ANALYTIC FAMILIES OF SEMIHYPERBOLIC
GENERALIZED POLYNOMIAL-LIKE MAPPINGS

MARIUSZ URBANSKI

ABSTRACT. We show that the Hausdorff dimension of Julia sets in any analytic family of
semihyperbolic generalized polynomial-like mappings depends in a real-analytic manner
on the parameter. For the proof we introduce abstract weakly regular analytic families
of conformal graph directed Markov systems, we show that the Hausdorff dimension of
limit sets in such families is real-analytic, and we associate to each analytic family of
semihyperbolic GPLs a weakly regular analytic family of conformal graph directed Markov
systems with the Hausdorff dimension of the limit sets equal to the Hausdorff dimension
of the Julia sets of the corresponding semihyperbolic GPLs.

1. INTRODUCTION

The behavior of the pressure function of a semihyperbolic GPL has been studied in [6]
and [9] (comp. also [4], [5] and [9]. The approach in [6] was to associate to a given
semihyperbolic GPL a Hofbauer tower whereas in [9] a conformal graph directed Markov
system in the sense of [2] was associated. The pressure function was shown to be real-
analytic on some interval (0, u) with u > HD(J(f)), and the phase transition phenomenon
(breaking-down real analyticity) was observed for some GPLs in [6]. In the present paper we
deal with analytic families of semihyperbolic GPLs and, as the main result, we prove that
the Hausdorff dimension of Julia sets in these families depends in a real-analytic manner on
the parameter. Our approach is to define first abstract weakly regular analytic families of
conformal graph directed Markov systems and to show that the Hausdorff dimension of limit
sets in such families is real-analytic. This is done in Sections 2-4. In Section 5, summarizing
the appropriate parts from [9], the construction of associating to each semihyperbolic GPL
a conformal graph directed Markov system is described. It is proved in Section 6 that each
analytic family of semihyperbolic GPLs gives rise to an analytic family of conformal graph
directed Markov systems. Section 7 is devoted to the main step in the proof that this
family is weakly regular. The proof of weak regularity is then completed in Section 7 and
this simultaneously completes the proof of Theorem 6.6, the main result of this paper.

I would like to add that some assumptions appearing in this paper can be certainly weak-
ened. For instance the set U in the definition of analytic families of semihyperbolic GPLs
may depended ”continuously” on parameter, and parabolic points can be allowed. We have
worked in such, slightly more restrictive, setting for the ease and clarity of exposition.
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Finally, I would like to thank P. Hassinsky and J. Rivera-Lettelier for helpful discussions
which allowed me to state the results in full generality.

2. CONFORMAL GRAPH DIRECTED FUNCTION SYSTEMS

In this section we begin our study of graph directed Markov systems culminating in Sec-
tion 4 with the proof of real analyticity of the Hausdorff dimension function of limit sets
of a weakly regularly analytic family of strongly regular conformal graph directed Markov
systems. Let us recall the definition of these systems taken from [2]. Graph directed
Markov systems are based upon a directed multigraph and an associated incidence matrix,
(V,E,i,t, A). The multigraph consists of a finite set V' of vertices and a countable (either
finite or infinite) set of directed edges E and two functions ¢,¢ : E — V. For each edge e,
i(e) is the initial vertex of the edge e and t(e) is the terminal vertex of e. The edge goes
from i(e) to t(e). Also, a function A : E x E — {0, 1} is given, called an incidence matrix.
The matrix A is an edge incidence matrix. It determines which edges may follow a given
edge. So, the matrix has the property that if A,, = 1, then ¢(u) = i(v). We will consider
finite and infinite walks through the vertex set consistent with the incidence matrix. Thus,
we define the set of infinite admissible words E° on an alphabet A,

EY ={we E*: Ay, =1 foralli>1},

by E’t we denote the set of all subwords of EY of length n > 1, and by E’ we denote the
set of all finite subwords of EY°. We will consider the left shift map o : EY — EY defined
by dropping the first entry of w. Sometimes we also consider this shift as defined on words
of finite length. Given w € E* by |w| we denote the length of the word w, i.e. the unique
n such that w € E. If w € EY and n > 1, then

Wn = w1 ... wy.

A Graph Directed Markov System (GDMS) consists of a directed multigraph and incidence
matrix together with a set of non-empty compact metric spaces {X,},cv, a number s,
0 < s <1, and for every e € E, a 1-to-1 contraction ¢, : Xy) — Xj) with a Lipschitz
constant < s. Briefly, the set

D = {de : Xie) = Xi(e) }eck

is called a GDMS. We now describe its limit set. For each w € E%, say w € E’}, we consider
the map coded by w,

G = ¢w1 ©---0 stn : Xt(wn) - Xi(m)'
For w € EY, the sets {@,|, (X¢(w,)) }n>1 form a descending sequence of non-empty compact
sets and therefore () o, du, (Xt(wn)) # (). Since for every n > 1, diam(¢w|n (Xt(wn))) <
s"diam (X)) < s" max{diam(X,) : v € V}, we conclude that the intersection

ﬂ ¢w|n (Xt(wn))
n>1

is a singleton and we denote its only element by 7(w). In this way we have defined the
coding map 7:
7T:7Tq>:Ej°—>X::@XU

veV



from E* to @, ., Xu, the disjoint union of the compact sets X,,. The set

J = Jp = 1(EY)

will be called the limit set of the GDMS ®. We call a GDMS conformal (CGDMS) if the
following conditions are satisfied.

veV

(4a) For every vertex v € V, X, is a compact connected subset of a Euclidean space R?
(the dimension d common for all v € V') and X, = Int(X,).

(4b) (Open set condition)(OSC) For all a,b € E, a # b,
gf)a(lnt(Xt(a)) N gbb(lnt(Xt(b)) = (Z)

(4c) For every vertex v € V there exists an open connected set W, D X, such that for
every e € I with t(e) = v, the map ¢. extends to a C' conformal diffeomorphism
of Wv into VVi(e)-

(4d) (Cone property) There exist 7,1 > 0, v < 7/2, such that for every z € X C R? there
exists an open cone Con(z,~,l) C Int(X) with vertex x, central angle of measure
v, and altitude .

(4e) There are two constants L > 1 and o > 0 such that

[0 = 16e(@)I] < Lil(e) I ly — 2|

for every e € I and every pair of points x,y € Xy, where |¢,,(x)| means the norm
of the derivative.

We proved in [2] the following remarkable result.

Proposition 2.1. If d > 2 and a family ® = {¢.}ees satisfies conditions (4a) and (4c),
then it also satisfies condition (4e) with o = 1.

As a rather straightforward consequence of (4e) we proved in [2] the following.

Lemma 2.2. If ® = {¢.}ccr is a CGDMS, then for all w € E* and all x,y € Wy, we
have

L
[log ¢, ()] = log |6, ()I| < T—lly — =[|*.

As a straightforward consequence of (4e) we get the following.

(4f) (Bounded distortion property). There exists K > 1 such that for all w € E* and
all z,y € Xt(w)

6L (y)] < K4, (2)].
It was proved in [2] that for each £ > 0 the following limit exists (can be equal to +00).

. 1
P(t) = lim —log 3 [l4L 1"

weEY
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This number is called the topological presuure of the parameter ¢. In [2] a second useful
parameter asscociate with a CGDMS has been introduced. Namely
O(P) = inf{t : P(t) < 400} =sup{t: P(t) = +o0}.

Let Fin(E) denote the family of all finite subsets of E. The following characterization of
he = HD(Jg) (denoted also by hg), the Hausdorff dimension of the limit set Jg, being a
variant of Bowen’s formula, was proved in [2] as Theorem 4.2.13.

Theorem 2.3. If the a CGDMS ® is finitely irreducible, then
HD(Jg) = inf{t > 0: P(t) < 0} = sup{hp: F € Fin(I)} > 6(P).

If P(t) = 0, then t is the only zero of the function P(t), t = HD(J) and the system ® is
called regular.

In fact it was assumed in [2] that the system & is finitely primitive but the proof can be
easily improved to this slightly more general setting. It will be convenient for us to make
use of the following definitions.

Definition 2.4. A CGDMS is said to be strongly regular if there exists t > 0 such that
0 < P(t) < o0.

A family {¢;}icr is said to be a cofinite subsystem of a system of ® = {¢;};cp if F C E
and the difference E'\ F' is finite.

Definition 2.5. A CGDMS is said to be cofinitely reqular if each of its cofinite subsystems
18 reqular.

The following fact relating all these three notions can be found in [2].

Proposition 2.6. Each cofinitely reqular system is strongly reqular and each strongly reg-
ular system is reqular.

Note that the system & is strongly regular if and only if HD(Jg) > 0(®).

3. ANALYTICITY OF PERRON-FROBENIUS OPERATORS

The Section 2.6 from [2] devoted to the issue of anallyticity of Perron-Frobenius operators
and topological pressure, unfortunately contains sensless and erroruness statements. For-
tunately these errors are correctable and, since this Section 2.6 is critically important for
us in this paper as well as for future references, we undertake here the task of presenting
it in a correct coherent way. Recall that for w,7 € EY, we define w A7 € EY U E to be
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the longest initial block common to both w and 7. We say that a function g : Y — R is
Holder continuous with an exponent a > 0 if

Ua(f) = Sglf{va,nwc)} < 00,
where

Vau(f) = sup{| f(w) = F(D)|e*" ™V 1w, 7 € BY and |w A 7| > n}.

For every a > 0 let IC,, be the set of all complex-valued Hélder continuous (not necessarily
bounded and allowing —oo value with the convention that e = 0 and —oo — (—o0) = 0)
functions on EY. Set

K= {p €Ky Zexp(sup(Rephe])) < —i—oo} .

eceE

Each member of K} is called an a-Hoélder summable potential. We start with the following
little fact.

Lemma 3.1. For every R > 0 there exists M = Mr > 1 (Mg increases with R) such that
if |2 — €| < R, then |¢¢ — e*| < MeRe?|z —¢|.

Proof. Looking at the Taylor’s series expansion of the exponential function about 0,
we see that there exists a constant M > 1 such |[e¥ — 1| < M|w|, if |w| < R. Hence
e —e*| = |e*|le*~¢ — 1| < eR=M |z —¢|. O

Our next result is this.

Lemma 3.2. If p € K&, then e’ € H, and |[|€?||a < (1 + My, (p)0a(p))es PP

Proof. Tt follows immediately from the definition of K¢ that rp € Cy(EY) and ||e”||o <
es'P(Rer) - Putting R = v4(p), we get from Lemma 3.1 that if w,7 € EY and w; = 71, then

|ep(w) — ep(f)‘ < MReRe(”(T))\p(w) —p(1)] < MResup(Rep)Ua(p),{lwAfl‘
We are done. U

Given e € E and g : EY — C define the mapping goe : EY — C by the formula
) glew) if Ay, =1
go 6(&)) - {—OO if Aewl =0
if g € K, and

g(ew if Ae,, =1
goe(w):{o( ) A —0

otherwise. As an immediate consequence of this definition, we have the following.
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Lemma 3.3. If g : EY — C is a Holder continuous function, then so is goe: EY — C
(for all e € E) and vy(goe) < v,(g). If in addition, g € H,, then also go e € H, and
lgoella < llglla- If g € K., then sup(Re(g o €)) = sup(Re(g](q))-

Let us prove the following.

Lemma 3.4. If k,1 € Hy, then ki € Hy and ||kl]|a < 3|/&||al|!]]o-

Proof. Obviously
(3.1) [kl < 1R[] loo 1] |oo-
Now fix w, 7 € EY with w; = 7. Then
[Fl(w) = KI(T)| = [k(w)(l(w) = (7)) + 1(7) (k(w) = k(T))]
< [E()[[l(w) = U] + [1(T)|[k(w) = k(7)|
< (Kl loova (DRI 4 [[U|scva (k)1
< 2| [ la] |2l lar"".
Hence, v, (kl) < 2||k||a||l||a, and we complete the proof by combining this with (3.1) O

Now for every p € K7 and every e € E define the operator A,. : C,(EY) — Co(EY) by
the formula

Apelg) =€ goe.
As an immediate consequence of Lemma 3.3, Lemma 3.2, Lemma 3.4 and the increasing
property of the function R +— Mg coming from Lemma 3.1, we get the following.

Lemma 3.5. If p € K and e € E, then the operator A,. preserves the Banch space H,
and [|Apella < 3(1 + My, (5)va(p)) exp(sup(Replq ) ).

Now notice that the function v, is a pseudo-norm on the vector space IC,. So, it induces a
pseudo-metric on Iy, (v (I—k)), and this pseudo-metric restricted to K2, induces a topology
on K?, which will be called in the sequel the a-Holder topology. By B, (p,r) = {0 € K3 :
va(0 — p) < r} we denote the balls generated by the pseudo-norm v,. We shall prove the
following.

Lemma 3.6. For everye € E the functionp — A, . € L(H,), defined on K, is continuous.

Proof. Note that K is closed with respect to additions of functions and with respect to
multiplication by scalars > 1. Fix p € K% an consider an arbitrary 6 € B,(p,1). Then, in
view of, Lemma 3.5, we have that

[|Age—Apella = ||[Ao—pella < 3(1+M) exp(sup((Re@—Rep)he])) < 3(14-M;y) exp(va (0—p)).
We are done. ]



Now fix p € K and notice that for every g € C}, the function

Ly(g) =) e goe=> A,.l9)

eclE eckE

is well-defined, belongs to C, and [[£,(9)]lsc < Y .cpexp(sup(Rep|i))]|g]ls. We have

therefore defined the operator £, acting continuously on €}, with

L,]]oo < Zexp(sup(Rephe])) < 00.

ecE

It follows from Lemma 3.5 that the operator £, preserves the Banch space H, and

[Lplla < 3(1+ My, (p)va)(p) Zexp(sup(Repl[e}))-

eck

Passing directly to the analitycity issues, we shall prove the following.

Lemma 3.7. Suppose that A is an open subset of C, that for every A\ € A, px € K., and
that the function X\ — py(w) € C, X € A, is holomorphic for all w € EY. If the function
AN— L, € L(H,), A € A, is continuous and

Y(A) = Zexp(sup{RepA oe: A€ A}) < +oo,

eck

then the map X\ — L,, € L(H,) is holomorphic throughout A.

Proof. Let v C A be a simple closed contractible in A rectifiable curve. Fix g € H,
and w € EY. Since X(A) is finite, it follows from Lemma 3.5 and the Weierstrass M-test
that the series A — L, g(w) converges absolutely uniformly in C. Therefore the functiom
A— L, g(w) € C, X € A, is holomorphic. Hence by Cauchy’s Theorem f7 L, g(w)d\ = 0.
Since the function t — g € £,, g € H, is continuous, the integral f7 L, g(w)d\ exists, and
for every w € E*, we have that f7 L, gd\(w) = fv L, g(w)d\ = 0. Hence f7 L, gd\ = 0.
Now, since the function A — £, € L(H,) is continuous, the integral f7 L,,d\ exists, and
for every g € H,, fv L, d\g) = f7 L,,gd\ = 0. Thus f7 L,,d\ = 0 and, by Morera’s
theorem, the map A — £, € L(H,) is holomorphic throughout A. We are done. O

The main result of this section is now concluded as follows.

Theorem 3.8. Suppose that A is an open subset of C and that the function A — py € K2,
A € A, is continuous. If the function A — py(w) € C, defined on A is holomorphic for
every w € EY, then the function A — L,, € L(H,) is also holomorphic.

Proof. Fix Ay € A. According to Lemma 3.7 it suffices to demonstrate that there exists
d > 0 such that X(B()\g,0)) < +o0o0 and the function A — £, € L(H,), A € B(\y, ),
is continuous. Since by the Weierstrass M-test and Lemma 3.5 along with Lemma 3.6,
the former implies the latter, we are only to prove the former. Indeed, since the function
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A= py € K2, A € A, is continuous, there exists § > 0 so small that v,(py — py,) < 1
whenever |A — \g| < d. We then have for all A € B(\,d) and all a € E, that

3(1+ Mva (pk)va(m)) exp(sup(Repaq)) <
< 3(1 + Mva(ﬁ,\()))-i-lva (pko)) + 1) eXp(Sup(Rep)\O‘[a]) + 1)
= 361+ My 10 () + 1) xplsup(Rep )

Therefore, since Ay € K, we have

Y(B(Xo,0)) < 3e (1 + Mva( )Hva(p)\o) + 1> Zexp(sup(Rep,\O\[a})) < 00.

acE

We are done. O

PXg

4. DIMENSION ANALYTICITY IN GRAPH DIRECTED MARKOV SYSTEMS

In this section we bring up the issue of real analyticity of the Hausdorff dimension function
of a weakly regularly analytic family of strongly regular conformal graph directed Markov
systems. Our central idea is to embed, the naturally arising, real-analytic family of Perron-
Frobenius operators into a family, which by applying Thorem 3.8 from the previous section,
can be proven to be analytic. Then one uses the perturbation theory (Kato-Rellich Theo-
rem) for linear operators, a version of Bowen’s formula, and the Inverse Function Theorem
to conclude the proof. Let A C C? d > 1, be an open susbset of C?. Let {®y}\ca be a
family of CGDMS with the same set V' of vertices, the same set E of edges, the same finitely
irreducible incidence matrix A and the same seed pairs {(X,, W,)},ey with all W, C C.
Fix Ay € A and for every w € EY consider the function 1, : A — C given by the formula

(¢2,)'(ma(ow))
(63 (g (0w))”

where m\, = g, : EY — X is the coding map induced by the CGDMS ®,. The family
{®)}ren is said to be analytic if

(4.1) bu(A) =

(a) for every e € E and every x € Xy, the function A — ¢2(z), A € A, is analytic.
The family {®,},ca is called weakly regular analytic if in addition the following hold.

(b) ®* is strongly regular.
(c) There exist a function x : E — (0,+00) and a constant C; > 1 such that

[(63,) (ma((W))] < Crexp(—ri(wr))
for all A € A and all w € EY.

In order to formulate our last condition required for weakly regular analyticity, we shall
prove first the following.
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Lemma 4.1. Suppose that {®)}ren is an analytic family of CGDMS. For every vertex
v €V firx, € IntX,. Then the family {\ — ¢L\,($t(w))}weE; consists of holomorphic
maps of on A and this family is normal. Also, the family {\ — Tx(w)}wery consists of
holomorphic maps on A and is normal.

Proof. Since all the maps (X, z) — ¢2(2), (A, z) € AxIntXy), e € E are holomorphic, all
the maps A — ¢ (24()), w € E are also holomorphic. Since their ranges are all contained
in the bunded set (J o, IntX,, the family {\ — @} (i)} wepy is normal. Therefore,
since for every w € EF, the sequence of functions (A — ¢£|n<xt(w\n)))j;1 defined on A

converges pointwise to my(w), we conclude that each function A\ — 7)(w), defined on A,
is holomorphic. Since the range of all these functions is in the bunded set J, o X, the
family {A +— m\(w) }weps is normal. We are done. O

Now we can complete the definition of weak analytic regularity by demanding that

(d) For every w € EY there is well-defined log, : A — C, a holomorphic branch of
logarithm of 4, such that log,(Ag) = 0 and the family of functions

{A - 1og¢w<A>}

K(wr) weEY

is bounded and, consequently, normal.

Let hy = HD(J@) be the Hausdorff dimension of the limit set of the CGDMS ®*. The
goal of this section is to prove the following.

Theorem 4.2. If {®)} e is a weakly reqularly analytic family of CGDMS, then the family
of functions \ — hy = HD(J@) 1s real-analytic throughout A.

This theorem was formulated in [7] only for iterated function systems and, what is more
important, assuming that the function s is constant, actually assuming even a little bit
more. There was no proof provided in [7] but a one-line indiction of how to make up the
proof based on [12] and [11]. Concluding, since this theorem is central for us in this paper,
since it is of interest itself, and since there is no written proof of even of its earlier weaker
version, we have decided to provide here a self-contained proof of this theorem. The general
strategy of the this proof is based on Theorem 3.8 from the previous section. Now, we start
it as follows. For every z = 21, 29,...,2¢ € C* and r1,79,...,74 > 0 let

Dy(z;7r1,79, ..., rq) = {(wi,ws, ..., wg) € C*: \wj — z;| <rjforall 1 <j<d}.

In the case when all radii r; are equal, say to r, we will frequently write shrtly Dgy(z;7)
for Dy(z;r1,r,...,7r). Fix r > 0 so small that D4(Ag;7) C A. For the ease of exposition
we assume now that d = 1 i.e. that A is an open subset of the complex plane C. Because
of item (d) above, for every w € E*, the function log1),, expands in its Taylor series on
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Dy(No;7):
(4.2) log u(A) = Y an(w)(A = Xo)"

and, by item (d) again, there exists a constant M; > 0, independent of A € A and w € EY,
such that

(4.3) [log (V)] < Mis(w).

Hence, applying Cauchy’s estimates, we get for every n > 0 that
Mm(wl)

(4.4) jan(w)| < —2—.

For every A = x + iy € D()\g;r), we have from (4.2) that

Relogu(h) = 3 Re(apeo(e (“ q) i) (¢ — ReXo)”(y — ImAo)?
q
(4.5) =0
= Z Cprq(w (p - q) U(z — Reo)(y — ImAg)?,
p,q=0

where, due to (4.4),
+ -
|Cptq(w)] < (p ) q) |ap1q(W)] < 277 ap 1 q(w)] < 2PTIMyk(wi)r (p+a),

Hence, employing the embedding C — C?* = C x C, x + iy — (z,y), we see that Relog,
extends by the same power series expansion »_ = _ cpiq(w) (pquq) i%(x — ReXg)P(y — ImXg)Y,
(z,y) € C?, to a complex-valued analytic function on the polydisk Do(\g;7/4). Keep the
same symbol Relog 1, for this extension and note that

(4.6) IRelog v, < 4M'k(wy) on Dy(Ng;7/4).
Define the potential ¢, : Dy(Ag;7/4) — C by the formula
Gw(A) = Relog ¢, (A) + log [(63)' (1, (0w)) |
Fix ty > H(CD)‘O) and put
7 =min {r/4, (to — 0(®*))/2} .
Note that for all (\,t) € Dgs((Ao,t0);T) := Dg2(Xo;T) X Dg(to,T), we have by (4.1) that
(4.7) exp(tCu(N)) = [ (N[1(63) (mag (ow)[ = [(¢3,) (ma(ow))["-

Now, our goal is to prove the following result announced at the begining of this section.

Lemma 4.3. There exists 7o € (0,7) such that the family of potentials
(A t) = t(y(A) - EX — C, (A t) € D3((Mo,t0);T),
satisfies the hypothesis of Theorem 3.8.
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Proof. Indeed, obviously for every w € EY, the function (A, t) — t(,(N\), (A1) €
Ds3((Xo, to);T) is holomorphlc Using (4.6) we get for allw € EY and all (A, t) € D3(( Ao, to);
that

lexp(tC,(N))]| = (Re (tRe log 1, (A) + tlog ‘ "(7 (0w)) |))
— exp(Re(tRelog (M) (62 (ma ow))\Ret
(48) <e p(ytnRelogww M) [(620) (g ()™
Ret

IN

xp(4Mik(wr)|t]) ‘(Q% ) (7T>\0(0'w))|
Xp(4M1 (to + F)H(un)) ‘(Qi‘fi) (T (aw)”e(@o”?.

Now, it follows from item (d) of weakly regular analyticity (equicontinuity and log ¥, (Ag) =
0) that if o € (0,7) is taken sufficiently small and A appearing in formula (4.3) is restricted
to the disk Dj(\g;72), then we can have M; > 0 as small as we wish, for example

IN

1
M, < gf(to +7)7,
Inserting this inequality to (4.8) and using condition (c), we get

|exp(t ()] < O [(@) (g (00))]
for all w € E* and all (A, t) € D3((\o,to);72). Therefore

> Ilexp(tClia)lloe < G D II(@2Y"*1+E < oo,

eck ecFE
Hence, for every (A, t) € D3((Ao,t0);r2), we have that t(.y(\) € K. So, in order to prove
our lemma we are left to show that for every (A,t) € Ds((Ao,%0);72), the function w +—
t¢w(N)), w € £, is Holder continuous, and then that the mapping (A, t) — t()(A) € K, is
continuous. Applying Lemma 4.2.2 from [2] and Koebe’s Distortion Theorem for argument
(see Corollary on page 353 of [1]), we conclude that there exists a constant K; > 1 such
that |log(¢2) (y)| —log(¢}) (z)| < Kily — x| for all A € A, all w € EF and all z,y € X;().
Hence if w,7 € EY and |w A 7| > 1, then

[log ¢, (A) — log ¥ (A)| = [log((¢3,)'(ma(ow))) —log((¢2,) (ma(e7)))]
< Ki|my(ow) — ma(o7)| < Ky s‘“’/w‘ 'diam(X)
= Kys ' s diam (X).

6(®*0)+%

Thus, using Cauchy’s Estimates again, we conclude that for all n > 0,
lan, (W) — an(7)] < Kls_ldiam(X)sl‘”/\Tlr_".
Consequently,
(4.9)  |epg(@) = Cpa(T)] < 274y (W) — apiq(7)] < 20H9K s~ diam (X )~ 00 glontl,

Therefore,
IRelog ¥, (A) — Relog b, (V)] < 4K s~ diam(X)s“ 7!,

7)
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for all A € Dy(ANg,7r/2) and w, 7 € EY with [wAT| > 1. Hence, using also (4.9), we conclude
that

[tC(N) — t&-(N)] < 5K s~ 'diam(X)s<"7!

for all (A, t) € D3((Ao,t0);72) and all w,7 € EY with |w A 7| > 1. The proof that the
function w +— t(,(\)) belongs to K is complete. This function is obviously continuous
on the polydisk Ds((Ao,to);r2) with respect to the variable ¢. It is therefore sufficient to
prove the Lipschitz continuity of the functions A — ¢(.y(\) € K3, with Lipschitz constants
independent of ¢. In order to do it, fix A = (A, Ay) and X = (X, X)) in Dy(Ag, 7). Put

x) Ny

a, = N, — Relo, a, = N, — Im)g, b, = A, — Re)g and b, = A, — Im). We then have
|afay — BEbG| = |af(aj, — b)) + by (af — bY)|
q—1 p—1
< Jabllay = byl Y lay['by | 4 i llag — bal Y lag|be”~
=0 =0

(4.10)

<(a (D) e (G )

<o () () -l

Now fix w, 7 € EY with w; = 7. It follows from (4.5), (4.9) and (4.10) that
’Re lOg 7/@0\’) —Re lOg ww<)‘) - (Re 10g ¢r(>\/) —Re log 1%()\))1

o0

Z (epq(w) = pa(T)) (N, = ReXo)”(X, — ImAg)? — (A — Redo)” (X, — ImAg)?))

,q=0

< 4Kys™ diam(X)r AT Y = XY (p + g)27 )
P,q=0

_ CH)\/ . )\HS'wAﬂ,
where C' = 4Kys~ diam(X)r~' 3> _((p + ¢)2~#*9) is finite. Thus,
o (tRelog ¥y (X') — tRelog ¥y (N))) < C(Jto] + r2)r N = Al|.

for all (A,t) € Ds((Xo,t0);72). Since ¢y (N) — t()(A) = tRelogy(N) — tRelog vy (),
the proof of continuity of the function (A, t) — t()(A) € K5, (A, t) € D3((Mo,t0);72), is
complete, and the proof of Lemma 4.3 is finished. O

Now set ty = hy,, which is larger than 6(<I>>‘0) because of strong regularity of the system
®* and for every (\,t) € D3((Xo, hy,);72) put

,C>\7t = ﬁtg(')(/\) . Ha — Ha.

In view of (4.7) and Theorem 2.4.6 from [2], eP20 (0| (t € Bg(hy,,72)) is a simple isolated
eigenvalue of the operator £y, : H, — H,. Hence, in view of Lemma 4.3 and Theorem 3.8,
Kato-Rellich Perturbation Theorem ([3], Theorem XII.8) is applicable to yield r3 € (0, 73]
and a holomorphic function y : D3((Ag, hy,);73) — C such that y(Xg, hy,) = ePo0) is a
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simple isolated eigenvalue of £y, : H, — H, with the remainder of the spectrum uniformly
separated from (A, ¢). In particular there exists 74 € (0, 73] and n > 0 such that

(4.11) 0 (L) N Di(ePo ™) ) = {7(, 1)}

for all (A, t) € D3((No, by, );74). Since eP2M) is the spectral radius r(L£y 4, ) of the operator
Ly, for all (A, t) € B(Xog,74) X Br(to,rs) in view of semi-continuity of the spectral set
function (see Theorem 10.20 on p.256 in [8]), taking r4 appropriately smaller, we also have
that r(Ly;) € [0,eP0) 4+ 7)), and along with (4.11), this implies that e"x®) = ~(\, )
for all (A,t) € B(A\o,74) X Bgr(tg,r4). Consequently, the function (A, t) — Py(t), (A1) €
B(Xo,r4) X Bg(tg,ry4) is real-analytic. By Bowen’s formula (see Theorem 2.3) and strong
regularity of the system ®* the pressure Py,(hy,) = 0. But by Proposition 2.6.13 and
Proposition 3.1.4 from [2],

oy = [ 108162 (ma, () ldiio) < 0

where 1 is the Gibbs (equilibrium) (see [2] for these concepts in the context of graph
directed Markov systems) state of the potential w — hy,log |[(¢30)(mx,(0(w)))]. Conse-
quently, it follows from the Implicit Function Theorem that there exist 75 € (0,74] and a
real-analytic function t(\), A € B(Ag, r5) such that Py(¢(\)) = 0 and t(A\g) = hy,. Invoking
Theorem 2.3 again, we conclude that hy = t(\), and the proof of Theorem 4.2 is finished.
O

5. GENERALIZED POLYNOMIAL-LIKE MAPPINGS; BASICS

In this section we recall from [9] and [10] the class of semihyperbolic generalized polynomial-
like mappings (GPL) and canonically associate to them conformal graph directed Markov
systems in the sense of [2]. For U C C, an open Jordan domain with smooth boundary,
let U := [J;c; Ui be a finite union of open Jordan domains U; whose closures are pairwise
disjoint and are all contained in U. A GPL-map f is a holomorphic map

f-uU—-U

such that for each ¢ € I the restriction of f to U; is a surjective branched covering map
having at most one critical (branching) point. The Julia set J(f) of f is defined to be the
set of all those points in U whose all iterates under f are well-defined but each of their
neighborhoods has a point which is eventually mapped out of U. Also, define

Crit(f) :={c: f'(¢) =0} and Crit(J(f)) := J(f) N Crit(f).
The index set [ is split in the following way.
I, ={iel:Un Unsy f7(Crit(f)) = 0}  (‘post-critical free indices’),
I.:={iel:U;NCrit(f) # 0} (‘critical indices’),
I, :=1\1. (‘regular indices’).

With this decomposition of the finite index set I, we put

U= Ui, u=J U, U= JU.

i€l, i€l i€l
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For every 7 € I, set

= (flo) U= UL
Definition 5.1. A GPL-map f is called semihyperbolic if and only if I. C I,.

Throughout the paper we assume f to be a semihyperbolic GPL-map. The following lemma
is immediate.

Lemma 5.2. If f is a semihyperbolic GPL-map f, then the closure of the forward orbit of
Crit(f) is nowhere dense in J(f).

In order to take fruits of the previous sections we now associate to the semihyperbolic map
f a graph directed Markov system.

Proposition 5.3. Let f be a semihyperbolic GPL-map. Then there exists a finitely prim-
itive order 1 CGDM-system ®; with Jo, C J(f) such that

Jo, U, = J(H) U\ J () W)

n>0 k>0
In addition HD(J,) = HD(J(f)). Denote the corresponding incidence matriz by A.

Proof. We take I, to be the set of vertices. The conformal univalent contractions of our
system are given as follows. For every i € I, fix an open topological disk U; with smooth
boundary which contains U; and whose closure is disjoint from the closure of the postcritical
set -, f(Crit(f)). Of course we can always take U; for U; but we will need in the next
section such a more general construction. By the definition of the sets U;, for each vertex
1 € I, all the holomorphic inverse branches of any iterate of f are well-defined on a fixed
neighbourhood W; of the closure of UZ Hence, for each 7 € I, and n > 1 we consider all
the holomorphic inverse branches f;" : U; — U of f* such that f;"(U;) C Uy for some
k€ I, and f’(f;”(ﬁj)) NU, =0 foralli=1,2,...,n— 1. We then write ¢, : Ut(e) — ~i(€)
for f-™ : U; — Uy, where t(e) = j and i(e) = k. Also, we define ||e|| := n. Now, let

= {p : Uye) — Ui(e)}eeEw

where E; is some countable auxiliary set parametrizing the family ®/. Note that the set
I, of vertices is finite, whereas in general the set Ey of edges is infinite. The equality we
immediately obtain from the construction of ®; is that

Jor U = J(F) U\ | £ () £74 W)

and the limit set Jps is independent of the admissible choice of the disks Uj, 7 €1, We
remark that the cone condition is satisfied, since for each ¢ € I the boundaries of the disks
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U; are smooth. Also, the open set condition follows immediately from the construction of
®7/, noting that the elements of ®/ are inverse branches of forward iterates of f. Finally,
since for each pair j,k € I, there is a holomorphic inverse fijkl of f defined on U, and
mapping U, into Uj and fi_kl U, — Uj is in @, we conclude that the system @ is primitive
of order 1. We are left to show equality of dimensions. Indeed, it follows from Theorem 2.1
in [9] and continuity of the pressure function P(t) appearing there (by the item (6) of
the definition of the pressure function in [9], this function is convex and hence continuous)
that P;(HD(J(f)) = 0. It then follows from Lemma 4.6 in [9] that Ps (HD(J(f)) = 0.
Consequaently HD(Jg,) = HD(J(f)) by Theorem 2.3. O

6. ANALYTIC FAMILIES OF SEMIHYPERBOLIC GPLs

Definition 6.1. Let A be an open open subset of C* with some d > 1. A family {fx : Uy —
Ulren of semihyperbolic GPLs is called analytic provided that the following conditions are
satisfied.

(a) The index sets I, 1,, I. and I, are the same for all X € A.

(b) For everyi € I the map X\ — OUy,; € D(U), A € A is continuous, where D(U) is the
space of all compact subsets of U endowed with the Hausdorff metric. Consequently
the map X — Uy, is continuous and also the set (AxU); = [Jycp{A} X Us; CAXC
s open.

(c) Put AxU = ;c;(A*U);. The map F : AxU — U given by the formula F (X, z) =
fr(z) is holomorphic.

(d) For every i € 1. and every A € A denote by cy; the only critical point of the map
fx in Uy,;. The order of critical points cy; is assumed to be independent of A and is
denoted by q; > 2.

(e) For every i € I, there exists an open disk U; C U containing closures of all sets

Uri, A € A and such that

vnJ U frcrit(fr) = 0.

AeA n>1

As an immediate consequence of items (c), (d) and the Implicit Function Theorem, we get
the following.

Lemma 6.2. For every i € I. the map A — cy, € U, A € A, is holomorphic.

As an immediate consequence of item (b) above and the fact (one of the requirements in
the definition of GPL’s) for all A € A, (J..; Ui C U, we get the following.
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Lemma 6.3. For every v € A there exists R, > 0 such that

dist ([ oU.| ) | Uni| >0

i€1 AeB(7,Ry)

Also, for every compact set I' C A, the union | J,, U,\erm 1s a compact subset of U and,

wm particular,
dist <8U, Uy W) > 0.

i€l el

Let us state the following obvious but crucial for us lemma.

Lemma 6.4. If \g € A, i € I., and Q C U 1is an open simply connected set such that
Froi(ergi) & Q, then there exists r > 0 such that if f/\’olz* : Q@ — C is a holomorphic inverse

branch of f,., then for every A € B(Xo,r) there exists f)\_ll* : @ — C a unique holomorphic
inverse branch of fx,; such that the map (X, z) — f;’i*(z), (A, 2) € B(X\o, 1) X Q, is analytic.

We will need in the sequel a better description of derivatives of these inverse branches. For
each ¢ € I. and every A € A there exists a holomorphic map Hy; : Uy; — C such that

f(z) = (2 —cni)THyi(2) + fa(eas) and Hy(exi) # 0.
Obviously the map (A, z) — H) ;(z) is holomorphic on (A x U);. also
f(z) = @iz — ex)™ Hoi(2) + (2 = e0) " Hy 4 (2)
=(z— c,\ﬂ-)‘“_1 (quM(z) + Hf\z(z)(z — CA,z’))-
Since ¢y ; is the only point in U, where the derivative f; vanishes,
(6.1) qiHyi(2) + Hy ;(2)(2 — x) # 0

for all z € Uy ;. Now, let fy 21* : @ — C be a holomorphic inverse branch of f); defined on
an open simply connected set Q C U\ {fx(cr;)}. A straightforward calculation shows that

(6.2) (Fai) ()" = (2 = Aler) 4G (fril(2)
for all z € ), where
Ghi(w) = Hgf;l(w) (qu,\yi(w) + Hf\yi(w)(w = CM))_qi, w e Uy,.

Since, by (6.1), G, does not vansish throughout Uy, and since the set U,; is simply
connected, there exists log, G; : Uy; — C, a holomorphic branch of logarithm of Gj;.
Clearly, as long as A is simply connected (we can always assure this by decreasing A to a
round neighborhood of a frozen point), we can choose these branches so that the following
holds.

Lemma 6.5. For every i € I. the function (A, z) — logy Gari(2), (A\,2) € (AxU);, is
holomorphic.
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The main result of this section and the ultimate goal of the paper is this.

Theorem 6.6. If A is an open open subset of C* with some d > 1 and {f\ : Uy — U}ren
is an analytic family of semihyperbolic GPLs, then the function A — HD(J(f))) is real-
analytic.

Naturally we want to apply the machinery of weakly analytic families of conformal graph
directed Markov systems developed in previous sections. Indeed, Let ®* = &, A € A, be
the CGDMS resulting from Proposition 5.3 where the role of the disks U, i € I, there, is
played by the current disks U;, i € I,. Thus, the seed sets of all the systems ®*, X\ € A,
are the same. Note that because of condition (e) above, each element qbé‘ s Usie) — U,
e € E\ := Ey,, extends uniquely to an inverse holomorphic branch of f llell defined on Use)
This extension will be denoted by the same symbol ¢. Our goal now is to reparametrize
the sets E) so that all the corresponding incidence matrices coincide and all the systems
d*, X\ € A form a weakly regular analytic family. Indeed, fix ¥ € A and consider a map
pled eckE,. Suppose first that ¢7 (Uye)) NUy. = 0. Then

— -1 -1 . — —
¢76 - 'yel o v,e2 O... Y,en U€n+1 - Ut(e) - z(e) - U€17

with some n > 1, es,e3...,e, € I, e; € [, N1, and e, 1 € I,. Then for every A € A the
map

f):; © f/\_,612 f)\e U, €n+1 Ut - Ui(e) = Uel

belongs to ®* and there is exactly one vertex ey € E) such that f/\’; o f/\*c}Q f/\*eln = ¢
It obviously follows from condition (b) of Definition 6.1 that the map (X, z) — ¢ (z )
(A, z) € AxU,,,,, is analytic. If

3 (Uye)) NUy e # 0, say 62 (Use)) C Uy, k € L,
then fyo¢) = fil ofl o frl U, — U, withsomen >0, e, e,e5...,€, € I,

and e,; € I,. Taking a sufficiently small ball, say B(v, R), around v, we may assume
without loss of generality that the set A is simply connected. We claim that there exists a
unique family of maps {qu — U,, }rea with the following properties holding for all

€n+1

Ae A= B(y,R).
(f) f1t' o gy =1d,
(2) The map <;5() A x U, , — Cis analytic.
(h) ¢

(i) fro ¢>A = a0 frn e f;;.
Put ¢y = f)\’e1 o f/\762 fAe : Ue,,, — U, and note that, as above, the map (A, z) —
(), is analytic. Let 0 < R. < R be the largest radius such that the family satisfying
conditions (f)-(i) is defined for all A € B(vy, R.). Seeking contradiction suppose that R, <
R. Consider an arbitrary point g € A such that ||u — v|| = R.. Since f,(Crit(f,)) N

0 (Ue,.)) ..) = 0, all the inverse branches f, . : @ — U are well-defined on some open
simply connected set @ containing v, (U.,,,). Applying Lemma 6.4 with Ay = 1 results
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in all the branches f;,i* : Q — U for all A € B(u,r,) with some r, > 0. One can
assume 7, > 0 to be so small that (U.,,,) C @ for all A € B(u,r,). Then for every
A € B(u,r,) N B(y, R.) there exists *(\), indicating a holomorphic branch of f;i, such

that ¢y = f;; O © Y. Since the map F, : B(v,R,) x U,,,, — U, given by the formula
F.(\,2) = ¢a(2), is holomorphic, the index *(\) is constant on B(u,7,) N B(y, R.), say
equal to *. Thus the formula

F.(\ 2) if A € B(v, R.)

F,(\z)=<¢ " ‘
. {f/\;* on(z) if Ae B(u,ru)
defines a holomorphic function on B(vy, R,) U B(u,r,,). If now p; and po are two arbitrary
points in A such that [|p2 — || = || — y|| = Re and B(u,7,) N B(pa, 1y,) # 0, then
B(:ul’ Tlf«l) N B(/L% Tuz) N B(/yv R*) 7é 0 and

Ey, |(B(M177’u1)nB(N277"M2)OB(%R*))XU%+1 = Fy |(B(uw‘m)ﬁB(uzamz)ﬂB(%R*))XUenH'

Since F},, and F),, are holomorphic, we therefore conclude that

Fius | (Bur m B2 Uy = Fpia [ (Bl VB (12,1109 XU
Thus the formula

FO\2) = F.(\,z) if A€ B(v,R.)
o Fu(A,z) if |[p =7l = Ry and A € B(p,7,,)

defines a holomorphic function on the open connected set Z = B(v, R)UlU, ,,_y =r. B(1: ).

Obviously the family {@y := F(),-)}xez satisfies the conditions (f)-(i). Since the sphere
{reA:||p—n|| = R.} is compact, there exists R € (R, R] such that B(y, R') C Z. This
contradiction finishes the proof of the equality R, = R.

Thus, each map ¢ is a member of ®*, i.e. there exists a unique element e, € Ey such that
¢* = ¢} and the map (X, z) — ¢} (z) is analytic. Summarizing the two cases above, we
have thus defined a function e — e, from £, to E) with the following properties.

(j) ey =e.

(k) The map e — ey from E, to E) is bijective.

(1) The map (A, z) — ¢2‘A(z) from U, ,, to C is analytic.
We now set £ = E,, and identify the elements of £ with those of £ via the bijective map
e — ey. We have thus proved the following.

Lemma 6.7. The family {®*}ca is analytic.

Our aim now is to show that the family {®*},ca is weakly regular analytic. For every
Ww=wwsy...w, € IF and every A € A, put

1 -1 1 -1
f)\,w = f)\,w1 ° f)\7w2 o.. ‘f)\,wn U — U)‘awl'

We start with the following.
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Lemma 6.8. For every compact set I' C A and every compact set V C U there exist o > 0
and C; > 0 such that

(1) (2)] < Creel
forall el allwe I and all z € V.
Proof. By the condition of (b) of Definition 6.1, the union

w=UU0bu
icl, Ael’

is a compact subset of U. There thus exists k € (0,1) such that all the maps fl;.l V-
U, CW cU,ié€ I, decrease hyperbolic distances on V' and W (viewed as compact
subsets of the hyperbolic surface U) by the constant factor x. It follows from this and

compactness of V' and W that there exist 5 < 1 and ¢ > 1 such that ’(f/\_i)/(z) < 3 for all
(A, 7,2) € I'x [4xW. Hence, noting that sup {‘(f/\’ll),(z)) (N i, z) el x I x W} < +00,
our lemma follows. O

Decreasing all the sets U;, i € I, slightly to keep all the requirements imposed on them in
Definition 6.1 and to be compactly contained in the original sets U;, in the same way as
Lemma 6.8, we prove the following.

Lemma 6.9. For every compact set I' C A there exist > 0 and Cy > 0 such that
(@) < Cace
forall A €T, all w € E% and all z € Uyy,.

We end this section with the following two results.

Lemma 6.10. If ' is a compact subset of A, then for every i € I. the closure of the set
I7 = User Uwery {A} X 03 (Uniaw)) is a compact subset of [Jycp{A} x U,

wi i

Proof. Consider an arbitrary sequence (\,,z,)>, € I'f. Since I' is compact, we can
assume without loss of generality that the sequence (\,)°; converges in I', say to M.
Since U is compact, we can assume further that the sequence (,)22, converges, say to
some point z., € U. Since z, € U, for all n > 1, it follows from condition (b) of
Definition 6.1 that . € m We are to show that z., € U,_;. Since the set I, is
finite, we may assume without loss of generality that fy, (z,) € Uy, x for some k € I, and
all n > 1. Suppose now for the contrary that zo, € U,_;. Then F(Ax,2s) € OU and
therefore

lim dist(fy, (z,),0U) = lim dist(F( A\, ), 0U) = dist(F (Ao, Too), OU) =0

contrary to the fact that fy, (x,) € Uy, , and dist (Ujelo User Uy, 0U) > 0 (see Lemma 6.3).
We are done. ]
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As an immediate consequence of Lemma 6.10 and Lemma 6.10, we get the following.

Lemma 6.11. For every compact subset I' of A the number

Mr = ngx{supﬂ log, Gy, (2)| : z € T} }}

is finite.

7. THE ¢ FUNCTION

We shall show in this section that the condition (d) of the definition of weakly regular
analyticity is satisfied for the family {®*},ca of CGDMS defined in the previous section.
As a direct consequence of the last sentence of Lemma 4.1, we get the following.

Lemma 7.1. The family {\ — f;i(WA(w)) cw € EY, 7 € I} consists of holomorphic
maps and is normal (since bounded).

Fix v € A (called )¢ in Section 4). Recall that we have defined for every w € EY, the ¢
function by the formula
(¢3,)'(ma(ow))

o = (8 (m (0w))

The goal of this section is to prove the following.

Lemma 7.2. There exists R. > 0 such that for every w € EY there exists log, :
B(v,R.) — C, a holomorphic branch of logarithm of 1, such that logi,(y) = 0 and

the family of functions {)\ — ||w_11|| log @/Jw()\)} 1s bounded and, consequently, normal.
weEY

Proof. Since there are only finitely many elements e € F with ||e|| = 1, we can assume
without loss of generality that ||wq|| > 2. Take R; > 0 so small that B(vy, R;) C A. Then

B(v, Ry) is compact and, by Lemma 6.3, the set

w=) | Tucvu

i€l \eB(v,R1)

is compact. Thus, for every i € I, the function (), z) — (f/\_il)/(z) restricted to B(vy, Ry) x W
is uniformly continuous. Therefore, since I, is a finite set and since these functions nowhere
vanish, there exists Ry € (0, R;] such that

(f:) (2)
7.1 M) 70y
Y | G

< =
4
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for all i € I, all A € B(v, Ry) and all (z,£) € W with |z — | < R,. In view of Lemma 7.1
there exists R3 € (0, Ry such that

(7.2) | frr(ma(w)) = frr(my(w))] < Ry
for all w € EY, all 7 € I, and all A € B(v, R3). Since

U mEDc U mED) W,

\eB(v,R3) \eB(v,R1)
and since f;i(W) C W for all 7 € I}, and all A € B(y, R3), combining (7.1) and (7.2), we
conclude that /
(5 Utm) | 1
() (fh(m(w))) 4

foralli e I, allw € E, all 7 € I, and all A € B(~, R3). In particular, there exists

o ()
(£752) (FHma @)

a holomorphic branch of logarithm of the function
(D) (fa(m@))

(£ (FAm ()

whose value at ~ is equal to 0. Note that there exists a universal constant M; > 0, an
upper bound of moduli of all these logarithms. Now, if w € EY and w;; ¢ I, then we set

(A € B(v, I3))
log 1, (\) = il log (UA_’;”)i(fA’wj (m(d@)))) :
=1 (f580,) (o, (my (@ (@)
where T; = Wy j11W1 12 - - - WL jjwn| € plell=7 451 < j <|wi]] =1 and @1 ||, = 0. So,
| log 1, (A)| < Milwr]].

If wi; € I, then write fi(cyw,,) = v and put

el )/(fx,wj(ﬂ(ff(w))))>
lo log . 7
gw Z (( ku)/(f"”ijy(

)\ € B(’y’ RS)v

2
S
=

and we have
(7.3) [10g® (V)] < My(J|wr ]| — 1).

Write f o) = f)\_,i‘Um where 7 = wows ... Wy € 7= and k= t(wy) € I,. Put
n = ||7|| = |wi1|| — 1. Then f{(vy) ¢ Uy. Since W is a compact subset of U and in virtue
of item (d) of Definition 6.1,

A; := min {dist(W, AU ), dist (U .Uy fﬁ(Crit(fQ)) } > 0.

1€l AEA j2>1
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Hence, for 7 > 0,
(7.4) dist (U, 0U), dist(Uy, f1(va)) > Ay > 0.

Since all the mappings f, ;, j € I, are conformal homeomorphisms, the moduli of their
derivatives restricted to W are uniformly bounded away from zero and infinity. Hence,
using (7.4) and Lemma 6.8, we conclude that there exist a universal integer p > 1 and a
constant Ay > 0, such that

(7.5) B(farp . (U)™Ag) CU

and

(76) A < diSt(f;;mpr(Uk)y Y P(on) < diam(f;imipH(Uk) U £y (va))
< K3 'min{k, 7/24} As,

where k > 0 is so small that

max{(fj:)g, ((11;/33)1} V2

and K3 comes from Theorem 4.1.2 in [2]. Note that f{ 7 (vy) = f;’i‘ni +1(fj\"b_p(v,\)). Put

3= Paglas, d o= A
Using (7.5) and (7.6) and applying Theorem 4.1.5 from [2], we get that
gr(pa(ma(0(w)))) — va
IA(pa(ma(o (@) (F2 7" (02) — pa(ma(o(w))))
_ alpa(ma(e(W)))) — aa (£~ ("UA))
g5 (pa(ma(@ (W) (£ (02) = pa(ma(o(w))))

< KA (0y) = pa(ma(o(w)))]
< min{k,7/24} < 1/3.

-1

-1

<

Let log, : B(1,1) — C be the holomorphic branch of logarithm determined by the require-
ment that log,1 = 0. By (7.7) the following composition logV) : B(v, R3) — C, given by
the formula

I g2 (0r(ma(0())) — s

log. () = logo (gm(m( @) () —m(m(a(w)))))
is well define. Furthermore, it follows from (7.7) that

(7. 108 [|oc < My = sup{] logo (<) : = € B(1, 1/3)}.

The same considerations as those leading us to (7.3) provide us with a holomorphic branch
of logarithm log® : B(~, Rs) — C of the function \ g\ (pa(mala(w))))/ g, (py(my (0 (w)))),
A € B(v, R3), such that

(7.9) 1108 |loe < Mi(n —p) < Myjwil-
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it follows from (7.6) and Koebe’s Distortion Theorem (the sets Uy are uniformly compactly
contained in U) that there exist Ry € (0, R3] sufficiently small, a constant M3 > 0 and

logf’) B(~, Ry) — C, a holomorphic branch of logarithm of the function A — f "(vy) —
pa(ma(o(w))), such that

(7.10) 110g® |00 < M.

Since
I (pa(ma(o(w)))) — va

(4 (5 (0 (w)))) = v
_ gx(m(m(a(w)))) — 0 g&(px(m(a(W)))) ,
(77 (03) = palma(o(@)))) - 95 (py (5 (0(w))))
S — P,\(7T,\(<7( ) 9, (py(my(0 (w))))(f” P(0z) = py(my (0 (w))))
(7

galpa(ma(o(w)))
7 " (03) = py(my (0 (W) 91(0y(my(0(w)))) = v ’
the function log® (\) = log® (A)+log® (A)+log® () —1log® (7) —logM (7) is a holomorphic
branch of logarithm of the function A — (gx(pa(ma(c(w)))) — vr) /(g4 (py (74 (c(w)))) — v2),
A € B(v, R4), and it follows from (7.8)-(7.8) that
(7.11) [log™ [|0o < 2My + M ||w: || + 2Ms.

Since log™® () = 2mil with some integer I, we thus get that |2mil| < M ||w; ||+ 2(My+ Ms;).
Therefore, using (7.11) again, we conclude that log® (\) := log'¥ (\) — 27l is a holomorphic
branch of logarithm of the function A — (gx(pa(mr(0(w)))) = va)/(gy(p (T (0 (w)))) — V1)
such that

(7.12) log® (1) = 0 and [[10g® [loo < 2(M][unl] + 2(M; + Ms)).

Let now f, | : f/\,T(Uk) — Uy, , be the holomorphic inverse branch of f determined by the
requirement that f/\_i o f)\_,71'|Uk = ¢),. Put G\ = Gy, , and ¢ = g, ,. It follows from (6.2),

Lemma 6.10, Lemma 6.11, and (7.12) that the function log'® : B(y, Ry) — C given by the
formula

1— 1
A = S logd () + - (log Ga(ma(0()) ~ log Gi(ms(7(w))))
is a holomorphic branch of logarithm of the function

s (r(pa(ma(o(w)))))

A T (0 (o (e @)

and )
I[1og® |0 < 2 <1 = q—) (My||wr]] + 2(Ma + M3)) + 2M,,

c

where My = Mp(, g,
we see that log v, = log( )+10g(6) and

1 1
Hlogfjﬁ) Hoo S 2 ((2— q—> MIHWIH -+ (1 — q—) <M2+M3) +M4) s
+

+
where ¢, = max{q; : ¢ € I.}. We are done. O

) is the number coming from Lemma 6.11. Combining this with (7.3),
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8. CONCLUSION OF THE PROOF OF THE MAIN THEOREM

In this section we complete the proof of Theorem 6.6. Keeping the notation from the proof
of Lemma 7.2 we begin with showing that condition (c) of weak regular analyticity (see
the beginning of Section 4 is satisfied for the family F = {®*},cp(,.r.) from Section 6 with
k(e) = —p||e|| with some constant § > 0. Putting ¢ = min{g; : ¢ € 1.}, note that it
follows from (6.2), (7.7), (7.6) and Lemma 6.10 that

b (aalpa(ma(o(@)))] <
< |IGI1Xga(pa(ma(0(w)))) wr%—l
< (3/2) 516112164 (r(mr (G @))F [P (00) = palmalo@)))]
< (3/2) G gh(oa(ma (o @) [F !
where |G||o = max{1, maxie, sup{||Gx(2)| : (A, 2) € (B(y, >*U>i}}}. Therefore,
183, (@ @) = |f52 (9a(oa(ma(@ @) 195 (oa(ma(@@)))] - [A(mr (o (@))]
< (2D1/3)7 g5 (pa(ma(a (@)1 - o (ma(o ()]
< Mp|gh(pa(malo(w))]7,

where Mg = (2D,/3) %

0, (ma(o(@)))] < (1G]] Ms exp (—%(lel\ -+ 1)))

mauxp{||(fj_1)’||OO : 7 € I.}. Finally, applying Lemma 6.8, we get

1

5.1 . N
(&) < ||G]|sc Me exp (—q—(l\w1|| —(p+ 1))>

< 02€—ﬁ||w1|\
for all w € B (also those for which [[wi|| = 1), all A € B(v, Ry) and some universal

constants Cy > 1 and (6 > 0.

Item (b) of weakly regular analyticity of the family F, i.e. strong regularity of the system
@ has been done in [9]. Indeed, it follows from Lemma 4.5 there with v = HD(J(f,)) =
HD(Jg~) (the latter equality established in Proposition 5.3) and s = 0; then P(u) = 0. Now,
combining this fact along with Lemma 7.2 (condition (d) of weakly regular analyticity),
(8.1) (condition (c¢)) and Lemma 6.7, we conclude that the familiy F = {®*}\cp(y.r.) s
weakly regular analytic. Therefore, Theorem 6.6 follows now immediately from Theorem 4.2
and Proposition 5.3.

9. EXAMPLES

We shall describe in this section two classes of analytic families of semihyperbolic general-
ized polynomial-like mappings. In the first one the critical point and the critical disk vary
whereas in the second one, regular maps vary.
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Example 1. Suppose that g : U, — U = B(0,1) is a GPL without branching (critical)
points, consisting for example of affine maps. Fix an integer ¢ > 2, a point v € J(g) and
¢ € U\ U,. Take then R > 0 so small that B(¢,2R C U\ U,. Let H : B(0,1) — B(0,1)
be the conformal homeomorphism of the unit disk B(0, 1) onto itself given by the formula

H(z) = 2. Define the maps fy : U, U B(£ + A1, A2) — B(0,1), A = (A, \2) € B(0, R) x

14+vz "
(B(0, R) \ {0}), by the formula
9(2) it z e U,
A& =1y (w) if 2 € B(E+ M\, o).

Obviously, all the maps f) are generalized polynomial-like mappings. Furthermore, & + \;
is the only critical point of fy and fi(§ + A1) = v. Since v € J(g), since fr(J(g)) =
J(g), since B(§ 4+ A1, \2) C B(&,2R) and since J(g) N B(&,2R) = (0, all the maps f) are
semihyperbolic and all conditions (a)-(e) of Definition 6.1 are satisfied. This means that
{f,\})\eB(QR)X(B(O,R)\{O}) is an analytic family of semihyperbolic GPLs and, as a consequence
of Theorem 6.6, we get that the map A — HD(J(fy)), A € B(0,R) x (B(0,R) \ {0}), is
real-analytic.

Example 2. Consider a hyperbolic GPL f : U, — U with the following two properties.
(a) f(f(c)) = f(c) for every critical point ¢ of f.
(b) If ¢1, ¢y are two different critical points of f and f(c;) € Uy, f(cs) € U, then
it # .
For every critical point ¢ of f let i, € I be the only element of I such that f(c) € I;(.
Put I = {j(c) : ¢ € Crit(f)}. For every ¢ € Crit(f) let Rj) + B(0,1) — Uje) be a
conformal homeomorphism sending 0 to f(c). For every A € B(0,1) consider the map
friUy — Ui Ri(B(0,1)) given by the formula

() = {f ) 112 User 0 :
l F(R;(V'R;Y(2)))  if 2 € Ry(B(0,\)) and j € I.

Since for every A € B(0,1), Crit(f\) = Crit(f) and fi(fa(c)) = f(c) = fa(c) for every
c € Crit(f), it is straightforward to verify that {f}xep(o,1) is an analytic family of semihy-
perbolic GPLs and, as a consequence of Theorem 6.6, we get that the map A\ — HD(J(fy)),
A € B(0,1), is real-analytic.

REFERENCES

[1] E. Hille, Analytic function theory, II. AMS Chelsea Publishing (2002), 2nd Edition.

[2] R. D. Mauldin, M. Urbaniski, Graph directed Markov systems: geometry and dynamics of limit sets,
Cambridge Univ. Press (2003).

[3] T. Kato, Perturbation theory for linear operators, Springer (1995).

[4] N. Makarov, S. Smirnov, Phase transition in subhyperbolic Julia sets, Ergod. Th. & Dynam. Sys. 16
(1996), 125-157.

[5] N. Makarov, S. Smirnov, On ”thermodynamics” of rational maps, I. Negative spectrum, Comm. Math.
Phys. 211 (2000), 705-743.

[6] N. Makarov, S. Smirnov, On ”thermodynamics” of rational maps, II. Non-recurrent maps. Preprint.



26 MARIUSZ URBANSKI

[7] M. Roy, M. Urbanski, Regularity properties of Hausdorff dimension in conformal infinite IFS; Ergod.
Th. & Dynam. Sys. 25 (2005), 1961-1983.
[8] W. Rudin, Functional Analysis, McGraw-Hill, Inc. (1991) 2nd Edition.
[9] B. Stratmann, M. Urbariski, Real analyticity of topological pressure for parabolically semihyperbolic
generalized polynomial-like maps, Indag. Mathem. 14 (2003), 119-134.
[10] B. Stratmann, M. Urbarski, Multifractal analysis for parabolically semihyperbolic generalized
polynomial-like maps, IP New Studies in Advanced Mathematics 5 (2004), 393-447.
[11] M. Urbarniski, A. Zdunik, Real analyticity of Hausdorff dimension of finer Julia sets of exponential
family, Ergod. Th. & Dynam. Sys.24 (2004), 279-315.
[12] M. Urbariski, M. Zinsmeister, Geometry of hyperbolic Julia-Lavaurs sets, Indagationes Math. 12 (2001)
273 - 292.

MARIUSZ URBANSKI, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH TEXAS, DENTON,
TX 76203-1430, USA

E-mail address: urbanskiunt.edu

Web: www.math.unt.edu/~urbanski



