
viz. If p is a Gibbs state, then —logy, is Holder continuous. Conversely, if
W is an invariant Borel probability measure and —logJ, is Holder continuous,
then —logJ, ts summable and ;v is a Gibbs state for —logJ,. In other words,

the map p— —logJ, is a bijection between G and K for both X% and iﬁ.
Theorem 5.6. The following hold:

(a) If p€ G(ZY), then e G(ZY).

(b) The mapping G(X%) 3 u— i€ G(XY) is a bijection.

(¢) The mapping p — Su is a bijection between G(X4) and the class of
Keane functions IC(ig).

Proof. Consider p € G(3Y) and put ¢ = —logJ,.In view of Remark 5.5, in
order to prove that S, is a Keane function, it suffices to demonstrate that .S, is
a nowhere-vanishing Holder continuous function.

In order to prove that, for every w € X9 and every n > 1 set
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Then for every k > 0,

S (w)  Awlp)  AwlZh)

Suw) A% Al )
. [ exp(—Se(r)du(r)
_ AL i i)
N T P A B
“lI=(n+k)

where in the second line of this formula we treated [w|g(n +ry) and [w[zn iy as

subsets of ig. Now, fix & € £ such that o[f™ = w|®, . We can then
continue (5.4) as follows:

Sner(w) ﬁ([w|(l(n+k)]) ‘
Su(w)  exp(=Skp(@)) [ exp(Sk(@w) — Ske(7))dpu(T)

[W‘O_(n_;,_k)]

exp(—=Spp(@)) [ exp(Spd(@) — Skp(7))du(T)
Wik ]
(Wl =)
S exp(Sko(@) — Sko(7))du(T)
ﬂ([w|g(n+k)]) . Iy
[ exp(Skp(w) — Skp(7))du(T) ﬂ([w|:%n+k‘)])

[w|g(n+k)]

Now, since |Spp(w) — Spd(7)| < ce™*™ with the same universal constant ¢ > 0
for all 7 € [w[%n k), We can further write

Sn
~+k(w) = (1t ece ) (1Lt ce™ ") =1+ cge” ",

Sp(w)

with some numbers ¢y, ¢, c3 > 0 bounded above independently of w,n and &,
say by ¢ > 0. In other words,

(W)

< ce” .

(5.5)
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Now an elementary analysis shows that S = lim,, S'n is a nowhere-vanishing
function whose logarithm is Holder continuous function with exponent a.

Finally, the proof of all the items in the theorem follow by applying (5.1) along
with Remark 5.5. U

6. RELATIONS BETWEEN SCALING FUNCTIONS AND (GIBBS STATES

We assume that all homeomorphisms h : 3 — [0, 1] appearing in this section
are mutually Holder equivalent. All h are assumed to be [FS-like and thus they
induce iterated function systems and these are the main concern in this section.

So consider ® = {¢; };cr, an iterated function system (IFS); where [ := 2N—1.
For every t € Fiin(®) consider the potentials (; : ¥ — R given by the formula

Gi(w) = —tlog ¢y, (m(ow))|

Let £; : C(X) — C(X) be the corresponding Perron-Frébenius operator. It
was proved in [3] that there exists m;, a Borel probability measure on ¥ such
that

L (my) = ePOmy,

where P(t) is the topological pressure of the potential (;. Recall from the
previous section that there exists a unique shift-invariant Gibbs state pu, for
the potential (;. Furthermore, p; and m; are equivalent with Radon-Nikodym
derivatives uniformly bounded above and separated from zero. Let fi; be the
corresponding measure on Y that was produced in Theorem 5.6 and Remark
5.5. Finally, let uf = pyom~ ! and m} = myon~t. The Borel probability measure
my is uniquely determined by the conditions,

w6 ) = [ Ol am;, i
A
and
m;(¢:([0,1]) N ;([0,1])) =0, Vi#jel
Frequently to be more specific and in order to avoid confusion, we will write

C@,t; PCI><t)7 Mo, Uat, ﬁ@,ty /“L:i’,t and mg,t for Ctu P(t)7 M, i, ﬁtv /1’;‘,'( and m;fk
respectively. We will also use the subscript A rather than ® if the former was our
actual starting point. For example, ju5; for e . We shall prove the following

Proposition 6.1. If hy o hi' : hi(X) — ho(X) is bi-Lipschitz continuous, then

(a) Hhot = Hhyt and (a’> Mpyt = Mpy ¢t
(b) Phg,t - Phl,t

(c) uZl,t o (hgo h1_1>_1 = /ﬁu,t
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(d) l[Lh27t = [thyt and SMhQ,t = Sl"/hl,t
—-1\-1 _
(e) thl,t © (h2 © h’l ) - m;z,t

Proof. Since hy o hy! is bi-Lipschitz continuous, we have that

(6.1) 1&)=L

for all w € 1Mo, where {¢£2)}iel and {¢Z('1)}z‘el are the iterated function systems
induced respectively by hy and hy. It follows from (6.1) that

(6.2) 1)1 = [1(6)'[If

for all t > 0 and all w € Mo,
In particular, Z,(he,t) < Z,(h1,t) and consequently

1 1
(6.3) Pp,(t) := lim —log Z,(hs,t) = lim —log Z,,(hq,t) =: Py, (t).

n—oo 1, n—oo 1

Thus property (b) is established. _

Now, since for every w € X, my, +([wln]) < e_"Phi(t)||(¢[(;)|n])'||t for i =1,2; it
follows from (6.2) and (6.3) that property (a’) holds. Thus pup,+ < pp,+ and
thus, since both these measures are ergodic, they must be equal - hence property
(a) holds. Then immediately property (d) holds as well.

Since, piy. ; = Hn,t © hit for i = 1,2, it follows from property (a) that
P © (2o hy') ™0 = g0 byt o (hyohy') = pny g 0 hy' = g 0 hyt = g1,
which proves property (c). Now property (e) follows from the fact that mj , <
i, ¢ for 2 =1,2. Thus we are done. O
Definition 6.2. Let

On := HD(h(X)), where HD stands for Hausdorff Dimension.
We set
Sh = Sﬂh,6h7
and call it the metric scaling function of h. We also consider the function
Sy X — (0,1) given by the formula
Sn(w) = Sn(w|Zs; wo),
and call it the reduced scaling function of h.

Definition 6.3. We call a Baire embedding h regular if P(0,) = 0. We refer
to [3] for a lengthier exposition of this concept.
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As an immediate consequence of Proposition 6.1 and Theorem 4.10, we get the
following

Corollary 6.4. If Sy, = Sp,, then all the properties (a) - (e) from Proposition

6.1 hold; in particular Sp, = Sk, and fp, 5, = fhy.s, -

Hence the scaling function determines uniquely the metric scaling function.
The next proposition describes this relation more explicitly.

Definition 6.5. Two functions f, g : ¥ — R are cohomologous (modulo a constant)

i a class C if there exists a function u : X — R in the class C such that
g—f=u—uoo (+0),

where, o is a shift and C s a constant. We denote this by f = g. Note that

this definition can be modified for our functions to be defined on the appropriate
symbol space in question.

Proposition 6.6. If h is [FS-like, then log Sy, and log Sfl" are cohomologous

modulo a constant in the class of bounded Holder continuous functions on .
This constant is equal to P(0) (=0 if h is reqular). Consequently, fin.s, is the
Gibbs state of the potential log S’gh.

Proof. Fix w € S and T € X*, where 7 = 7 ...7,. Then

X . |[w| 7—| . |[w| 7'1| |Iw| 7-17-2| |Iw| T1. T ’
Sp(wT) := lim =] nl n nTl--Tg
n—eo |]w|n| n—oo |]w|n| |Iw|nﬁ| |]w|n71---7q—1|
. |Iw| 7'1| . |[w| 7172| . |]w| T1...T |
== 11m n . 1 n— oo 11m #
n—oo ‘[w|n| n—oo |Iw‘n7—1| n—oo ’[W|n7—1~~~7—q71’
(6.4) = Sp(wr)Sh(wmia) - -+ Sp(wT) .

Likewise, putting u* = uj, 5 and = pps,, we have that

& 1 (Pur (X)) - p([w]at])
T e 00, () u(el)
o pehn) pebmn) el )
n—oo p([wln])  pwlm])  p(wleTr - 7))
— lim p([wlnm1]) ) p([wlnmi72]) . lim p([wlats - - - 7))
n=oo pi([wln])  nmee p(wlam]) oo p([wlnTy . Tga])
(6.5) = Sp(wt)Sp(wriTg) -+ - Sp(wT) .

Now using the Bounded Distortion Property we get that

(9], (X)) < Knem POV () )| < KOhe PONETD| L, o jon
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and
15 (Gupr (X)) > KféhefP(6h)(n+q)||(¢w‘n7)/||6h > K*6h€*P(5h)(n+fI)|[w‘n7_|5h;
and likewise
(), (X)) < KOme PO L o0
and
(G (X)) = K me PO L 100
Combining the last four formulae along with the definition parts of (6.4) and

(6.5), we obtain

(6.6) K—25h < - . gh(WT) < KQ‘S}‘ .
Sy " (wr) exp(—=P(01)q)

Combining this with (6.4) and (6.6), we obtain that for all w € 3 and for all
g > 1 we have

q—1 q—1
Zlog Sp(0?w) — Zlog S,.%m(09w) — P(63)q| < 204 log K .
=0 =0

This means that condition (5) from Theorem 2.2.7 in [3] is satisfied and thus
our proposition follows directly from this theorem.
O

Theorem 6.7. Suppose hi, hy are reqular IFS-like Baire embeddings and that
On, = Oy, =: 0. Then pp, 5 = nys if and only if log S, = log Sh,. If either of
these two conditions hold, then hy and ho are bi-Lipschitz equivalent.

Proof. For the forward direction, note that up, s = pp,s implies that fi, 5 =
finy.s (since the map p — fi is bijective, as shown in Theorem 5.6) and this in
turn implies Sy, = Sp, by definition of S. So we have that log Sj,, = log Sy, and
thus 0y, = 6, =: 0 and Proposition 6.6 give us that log Sy, « log Sp, .

For the reverse direction, we again use d,, = 05, =: 0 and Proposition 6.6 to
give us that log Sy, « log Sy, implies log Sy, « log S,. Now by Theorem 2.2.7
of [3] we have that fip, 5 = fin, s and thus pp, s = fin,s-

Finally notice that hy, hy being regular means that P(J) = 0 and thus from the
definition of Gibbs state, i.e. (5.3), we have that

pny (W) =< [TV
and that

pny o ([w]) = (1],
Thus fpp, 5 = pn,s would imply that |L(ul)\ = |L(J2)|, viz. that hjand hy are
bi-Lipschitz. 0
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