MEASURES AND DIMENSIONS OF JULIA SETS OF
SEMI-HYPERBOLIC RATIONAL SEMIGROUPS

HIROKI SUMI AND MARIUSZ URBANSKI

ABSTRACT. We consider the dynamics of semi-hyperbolic semigroups generated by finitely
many rational maps on the Riemann sphere. Assuming that the nice open set condition
holds it is proved that there exists a geometric measure on the Julia set with exponent
h equal to the Hausdorff dimension of the Julia set. Both A-dimensional Hausdorff and
packing measures are finite and positive on the Julia set and are mutually equivalent with
Radon-Nikodym derivatives uniformly separated from zero and infinity. All three fractal
dimensions, Hausdorff, packing and box counting are equal. It is also proved that for
the canonically associated skew-product map there exists a unique h-conformal measure.
Furthermore, it is shown that this conformal measure admits a unique Borel probability
absolutely continuous invariant (under the skew-product map) measure. In fact these two
measures are equivalent, and the invariant measure is metrically exact, hence ergodic.

Mathematics Subject Classification (2001). Primary 37F35; Secondary 37F15.

1. INTRODUCTION

In this paper, we frequently use the notation from [36]. A “rational semigroup” G is
a semigroup generated by a family of non-constant rational maps g : C — (ff, where C
denotes the Riemann sphere, with the semigroup operation being functional composition.
For a rational semigroup G, we set

F(G) := {z € C | G is normal in a neighborhood of z}

and
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F(G) is called the Fatou set of G and J(G) is called the Julia set of G. If G is generated
by a family {f;};, then we write G = (f1, fo,.. ).

The work on the dynamics of rational semigroups was initiated by Hinkkanen and Martin
([14]), who were interested in the role of the dynamics of polynomial semigroups while
studying various one-complex-dimensional moduli spaces for discrete groups, and by F.
Ren’s group ([50]), who studied such semigroups from the perspective of random complex

dynamics. The theory of the dynamics of rational semigroups on C has developed in many
directions since the 1990s ([14, 50, 15, 28, 29, 30, 31, 34, 35, 36, 37, 38, 39, 40, 41, 45, 42,

32, 43)).

Since the Julia set J(G) of a rational semigroup G generated by finitely many elements
fi,. ., fu has backward self-similarity, i.e.,
(1.1) J(G) = [ (J(G)U--- U f7H(J(G))

(see [36]), it can be viewed as a significant generalization and extension of both, the theory
of iteration of rational maps (see [23]), and conformal iterated function systems (see [22]).
For example, the Sierpinski gasket can be regarded as the Julia set of a rational semigroup.
The theory of the dynamics of rational semigroups borrows and develops tools from both
of these theories. It has also developed its own unique methods, notably the skew product
approach (see [36, 37, 38, 39, 42, 45|, and [46]). We remark that by (1.1), the analysis
of the Julia sets of rational semigroups somewhat resembles “backward iterated functions
systems”, however since each map f; is not in general injective (critical points), some
qualitatively different extra effort in the cases of semigroups is needed.

The theory of the dynamics of rational semigroups is intimately related to that of the
random dynamics of rational maps. For the study of random complex dynamics, the reader
may consult [13, 4, 5, 3, 2, 16, 24]. We remark that the complex dynamical systems can be
used to describe some mathematical models. For example, the behavior of the population of
a certain species can be described as the dynamical system of a polynomial f(z) = az(1—2)
such that f preserves the unit interval and the postcritical set in the plane is bounded (cf.
[10]). From this point of view, it is very important to consider the random dynamics of
polynomials. For the random dynamics of polynomials on the unit interval, see [33].

The deep relation between these fields (rational semigroups, random complex dynamics,
and (backward) IFS) is explained in detail in the subsequent papers ([40, 41, 42, 43, 44))
of the first author.

In this paper, we investigate the Hausdorff, packing, and box dimension of the Julia sets of
semi-hyperbolic rational semigroups G = (f1, ..., f,) satisfying the nice open set condition.
We will show that these dimensions coincide, that 0 < H*(J(G)), P"(J(G)) < oo, where h
is the Hausdorff dimension of .J(G) and H”" (resp. P") denotes the h-dimensional Hausdorff
(resp. packing) measure, that h is equal to the critical exponent of the Poincaré series of
the semigroup G, that there exists a unique h-conformal measure /my, on the Julia set J( f )
of the “skew product map” f, that there exists a unique Borel probability measure fip, on
J(f) which is absolutely continuous with respect to my, and that [, is metrically exact
and equivalent with my. The precise statements of these results are given in Theorem 1.11.
In order to prove these results, we develop and combine the idea of usual iteration of non-
recurrent critical point maps ([47]), conformal iterated function systems ([22]), and the
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dynamics of expanding rational semigroups ([38]). However, as we mentioned before, since
the generators may have critical points in the Julia set, we need some careful treatment on
the critical points in the Julia set and some observation on the overlapping of the backward
images of the Julia set under the elements of the semigroup.

Our approach develops the methods from [38], [47], and [48]. In order to prove that a
conformal measure exists, is atomless, and, ultimately, geometric, we expand the concepts
of estimability of measures, which originally appeared in [47], we introduce a partial order
in the set of critical points, and a stratification of invariant subsets of the Julia set. As an
entirely new tool to all [38], [47], and [48], we introduce the concept of essential families
of inverse branches. This concept, supported by the notion of nice open set, is extremely
useful in the realm of semi-hyperbolic rational semigroups, at it would also (without nice
open set) substantially simplified considerations in the expanding case.

In the second part of the paper, devoted to proving the existence and uniqueness of an
invariant (with respect to the canonical skew-product) probability measure equivalent with
the h-conformal measure, the most challenging task is to prove the uniqueness of the latter.
We do it by bringing up and elaborating the tool of Vitali relations due to Federer (see [12]),
the tool which has not come up in [47], [48] nor [38]. We rely here heavily on deep results
from [12]. The second tool, already employed in [48] and subsequent papers of the second
author, is the Marco Martens method of producing o-finite invariant measures absolutely
continuous with respect to a given quasi invariant measure. We apply and develop this
method, proving in particular its validity for abstract measure spaces and not only for o-
compact measure spaces. This is possible because of our use of Banach limits rather than
weak convergence of measures.

We remark that as illustrated in [41, 40, 44], estimating the Hausdorff dimension of
the Julia sets of rational semigroups plays an important role when we investigate random
complex dynamics and its associated Markov process on C. For example, when we consider
the random dynamics of a compact family I' of polynomials of degree greater than or equal
to two, then the function Ty, : C — [0,1] of probability of tending to oo € C varies only
inside the Julia set of rational semigroup generated by I', and under some condition, this
Ty : C — [0,1] is continuous on C and varies precisely on J(G). If the Hausdorff dimension
of the Julia set is strictly less than two, then it means that T., : C — [0,1] is a complex
version of devil’s staircase (Cantor function) ([40, 41, 44]).

In order to present the precise statements of the main result, we give some basic notations.
For each meromorphic function ¢, we denote by |¢'(2)|s the norm of the derivative with
respect to the spherical metric. Moreover, we denote by C'V () the set of critical values of
®.

Given a set A C C and r > 0, the symbol B(A,r) denotes the Euclidean open r-
neighborhood of the set A. Moreover, diam(A) denotes the diameter of A with respect to
the Euclidean distance. Moreover, given a subset A of C, Bs(A,r) denotes the spherical
open r-neighborhood of the set B. Moreover, diams(A) denotes the diameter of A with
respect to the spherical distance.

Let w € N. In this paper, an element of (Rat)" is called a multi-map.
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Let f = (f1,..., fu) € (Rat)* be a multi-map and let G = (f1,..., fu) be the rational
semigroup generated by {fi,..., fu}. Then, we use the following notation. Let X,
{1,...,u}Y be the space of one- s1ded sequences of u- symbols endowed with the product

topology This is a compact metric space. Let f : 3, X C — %, x C be the skew product
map associated with f = (fi,..., fu) given by the formula

f(w,z) = (O-(w% Jan (Z))7
where (w,2) € X, X C, w= (w1,wa,...), and o : 3, — 3, denotes the shift map. We
denote by p1 : ¥, x C — 3, the projection onto ¥, and ps : ¥, x C — C the projection
onto C. That is,
pl(wa Z) =w and pg(w,Z) = z.
Under the canonical identification p;*{w} = C, each fiber p;'{w} is a Riemann surface
which is isomorphic to C. Let ¥}, := [J,cn11, ..., u}". For each w = (w1, ..., wy) € X, let

fo = fu, 00 f, . Moreover, let 7 € ¥¥ = € C, and n € N. Suppose that z = f,(x)
is not a critical value of f,. Then we denote by f the inverse branch of f; mapplng z

to x. Furthermore, we denote by fm| the inverse branch of fI™l such that fm ( Y) =

(rw, fra(¥)- i
Let Crit(f) := Uyex, {v € pi'{w} | v is a critical point of florrgey — pHo(W)}} (C
Yy X C) be the set of critical points of f. For each n € N and (w, z) € ¥, X C, we set

(/™) (@,2) = (fon 00 fur)(2).

For each w € ¥, we define
Jo:={2€C|{f, 00 fu tnen is not normal in any neighborhood of z}

and we then set

‘](f) = UweEu{W} X S,
where the closure is taken in the product space X, X C. By definition, J(f) is compact.
Furthermore, by Proposition 3.2 in [36], J( f ) is completely invariant under f, f is an open
map on J(f), (f,J(f)) is topologically exact under a mild condition, and J(f) is equal to
the closure of the set of repelling periodic points of f provided that §J(G) > 3, where we say
that a periodic point (w, z) of f with period n is repelling if |(f*)'(w, z)| > 1. Furthermore,

p2(J(f) = J(G).

Definition 1.1. Let G be a rational semigroup and let F be a subset of C. We set G(F) =
Uyeq 9(F) and G=HF) = U,cq 97 (F). Moreover, we set G* = GU{Id}, where Id denotes

the identity map on C. Furthermore, let E(G) :={z € C | tUgeq 97 ({2}) < oo}

Proposition 1.2 (Proposition 3.2(f) in [36]). (topological exactness) Let G = (fi,..., fu)
be a finitely generated rational semigroup. Suppose §J(G) > 3 and E(G) C F(G). Then,
the action of the semigroup G on the Julia set J(QG) is topologically exact, meaning that for
every non-empty open set U C J(G) there exist g1, go, ..., gn € G such that

g (U)Ug(U)U...g,(U) D J(G).
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Definition 1.3. A rational semigroup G is called semi-hyperbolic if and only if there exists
an N € N and a § > 0 such that for each x € J(G) and g € G,

deg(g:V — By(z,0)) < N
for each connected component V' of g~ (Bs(z,0)).

Definition 1.4. Let f = (f1,..., fu) € (Rat)" be a multi-map and let G = (f,..., fu).
Moreover, let U be a non-empty open subset of C. We say that G (or ) satisfies the open
set condition with U if (f,U) satisfies the following two properties:

(oscl) fri(U)U L (U) UL f1(U) C U,

(osc2) fFHU) N f31(U) = 0 whenever i # j.

Moreover, we say that G (or f) satisfies the nice open set condition with U if (f,U) satisfies
the above (oscl), (osc2), and the following (osc3).

(0sc3) I € (0,1))V(0 < r < DV(x € U) L(UN By(z,7)) = aly(Bs(z,r)), where I

denotes the 2-dimensional Lebesque measure on C.

Remark 1.5. Condition (osc3) is not needed if our semigroup G is expanding (see [38] or
note that our proofs would use only (oscl) and (osc2) under this assumption). Condition
(0sc3) is satisfied in the theory of conformal infinite iterated function systems (see [21],
comp. [22]), where it follows from the open set condition and the cone condition. Moreover,
condition (0sc3) holds for example if the boundary of U is smooth enough; piecewise smooth
with no exterior cusps suffices. Furthermore, (0sc3) holds if U is a John domain (see [6]).

Definition 1.6 ([38]). Let G be a countable rational semigroup. For anyt >0 and z € C,
we set Sg(z,t) = ) ¢ Zg(y):z |9’ (Y)|5", counting multiplicities. We also set Sg(z) =
inf{t > 0 : Sg(z,t) < oo} (if no t exists with Sg(z,t) < oo, then we set Sg(z) =
00). Furthermore, we set so(G) 1= inf{Sq(z) : z € C}. This so(G) is called the critical
exponent of the Poincaré series of G.

Definition 1.7 ([38]). Let f = (f1,..., f.) € (Rat)*, t > 0, and z € C. We put Tj(z,1) =
D owess 2 poi=z [fLWIS, counting multiplicities. Moreover, we set Ty(z) := inf{t > 0 :

Tp(z,t) < oo} (if no t exists with Ty(z,t) < oo, then we set T¢(z) = oo0). Furthermore,

we set to(f) = inf{Ty(z) : = € C}. This to(f) is called the critical exponent of the
Poincaré series of f = (f1,..., f.) € (Rat)™

Remark 1.8. Let f = (fi,....f.) € Rat)*, t >0, z € C and let G = (f1,..., f.).
Then, Sq(t,z) < T¢(t,2),Sa(z) < Ty(z), and so(G) < to(f). Note that for almost every
f € (Rat)" with respect to the Lebesgue measure, G = (fy,..., f.) is a free semigroup and
so we have Sg(t, z) = T¢(t, 2), Sa(z) = T¢(2), and so(G) = to(f).

Definition 1.9. Let ¢ : J(f) — R be a function. Let v be a Borel probability measure on
J(f). We say that v is a p-conformal measure for the map f : J(f) — J(f) if for each
Borel subset A of J(f) such that fla: A — J(f) is injective, we have v(f(A)) = [y dv.
A | f'|-conformal measure v is sometimes called a t-conformal measure. When J(G) C C,
a |f’|t—conf0rmal measure is also sometimes called a t-conformal measure.
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Definition 1.10. Let G = (fi,..., f,) and let t > 0. For all z € C\ G*(U!_, CV(f;)), we
set Pz<t) = lim SUpP,, 00 % log Z|w|:n Zmef(;l(z) |fi}($)|;t
The main result of this paper is the following.

Theorem 1.11 (see Lemma 7.2, Lemma 7.3, Theorem 7.16, Corollary 7.18 and Theo-
rem 8.4). Let f = (f1,..., fu) € (Rat)" be a multi-map. Let G = (f1,..., fu). Suppose
that there exists an element g of G such that deg(g) > 2, that each element of Aut(C)NG

(if this is not empty) is loxodromic, that G is semi-hyperbolic, and that G satisfies the nice
open set condition. Then, we have the following.

(a) J(G) ﬂG*(U}L:l CV(f;)) is nowhere dense in J(G) and, for eacht > 0, the function
z v P(t) is constant throughout a neighborhood of J(G)\ G*(U;—, CV(f;)) in C.
We denote by P(t) the constant.

(b) The function t — P(t) has a unique zero. This zero is denoted by h = h(f).

(c) There exists a unique |f'|"-conformal measure my, for the map f: J(f) — J(f).

(d) Let my, := 1y, o py ' Then there exists a constant C' > 1 such that

mn(Bs(z,7))
h

<

for all z € J(G) and all r € (0,1].

(e) h(f) = HD(J(G)) = PD(J(G)) = BD(J(G)), where HD, PD, BD denotes the Haus-
dorff dimension, packing dimension, and box dimension, respectively, with respect
to the spherical distance in C. Moreover, for each z € J(G) \ G*(Uj=, CV(f3)), we
have h(f) = Ty(=) = tolf) = Sal2) = 50(G).

(f) Let H" and P" be the h-dimensional Hausdorff dimension and h-dimensional packing
measure respectively. Then, all the measures H", P" | and my, are mutually equivalent
with Radon-Nikodym derivatives uniformly separated away from zero and infinity.

(8) 0 < H'(J(G)),P"(J(G)) < oo

(h) There ezists a unique Borel probability f-invariant measure fi, on J(f) which is

absolutely continuous with respect to my. The measure fi, is metrically exact and
equivalent with my,.

<C

The proof of Theorem 1.11 will be given in the following Sections 2-8. In Section 9,
we give some examples of semi-hyperbolic rational semigroups satisfying the nice open set
condition.

2. PRELIMINARIES

2.1. Distortion and Measures. All the points (numbers) appearing in this paper are
complex unless it is clear from the context that they are real. In particular x and y are

always assumed to be complex numbers and not the real and imaginary parts of a complex
number.

Theorem 2.1. (Koebe’s 3-Theorem) If z € C, r > 0 and H : B(z,7) — C is an arbitrary
univalent analytic function, then H(B(z,7)) D B(H(z),4 Y H'(2)|r).



Theorem 2.2. (Koebe’s Distortion Theorem, I) There exists a function k : [0,1) — [1, 00)
such that for any z € C, r > 0, t € [0, 1) and any univalent analytic function H : B(z,1) —
C we have that

sup{|H'(w)| : w € B(z,tr)} < k(t)inf{|H (w)| : w € B(z,tr)}.
We put K = k(1/2).

The following is a straightforward consequence of these two distortion theorems.

Lemma 2.3. Suppose that D C C is an open set, z € D and H : D — C is an analytic
map which has an analytic inverse H; 1 defined on B(H(z),2R) for some R > 0. Then for
every 0 <r <R

B(z, K 'r|H'(2)|™") ¢ H;Y(B(H(2),7)) C B(z, Kr|H'(2)| ™).

We also use the following more geometric versions of Koebe’s Distortion Theorems in-
volving moduli of annuli.

Theorem 2.4. (Koebe’s Distortion Theorem, II) There ezists a function w : (0,400) —
[1,00) such that for any two open topological disks Q1 C Qo C C with Mod(Qy \ Q1) >t
and any univalent analytic function H : Q3 — C we have

sup{|H'(§)] : ¢ € @i} < w(t) inf{|H'(§)] : € € Q1)

Definition 2.5. If : D — C is an analytic map, z € C, and r > 0, then by
Comp(z, H,r)
we denote the connected component of H-Y(B(H(z),r)) that contains z.
Given an analytic function H defined throughout a region D C C, we put
Crit(H) ={z € D: H'(z) = 0}.

Suppose now that c is a critical point of an analytic map H : D — C. Then there exists
R=R(H,c) >0and A= A(H,c) > 1 such that

ANz —c|? < |H(2) — H(c)| < Alz — ¢
and
ANz — T < |H'(2)| < Alz — |7
for every z € Comp(c, H, R), and that
H(Comp(c, H,R)) = B(H(c), R),
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where ¢ = q(H, ¢) is the order of H at the critical point ¢. In particular
Comp(c, H, R) C B(c, (AR)Y/9).

Moreover, by taking R > 0 sufficiently small, we can ensure that the above two inequalities
hold for every z € B(c, (AR)'Y?) and the ball B(c, (AR)Y9) can be expressed as a union
of ¢ closed topological disks with smooth boundaries and mutually disjoint interiors such
that the map H restricted to each of these interiors, is injective.

In the sequel we require the following technical lemma proven in [47] as Lemma 2.11.

Lemma 2.6. Let H : D — C be an analytic function. Suppose that an analytic map
QoH:D—C, aradius R >0 and a point z € D are such that

Comp(H (z),Q,2R) N Crit(Q) = 0 and Comp(z,Q o H, R) N Crit(H) # 0. (a)
If ¢ belongs to the last intersection, A = A(H,c), and q is the order of H at ¢, and

diam (Comp(z, Q o H, R)) < (AR(H, )M, (b)
then

2 —c| < KA*|(Qo H)'(2)|'R.
Proof. In view of Lemma 2.3
Comp(H (2),Q, R) C B(H(2), KR|Q'(H(2))| ™).
So, since H(c) € Comp(H (z),Q, R), we get
H(c) € B(H(z), KR|Q'(H(2))| ™).
Thus, using this and (b) we obtain
A7z = < [H(2) — H(c)]
< KR|Q'(H(2))™

= KR|(Qo H)'(2)|'|H'(2)]
< KR|(Qo H)'(2)| " Alz — ¢,
So, |z —c| < KA%|(Qo H) (2)|'R. O

Developing the appropriate concepts from [47] we now shall define the notions of estimabili-
ties (upper, lower and strongly lower) of measures, and we shall prove some of its properties
and consequences.

Definition 2.7. Suppose m is a Borel finite measure on Borel set X C R".
(1) (Upper Estimability) The measure m is said to be upper t-estimable at a point x € X
if there exist L > 0 and R > 0 such that
m(B(x,r)) < L'

for all0 < r < R. The number L is referred to as the upper estimability constant of
the measure m at x and the number R is referred to as the upper estimability radius
of the measure m at x. If there exists an L > 0 and an R > 0 such that the measure
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m s upper t-estimable at each point of X with the upper estimability constant L
and the upper estimability radius R, the measure m is said to be uniformly upper
t-estimable.

(2) (Lower Estimability) The measure m is said to be lower t-estimable at a point x € X
if there exists an L > 0 and an R > 0 such that

m(B(x,r)) > L'

for all0 < r < R. The number L is referred to as the upper estimability constant
of the measure m at x and the number R is referred to as the upper estimability
radius of the measure m at x. If there exists an L > 0 and an R > 0 such that
the measure m s lower t-estimable at each point of X with the lower estimability
constant L and the lower estimability radius R, then the measure m s said to be
uniformly lower t-estimable.

(3) (Strongly Lower Estimability) The measure m is said to be strongly lower t-estimable
at a point © € X if there exists an L > 0, a X\ € (0,00), and an R > 0 such that

m(B(y, \r)) > Lr

for every y € B(x, R) for all 0 < r < R. The number L is referred to as the lower
estimability constant of the measure m at x, the number R is referred to as the
lower estimability radius of the measure m at x, and X is referred to as the lower
estimability size of the measure m at x. If there exists an L > 0, a A\, and an
R > 0 such that the measure m is strongly lower t-estimable at each point of X with
the lower estimability constant L, the lower estimability radius R, and the lower
estimability size \, then the measure m is said to be uniformly lower t-estimable.

Suppose U and V' are open subsets of C, z is a point of U, and H : U — V is an analytic
map. Fix ¢ > 0. A pair (m, ms) of finite Borel measures respectively on U and V is called
upper t-conformal for H if and only if

ma((4) > [ [ dm,

for all Borel sets A C U such that the restriction H|, is injective. The pair (my,ms) is
called t-conformal if the above inequality sign can be replaced by equality. We will need
the following lemmas.

Lemma 2.8. Suppose U and V are open subsets of C and H : U — V is an analytic
map which has an analytic inverse H ' defined on B(H(z),2R) for some R > 0. Suppose
(my,m2) is a t-conformal pair of measures for H. Suppose my is strongly lower t-estimable
at H(z) with estimability constant L, estimability radius 0 < ro < R/2, and the lower
estimability size A < 1. Then the measure my is strongly lower t-estimable at z with lower

estimability constant L, lower estimability radius K= H'(2)|"'ro, and lower estimability
size K2\,
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Proof. Let 0 < r < ry. Consider x € B(z, K~ 'r|H'(z)|™'). Then by Lemma 2.3 H(x) €
B(H(z),r) and therefore mo(B(H (z), A\r)) > Lr'. Since

B(H(x),A\r) C B(H(2),2r) C B(H(z2),R)
we have

H (B(H (), Ar)) € B(o, KXr[H'(2)| ') = Bla, K*AK | H'(2)] 7'7)).

z

Thus
my (B(x,K2)\(K*1\H/(z)|*17’)) > K*t|H’(z)|*tLrt = L(K*1|H’(z)|*1r)t.

The proof is finished. [l

Lemma 2.9. Suppose U and V are open subsets of C and H : U — V is an analytic
map. Let ¢ € U be a critical point of H of order q. Suppose (m1,ms) is a t-conformal pair
of measures for H. If my is lower t-estimable at H(c) with estimability constant L and
estimability radius 0 < T < R(H,c), then the measure my is lower t-estimable at ¢ with
estimability constant A=*' L and estimability radius (A(c)T)"/.

Proof. Put A = A(c). Let 0 < r < T. Notice that B(H(c),r) = H(Comp(c, H,r)). If x €
Comp(c, H,7), then A~} x —¢|? < |H(x) — H(c)| < r which implies that 2 € B(c, (Ar)"/9).
Thus B(H(c),r) C H(B(c, (Ar)Y) and therefore

Lr' < my(B(H(c),r))
< ma(H(B(c, (Ar)'/1)))

< / [H'(2)] i (2)
B(c,(Ar)t/q)
</ (]2 = cftY)! dmy(2)
B(c,(Ar)1/q)
< AY(Ar)" T 'my (B(e, (Ar)9)).
So, ma(B(c, (Ar)1/1)) > A=2L((Ar)Va), 0

Lemma 2.10. Suppose U and V' are open subsets of C and H : U — V is an analytic map.
Let ¢ € U be a critical point of H of order q. Suppose (mqy,ms) is an upper t-conformal
pair of measures for H such that my({c}) = 0. If mq is upper t-estimable at H(c) with
estimability constant L and estimability radius 0 < T < R(H,c), then the measure my is
upper t-estimable at ¢ with estimability constant q(2A(c)?)*(2¥9 — 1)~'L and estimability
radius (A(c)~'T)Ya,

Proof. Put A = A(c). Take any 0 < s < T. then H(B(c, (A™'s)1/9)) c B(H(c),s). Set
R(c,a,b) = {z : a < |z — ¢| < b} and abbreviate R(c,27/9(A~1s)/7 (A~15)Y/) to R(c).
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Using our assumptions and the fact that the map H is g-to-1 on B(c, (A~'s)'/9), we obtain
Ls' > ma(B(H(c), 5))
> my(H(B(c,(A's)"/)))

=g [ ()] din (2)
B(c,(A~1s)1/9)

>qt [ G dm()
R(c)

> ¢ LA 27 AS) T i (R(c)).

So, my (R(c,274(A7 s)Va (A71s)1/1)) < 2"~ 3 A L((A~'s)Y/9)t and therefore for any
O0<r<T,

mq (B(c, (A—lr)I/Q)) = ml(U R(c, 2—”;1 (A_IT)I/Q, 2—%(A—1T>1/q))
=Y (B2 5 (A 2 ") (A e ) )

o0

< q(?l_%AQ)tL Z(A—12—n7,)t/q
n=0

= q(21—(11A2>t1 - 27% ((A71T>1/q)t
= q(ZAQ))&(Qt/q _ 1)71L((A71T)1/q>t'

The proof is finished. ]

Lemma 2.11. Suppose U and V' are open subsets of C and H : U — V is an analytic
map. Let ¢ € U be a critical point of H of order q. Suppose (my,ms) is a t-conformal
pair of measures for H. If my is strongly lower t-estimable at H(c) with estimability
constant L, estimability radius 0 < T < R(H,c)/3, and the lower estimability size .
Then the measure my 1s strongly lower t-estimable at ¢ with lower estimability constant
L = Lmin{K™, (A(C)Z/\)l%qt}, lower estimability radius (A~T)"9, and lower estimability
size A = (2071 A2\,

Proof. As in the proof of the previous lemma put A = A(c). Let 0 < r < T and let
x € B(c, (A7'r)Y), If \(A~r)Y/7 > 2|z — ¢|, then
Bz, \A™'r)/9) 5 B(e, A\(A™'r)9/2)
= Blc, (2K)Y1(ANr)Y)
D Blc, (ANr)Y9).

It follows from the assumptions that ms is lower ¢-estimable at H(c) with lower estimability
constant AL and lower estimability radius AT. Therefore, in view of Lemma 2.9 the
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critical point ¢ is lower t-estimable with lower estimability constant A=2!A\7*L and lower
estimability radius (AAT)Y9. Thus
mq (B(z, S\(A_lr)l/q)) > ATENTEL(ANr)Y

(21) 1-¢q
= (A2\) 7 PL((A )Yy,

So, suppose that
(2.2) MATI)YE < 21z — ¢f.
Since c is a critical point we have
|H'(z)] > AV — 17! > A7 1(A71p) T 219,
which means that

MATIYYE > AN A 2179 HY ()]

(23) ! —1 ! —1
=4KMr|H'(z)|7" > KXr|H'(x)| .

In view of (2.2)

|H(z) — H(c)| > Az — |7 > A71279INIA Y = 2K Ar > 2\
which implies that
(2.4) H(c) ¢ B(H(x),2Mr).

Since |H(z) — H(c)| < Alz — ¢|? < R(H,¢)/3, we have B(H (x),2Ar) C B(H(c), R(H,c)).
So, (2.4) implies the existence of a holomorphic inverse branch H; ! : B(H(x),2\r) — C of
H which sends H(x) to x. Since, by the assumptions, the measure ms is lower t-estimable
at H(z) with lower estimability constant A\™*L and lower estimability radius Ar, it follows
from the proof of Lemma 2.8 that the measure m; is lower t-estimable at x with lower
estimability constant K~*A"L and lower estimability radius KAr|H'(x)|~'. Thus, using
(2.3), we get

mo (B(x, NA™r)Y9)) > my (B, K Ar|H (z)| 7))
> K2\ 'L(K)r|H (2)] 1)
> K Lt Ao — |79
> Kt L(A™ ) (A ) o
= KL((A™Yr)Ya),
In view of this and (2.1) the proof is completed. O
By writing A < B we mean that there exists a positive constant C' such that A < CB

for all A and B under consideration. Then A > B means that B < A, and A < B says
that A < B and B < A.
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2.2. Open Set Condition and Essential Families. In this section, starting with the
open set condition, we develop the machinery of essential families of inverse branches. We
first prove the following two lemmas.

Lemma 2.12. Let G = (f1,..., fu) be a rational semigroup satisfying the nice open set
condition with U. Let j € {1,...,u} and let c € fj_l(U) be a critical point of f;. Then there
exist constants (j. > 0,&;. > 0, and T; . > 0 such that for each x € Bs(c, () ﬂf{l(U) and
for each 0 <r < Tj,, lg(fj_l(U> N By(z,7)) > & 012

Proof. By conjugating G by an element of Aut(@), we may assume that oo & fj_l({fj o)}).
Let W be an open neighborhood of f;(c) in C such that f; (W) C C. Let my := bl =1 wow

and my = ly.|unw, where Iy, denotes the Euclidian measure on C. Then (mq,ms) is a
2-conformal pair for f;. By the nice open set condition, there exist constants C' > 0 and
0 < R < oo such that for each y € UNW and for each 0 < r < R, mo(B(y,r)) > Cr?. By
using the method of the proof of Lemma 2.11, it is easy to see that there exist constants
ie>0,&,.>0and T;, > 0 such that for each x € B(c,(},.) N fj_l(U) and for each
0 <r < Tj., mo(B(z,r)) > & r* Thus, the statement of our lemma holds. We are

]70’

done. 0

Combining Lemma 2.12 and Koebe’s Distortion Theorem, we immediately obtain the
following lemma.

Lemma 2.13. Let G = (f1,..., fu) be a rational semigroup satisfying the nice open set
condition with U. Then, there exist constants & > 0 and T' > 0 such that for each j =
L,...,u and for each x € f;'(U), L(f;(U) N By(z, 1)) > &2,

Let 3% be the family of finite words over the alphabet {1,2,... ,u}. For every 7 € ¥*,
we denote by |7| the n such that 7 € {1,...,u}". For every 7 € %, we set |7| = oo.
Moreover, for every 7 = (71,72,...) € XX UX, and n € N with n < |7, we set 7|, :=
(T1,72,...,Tn) € 2. For every 7 € X%, we set 7 = 7T|j;j_1, T := 77|, and [7] := {w € 3, |
w|j; = 7}. Furthermore, for every w € 37 U X, and a,b € N with a < b < |w|, we set

Wl = (wg, ..., wp) € %, For every w, 7 € ¥, we say that w and 7 are comparable if either

(1) |7] < |w| and w € [7], or (2) |w| < |7| and 7 € [w]. We say that w, T are incomparable
if they are not comparable.

For every family F C X7 let
F={t:7e€F} and F, ={r, : 7 € F}.

Definition 2.14. Let G = (f1,..., fu) be a rational semigroup satisfying the nice open
set condition. Suppose that J(G) C C. Fiz a number M > 0, a number a > 0, and V,
an open subset of ¥,. Suppose v € J(G) and r € (0,1]. A family F C X is called
(M, a,V)-essential for the pair (z,r) provided that the following conditions are satisfied.

(ess0) For every T € F, fr(x) € J(G).
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(essl) For every T € F there exists a number R, with 0 < R, < a and an f;; :
B(f:(x),2R,;) — C, an analytic inverse branch of fi' sending f:(x) to z, such
that

1
MR, <|fi(z)|r < ylie

(ess2) The family F consists of mutually incomparable words.
(ess3) U,erlr] = V.
If V. =%, the family F is simply called (M, a)-essential for the pair (z,r).

We shall prove the following.

Proposition 2.15. Let G = (f1,..., fu) be a rational semigroup satisfying the nice open
set condition with U. Suppose that J(G) C C. Then, for every number M > 0 and for every

a > 0 there exists an integer #rqa) > 1 with the following properties. If V is an open
subset of ¥, x € J(G), r € (0,1], and F C 3% is an (M, a,V)-essential family for (z,r),
then we have the following.

(a)
B(x,r) C [} (B(f:(x), Rr)) C | f2(B(f5(2), Ry)) C Bla, K Mr)

yeF

forall T € F.
(b)

J(H NV x Blx,r)) c | 502 (B (2), R.) = |J17] x £1(B(f:(x), R.)).

TeF TeF
(C) #F < #(M,a)'

Proof. Ttem (a) follows immediately from Theorem 2.1 (1-Koebe’s Distortion Theorem),
and Theorem 2.2. The equality part in item (b) is obvious. In order to prove the inclusion

take (w,z) € J(f) N (V x B(z,r)). By item (ess3) of Definition 2.14 there exists 7 € F
such that w € [7]. But then, by the first in item (a), (w, 2) € [7] x f;; (B(f#(z), R;)) and
item (b) is entirely proved. Let us deal with item (c¢). By item (osc2) of Definition 1.4,

{Fa (B ).00) " (U) }rer
is a family of mutually disjoint sets. Hence, using also (a), we get
(2.5) Srerle (o (el Br@nrn) T (U))) < bo(B(e, KMr)) = Cr(KM)*,

where C' > 0 is a constant independent of r, M, and a. Let L, := ¢ min{(T'/a)?, 1}, where
& and T come from Lemma 2.13. By Lemma 2.13, we obtain that for each 7 =1,...,u ,

for each y € fj_l(U), and for each 0 < b < a,

(2.6) lo(B(y,b) N f;1(U)) > Lab®.
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It follows from Theorem 2.2, (2.6), and (essl) that for all 7 € F, we have
by (fra (el B @nrn) " (U))) = K2 f1(2)| 2 la((fr. B 0).00) " (U))
> K| f1(2)|la(B(f+(x), R;) N f.1(U))
> K2 fy ()| 2L, B2
> K*16Lar.
Combining this with (2.5) we get that #F < (16L,) 'CK*rM?. We are done. O

3. BASIC PROPERTIES OF SEMI-HYPERBOLIC RATIONAL SEMIGROUPS

In this section define semi-hyperbolic rational semigroups and we collect and prove their
dynamical properties which will be needed in the sequel.

Definition 3.1. A rational semigroup G is called semi-hyperbolic if and only if there exists
an N € N and a 0 > 0 such that for each x € J(G) and g € G,

deg(g: V — Bys(z,d)) < N
for each connected component V' of g=*(Bs(z,0)).

The crucial tool, which makes all further considerations possible, is given by the following
semigroup version of Mane’s Theorem proved in [37].

Theorem 3.2. Let G = (f1,. .., fu) be a finitely generated rational semigroup. Assume that
there ezists an element of G with the degree at least two, that each element of Aut(C) NG
(if this is not empty) is loxodromic, and that F(G) # (0. Then, G is semi-hyperbolic if and

only if all of the following conditions are satisfied.

(a) Foreach z € J(G) there exists a neighborhood U of z in C such that for any sequence
{gn}22, in G, any domain V in C and any point ¢ € U, the sequence {gn}2, does
not converge to ¢ locally uniformly on V.

(b) For each j =1,...,u, each ¢ € Crit(f;) N J(G) satisfies dist(c, G*(f;(c))) > 0.

The first author proved in [37] the following.

Theorem 3.3. Let G = (f1,..., fu) be a semi-hyperbolic finitely generated rational semi-
group. Assume that there exists an element of G with the degree at least two, that each
element of Aut(C)NG (if this is not empty) is lozodromic, and that F(G) # 0. Then there
erist R > 0, C > 0, and o > 0 such that if v € J(G), w € 3F and V is a connected

component of f71(Bs(x, R)), then V is simply connected and diam, (V) < Ce=ol,

Throughout the rest of the paper, we assume the following:
Assumption (x):
o Let f=(f1,..., fu) € (Rat)” be a multi-map and let G = (f1,..., fu).
e There exists an element g of G such that deg(g) > 2.



16 HIROKI SUMI AND MARIUSZ URBANSKI

e Each element of Aut(C) NG (if this is not empty) is loxodromic.
e (5 is semi-hyperbolic.
e (5 satisfies the nice open set condition.

In order to prove the main results (Theorem 1.11 etc.), in virtue of [47] and [48], we may
assume that u > 2. If u > 2, then the open set condition implies that F(G) # (). Hence,

A

conjugating G by some element of Aut(C) if necessary, we may assume that J(G) C C.
Thus, throughout the rest of the paper, in addition to the above assumption, we also assume
that

e yu>2and J(G) C C.
Note that in Theorem 1.11, we work with the spherical distance. However, throughout the
rest of the paper, we will work with the Euclidian distance. If we want to get the results
on the spherical distance (and this would include the case u = 1), then we have only to
consider some minor modifications in our argument.

We now give further notation. A pair (¢, j) € Cx{1,2,...,u} is called critical if f/(c) = 0.
The set of all critical pairs of f will be denoted by CP(f). Let Crit(f) be the union of
Uj—, Crit(f;). For every c € Crit(f) put

er = 1(0): (.4) € CP(f)}.
The set ¢, is called the set of critical values of ¢. For any subset A of Crit(f) put
A+:{C+:C€A}.

For each (c, j) € CP(f) let ¢(c, j) be the local order of f; at c. For any set F' C C, set

we(F) = () | du(F).

n=0 |w|>n

The latter is called the w-limit set of F' with respect to the semigroup G. Similarly, for
every set B C ¥, x C,

wB) =) U 1),

and this set is called the w-limit set of F with respect to the skew product map f : £, x C—
. x C.

Given w € ¥*, j € {1,2,...,u}, z € f;'(J(f)) and r > 0, we say that a critical pair (c, j)
sticks to Comp(z, f,,r) if ¢ € Comp(z, f,,r) and j = w;. We then write

(¢, j) ~ Comp(z, fo, 7).
Set
A= Ap = max{A(f;,0) : (c.j) € CP(f)} and Ry = min{R(f;.c) : (c,j) € CP(f)}.
For A, B, any two subsets of a metric space put
dist(A, B) = inf{dist(a,b) : a € A,b € B}
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and
Dist(A, B) = sup{dist(a,b) : a € A,b € B}.

Fix a positive # smaller than the following four positive numbers (a)—(d).

(a) min{dist(c, G*(c4)) : ¢ € Crit(f)NJ(G)}, (b) Ry, (¢) min{|c'—¢| : ¢, € Crit(f)NJ(G),c # '},
and

(@) dist((J CV(f;) N F(G), (@),
j=1

where, (a) is positive because of semi-hyperbolicity (Theorem 3.2). It immediately follows
from Theorem 3.3 that there exists v € (0,1/4) so small that if g € G* and g(x) € J(G),
then

(3.1) Comp(z,g,27y) C C and diam(Comp(z,g,27)) < .

We shall prove the following.

Lemma 3.4. Fiz n € (0,0), an integer n > 0 and (w, z) € J(f). Suppose that for every
0<k<n-—1,

diam(Comp(fw|k(z), fw|g+177])) < p.

Then each connected component Comp (fw|k(z), fme , 77) 18 sticked to by at most one critical
pair (¢,j) of f; and if a critical pair (c,j) sticks to a component Comp(fw|k(z),fw|g+1,n),
then f;(c) € J(G). Furthermore, each critical pair of f sticks to at most one of all these
components Comp (fw|k(z), fw|;;+1;7])-

Proof. The first part is obvious by the choice of 3. In order to prove the second part
suppose that

<C7 Wk+1> ~ COHlp(fw‘k<Z), fw|2+1>77) and (07 wl+1) ~ COInp(fwh(Z)? fw\f+177])

with some 0 < k <[ < n—1 and wg,; = wiy1. Then both ¢ and fw”ﬁl(c) belong to
Comp(fwh(z), Jolp, 77), and therefore,

[ fo, (€) = el < diam(Comp(fuy, (2), fupp,, 1)) < B,

contrary to the choice of 3. O

Let
k= yecppa(c )
Lemma 3.5. If g € G and z € g7 (J(Q)), then

Mod(Comp(z, g,27) \ W) = %Pg(f”)'
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Proof. By Lemma 3.4 there exists a geometric annulus R C B(g(2),27v) \ B(g(z),7)
centered at g(z) and with modulus > log 2/#CP( f) and such that g~'(R)NComp(z, g, 27)N
Crit(f) = 0. Since covering maps increase moduli of annuli by factors at most equal to
their degrees, we conclude that

. log2/#CP(f) _ klog2
Mod(Comp(z, g,27) \ Comp(z,g,7)) > Mod(R,) > M. jecrna(c, i)  #CP(f)’

where R, C Comp(z, g,2v) is the connected component of R enclosing Comp(z,g,7). O

As an immediate consequence of this lemma and Theorem 2.4 we get the following.

Lemma 3.6. Let w € ¥ and suppose f,(z) € J(G). If 0 < k < |w| and the map
fole : Comp(z, fo,, 27) — Comp( f,,(2), fw\'“' ,27) is univalent, then
k+1

I (y

/2, ()]
for all x,y € Comp(z, f,,7), where const is a number depending only on #CP(f) and k.

Lemma 3.7. Suppose that g € G and g(z) € J(f). Suppose also that Q) c Q@
B(g(2),v) are connected sets. If Qéz) is a connected component of g~*(Q?)) contained in
Comp(z, g,7) and Q(gl) is a connected component of g~ (QWM) contained in Q§2), then
diam (Q'V diam (QMW
(@), (@)
diam(Qg ) dlam(Q(Q))
with some universal constant I'" > 0.

Proof. Write g = f,,, where w € ¥¥ and put n = |w|. For every 0 < j < n, set
1 2
QY = fu,, (@) and Q) = fy, Q).

Let 1 <n; <...<n, <n be all the integers k between 1 and n such that

Crit(fwnka) N Comp(fw\n—k(z)u wa,kHa 27) # 0.

Fix 1 <i<w. If j € [n;,ni41 — 1] (we set n,41 = n — 1), then by Lemma 3.6 there exists
a universal constant 7' > 0 such that

diam(Qg-l)) - diam(Q4))
T @ = L o
iam(Q:") diam(Qx, )

J

(3.2)

Since, in view of Lemma 3.4, v < #CP(f), in order to conclude the proof it is enough to
show the existence of a universal constant £ > 0 such that for every 1 <i <

diam(QL)) _  diam(Q,.) )
diam( 22)) B diam(Qle)
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Indeed, let ¢ be the critical point in Comp(fyy,_, (2), fw|zi+l,27) and let ¢ be its order.
Since both sets QS}) and Q,(lli) are connected, we get for j = 1,2 that
diam(QY).,) =< diam(QY)) sup{|f,, . ()| :z € QY)}
= diam(QY)Dist(c, Q).

Hence
diam(QL)) _ diam(QL),) Dist(c, Q)
diam(Q'?) ~ Dist(c, Q%) diam(Q) )
 diam(Q,L1)
diam(Q\ )
The proof is finished. O

4. PARTIAL ORDER IN Crit(f) N J(G) AND STRATIFICATION OF J(G)

In this section we introduce a partial order in the critical set Crit(f)N.J(G) and stratification
of J(G). They will be used to do the inductive steps in the proofs of the main theorems of
our paper. We start with the following.

Lemma 4.1. The set wg((Crit(f) N J(G))+) is nowhere dense in J(G).

Proof. Suppose on the contrary that the interior (relative to J(G)) of wg((Crit(f) N
J(G))4) is not empty. Then, there exists a critical point ¢ € Crit(f) N J(G) such that
wg(cy)) has non-empty interior. But then, in virtue of Proposition 1.2 there would exist
finitely many elements g1, ¢s,...,9, € G such that wg(cy) D g1(wa(cy)) U go(wa(ey)) U
.. Ugn(wgley)) € J(G). Hence ¢ € wg(cy), contrary to the non-recurrence condition
(Theorem 3.2). O

Now we introduce in Crit(f)N.J(G) a relation < which, in view of Lemma 4.2 below, is an
ordering relation. Put
1 < Cp<>cCE WG<02+).

Lemma 4.2. If ¢; < ¢y and ¢y < c3, then ¢; < cs.

Proof. Since ¢y € wg(csy), we have wg(cay) C we(esy). Along with ¢ € wg(cay) this
implies that ¢; € wg(csy ), meaning that ¢; < cs. O

Lemma 4.3. There ezists no c € Crit(f) N J(G) such that ¢ < c.

Proof. Indeed, ¢ < ¢ means that ¢ € wg(cy ), contrary to the non-recurrence condition.

0

Since the set Crit(f) N J(G) is finite, as an immediate of this lemma and Lemma 4.2 we
get the following.
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Lemma 4.4. There is no infinite linear subset of the partially ordered set (Crit(f)NJ(G), <).

Now define inductively a sequence {Cr;(f)} of subsets of Crit(f)NJ(G) by setting Cro(f) =
() and

(4.1) om(f):{ (Crit(f \Ucr] c’<c,:>c'EUC'rj(f)}.

J=0

Lemma 4.5. The following four statements hold.

(a) The sets {Cri(f)} are mutually disjoint.
(b) Fpz1 Vizpra Cri(f) = 0.

(¢) Cro(f)U...UCry(f) = Crit(f) N J(G).
(d) Cri(f )7&9

Proof. By definition Cr;1(f) ﬂU;zO Cr;i(f) = 0, whence disjointness in (a) is clear. As the
set Crit(f)NJ(G) is finite, (b) follows from (a). Take p to be the minimal number satisfying
(b) and suppose that (Crit(f) N J(G)) \ U Cri(f) # 0. Take ¢ € (Crit(f) N J(G)) \

"_oCri(f). Since Crpy1 = 0, there would thus exist ¢ € (Crit(f) N J(G)) \ Uj—, Cr;(f)
such that ¢ < c. Iterating this procedure we would obtain an infinite sequence ¢; = ¢ >
d =cy>c3> ..., contrary to Lemma 4.4. Now, part (d) follows from (c) and (4.1). O

For every (7,z) € J(f) put
Crit(r, z) = Crit(f) Nw(r, 2) and Crit(r, 2) = po(Crit(f) Nw(r, 2)).
Lemma 4.6. If (7,2) € J(f), then

p2<W(T, 2)) ¢ G*(Crit<7_7 z)Jr)
Proof. Suppose on the contrary that

(4.2) pa(w(T, 2)) C G*(Crit(r, 2)4).

Consequently, Crit(7,z) # 0. Let (7!,¢;) € Crit(r, 2). This means that (71, ¢;) € w(, 2),
and it follows from (4.2) that there exists (72, ¢) € Crit(7, 2) such that either ¢; € wg(cay)
or c; = gi(cz) for some g; € G of the form f, with f/, (c2) = 0. Iterating this procedure
we obtain an infinite sequence ((77, ¢j))32, of points in Crit(7, 2) such that for every j > 1
either ¢; € wa(cjia,) or ¢; = gj(cjr1) for some g; € G of the form f, with f) (¢j41) = 0.
Consider an arbitrary block ¢, cgi1, ..., ¢ such that ¢; = g;(cj41) for every £ < j <[l —1,
and suppose that [ —(k—1) > #(Crit(f)NJ(G)). Then there are two indices k < a < b <
such that ¢, = ¢,. Hence g,0¢4110...095_1(¢y) = ¢ = ¢y and (g0 Ggqr10-..0gp-1) () = 0.
This however contradicts our assumption that the Julia set of G contains no superstable
fixed points. In consequence, the length of the block ¢, cgi1, ..., ¢ is bounded above by
#(Crit(f) N J(G)). Therefore, there exists an infinite sequence (j,,)22; such that ¢;, €
wag(¢j,+1,) for all n > 1. This however contradicts Lemma 4.4 and finishes the proof. [
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Now, for every ¢ =0,1,...,p, set

cCrint(f) wa(ep)NCrit(f)NJ(G).
Then there exists ¢ € Cr;1(f) such that ¢ € we(cy) which equivalently means that ¢ < c.
Thus, by (4.1) we get ¢ € S;(f). So,

(4.3) U welen) 0 (Cit(f) N J(G)\ () =0
ceCriy1(f)

Since the set [ ¢, ,, () wa(c+) is compact and (Crit(f)NJ(G))\S;(f) is finite, we therefore
get

Fixi € {0,1,...,p—1} consider an arbitrary point ¢’ € J

(4.4) 5; = dist ( U wa(eq), (Crit(f) N J(G)) \ Sz(f)> > 0.

ceCriy1(f)
Set
p=min{d;/2:i=0,1,...,p—1}
and for every ¢ = 0,1,...,p define
(4.5) Ji(G)={z€ J(G): dist(G*(z), (Crit(f) N J(G)) \ Sl(f)) > p}.

We end this section with the following two lemmas concerning the sets J;(G).

Lemma 4.7. () # Jo(G) C Ji(G) C ... C J,(G) = J(G

).
Proof. Since S;11(f) D Si(f), the inclusions J;(G) C J;+1(G) are obvious. Since S,(f) =
Crit(f) N J(G) (see Lemma 4.5), it holds J,(G) = J(G). We get from (4.4) that

dist ( U waleq), (Crit(f) nJ(G)) \ So(f)> =6, >2p>p.

ceCri(f)

Thus, Ueor sy wales) C Jo(G), and since Cri(f) # 0 (see Lemma 4.5), we conclude that
Jo(G) # 0. The proof is complete. O

Lemma 4.8. There exists | = I(f) > 0 so large that for alli =0,1,...,p — 1 we have

U weleond (@) c | £(Crin(HnI(G) = G (| £(Crin(H))NI(G) € Ji(G).

ceCrit1(f) IT|=1 ITI=t

Proof. The left-hand inclusion is obvious regardless of what I(f) is. The equal-
ity part of the assertion is obvious. In order to prove the right-hand inclusion fix ¢ €
{0,1,...,p — 1}. By the definition of the w-limit sets of G there exists I; > 0 such that
for every ¢ € Criy1(f) we have diSt(Umzli frlew),Uvcor ) we(d,)) < 6;/2. Thus, by
(4.4), dist(Ulei fr(es), (Crit(f) N J(G)) \ Si(f)) > 6;/2 > p. Hence, for every T € X,
with |7] > 1;, we have dist(f,(cs), (Crit(f) N J(G)) \ Si(f)) > p. Thus f-(c;) C Ji(G).
Therefore, U5, fr(c4) C Ji(G), and consequently, U, f+(Criy1(f)+) C Ji(G). Since
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Ji(G) is a closed set, this yields that |5, f+(Cris1(f)+) C Ji(G). Setting I(f) = max{l; :
i=20,1,...,p— 1} completes the proof. O

5. HoLOMORPHIC INVERSE BRANCHES.

In this section we prove the existence of suitable holomorphic inverse branches, our basic
tools throughout the paper. Set

Slng U f (Crit(f
n>0

and

Sing(f) = U g~ (Crit(f))

geG*
Proposition 5.1. For each (1,z) € J(f) \ Sing(f), there exists a number n(r,z) with
0 < n(r,2) < 7, an increasing sequence (n;);2, of positive integers and a point (7,2) €
w(T,2) \ py  (G*(Crit(r, 2)4)) with the following two properties.
(a) lim; oo f79(7,2) = (7, 2),
(b) Comp(z, Sty (T, z)) N Crit(fr,,) =0

Proof. In view of Lemma 4.6 there exists a point (7,2) € w(7,z) such that z ¢
G*(Crit(7, 2)4). Let

n = %dist (2,G*(Crit(7, 2)4)).

Then there exists an infinite increasing sequence (n;)52, of positive integers such that

(5.1) ILm fri(r, 2) = (7, 2)
and
(5.2) fria, (2) & B(G*(Crit(r, 2)4),m)

for all j > 1. We claim that there exists n(7, z) > 0 such that for all 7 > 1 large enough
Comp(z,fﬂn,,n(T, z)) N Crit(f,,) = 0.

Indeed, otherwise we find an increasing subsequence (j;)5°; and a decreasing to zero se-
quence of positive numbers 7; < 71 such that

COIHp(Z, fTIan_ 5 771) N Crit(lenji) 7é @
Let ¢; € Comp(z, fT|nj_,77¢) N Crit(fﬂnj'). Then there exist 0 < p; < n;, — 1 and
(53) C; € Cl”it(priJrl)

such that ¢; = fr),. (¢;). Since lim; o, m; = 0, it follows from Theorem 3.3 that lim; ., ¢&; = z.
Since (7, 2) & U,>0 f7(Crit(f)), this implies that lim; ., p; = 4+00. But then, making use
of Theorem 3.3 again and of the formula (o7 (1), ¢;) = fP(1,¢), we conclude that the set
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of accumulation points of the sequence ((o?i(7),¢;)){° is contained in w(T, z). Fix (7%, ¢)

to be one of these accumulation points. Since Crit(f) is closed we conclude that
(5.4) (1%°, ¢) € Crit(r, 2).

Since that set Crit(f) is finite, passing to a subsequence, we may assume without loss of
generality that (c;)7° is a constant sequence, so equal to c. Since ¢ = f, (&), we get

Fro (2) = F @) = |t () = Fr @] < <

But, looking at (5.3) and (5.4), we conclude that fT‘"ji (c) € G*(Crit(r,2)4). We thus
p;+1

arrived at a contradiction with (5.2), and the proof is finished. U

Corollary 5.2. If (1,z) € J(f) \ Sing(f), then limsup, .. |(f};,(2)] = 4o0.

Proof. Let (n;)32, and 1(7, z) be produced by Proposition 5.1. Then, by this proposition
and Theorem 3.3, the family { fﬁij_’z : B( fr1a; (), (T, z)) — (C}:il of holomorphic inverse
branches of fT|nj sending fT|nj (z) to z is well defined and normal. As a matter of fact

we mean here this family restricted to the disk B(Z,7(1,2)/2) and j > 1 large enough.
Therefore by Theorem 3.3 again, lim;_. |(f], (2)]7! = 0 and we are done. O

We end this section with the following. Let ||f|| = SUD,,.e.7( f) |/ (w)].

Proposition 5.3. Fiz § € (0,min{1,~v}). For all (1,z) € J(f) and r > 0 there exists a
minimal integer s = s(0, (1, z),r) > 0 with the following properties (a) and (b).

(2) () (7,2)] # 0. i
(b) Either r|(f*)'(1,2)| > ||f'||7") or there exists ¢ € Crit(f,,,,) such that f, ., (c) €
J(G) and
|[fr1.(2) — e < Or[f7, ()]
In addition, for this s, we have
(c) Or[f] ()] <6 <~ and
Comp(z, f,.. (KA?)—IQ—#Crit(f)Qﬂf;‘s(Z)|) N Crit(f;,) = 0.

Proof. In view of Corollary 5.2 the set of integers (> 0) satisfying conditions (a) and (b)
is not empty. Let s be the minimum of those numbers. Then conditions (a) and (b) are
satisfied. If s = 0 then (c) is also satisfied since the identity map has no critical points.
So, we may assume that s > 1. By the definition of s we have r|(f*"1) (7, 2)| < ||f/||7",

whence ~ R o
Orlfl, () = 0r[(f*) (r, 2)| = Or[(f*7) (7, 2)| - | F (f57 (7, 2))]
<OIFIF =6 <.
Thus, (3.1) yield for all 0 < j < s that

diam (Comp( f5,_,(2), AT 97"|f;|5(2)‘)) <0
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It therefore follows from Lemma 3.4 that there exist 0 < p < #Crit(f), an increasing
sequence of integers 1 < k; < ko < ... < k, < s and mutually distinct critical pairs

(c1, Ts—ki41)s (€2, Tomky+1)s - - - 5 (Cps Ts—k,+1) such that fTS_le(cl) € J(G) and
Comp(f‘f"s—kl (Z)a f7'|§_k.l_H ) 9T|f;|s(2)|) N Crit(fTs—li,-l) = {Cl}

for every | = 1,2,...,p, and, in addition, if j ¢ {k1, ko,...,k,}, then

(5.5) Comp(fri, ,(2), friz .., 07| fr (2)]) N Crit(fr, ,,,) = 0.

Setting kg = 0, we shall prove by induction that for every 0 <[ < p, we have

(56) Comp(fﬂs_kl (Z), fT‘i—kl—H’ (KA?)712716T’.]C7/'|5(2)‘) N Crlt(fT i—kl—o-l) = (Z)J

where frs = Id if s < v. Indeed, for I = 0 there is nothing to prove. So, suppose that (5.6)
is true for some 0 <! < p — 1. Then using (5.5) we get

Comp(fﬂs—ml*l(z)a fr\;ml“, (KA)™"27'0r[f7,.(2)]) N Crit(fﬂ;fkwﬁ) = 0.
So, if
cir1 € Comp(fry,_,,  (2), Frls i (KA~ 27Var|f7, (2)]),
then, by Lemma 2.6 applied to holomorphic maps H = frs,klﬂ+1 and ) = fTE_leH,

being fr),_,  (2) and the radius R = (KA?)_12_(Z+1)97"]C;‘S(Z)| <7, we get

< KA (KA 200 1 (=)

‘1

f7/-| (fT‘sfkl_,_l(Z))

S
=9~ (g,

I (2)]
< or|f;

fT|sfkl+1 (Z) - Cl+1

‘kalJrl

(2,

which along with the facts that ¢;1, € Crit (les—kH_1+1) and fr_, . (c41) € J(G) contra-

dicts the definition of s and proves (5.6) for [ + 1. In particular, it follows from (5.6) with
l=pand (5.5) with j =k, + 1,k, +2,...,s, that

|sfkl+1

Comp(z, f,.. (KA?)—IQ—#Crit(f)Qﬂf;‘s(Z)|) N Crit(f;,) = 0.

We are done. 0

6. GEOMETRIC MEASURES THEORY AND CONFORMAL MEASURES; PRELIMINARIES

In this section we deal in detail with Hausdorff and packing measures and we also establish
some geometrical properties of conformal measures.
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6.1. Preliminaries from Geometric Measure Theory; Hausdorff and Packing
Measures. Given a subset A of a metric space (X, d), a countable family {B(x;,r;)}2, of
open balls centered at the set A is said to be a packing of A if and only if for any pair ¢ # j

d(zi,x;) >r+r;.

Given t > 0, the t-dimensional outer Hausdorff measure H*(A) of the set A is defined as

H'(A) = sup inf{z ri}
i=1

e>0

where infimum is taken over all covers {B(z;,7;)}5°, of the set A by open balls centered at
A with radii which do not exceed .

The t-dimensional outer packing measure IT*(A) of the set A is defined as
tOAY — tiA.
W(4) = inf {> (4}
(A; are arbitrary subsets of A), where

I’ (A) = supsu rit
()= supeu{) i}
Here the second supremum is taken over all packings {B(z;, r;)}52, of the set A by open
balls centered at A with radii which do not exceed €. These two outer measures define
countable additive measures on Borel o-algebra of X.
The definition of the Hausdorff dimension HD(A) of the set A is the following
HD(A) = inf{t : H(A) = 0} = sup{t : H'(A) = oc}.
Let v be a Borel probability measure on X which is positive on open sets. Define the
function p = p(v) : X x (0,00) — (0,00) by
v(B(z,r
o) = HE)

The following two theorems (see [26, 11], and [20]) are for our aims the key facts from
geometric measure theory. Their proofs are an easy consequence of Besicovi¢ covering
theorem (see [26]) or a more elementary 4r-covering theorem (see [20]).

Theorem 6.1. Let X = R"™ for some n > 1. Then there exists a constant b(n) depending
only on n with the following properties. If A is a Borel subset of R™ and C' > 0 is a positive
constant such that

(1) forallxz e A
limsup p(x,r) > C7 1,
r—0
then for every Borel subset E C A we have H(E) < b(n)Cp(E) and, in particular,
H'(A) < oo,
or
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(2) forallz € A
limsup p(x,r) < C71,

r—0

then for every Borel subset E C A we have H'(E) > Cp(E).
(1) If t > 0 then (1) holds under the weaker assumption that the hypothesis of part (1)
18 satisfied on the complement of a countable set.

Theorem 6.2. Let X = R"™ for some n > 1. Then there exists a constant b(n) depending
only on n with the following properties. If A is a Borel subset of R™ and C' > 0 is a positive
constant such that

(1) forallx € A
lim iglfp(a:,r) <C,

then for every Borel subset E C A we have II'(E) > Cb(n)'p(E),
or
(2) forallz e A
lim iglfp(x,r) >0
then TI'(E) < Cp(FE) and, consequently, TT'(A) < co.
(1’) If p is non—atomic then (1) holds under the weaker assumption that the hypothesis
of part (1) is satisfied on the complement of a countable set.

7. CONFORMAL MEASURES; EXISTENCE, UNIQUENESS, AND CONTINUITY

For every ¢t > 0 and every function ¢ : J(f) — C let £,6 : J(f) — C be defined by the

following formula:
Lply)= Y |f@] ).
zef~1(y)

L6(y) is finite if and only if y ¢ Crit(f). Otherwise £;¢(y) is declared to be +-0c. Iterating
this formula we get for all n > 1 that

Lro(y) = > (" (@) ")
zef~"(y)

If y € J(f)\ py {(G*(Crit(f)4)), then £ (y) is finite for all n > 0. If ¢ : C — C, then
define L1 : C — C by the formula

Li(z Z > @) ().
=1 gefl(2)

It will be always clear from the context whether £, is applied to a function defined on .J(f)
or on a compact neighborhood A of J(G). Iterating this formula we get for all n > 1 that

(7.1) Lip(z) =) Z L ()| "M (2).

lwl=n zef;1(z)
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Note that if ¢ : J(f) — C is defined by the formula (7, z) = ¥(z), then
Ly (r,2) = Li(2)
for all (7,z) € J(f). Without confusion we put 1 = 1. Note that £4)(z) is finite for all
z € A\ G*(Crit(f)y). For all z € A\ G*(Crit(f),) set
1
P.(t) = limsupﬁ log £1'1(2) € (—o0, +00].

n—oo

Definition 7.1. Denote by PCV(f) the closure of the postcritical set of f, i.e.

PCV(f) = | F(Crit()).
n=1
Lemma 7.2. G*(Crit(f)+) N J(G) is a nowhere dense subset of J(G) and PCV(f) is a
nowhere dense subset of J(f).

Proof. Since, by Lemma 4.1, we(Crit(f)+) N J(G) is nowhere dense in J(G) and since

the set G*(Crit(f);) is countable, it follows from the Baire Category Theorem the set
G*(Crit(f)+) N J(G) is nowhere dense. In order to prove the second part of our lemma,
suppose that PCV(f) is not nowhere dense in J(f). This means that PCV(f) has non-
empty interior, and therefore, because of it forward invariance and topological exactness

of the map f o J(f) = J(f), we have PCV(f) = J(f). Hence J(G) = po(J(f)) =

p2(PCV(f)) € G*(Crit(f)4) N J(G), contrary to, the already proved, first part of the
lemma. U

We shall prove the following.

Lemma 7.3. The function z — P,(t) is constant throughout a neighborhood of J(G) \
G*(Crit(f)+)-

Proof. For every z € J(G) \ G*(Crit(f);) fix U, = {w | Jlw — z| < r}, an open round
disk centered at z and such that {w | |w — z| < 2r} is disjoint from G*(Crit(f),). It then
directly follows from Koebe’s Distortion Theorem that the function w +— P, (t) is constant
on U,. Now, fix 21, 25 € J(G) \ G*(Crit(f),). By [14, Lemma 3.2], there exists g = f, € G
such that ¢g(U,,)NU,,NJ(G) # 0. Fix x € U,, such that g(z) € U,,NJ(G). Then z € J(G)
and for every n > 1, £ (g(z)) > |¢/(x)| "L 1 (x). Therefore, Pyt > P.(t). Hence
P.,(t) > P, (t). Exchanging the roles of z; and z,, we get P, (t) > P,,(t), and we are done.
U

By Lemma 7.2 the set J(G) \ G*(Crit(f);) is not empty. Denote by P(t) the constant

common value of the function z — P,(t) on J(G) \ G*(Crit(f);). P(t) is called the
topological pressure of t. Its basic properties are contained in the following.

Lemma 7.4. The function t — P(t), t > 0, has the following properties.
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) is non-increasing. In particular P(t) < +oo as clearly P(0) < +oo.
) is convex and, hence, continuous.
> log2 > 0.

Proof. Fix z € J(G) \ G*(Crit(f)4). Since the family of all analytic inverse branches of
all elements of G is normal in some neighborhood of z (see [36, Lemma 4.5]) and all its limit
functions are constant (see Theorem 3.3), lim,, o max{|f/ (z)|: |w| =n,z € f;1(2)} = cc.
So, item (a) follows directly from (7.1). Item (b), that is convexity of P(¢) follows directly
from (7.1) and Holder inequality. Item (c) follows from the fact that max{u, max{deg(f;) :

1 < j <wu}} > 2. For the proof of item (d) let U C C be the set coming from the nice
open set condition. Fix z € J(G)\ G*(Crit(f);). Let U, = B(z, idist(z, G*(Crit(f)4))).
It follows from Koebe’s Distortion Theorem that
_ l2(g9: (U= N D))
1y/ 2 OK2 2\I« z
6 () < R T
for all g € G and all analytic inverse branches g, ! of g defined on B (z, dist(z, G*(Crit(f).))),
where C' > 0 is a constant independent of g. Since, by the open set condition, all the sets
. (U, NU) are mutually disjoint, we thus get
LUy (U.NT)) _ CK*,(U)
Lil(z) < CK? : < :
21(2) = LU.NU)  ~ LU.N0)

Hence P(2) = P,(2) < 0 and we are done. O

We say that a measure 772, on J(f) is e”®|f'|*-conformal provided that
(F(A) = [ O
A

for all Borel sets A C J(f) such that f|4 is injective. If P(t) = 0, the measure 77, is
simply referred to as t-conformal. Fix z € J(G) \ G*(Crit(f),). Observe that the critical

parameter for the series
(o]

Se(z) =) e " Ly(z)
n=1
is equal to the topological pressure P(t), i.e. Si(2) = 400 if s < P(t) and Ss(2) < 400 if

s > P(t). For every o-finite Borel measure on J(f) let £;™m be given by the formula

Li"m(A) =m(Lila), ACJ(f).
Notice that if (,€) € J(f) \ U2, f*(Crit(f)), then for all Borel sets A C J(f) we have
L0 (A) = 8re) (L7 1a) = LiLa(m, ) = Y Y [fo(@)] " < LIL(E) < oo

lwl=n zeAnfs ' (€)

In particular, L;"0(;¢ (J(f)) < L}1(§) < oo. Hence, if s > P(t), then

o0

(7.2) o= S7HE) Y e L (e

n=1
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is a Borel probability measure on J(f). Now, for every Borel set A C J(f) we have

L0re)(A) = 8 (Lia) = LiLa(r ) = Y () (r,2)™
(r2)ef - (rE)nA

So, L") (f7(1,€)) = 1. Hence, denoting
Vs = Us O p2_17

we get the following.
Lemma 7.5. We have vs (U,—, f(7,€)) =1 and v(G~1(§)) = 1.

In what follows that we are in the divergence type, i.e. Spy)(§) = +00. For the convergence
type situation the usual modifications involving slowly varying functions have to be done,
the details can be found in [9]. The following lemma is proved by a direct straightforward
calculations.

Lemma 7.6. For every s > P(t) the following hold.

(a) s is a Borel probability measure.
(b) For every continuous function g : J(f) — R, we have

[ o =5 Y e Lrgdbng = 5.1 Y Lalr o)
n=1 n=1

e Ly, = S7HE) Y e LG = iy — STHE) e L brg)-

s
n=1

Now we can easily prove the following.

Proposition 7.7. For every t > 0 there exists an eP(t)|f’|t—conf0rmal measure my for the

map [ J(f) = J(f).

Proof. Since limg p() Ss(§) = +o0, it suffices to take as m; any weak limit of 7, when
s\, P(t), and to apply Lemma 7.6(c). |
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Consider now a Borel set A C J(f) such that f|, is injective. It then follows from
Lemma 7.6(c) that
(7.3)

Us(A) = e Li0s(La) + S5 1(E)e L0(re)(1La)

:es/ﬁt(ll|A)dﬂS+e o5 /.ct 1)4)d5

— [ X PO ) + SO LA

yef—1(z)

s RN L ) it ANJ7(r6) =0
- /ﬂA)'“'““'dS(”{ess;@)u'(y)w it AN (76) = {u}.

Suppose now that (w,z) € J(f) and there exists a (unique) continuous inverse branch
(;5(;1@) 03y X B(fu,(x),2R) — 3, x C of f sending (o(w), fu,(z)) to (w,x). It then follows
from (7.3) and Lemma 7.6(c) that for every set A C ¥, x B(f.,(x),2R), we have that

(7.4) Us(Dra) / (D) |05 + e STHEN(B, 1) (1,6 S0 (A)
From now on throughout the paper we assume that
(7.5) P(t) > 0.

We also require that
(7.6) ¢ ¢ G+(Crit(f) ).
Our goal now is to show that the measure
My = 1My © Py '
is uniformly upper t-estimable. For every critical point ¢ € Crit(f) let
I(c)={1<i<u: fl(c) =0}
and let

i€l(c)

Now suppose that I' is a closed subset of J(G) such that g(I') N J(G) C I for each g € T,
and that m is a Borel probability measure on J(f).

Definition 7.8. The measure m is said to be nearly upper t-conformal respective to T’
provided that there exists an S > 0 such that the following conditions are satisfied.

)= [ 11

for every Borel sets A C J(f) Np;Y(B(z,8)) such that f|4 is injective.

(a) For every z €T’
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(b) For every ¢ € Crit(f) such that U, _; fr(c+) N J(G) C T (the integer I = I(f) = 0
coming from Lemma 4.8) and every 1 < j <Il+1,

a(f(A)) > / ()i

for every Borel sets A C J(f) Npy ' (B(c,S)) such that fi|a is injective.
(c) m(X(c) x {c}) =0 for every point c € I' N Crit(f).
The constant S is said to be the nearly upper conformality radius. If T' = J(G), we simply
say that m is nearly upper t-conformal. In any case put

m=1op," .
Let us prove the following.

Lemma 7.9. Suppose that I' is a closed subset of J(G) such that g(I') N J(G) C T' for

each g € G, and that m is a Borel probability nearly upper t-conformal measure on J(f)
respective to I'. Fiz i € {0,1,...,p} and suppose that for every critical point ¢ € S;(f)NT
the measure rh|E(C)X@ opy " is upper t-estimable at c. Then the measure m is uniformly

upper t-estimable at all points z € J;(G)NT.

Proof. Since I' is a closed set and Crit(f) is finite, the number A = dist(I", Crit(f) \ I')
is positive (if Crit(f) \ T = () then we put A = 00). Fix 6 € (0, min{1,~}) so small that

(7.7) Ollf'1I~" < min{A, p}.

Put

a= Q(KA?)*IZ*#CM(”.
Let z € J;(G)NT. Fix 7 € %, such that (1,2) € J(f), ie. 7 € p(J(f) Np3i(2)).
Assume r € (0, Ry| to be sufficiently small. Let s(r,7) = s(6, (7, 2),8a"r) > 0 be the
integer produced in Proposition 5.3. Set R, = 4T|f;|s<m>(z)|. It then follows from
Proposition 5.3 that the family

Flz,r) = {7lsrme1 1 7 € (I () Np3 ' (2)}

is (4,7, V)-essential for the pair (z,7), where V = J{[7]ss1] : 7 € p1(J(f) N p31(2)}.
Keep 7 € pi(J(f) Npy(2)) and s = s(7,7). Suppose that the first alternative of (b)
in Proposition 5.3 holds. Then 8a~'r|f/, ()| > [[f'||"". So, using Koebe’s Distortion
Theorem, and assuming # is small enough, we get from nearly upper t-conformality of m
respective to I' that

m(f72 . ([reia] X B(f7,(2), Br,yn))) < i fr2. (05 (B(fr.(2), Rep,h)))
(78) < Kz|f":'|s (Z)|:Zmp2_1 (B(le.s (Z)7 RT\3+1)))
< K'[f7,(2)]

< (8Ka [ ])'r"
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Now Suppose 8a~'r| L@ < f']I7" which particular implies that the second alternative
of (b) in Proposition 5.3 holds. Let ¢ € Crit(f, ) such that f;  (c) € J(G) come

from item (b) of this proposition. Since z € J;(G) (and ||f/||™* < p), it follows from
(4.5) and Proposition 5.3 that ¢ € S;(f). Since 8a‘1r|f4|5(z)| < |If|I71, it follows from
Proposition 5.3(b) and (7.7) that |f;,(z) —¢| < 0||f'|"* < A. Thus ¢ € T'. Hence,
making use of Proposition 5.3(b), (c), as well as Koebe’s Distortion Theorem, nearly upper
t-conformality of m, and our t-upper estimability assumption, and assuming 6 is small
enough, we get with some universal constant C; that

m(f72.([Ten1] X B(fr,(2), Rel.yy)))

< K| £, ()7t ([7s1a] X Um() ﬂHJ)

< Kt|f7\ (2) tm|2(c <C op21(B T\s+1))
< K'|f}.(2)]” tm|2(c oDy (Bl RT‘&+1 + 80| f] (2)])
< KU £, ()] g e 0 03 (Ble, 401+ 2007 | £7,,(2)])
< KN, ()] 7 Cu (AL + 2007 )| £ (2)])
= C1(4K (1 + 2007 ))"r".

s

Combining this with (7.8) and applying Proposition 2.15, we get that
(7.9) m(B(z,r)) < #4,C4 max{8Ko ™| f'||, 4K (1 + 200~ ) }rt.
We are done. [l

Lemma 7.10. There are two functions (R, S) — R* and L — L with the following property.

o Suppose that T is a closed subset of J(G) such that g(I') N J(G) C T' for each
g € G, and that m is a Borel probability nearly upper t-conformal measure on
J(f) respective to I with nearly upper conformality radius S. Fiz i € {0,1,...,p}
and suppose that the measure m is uniformly upper t-estimable at all points z €
Ji(G)NT" with corresponding estimability constant L and estimability radius R. Then

the measure ﬂz]z(c)x@ opy ' is t-upper estimable, with upper estimability constant L
and radius R* at every point ¢ € Cripa(f) such that J,,_; fu(cr) N J(G) C T

Proof. Fix ¢ € Criy1(f) such that [, fu(cy) C T and also j € {0,1,...,u} such that

fi(c) = 0. Consider an arbitrary 7 € X, such that 7, = j and (7,¢) € J(f). In view of

Lemma 4.8
[ (e) € Ji(G)NT.

Let R > 0 (sufficiently small) be the radius resulting from uniform ¢- upper estimability at
all points of J;(G) NT. Let D,y (c) be the connected component of f' " (B(fr)4(0); R))
containing c. Set

S X -1
Vrlipn = m|[7—|l+1}x(c © P2 |DT‘Z+1(C)-
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Applying nearly upper t-conformality of 7 we get for every Borel set A C D, (c) \ {c}
such that f;,,, |4 is injective, the following.

m(fri (A)) = (S0 % fr1,,,(A))) = m(f T ([7lea] x A) > /A [ @) dvr ().

It therefore follows from Lemma 2.10 and item (c) of Definition 7.8 that the measure v,
is upper t-estimable at ¢ with upper estimability constant Ly and radius Ry independent
of m (but possibly Ry depends on (R, S) and Ly depends on L). Let

F= Al (no) € J(F) and f1,(0) = 0},
Let D. = (,cr Du(c). Since #F < v/ and since

Dc7

Mseyxe © P2 D = Z Ve
weF

we conclude that the measure fn|2(c)x@ op, ! is t-upper estimable at the point ¢ with upper

estimability constant L and radius R* independent of m. We are done. O

Now, a straightforward inductive reasoning based on Lemma 7.9 and (7.9), (which also give
the base of induction since Sy(f) = @), and Lemma 7.10 yields the following.

Lemma 7.11. Suppose that ' is a closed subset of J(G) such that g(I') N J(G) C I for

each g € G, and that m is a Borel probability nearly upper t-conformal measure on J(f)
respective to T with nearly upper conformality radius S. Then the measure m = 1 o p,* is
uniformly upper t-estimable at every point of I' and M|Z(C)X@ op, ' is upper t-estimable, with

upper estimability constants and radii independent of the measure m (but possibly dependent
on S), at every point ¢ € I' N Crit(f).

Now we are in the position to prove the following.

Lemma 7.12. If P(t) > 0, then the measure m; = 1y op,* is uniformly upper t-estimable.

Proof. Fix s > P(t) > 0 and consider the measure 7; defined in (7.2). We want to apply
Lemma 7.11 with I' = G*(Crit(f)+ N J(G)) N J(G) and m = Us. For this we have to check
that s is nearly upper t-conformal respective to I". Condition (c) of Definition 7.8 follows
directly from Lemma 7.5 and the fact that £ ¢ G(Crit(f)) (see (7.6)). Since £ ¢ I' and
G(I') N J(G) C T, there exists an Sy > 0 such that § ¢ (J;_, f;(B(T', Sp)) N J(G). Formula
(7.4) then yields that for every z € T,

w(fan = [ 1F1an = [ 171as,

for every Borel set A C ¥, x B(z,S) such that f|4 is injective. Thus, condition (a) of
Definition 7.8 is also verified. Condition (b) of this definition follows by iterating the above
argument [ + 1 times and keeping in mind that £ ¢ G*(Crit(f);). Hence, there exists a
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constant S such that for each s > P(t), ¥s is nearly upper t-conformal respective to I' with
nearly upper conformality radius S. Therefore, Lemma 7.11 applies and we conclude that
all measures 175|E(C)X@ op,' are upper t-estimable at respective points ¢ € Crit(f) N J(G)
with estimability constants and radii independent of s > P(¢). Therefore, m;, a weak limit
of measures 5, s > P(t), (see the proof of Proposition 7.7)) also enjoys the property that
mt\E(C)X@ o py ' is upper t-estimable at respective points ¢ € Crit(f) N J(G). Consequently
my(X(c) x {¢}) = 0. Having this we immediately see from Proposition 7.7 that the measure
my is nearly upper t-conformal, i.e. respective to I' = J(G). So, applying Lemma 7.11, we

conclude that the measure m; = i, o p,* is uniformly upper t-estimable at every point of
I' = J(G). We are done. O

Now we assume that t = h, i.e. P(¢) = 0 and we deal with the problem of lower estimability.
It is easier than the upper one. We start with the following.

Lemma 7.13. Fizi € {0,1,...,p} and suppose that for every critical point ¢ € S;(f) and
every j € I(c) the measure mh|mX@ opy ! is strongly lower h-estimable at ¢ with sufficiently
small lower estimability size. Then my, is uniformly strongly lower h-estimable at all points

Proof. Let 6 € (0, min{1,~}) be such that 9||f/”_1 < p. Put a:= Q—IKA?CQﬁCrit(f)%.
A =max{A(c) : c€ S;(f)},

where all \(c) are lower estimability sizes at respective critical points c. Fix z € J;(G)\S;(f)

and take 7 € X, such that (r,z) € J(f). Assume r > 0 to be sufficiently small. Let
s = s(0,(r,z),ar) > 0 be the integer produced in Proposition 5.3 for the point z and
radius r. A straightforward calculation based on Proposition 7.7 shows that

VL= Ml gt B @ O P2 and ve = mals(r, Gsarisy, )
form an h-conformal pair of measures with respect to the map
Frio o oo (B(fr1.(2), 320 f7,(2)])) — B(fr.(2), 32 f7,,(2)])-
By Koebe’s 1-Theorem (Theorem 2.1) for every = € B(z,r) we have
(7.10) B(x,r) C f7! . (B(fr.(2),8r|f7,(2)])-
So,

B(fr.(@),r1f7,(2)]) € B(fr.(2), 9r[f7,(2)]).
By Koebe’s Distortion Theorem we also get (with small enough \)

Bla, Ar) > 70 (B(fr (@), KMl (2)]).
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In virtue of Koebe’s Distortion Theorem and t-conformality of the pair (v, 1), we get as
a consequence of all of this that

ma(B(z, Ar)) = vi(B(a, X)) = vi ([ (B(fr. (2), K~Ar| f7,(2)])))

-/ (TR
B(fr1, (@) K~ xrlf, (2)])
> K_h|f4|s ()| "va (B(fr, (2), K= f1 (2)])).

Suppose now that the first alternative in Proposition 5.3(b) holds. We then can continue
the above estimate as follows.

mi(B(x, Ar)) = K| 71, ()| va (B (fr. (), KAF117))
= K7 f7, ()| ma (B(fr1, (2), KAF17Y))

By conformality the measure 7y, is positive on open subsets of J( f ), and so, the measure
my, is positive on open subsets of J(G). Therefore, for every R > 0,

Mp = inf{m,(B(w, R) : w € J(G)} > 0.
Hence, (7.11) gives that
ma(B(@,Ar)) > K" My 1| £, (2) 7"
By minimality of s = s(6, (7, 2), ar) we have ar[f],  (2)] < I|//II7* (s > 1 assuming r > 0
to be sufficiently small). Hence [f7, (z)| < (ar)™1, and therefore
ma(B(z, Ar)) > K" Mgy pry 10"

(7.11)

So suppose that ar||(f*)(r,2)|| < ||f/| " and the second alternative in Proposition 5.3(b)
holds. Let ¢ € Crit(fr,,,) be such that f; ,(c) € J(G) and [f7,(2) — ¢ < bar|f], ()] <

0| f'|~* < p. Since z € J;(G), we obtain ¢ € S;(f). Then, using (7.10), we get
fr1.(x) € B(f7.(2),8r[f7,(2)]) € Ble, (0o + 8)r f7,(2)])
and
B(fr. (@), MOa+8)r|f7,(2)]) € B(fr.(2), (8+A(0a+8))r|f;, (2)]) € B(fr.(2),9r]f7,(2)])

if A > 0 is small enough. Hence, using conformality of the pair (v, 5), Koebe’s Distortion
Theorem, the fact that 7,11 € I(c), and the lower h-estimability M|, , e © P2 L at the
point ¢, we get that

mu(B(x, KA(@o + 8)r) > vi(B(x, KA(Oa + 8)r) > v (], . (B(f,(x), MOa +8)r[ f7(2)])))
> K" fr, () "va(B(fr1. (), MO + 8)r| f7,(2)]))
> K" 11, ()"l e 0 P2 (B(frr. (2), ABa + 8)r( f7,,(2)]))
> K" f1,(2)| " Lo((0a + 8)r| f7, (2)])"
= Lo((fa + 8)K~")"",

where Lg is a constant independent of x and r. So, we are done with the lower estimability
size K\(Oa + 8). O
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Now we shall prove the following.

Lemma 7.14. Fizi € {0,1,...,p} and suppose that the measure my, is uniformly strongly
lower h-estimable at all points of J;(G). Then the measure rhh|mX@ opy ! is strongly lower

h-estimable at every critical point ¢ € Cri1(f) and every j € I(c).

Proof. Fix ¢ € Cri;1(f) and then an arbitrary j € I(c). Next consider an arbitrary 7 €
52, such that 71 = j and (7, ¢) € J(f). Now, ignoring T', follow the proof of Lemma 7.10 up
to the definition of the measure v, . Tt follows from conformality of /my, that the measure
sy, o0 Dry, () and mhyzuxB(fml(c),R) opy ! = mh‘B(fT\l+1(c)’R) form an h-conformal pair
of measures for the map fr,,, : Dr,,,(c) — B(fr,,,(c), R). So the measure v, , is strongly
lower h-estimable at ¢ in virtue of our assumption and Lemma 2.11. Since D, (c) is an
open neighborhood of ¢ and [7];11] X Dy, (c) C [j] x C, we thus see that the measure

ﬁzh|mx(@ op, ' is strongly lower h-estimable at c. We are done. 0

The second main result of this section is this.

Lemma 7.15. The measure my, = my, o p,* is uniformly strongly lower h-estimable.

Proof. Having J,(G) = J(G) (Lemma 4.7) the proof of this lemma is the obvious
mathematical induction based on Lemma 7.13 and Lemma 7.14 as inductive steps and
Lemma 7.13 with ¢ = 0 (then S;(G) = () and its hypothesis are vacuously fulfilled) serving
as the base of induction. O

Since every uniformly strongly lower h-estimable measure is uniformly lower h-estimable,
as an immediate consequence of Lemma 7.12, Lemma 7.15, and [11, 19, 26|, we obtain the
following main result of this section and one of the two main results of the entire paper.

Theorem 7.16. Under Assumption (x), we have the following.

(a) The measure m;, = myop, " is geometric meaning that there exists a constant C' > 1
such that
o mBET)
rh
for all z € J(G) and all r € (0,1].
Consequently,
(b) h=HD(J(G)) = PD(J(G)) = BD(J(Q)).
(c) HD(J(G)) is the unique zero of t — P(t).
(d) All the measures H", P", and my, are mutually equivalent with Radon-Nikodym
derivatives uniformly separated away from zero and infinity.

In particular
(e) 0 < H"(J(@))),P"(J(G))) < +o0.
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Definition 7.17. The unique zero of t — P(t) is denoted by h = h(f). Note that h(f) =
HD(J(G)) = PD(J(G)) = BD(J(Q)).

Corollary 7.18. Under Assumption (), for each z € J(G)\G*(Crit(f)+), we have h(f) =
Ty(2) = to(f) = Sa(2) = 50(G) = HD(J(G)) = PD(J(G)) = BD(J(G)).

Proof. Let z € J(G) \ G*(Crit(f)+). Since G satisfies the open set condition, G is a free
semigroup. Hence T¢(z) = Sg(z) and to(f) = so(G). Moreover, by [37, Theorem 5.7], we
have HD(J(G)) < s0(G) < Sg(z). We now let a > h(f). Since h(f) is the unique zero of
P(t) and since t — P(t) is non-increasing function, we have P(a) < 0. Hence there exists
a number v < 0 such that for each n € N, 37, 37 1) |fi(2)]7 < €. Therefore
Ty(z) < a. Thus Ty(z) < h(f). Since h(f) = HD(J(G)), it follows that h(f) = Ty(z) =
to(f) = Sa(z) = s0(G) = HD(J(G)) = PD(J(G)) = BD(J(G)). We are done. O

It follows from Theorem 7.16 that the measure my, is atomless. We thus get the following.

Corollary 7.19. Under Assumption (x), we have my,(Sing(f)) = 0.
Proof. Indeed, the set Crit(f) is finite and so, G7'(Crit(f)) is countable. For all n > 0

we have
@) C () € @ ).
Hence, my(f~"(Crit(f))) < my(G~H(Crit(f))) = 0. Since Sing(f) = U2, f‘”(Crit(f)é

we are thus done.

8. INVARIANT MEASURES

In this section we prove that there exists a unique Borel probability f—invariant measure
on J( f) which is absolutely continuous with respect to m;. This measure is proved to be
metrically exact, in particular ergodic.

Frequently in order to denote that a Borel measure p is absolutely continuous with
respect to v we write u < v. We do not use any special symbol to record equivalence of

measures (mutual absolute continuity).

We use some notations from [1]. Given a o-finite measure space Let (X,F,u) be a
o-finite measure space and let T : X — X be a measurable almost everywhere defined
transformation. 7' is said to be nonsingular if and only if for any A € F, u(T-(A)) <
u(A) = 0. T is said to be ergodic with respect to p, or p is said to be ergodic with respect
to T, if and only if (A) = 0 or u(X \ A) = 0 whenever the measurable set A is T-invariant,
meaning that 7-!(A) = A. For a nonsingular transformation 7 : X — X, the measure p
is said to be conservative with respect to T" or T' conservative with respect to u if and only
if for every measurable set A with p(A) > 0,

,u({zEA:ZleT"(z)<+oo}):0.
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Note that by [1, Proposition 1.2.2], for a nonsingular transformation 7' : X — X, p is
ergodic and conservative with respect to 7" if and only if for any A € F with u(A) > 0,

p{z e X | ZleT”(z) < +o0}) =0.

Finally, the measure p is said to be T-invariant, or 7T is said to preserve the measure p
if and only if po T~! = pu. It follows from Birkhoff’s Ergodic Theorem that every finite
ergodic T-invariant measure p is conservative, for infinite measures this is not longer true.
Finally, two ergodic invariant measures defined on the same o-algebra are either singular
or they coincide up to a multiplicative constant.

Definition 8.1. Suppose that (X, F,v) is a probability space and T : X — X is a measur-
able map such that T(A) € F whenever A € F. The map T : X — X is said to be weakly
metrically exact provided that limsup,, . u(T"(A)) = 1 whenever A € F and u(A) > 0.

We need the following two facts about weak metrical exactness, the first being straightfor-
ward (see the argument in [1, page 15]), the latter more involved (see [26]).

Fact 8.2. If a nonsingular measurable transformation T' : X — X of a probability space
(X, F,v) is weakly metrically exact, then it is ergodic and conservative.

Fact 8.3. A measure-preserving transformation T : X — X of a probability space (X, F, u)
is weakly metrically exact if and only if it is exact, which means that lim, . u(T"(A)) =1
whenever A € F and pu(A) > 0, or equivalently, the o-algebra (), T " (F) consists of
sets of measure O and 1 only. Note that if T : X — X 1is exact, then the Rokhlin’s natural
extension (T, X, i) of (T, X, p) is K-mixing.

The precise formulation of our main result in this section is the following.

Theorem 8.4. 1y, is a unique h-conformal measure for the map f:J(f) = J(f). There
exists a unique Borel probability f-invariant measure fi, on J(f) which is absolutely con-
tinuous with respect to my. The measure [y is metrically exact and equivalent with my,.

The proof of this theorem will consist of several steps. We start with the following.

Lemma 8.5. Every h-conformal measure v for f : J(f) — J(f) is equivalent to my,.

Proof. Fix an integer v > 1 and let

Jo = {(r.2) € J() \ Sing(f) : (7, 2) = 1/v},
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where n(7, z) > 0 is the number produced in Proposition 5.1. We may assume that n(7, z) <
1. Let also (7, 2) and (n;)° be the objects produced in this proposition. Fix (7,2) € J,.
Disregarding finitely many js we may assume without loss of generality that

Fray(2) = 21 < (7, 2).

Let

By(r,2) = [rha) % 15! (B(f, (), 50(r.2)))
(8.1) and

ri(T,2) = %KT](T, z)]f;|nj (2)|".

By Koebe’s Distortion Theorem and Proposition 5.1 we get that,

v(Bj(t,2)) =v(f, " (S x B(fﬂnj (2), %77(7’, 2))))

T,
> K_h|f;‘nj (z)|_hy(2u X B(fT|nj (2), %77(7', z)))
(8.2) = K7f, @ o5 (B(f, (2), 51(7.2)))

> M(2v)*1,uK_h‘f7,-|nj ()"
> M(Qv)—l,u(QKilnilO—a Z>>h7a?(7—7 Z)
> QhM(Qv)*l,VK_hT;L(/R Z)?

where Mp,, = inf{v o p;'(B(w, R)) | w € J(G)} > 0. Now fix E, an arbitrary Borel set
contained in J,. Fix also ¢ > 0. Since the measure v is regular, by Theorem 3.3 there
exists j(7,2) > 1 such that, with B(7,2) = Bj(- (7, 2) and 7(7, 2) = 7j(r,)(7, 2), we have

(8.3) v U B(r,z) | <v(E)+e.

(r,2)€EE

By the 4r-Covering Theorem ([20]), there exists a countable set E C E such that the balls
{B(z,7(7,2)) : (1,2) € E} are mutually disjoint and

U B(z,4r(7,2)) D U B(z,r(7,2)) D pa( E).

(r,2)eE (r,2)€E
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Hence, by Theorem 7.16 and (8.2), we get

i (E) < mn(py ' (p Z iy, 0 py ' (B(z,4r(, Z)))
(r,2)eE

= Z my (B(z,4r(7, 2)))

(r,2)eE
< C4h Z (7, 2)
(r,2)€E

< C(2K)" M} > u(B(r,2)

(2v)~1w

(8.4)

(T,z)eE

Now, since the sets {B(z,r(r,2)) : (1,2) € E} are mutually disjoint and since B(t,z) C
py H(B(z,7(7, 2))), so are disjoint the sets {B(7, z) : (7,z) € E}. Thus, using (8.3), we get

(85)  mn(E) <CERK)'Myy . v | | B2 | <CRE)"My, ., (w(E) +e)

(r,2)eE
Letting € \, 0 we thus get
mp(E) < C(2K)"M3) ., v(E).

(2v)

Consequently my|;, < v|;,. Since, in virtue of Proposition 5.1, J(f) \ Sing(f) =Ue Jo,
we get that

(86) mp, | J()\Sing(f) —< VlJ H)\Sing(f)

Now, suppose that v(Sing(f)) > 0. Since f vanishes on Crit(f), the measure v, =
(v (Sing(f)))_ly|Smg f)» 18 h-conformal for f : J(f) — J(f). But then (8.6) would be

true with v replaced by 1. We would thus have my,(J(f) \ Sing(f)) = 0. Since, by Corol-
lary 7.19, 7 (Sing(f)) = 0, we would get 7, (J(f)) = 0. This contradiction shows that
v(Sing(f)) = 0. Consequently,

(87) my < V.

Seeking contradiction, suppose that v is not absolutely continuous with respect to .
Then, there exists a Borel set X C J(f) \ U, f"(Sing(f)) such that m,(X) = 0 but
v(X) > 0. But then the measure v restrlcted to the forward and backward invari-
ant set U, en f7™(f"(X)) and multiplied by the reciprocal of I/(UmmeN f‘m(f”(X)))
is h-conformal for f : J(f) — J(f). But, by conformality of 7y, and as X c J(f) \
U, f"(Sing(f))), we conclude from 7m,(X) = 0 that mh(unmeNf—m(fn( ))) = 0.

Since, by (8. 7) the measure m;, is absolutely continuous with respect to v restricted to
U.. meNf m(fr(X)), we finally get that my(J(f)) = 0. This contradiction show that
v < my,. Together with (8.7) this gives that v and my, are equivalent. We are done. U
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Combining inequalities (8.4) and (8.5) (with v = my;,) from the proof of Lemma 8.5, and
letting € \, 0 in (8.5), we get for every Borel set £ C J,, v > 1, such that py(FE) is
measurable, that

ma(pa(E)) < CRE)' MG iin(E).

Consequently, as J(f) \ Sing(f) = U2, J, and 7, (Sing(f)) = 0, we get the following.

Lemma 8.6. If E is a Borel subset of J(f) such that po(E) is measurable and mp(E) =0,
then mp(p2(E)) = 0. So, by Lemma 8.5, for any h-conformal measure v for f: J(f) —
J(f), we have that v o p,* (pa(E)) = 0 whenever v(E) = 0.

Now, given (7, z) € J(f) \ Sing(f), let
By = {((7.2), B;(r.2)) }
(

where the sets B;(7, z) are defined by formula (8.1). Let

B= U B

(r,2)€J(f)\Sing(f)

and, following notation from Federer’s book [12], let

By := B(J(f) \ Sing(f)) = {Bj(7,2) : (1,2) € J(f) \ Sing(f), j > 1}.
We shall prove the following.

Lemma 8.7. The family B is a Vitali relation (in the sense of Federer (see [12], p. 151))
for the measure my, on the set J(f)\ Sing(f).

Proof. Fix (,2) € J(f)\ Sing(f). Since py(B,(7, 2)) C B(z,7,(r, 2)) and since
(5.5) lim (7, 2) = 0,

we have

lim diam(B;(, 2)) = 0.

j—00
This means that the relation B is fine at the point (7, z). Aiming to apply Theorem 2.8.17
from [12], we set

0((Bj(w, ))) = 1w, z)
for every B;(w,x) € By. Fix 1 < k < 400 (a different notation for 1 < 7 < +oo appearing
in Theorem 2.8.17 from [12]). With the notation from page 144 in [12] we have

B%-(T, z) = U{B : B € By, BNB;(1,2) # 0, §(B) < k6(B;(1,2))} C 3" (B(z, (1 + 2r)r;(1,2))) .
So, in virtue of Theorem 7.16 and (8.2), we obtain

mh(é (1,2)) (s C((l + 2/<;)rj(T,Z))h
By (r.2) A e Ctri(r, 2)

8(Bj(t,2)) + = C*(1 4 2r)" +15(r, 2),
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where C' > 0 is a constant independent of j. Hence, using (8.8), we get

mh(?j(ﬂ z))

my(Bj(7, 2))

lim <5(§j(7, 2)) + ) < C*(1+2k)" < +oo.
j—00

Thus, all the hypothesis of Theorem 2.8.17 in [12], p. 151 are verified and the proof of our
lemma is complete. ]

As an immediate consequence of this lemma and Theorem 2.9.11, p. 158 in [12] we get the
following.

Proposition 8.8. For every Borel set A C J(f)\ Sing(f) let

e (AN By (r2)
Ay = {( ) ) eA: jlﬂoo mh(Ej(T’ Z)) 1}

Then Thh(Ah) = ﬁlh(A)
Now, we shall prove the following.

Lemma 8.9. The measure 1y, is weakly metrically exact for the map f : J(f) — J(f). In
particular it is ergodic and conservative.

Proof. Fix a Borel set F' C J(f)\ Sing(f) with 7, (F) > 0. By Proposition 8.8 there
exists at least one point (7,z) € Fj,. Our first goal is to show that

(PP 0 B, ()1/2)
(39) T o Bl /)

where, we recall n = (7, 2) > 0 is the number produced in Proposition 5.1 and (n;)$° is
the corresponding sequence produced there. Indeed, suppose for the contrary that

i (B, (2)0/2) \ ()
2= m(py (B(fr,, (2):0/2)))

Then, disregarding finitely many ns we may assume that

i (93 (B(fr,, (2),0/2)) \ f7(F))

e B )
for all j > 1. But
Fo (03 (Bl (/2N (F) € (i) < Bz, 5K |7 ()] DAF =By(r )\ F
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" (£ (02 (B(fr, (2):m/2)\ £ (F))) =

P | (03 (Bfe,, (2),0/2) \ £5(F))
P @] (02" (B(fr,, (2).0/2)))

P @) (Blfr,, (2),0/2))

£,

|nj

> K"

> kK"

= kK"

> kK "M,

Hence, making use of Theorem 7.16, we obtain

in(By(r, )\ F) = k"M |y ()]

= w(K1/2) 7" Mo (1, 2)
> O (K®n/2) 7" My o (B (7, 2)).

Thus,

(B, F
mh~< _i7—7 Z) \ ) > C_l(Kzn/2)_th/2 > 0.
mn(B;(7,2))
Letting j — oo this contradicts the fact that (7, z) € F}, and finishes the proof of (8.9). Now

since f : J(f) — J(f) is topologically exact, there exists ¢ > 0 such that f4(p; (B(w,1/2))) D

J(f) for all w € J(G). It then easily follows from (8.9) and conformality of 7y, that
i sup g (F4(F)) > lim sup g (F1779)(F) = 1.

k—oo Jj—00

Noting also that my,(Sing(f)) = 0 (by Corollary 7.19), the weak metric exactness of 7y, is
proved. Ergodicity and conservativity follow then from Fact 8.2. We are done. 0

Corollary 8.10. 17y, is the only h-conformal measure on J(f) for the map f : J(f) — J(f)

Proof. Let v be an arbitrary h-conformal measure on .J(f) for the map f : J(f) — J(f).
Since, by Lemma 8.5 the measure v is absolutely continuous with respect my, it follows
from Theorem 2.9.7 in [12], p. 155 and Lemma 8.7 that for m-a.e. (1,z) € J(f)\ Sing(f),

dv - - w(By(f(r.2) . v(f(By(1,2)

— T, 2 = lim L = lim —

ai J(7:2)) P (B,((r,2)) 5 i F(B(r.2))
a1 v v(By(r2) _ dv

= | m——— = lim ——= = ——(7,2).
=% [ oy WP digy 5700 i (

Bi(7,2)) ~ diy,

Since, by Lemma 8.9, the measure my is ergodic, it follows that the Radon-Nikodym
derivative d‘f%’h is myp-almost everywhere constant. Since v and my, are equivalent (by
Lemma 8.5) this derivative must be almost everywhere, with respect to m; as well as v,
equal to 1. Thus v = m,, and we are done. 0
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In order to prove the existence of a Borel probability f-invariant measure on .J ( f ) equivalent
to My, we will use Marco-Martens method originated in [18]. This means that we shall
first produce a o-finite f-invariant measure equivalent to 7y, (this is the Marco-Martens
method) and then we will prove this measure to be finite. The heart of the Martens’
method is the following theorem which is a generalization of Proposition 2.6 from [18]. It is
a generalization in the sense that we do not assume our probability space (X, B, m) below
to be a o-compact metric space, neither assume we that our map is conservative, instead,
we merely assume that item (6) in Definition 8.11 holds. Also, the proof we provide below
is based on the concept of Banach limits rather than (see [18]) on the notion of weak limits.

Definition 8.11. Suppose (X,B,m) is a probability space. Suppose T : X — X is a
measurable mapping, such that T(A) € B whenever A € B, and such that the measure m
is quasi-invariant with respect to T, meaning that mo T~ < m. Suppose further that there
exists a countable family {X,}>2, of subsets of X with the following properties.

(1) Foralln >0, X, € B.

2) m(X \ Uiy Xa) = 0. |

(3) For all m,n >0, there exists a j > 0 such that m(X,, NT~7(X,)) > 0.

(4) For all j > 0 there exists a K; > 1 such that for all A, B € B with A, B C X, and
for alln >0,

(5) Dnzom(T"(Xo)) = +00.

(6) limy oo m(T (U2, Y5)) = 0, where Yj := X; \ U,; Xi-
Then the map T : X — X is called a Marco-Martens map and {X;}32, is called a Marco-
Martens cover.

Remark 8.12. Note that (6) is satisfied if the map T : X — X is finite-to-one. For, if T
is finite-to-one, then (2, T(U;2,Y;) = 0.

Theorem 8.13. Let (X,B,m) be a probability space and let T : X — X be a Marco-
Martens map with a Marco-Martens cover { X;}32,. Then, there exists a o-finite T-invariant
measure jt on X equivalent to m. In addition, 0 < p(X;) < 400 for each j > 0. The

measure ji 18 constructed in the following way: Let lg : loo — ls be a Banach limit and let
Yy = X;\U; Xi for each j > 0. For each A € B, set

m o > ko m(T*(A))
A = S TR

If Ae B and A CY; with some j > 0, then we obtain (m,(A))5, € l. We set

p(A) = Lp((mn(A))751)-
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For a general measurable subset A C X, set

=D _uANY;).

In addition, if for a measurable subset A C X, the sequence (m,(A))2, is bounded, then
we have the following formula.

(8.10) p(A) = Lp((mn(A)72,) — lim L ((ma( AmUY > ).

7=l

Furthermore, if the transformation T : X — X is ergodic (equivalently with respect to the
measure m or ), then the T-invariant measure p is unique up to a multiplicative constant.

In order to prove Theorem 8.13, we need several lemmas.

Lemma 8.14. If (Z,F) is a o-algebra of sets, Z = U;io Z; 18 a disjoint union of measur-
able sets, and for each j > 0, v; is a finite measure on Z;, then the function A — v(A) =
> im0 Vi(AN Z;), is a o-finite measure on Z.

Proof. Let A € F and let (A4,)2, be a partition of A into sets in F. Then

v(A) = . vi(ANZ;) = ZVj(U(An NZ;))
= Zzyj(An NZ;) = Zzuj(An NZ)=>Y v(A

where we could have changed the order of summation since all terms involved were non-
negative. Thus, we have completed the proof of our lemma. O

We now suppose that we have the assumption of Theorem 8.13.

Lemma 8.15. For every j > 0, the sequence (m,,(X;))s; is bounded and pu(Y;) < u(X;) <
+00.

Proof. In virtue of (3) of Definition 8.11 there exists a ¢ > 0 such that m(X,;NT~9(Xy)) > 0.
By (4) of Definition 8.11, we have for all n > 0 that

1 (15) < (X5) < R e, (X, 1T (o)
m(X;) m Sordm(T~*(Xo))
S ATz " S T R)

_ m(X]) ZZ+§+1 m( (
G A T X)) (” S om<T H(Xo)

0)

)
m(X;)

Sij(Xj NT1(Xo)) (1 - > heo M T #(Xo) )

)
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It follows from (5) of Definition 8.11 that (m,(X;))r2, € lo and
u(;) < Kym(X;)/m(X; N T9(X)) < o0
Since X; = UZ o Yi, we are therefore done. U

Now, for every j > 0, set j; := puly,.
Lemma 8.16. For every j > 0 such that p(Y;) > 0, and for every measurable set A C Y

we have ) )

—1 MUY PAL;

———m(A) < pi(A) < K; A).

P < y(A) < KR m
Proof. This is an immediate consequence of (4) of Definition 8.11 and the definition of the
measure fi. U

Lemma 8.17. For any j > 0, p; is a (countably additive) measure on Y;.

Proof. Let j > 0. We may assume without loss of generality that p;(Y;) > 0. Let A C Y]
be a measurable set and let (Ag)?2, be a countable partition of A into measurable sets.
For every n > 1 and for every [ > 1, we have

(8.11) (ZmnAk>oo_l gmnAk (ZmnAk>oo (ZmnAk>n:1

k= l+1

It therefore follows from (4) of Definition 8.11 that

(Z mn(Ak)> Z (mn(Ag)) e = (Z m”(Ak))
K; o )
K 1, vy S, )
-~ m(Yj) |< n(Y;)k;le <Ak>>n=1 o0

Since, by Lemma 8.15, (m,(Y;))sZ; € lo, and since lim;_o > ;7  m(A) = 0, we con-
clude that limy o |35, mn (AR)22, — Sk (M0 (A1), lse = 0. This means that in the
Banach space [, we have (D70 my(Ag))o2, = > o (mn(Ag))22,. Hence, using continuity
of the Banach limit Ig : [, — [, We get,

1(A) =lp((ma(A)n,) = lB((mn(U AR)ee) = (O ma(A)i,)

Z m”Ak nlzzlu

= k=1
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We are done. O

Combining Lemmas 8.14, 8.15, 8.16, and 8.17, and (3) of Definition 8.11, we get the
following.

Lemma 8.18. p is a o-finite measure on X equivalent to m. Moreover, pu(Y;) < u(X;) <
oo and 0 < pu(Xj;) for all j > 0.

Lemma 8.19. The formula 8.10 holds.
Proof. Fix a measurable set A C X. Then, for every [ > 1 we have that

1((m,(A) =lp (Z ma(ANY;)) ) +1p ((mn( O Amyj))g;l)

j=i+1

=N (M (ANY;))2,) + 15 ((mn(Aﬂ U 1@));;11> .
j=0 J=i+1
Hence, letting [ — oo, we get

L ((ma(A))2)) = D s((ma(ANY;))L) + lim U ((mn(Aﬂ U Yj));"ll>

7=0 j=l+1

= j(4) + Jim Iy <<mn<A U 19-)):;11) .

l—o0
j=l
We are done. 0J
Lemma 8.20. The o-finite measure p is T-invariant.

Proof. Let i > 0 be such that m(Y;) > 0. Fix a measurable set A C Y;. Fix [ > 1. We then
have

~ Zk om(1™ MTHA )ﬂU] ~Y)))
“UY Sy (T (V)

_ T m(THIANTUE, )
ST S mT )

i o0 | ZZJrém( *(Y)))
< n+1<AmT(JUlY] S o m(T=+(Yp))

M0 oy Sam 00
< K m(Y) (AHT(J'L:JzY)) 2 ko (T4 (Y0))”

where the last inequality sign was written because of (4) of Definition 8.11 and since A C Y;.
Since, the limit when n — oo at last quotient is 1, we get that

Iy <<mn<T-1<A> n Umm) < (v
j=l ¢ j=l
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Hence, in virtue of (6) of Definition 8.11,

lim I ((mn(T‘l(A) N U}fj));ol) < [;‘(‘( UY

l—o0 l—>oo

Thus, it follows from Lemma 8.19, and as A C Y}, that

(T7HA)) = La((ma(T7H(A)o21) = la((ma(A))iy) = u(A).
For an arbitrary A C X, write A = [J;Z) A NY; and observe that

T (A) = u((JTH(ANY)) Zu HANY)) =Zu(Aﬂ36) = p(A).

Jj=0
We are done. O

We now give the proof of Theorem 8.13.

Proof of Theorem 8.13: Combining Lemmas 8.15, 8.18, 8.19, and 8.20, we obtain the
statement of Theorem 8.13. We are done. ([l

Applying Theorem 8.13 we shall prove Theorem 8.4.

Proof of Theorem 8.4. Since the topological support of my, is equal to the Julia set
J(f) and since, by Lemma 7.2, PCV( f) is a nowhere dense subset of J(f), we have
mp(PCV(f)) < 1. Since the set PCV(f) is forward invariant under f, it follows from
ergodicity and conservativity of 77, (see Lemma 8.9) that 7,(PCV(f)) = 0. Therefore, in
virtue of Lemma 8.6

(8.12) i (py  (po(PCV(£)))) = 0.

(p
Now, for every z € J(G) \pQ(PCV(f)) take r, > 0 such that J(G) N B(z,2r.) c C\
p2(PCV(f)). Since J(G) \ p2(PCV(f)) is a separable metric space, Lindel6f’s Theorem
yields the existence of a countable set {2;}32, C J(G) \ p2(PCV(f)) such that

U B(Zjvrzj) - ‘](G) \pQ(PCV(f))

=0
Set

Aj = py  (B(z),15))-
Verifying the conditions of Definition 8.11 (with X = J(N), T = f,m = my, X; = A)),
f is nonsingular because of Corollary 7.19 and h-conformality of m;. We immediately see

that condition (1) is satisfied, that (2) holds because of (8.12), and that (3) holds because

of h-conformality of 772, and topological exactness of the map f : J(f) — J(f). Condition
(5) follows directly from ergodicity and conservativity of the measure ry,. Condition (6)
follows since f : J(f) — J(f) is finite-to-one (see Remark 8.12). Let us prove condition



49

(4). Fix 7 > 1 and two arbitrary Borel sets A, B C A; with m;(A), my(B) > 0. Since
B(zj,2r.,) Np2(PCV(f)) = 0, for all n > 0 all continuous inverse branches

{f*_” :pz_l(B(zj, 2rz].)) — Y, X @}*eln

of f™ are well-defined, where I,, = {1,...,u}", and because of Koebe’s Distortion Theorem
and h-conformality of the measure m;, we have

where 7 is an arbitrary element of ¥,. Hence,

0 (A pan(4)
impo f(B) ~  1w(B)’
and consequently, condition (4) of Definition 8.11 is satisfied. Therefore, Theorem 8.13
produces a Borel o-finite f-invariant measure pon J( f ), equivalent to my,.
Now, let us show that the measure p is finite. Indeed, by Theorem 3.3, there exists
a > 0 such that for all ¢ € G* and for all x € J(G), every connected component
W of g71(B(z,d)) satisfies that diam(W) < 7 and that W is simply connected. Cover
p2(PCV(f)) with finitely many open balls {B(z,) : z € F'}, where F is some finite subset
of po(PCV(f)). for all j > 1. Since J(G) \ U.er B(z,0) is covered by finitely many balls
B(zj,72,), j > 1, it therefore suffices to show that p(p;'(B(z,0))) < +oo for all z € F. So,

fix z € F. Since z € py(PCV(f)), there thus exists k > 1 such that B(z,r.,) C B(z,0).
By Lemma 8.15 and the formula (8.10) of Theorem 8.13, it therefore suffices to show that

| . mh(ffn(]{;(B(z,é))))
(8.13) )

In order to do this let for every 7 € {1,2,...,s}", the symbol I, denote the collection of
all connected components of f~!(B(z,4)). It follows from Theorem 7.16, Lemma 3.7 and

< +o00.
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[37, Corollary 1.9] that for every V' € T, we have

in([r] x V) < my(V) < Cdiam"(V) < CT ( df;lr?éi(:i))))) diam” (V)

= C(ér%lF_l)hdiamh(Vk),

(8.14)

where C' > 0 is a constant independent of n and 7, V} is a connected component of
/1 (B(zk,7,,)) contained in V, and T is the constant in Lemma 3.7. But, from conformality

of the measure 77, and from the fact that Vi, = f' (B (2,7, )), where f! : B(z,2r,,) — C
is an analytic inverse branch of f,, we see that

n([r] % Vi) > K~M(f20 ()P (Ag) > K (K—

= (2K2rzk)_hdiamh(Vk)mh(Ak).
Combining this with (8.14) we get that
p([7] x V) < C2K*0T )" (mn(Ar)) i ([7] x Vi)

Therefore,
m (f (p2 Z Z mh T
=n Ver,
< 0(2K25r -y Z i ([r] % Vi)

\‘r\ nVels

Thus, the upper limit in (8.13) is bounded above by C(2K25T 1) (r,(Ax)) ™! < +o0, and
finiteness of the measure p is proved.

Dividing z by p(J(f)), we may assume without loss of generality that p is a probability
measure. Since for every Borel set F C J(f) the sequence (u(f*(F))), is (weakly) in-
creasing, the metric exactness of y follows from weak metrical exactness of my, (Lemma 8.9)
and the fact that pu and my, are equivalent. Since, by metrical exactness, u is ergodic, it is
a unique Borel probability measure absolutely continuous with respect to m;. The proof

is complete. ([l

9. EXAMPLES

In this section, we give some examples of semi-hyperbolic rational semigroups with nice
open set condition.

Example 9.1 ([37, 39]). Let f1(z) = 22 + 2, fo(2) = 22 — 2, and f = (f1, f2). Let G =
(f1, f2). Moreover, letU :={z € C| |z| < 2.}. Then, G is semi-hyperbolic but not hyperbolic
([37 Example 5. 8]) Moreover, G satisfies the nice open set condition with U. Since J(G) C
[ O)U f;1U) S U, [39, Theorem 1.25] implies that J(G) is porous and HD(J(G)) <
2. Moreover, by Theorem 1.11, we have h(f) = HD(J(G)) = PD(J(G)) = BD(J(G)).
Furthermore, f; (U) N f;1(U) # (. See figure 1.
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FIGURE 1. The Julia set of (fy, fa), where fi(z) = 22 + 2, fa(2) = 2% — 2.

3 *:?:r
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Proposition 9.2. (See [42]) Let f1 be a semi-hyperbolic polynomial with deg(f1) > 2 such
that J(f1) is connected. Let K(f1) be the filled-in Julia set of f; and suppose that int K (f;)
is not empty. Let b € intK(fy) be a point. Let d be a positive integer such that d > 2.
Suppose that (deg(f1),d) # (2,2). Then, there exists a number ¢ > 0 such that for each
Ae{NeC:0< |\ <c}, setting fr = (fa1, H2) = (fi, Nz =0)+b) and Gy = (f1, fr2),

we have that G is semi-hyperbolic and f satisfies the nice open set condition with an open

set Uy, J(Gy) is porous, HD(J(Gy)) = h(f\) <2, and P(Gy) \ {oo} is bounded in C.

Proof. We will follow the argument in [42]. Conjugating f; by a Mobius transformation,
we may assume that b = 0 and the coefficient of the highest degree term of f; is equal to 1.
Let r > 0 be a number such that B(0,r) C intK(f;). We set dy := deg(f1). Let a > 0

1
be a number. Since d > 2 and (d,d;) # (2,2), it is easy to see that (= )i > 2 (2( ya-1 1) “
if and only if

d(d — 1)d, 1
1 1 —————(lo 2——1 ———l
(9.1) 0ga<d+d1_d1d( 0g2 — o-log dogr)
We set
d(d—1)d, 1
2 = ————(lo 2——1 ———1 .
(9.2) Co = exp (d+d1—d1d( 0g2 — -log y ogr)) € (0,00)

Let 0 < ¢ < ¢y be a small number and let A € C be a number with 0 < |A| < ¢. Put
fr2(2) = Az?% Then, we obtain K(fy2) ={z €C||z| < (m)d 7} and

fra{z€Cllzl=r}) ={z€C| 2] = (W)i}-
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Let D) := B(0, Z(ﬁ)ﬁ) Since f1(z) = 2% (1 + o(1)) (¢ — 00), it follows that if ¢ is small

enough, then for any A € C with 0 < |A| < ¢,

1 a
[ (D) © { el <2 (205" } .
This implies that

(9.3) Dy € fa({zeCllzl <r}).

Hence, setting Uy := int K (fr2)\K (f1), fi "(Ux)Ufr3(Ux) C Uy and 71 ({UN)NSf55(U) = 0.
Furthermore, since f; is semi-hyperbolic, C \ K(f) is a John domain (see [6]). Hence, U,
satisfies (osc3). Therefore, G satisfies the nice open set condition with U,. We have
J(G)) € Uy C K(frz) \ intK(f1). In particular, intK(f;) U (C\ K(fr2)) C F(G)).
Furthermore, (9.3) implies that f)2(K(f1)) C intK(f;). Thus, we have P(G)) \ {oo} =
Ugear g(CV*(f1)UCV*(fr2)) C K(f1), where C'V*(-) denotes the set of all critical values in
C. Hence, P(G)) \ {oo} is bounded in C. Since f; is semi-hyperbolic, there exist an N € N
and a 0; > 0 such that for each x € J(f1) and for each n € N, deg(f': V — B(z,d1)) < N
for each connected component V' of f"(B(x,d;). Moreover, fy;(J(f1))NK (hy) =0 and so

Fa(J(fh) C C\ P(G,). From these arguments, it follows that there exists a 0 < d(< 6;)
such that for each x € J(f1) and each g € G,, deg(g : V — B(z,d2)) < N for each
connected component V' of ¢g7'(B(z,d)). Since P(Gy) \ {00} C K(f1) again, we ob-
tain that there exists a 0 < J3(< dy) such that for each x € J(G,) and each g € G,
deg(g : V — B(z,d3)) < N for each connected component V of g~ !(B(z,d3)). Thus, G, is
semi-hyperbolic. Since J(Gy) C f; ' (Ux)U f12(Ux) G Uy, [39] implies that .J(G,) is porous
and HD(J(G,)) < 2. Moreover, by Theorem 1.11, we have h(fy) = HD(J(G,)). We are
done. O
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