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The meromorphic maps fy(z) = A(1—exp(—22z))~*, A > 0, of the complex plane are thoroughly investigated.
With each map f associated is its projection F’\ on the infinite cylinder ). This map and the set J,(F)
consisting of those points in the cylinder @ whose w-limit set under F is not contained in the set {0, —co}
will form the primary objects of our interest in this article. Let hy = HD(J(Fy)) be the Hausdorff dimension
of J-(F\). We prove that hy € (1,2). The hx-dimensional Hausdorff measure Hy,, of J,.(Fy) is proven to be
positive and finite. The h-dimensional packing measure of J.(F}) is shown to be locally infinite at every point
of this set. There exists a unique Borel probability F-invariant measure px on J,-(Fy) absolutely continuous
with respect to the Hausdorff measure Hy,, . This measure turns out to be ergodic and equivalent to Hp,, .
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1 Introduction

The Fatou set F(f) of a meromorphic function f : C — C is the set of all points z € C such that all the
iterates are well-defined and form a normal family on a neighborhood of z. The Julia set J(f) is the complement
of F(f) in C. Thus, the Fatou set is open whereas J(f) is closed, the Fatou set is completely invariant, while
FYJI(f) C J(f)and f(J(f)) C J(f)U{oo}. This latter property enables us to consider the dynamical system
fJ(f) = J(f) U {oo}. For a general description of the topological dynamics of meromorphic functions the
reader may consult [1]-[5]. It follows from Montel’s criterion of normality that if f : C — C has at least one
pole which is not an omitted value then

J(f) = (o).

n>1

In this paper we continue the extensive study (see [16]-[19] and [29]-[32]) of the geometric and dynamical
structure of the Julia sets of transcendental entire and meromorphic functions. Namely, given A > 0 we consider
the function

A

S e (1.1)

r(z)

The research presented in this article stems from [29] and [32]. In order to give an overview of what our paper is
about, let us introduce first the equivalence relation ~ in C by saying that w ~ z if and only if w — z € miZ. We
then define the cylinder

Q=C/~
and let
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be the quotient map. Since each function f) is mi-periodic, it induces a unique meromorphic map F : @\ {0} —
Q@ such that IT o f), = F) o II. In order to simplify notation we declare F(0) = oo so that we may consider the
function

Fy:Q — QU {oco}.
Observe that 0 is a discontinuity point of F)\. Note that Il o f{ = FY' o II for every integer n > 1, that
J(Fx) =I1(J(fx))

and the map F) reflects many interesting features of the dynamics of f), for example like escaping to —oo. The
subset J,.(Fy) of F) is defined to consists of all points in () whose w-limit set under F) is different from the
set {0, —oo}. The map F) and the set .J.(F)) will form the primary objects of our interest in this article. Let
hx = HD(J,.(F))) be the Hausdorff dimension of J,.(F)). The main results of our paper are those

e hy € (1, 2),
e the h-dimensional Hausdorff measure Hy,, of J,.(F}) is positive and finite,
e the h)-dimensional packing measure of J,.(F}) is locally infinite at every point of this set,

e there exists a unique Borel probability F)-invariant measure py on J,.(Fy) absolutely continuous with re-
spect to the Hausdorff measure Hy,, . This measure is ergodic and equivalent to Hy,, .

As the reader sees, these four results constitute the basic geometrical and dynamical properties of the set
Jr(Fy) and the map F) : J,.(F\) — J-(F)), the properties one is always tempted to establish or to disprove (see
[16]-[19] and [29]-[32]) when dealing with dynamical systems and its invariant fractal sets.

Let us now present briefly, though in greater detail, the contents of this article and the methods used. In
Section 3 we introduce the sets K, and we prove that for all M > 0 large enough their Hausdorff dimension
is larger than 1, the fact which is absolutely necessary for all further results of this paper to be provable. In
particular, in Section 3 we prove that the Hausdorff dimension of the set Jp4(F) ) is larger than one. In Section 4
equipped with the map F), the concept of tightness, and the K (V') method from [10] (comp. [23, Ch. 10]), we
prove the existence and uniqueness of a Borel probability conformal measure m (with an exponent greater than 1)
for the map F’\. We also prove there that the conformal measure is supported on J,.(F} ). In Section 5 we establish
the existence of a unique Borel ergodic F)y-invariant measure equivalent to the conformal measure. We do this by
applying first the method of Marco Martens to show the existence of a o-finite F\-invariant conservative ergodic
measure equivalent to the measure m and checking then that this measure is finite. The Section 6 is occupied with
geometric issues. We prove there that the packing measure is locally infinite on J,.(F)) whereas the Hausdorff
measure is on J,.(F)) finite and positive. We also show that the Hausdorff dimension of J,.(Fy) is in the open
interval (1,2). All these geometric properties of the set J,.(Fy) clearly indicate that this is the right object to
deal with. The inequality HD(J,.(Fy)) > 1 follows from HD(.Jp4) > 1. The inequality HD(J,-(F))) < 2 is an
immediate consequence of a modestly sounding fact that the hy-packing measure of J,.(Fy) is locally infinite.
Several useful formulas used throughout the entire paper are placed in the appendix since they do not form the
mainstream of arguments of our approach.

2 Notation

In this extremely short section we collect some not quite obvious notation used throughout the paper. For every
M eR,let

Cy={2€C:Rez< M} and Qu={2€Q:Rez< M}.
For every R > 0 let

B_(0,R):={z€ B(0,R) : Re(z) < 0}
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andif 0 < r < R, let
A_(0,7,R)={z€C:r <|z| < R,Re(z) < 0}.
From now onward we put

f:=f\ and F :=F).

3 Bounded orbits

In this section we will prove the fact which besides being interesting itself is absolutely necessary for the proofs
of all further results of this paper. Let

Jpa(F) = {Z e J(F): Tilr%fl{Re(F"(z))} > —oo and Tllréfl{|F"(z)|} > 0} . 3.1)

For every M > 0, let
Wiy ={z¢€ J(F):Re(z) > —M and |z| > 1/M}
and let

Ky = () F "W). (3.2)
k>0

The fact we just mentioned is this.

Lemma 3.1 We have HD(Jpq(F')) > 1. Even more, there exists s > 1 such that HD(K 1) > s for all M > 0
large enough.

Proof. Given Ty < ri < ry it follows from (A.18) that

5 A0, 71,1)) © A(o S i). (33)

’ 47"2’ T1

The heart of our proof is to define and examine an appropriate iterated function system consisting of backward
holomorphic branches of 2. In order to do it we need some estimates. Fix R > 0 to be determined in the course
of the proof. For every r € (0, R) and every k > 0 put

Py(r,R) = {z €C:—R<Re(z) < —r, km — g <Im(z) < k7 + g}
and notice that

Pu(1,R) C A_ <o,%(1 4 k), R+ <k+%)7r> CA (0,%(1+k7r),2R+k7r),

where the latter inclusion was written assuming that R > /2. It then follows from (3.3) and (A.17) that for all
k > 1large enough, say k > kg, we have

f72(P(1,R)) C f52 (A, (0, %(1 + k7),2R + kw))

. A 2)
<o (A <0’ 12R + k)’ 1+k7r>> (3.4)

1 A 1 2\
C{ZGPC2+510g(m)<ReZ<C1+§10g<1+kﬂ_)}

Fix an integer p > 2 so large that % exp(2(01 +1+ pj)) > ko, say p > po. Fix also an integer ¢ > 2. If

A 2(1
0§k<Eexp(2(02+1+p(j+1))—w,
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then
c—l—llo < A )>—1— (j+1)
2T 58\ 120 1 pg) + k) PU T
Also, if
2\ .
k> ?exp(2(01+1—|—pj)),
then
1 22 .
Cl+§10g<1+k7r) < —1—pj.

Utilizing therefore (3.4), we getforall 1 < 57 < ¢ — 1 that
fo2(Pu(1,1+ pg)) C Po(1+pj, 1+ p(j + 1)). (3.5)
For all integers 2 < g < exp(3p), where p > py is large enough, we have

A exp(2(c2+1+p(i+1) < A exp(2(c2+1+p(i+1)) — 2 +pa), (3.6)
8 47 T

Forall j = 1,...,q — 1let I; := [aj,b;] NN, where a; = %exp@(cl + 1+ pj)) = Cse®’ and b; =
2 exp(2(c2 + 1+ p(j + 1)) = Cse?Pe?7 with appropriate positive constants Cy and Cs. Then

4(15) > %Csezpezm : (3.7)

Forevery z € Py(1 + pj,1 + p(j + 1)) it follows from (A.7) that ‘ (f2)/(z)| < Cpe?*U+D) (with an appropriate
positive constant C's), and consequently

[(f2) (=) " = O te UL, (3.8)

Fixing ¢ = E(e3p) we now define the conformal iterated function system (see [21] for an account of the theory
of conformal iterated function systems)

Sp ={djr: Po(1,1+pq) — Po(1, 1+ pg) hi<j<q—1,ker;,

where ¢; x(2) = fy 2(2+2mik). Fixt > 0 and let P(t) be the topological pressure corresponding to the parameter
t (see [21] for the definition of P(t)). Since, by (3.5), forevery j € {1,2,...,¢ — 1} we have

G5k (Po(1,1+pq)) C fo 2(Pi(1,1+pq)) C Po(1+pj, 1+ p(j + 1)),

it follows from (3.7) and (3.8) that

P(t) 2 log Y > inf {[(F?)'(2)| ™" 2 € Ro(1+pj, 14+ p( +1)) |
j=1kel;

> log Z ﬂ(Ij)Cﬁ—teﬂp(Hl)t

OOt 2P+ =2+ 1)t

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 279, No. 13-14 (2006) 1569

with an appropriate constant C; € R independentof pand ¢ = E (e3p ) Therefore
P(1) > log(q — 1) + C7 > log (e —2) + C7 > 0 (3.9)

for all p > 2 large enough. Let J,, be the limit set of the conformal iterated function system S,,. It follows from
[21, Theorem 3.15] that HD(J,) > 1. Identifying the belt P with II(P) C @, it follows from the construction
of S, and the definition of the limit set .J,,, that £%(.J,) C .J, and that J,, is the closure of the fixed (attracting)
points of all compositions of all maps from S,,. Now, for every z € Jp, the orbit {FQ"(z)}n>0 is contained in

Py(1,1 4 pq). Since in addition J(F') N Py(1, 1 + pq) is a compact subset of Q) _1, we conclude that J, C K,
for all M > 0 large enough. We are done. O

4 Conformal measures

Our first goal in this section is to prove the existence of a conformal measure and to examine in detail its prop-
erties. In order to do it we will need to deal with the sets K»s, M > 0, introduced in the previous section.
Since F' : J(F) — J(F) is continuous, K is a forward F-invariant compact subset of J(F'). Notice also
thatif z € Q, j > 0, F7(z) € Qo and |F7(z)| > 1/M, then there exists a unique holomorphic inverse branch
F77:B(F(2),1/M) — Q of FJ, sending F(z) to z. We shall prove the following.

Lemma 4.1 Forall M > 0 and every 0 > 1 there exists qp(0) > 1 such that ‘ (Fk)l(x)‘ > 0O forallz € Ky
and all k > qpr(0).

Proof. Fix M > 0 and suppose on the contrary that there exist a sequence {x;}52; C Kjs and {n;}32,, an
unbounded increasing sequence of positive integers such that

[(F™) (z)] < 6. 4.1)

Consider holomorphic inverse branches F; " : B(F"(x;),1/n) — @Q of F™ sending F™ (z;) to x;. Passing to
a subsequence, we may assume that the limits z := lim; o, z; € Ky and y := lim;_,o, F™(x;) € K exist.
The formula (4.1) equivalently means that |(F; ™)' (F™(2;))| > 1/6 for all i > 1. Applying now the 1-Koebe
distortion theorem we see that

FZM(B(F™ (2),1/n)) > B, (46n) ™)

for all i > 1. Therefore, F, " (B(F™(x;),1/n)) D B(xz,(8¢n)~') for all i > 1 large enough. Hence
Fmi(B(z,(86n)~1)) € B(F™(x;),1/n) C B(y,2/n) forall i > 1 large enough. Thus the family

{Fni}B(x,(SQn)—l)}iZl

is normal. This however is a contradiction with the fact that x; € K»; C J(F') and we are done. O
Given ¢t > 0 a Borel probability measure on @ is said to be t-conformal for F' : J(F) — J(F) if and only if
m(J(F)) =1and

= / |F'|" dm 4.2)
A

for every Borel set A C J(F') such that F'| 4 is one-to-one. First, following [10], for every M > 0 large enough,
we shall build a probability Borel measure mj;, with the topological support contained in K s, and which will
be “almost conformal” for some ¢, > 0, meaning that

mar(F(A)) > / P [t g “3)
A

for every Borel set A C @ such that F| 4 is 1-to-1, and (4.2) holds if we assume in addition that AN {z € @ :
Rez < Mor|z| < 1/M} = (). In what follows throughout Corollary 4.4 we follow closely the appropriate
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reasoning from [32]. In the sequel, we will need to refer to some details of the construction, of the measure
mayz, so we briefly describe it now. For every M > 0 large enough choose a finite set £ C K, such that the
B(EM,1/2M) > Kj; and that EM contains the forward orbit of a periodic point  of F. Notice that, since
Ky is F-forward invariant, the whole forward orbit of £ is contained in K ;. The existence of such a periodic
point follows from the density of periodic points in J(F'). Consider the function

e (t) zlimsup%bg Z Z [(F™) |~ (w).

nee z€EM we(F Ky, ) " (x)

The function ¢t — cpr(f), ¢ € R, has three important properties. First, notice that it follows from Holder’s
inequality that it is convex in R, so it is continuous. Next, it follows easily from Lemma 4.1 that this function is
strictly decreasing and lim;_. 4 o cpr(t) = —oo. Finally, each set (F|x,,) " (E™) is not empty as it contains
a point from the forward orbit of £. In particular cps(t) > 0 for all t € R. All these properties imply that there
exists a unique value ¢t = ¢y, with cpr(¢p7) = 0. Following the general construction described in [10] (see also
[23, Chapter 10]), with the sets E, = (F|k,,) o (EM) we obtain a measure myy, for which ma (Ky) = 1
and which is “almost conformal” with the exponent ¢ ;. We continue on with the following two lemmas; the idea
of their proofs comes from [32].

Lemma 4.2 HD(K /) > tu.
Proof. Fix a point z € Kjs and an integer n > 1. Let F,, " : B(F"™(z),1/M) — @ be the holomorphic

inverse branch of F' sending F™(x) to x. Applying now the i-Koebe distortion theorem and the standard Koebe
distortion theorem, it follows from (4.3) that

mar (B (2. 1Y @) 7 ) <mae (B (B (Fr @), 52)))

2M
< KO () (@) mar (B (F*(2), 537) ) (44)
1 o1 1™
< tm (_ ny\/ 1 _) .
< @y (LEy @) Sk
Since, by Lemma 4.1, lim,, .o |(F™)'(2)| = oo uniformly on K, we conclude that for every » > 0 small

enough there exists n > 1 such that

N A
[(F ) @) gy <7 < g 1EY @) g7

>~ =

Using this, (4.4) and the chain rule, we therefore get that
mu (B(z,r)) < ((BKTM)™) rtu,

where T' = sup{|F’(y)| : y € K} is finite since K/ is a compact subset of @ \ {0}. This inequality implies
in a standard way that HD(Kps) > ¢ (see e.g. [23]). O

Lemma 4.3 For every M large enough there exists p > 0 such that HD(K ) < LM p-

Proof. It easily follows from Lemma 4.1 and the absence of critical points of F in () that

L=imf{|(F")(w)] :w e Ky, n>1}>0 and nlin;o [(F™) (2)] = 0 4.5)
for all 2 € Ky Fix p > 0 so large that KL= < p(M(M + p))~! and consider the set Jps,. Following
the construction of almost conformal measures described above, we choose a finite collection of points EM+r
Kr4p such that the balls B(z, (2(M + p))~'), € EM*¥P, cover the set Kprpp. Lety € Ky C Ky
Given n > 0 there exists z € EM*¥? such that F"(y) € B(z,(2(M + p))~'). By our definition of the set
K ar4p, all holomorphic branches of F~*, ¢ > 0, are well-defined on B(z,1/(M + p)). Fix 0 < 4 < n and let

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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F,"" be the holomorphic branch of F'~* sending F"(y) to F"~*(y). Then, by Koebe's distortion theorem, for all
z € B(z, (2(M +p))~1), we get

(Bl
(B (Fr(y)] —

So, since F"~!(y) € Ky, using (4.5), we obtain |(Fy*l)'(z)| < K |( ) (F"(y))| < KL™'. Thus,
|Fy(x)—F"~(y)| < KL~ < p(M(M+p))~", and consequently, using the fact that F"~¢(y) € Wy, we see
that F},“(2) € War, forall 0 < ¢ < n. This implies that F,, " () € Kpr4p. ie., F;™(2) € (Fliy,,) (@)
Let F,, () be the collection of all holomorphic inverse branches F}, ™ of F™ defined on B(z, (M + p)~'), such
that F,7"(x) € Kpryp. It follows from the above considerations that

Kvc |J U F"B@M+p)™)). (4.6)

e EM+PyeF, (z)

In addition, in view of Lemma 4.1, diam(F, ™ (B(z, (2(M + p))~"))) — 0 uniformly as n — oo, and for every
t>0

> ) (diam(F, (Bl 0ar4p)))) " < > > m 4.7)

rEEM+p yeF, (z) re EM+p we(F|kpyy )" (2)
Fix now an arbitrary ¢ > tas4,. Then car4,(t) < 0 and
1 1
e S exp( cmp(t)n )
Z%’ 2 oy [ET) ()] :
zeFE PwE(F|KM+p) (z)

for all n large enough. Combining this, (4.6) and (4.7), we conclude that H(Kps) = 0 for all t > tpr4, and,
consequently, HD(Kpr) < tar4p. O

Corollary 4.4 There exists s > 1 such that tyr > s for all M large enough.

Proof. In view of Lemma 3.1 HD(K ;) > 1 for all M large enough. Fix one such M and put s = ty,.
Choose p ascribed to this M according to Lemma 4.3. Then, by this lemma, ¢ 374, > HD(K ) = s > 1 forall
q > p. We are done. O

Suppose now that € (0, R) with some R > 0 sufficiently small and that z,w € {{ € C:r < |{] <er}. It
then follows from (A.3) that

3>

[Im(f(2)) = Im(f(w))] <

We therefore get the following.

Lemma 4.5 If r € (0, R), then the map F restricted to the annulus {z € C : r < |z| < er} is at most
2 _to-one.

Recall that a family F of Borel probability measures on a metric space Y is called tight if for every e > 0
there exist a compact set Y, C Y and a finite set 7. C F such that (Y \ ) < e forall v € F \ F.. The first
step in the actual construction of a conformal measure (with an exponent > 1) is provided by the following.

Lemma 4.6 The sequence {m,}52_ is tight in Q.
Proof. Forevery k > T} put

X ={2z€J(F): —(k+1) <Re(z) < =k} C Q_m,.

www.mn-journal.com © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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It follows from (A.5) that
F(X)) C A (0, % e 2(b 1) 2Ae*2’“) .

It therefore follows from Lemma 4.5 that there exists a universal constant C' > 0 such that F'|¢(x, ) is at most
Ce?*-to-one. Hence, for every n > 1, so large that 2 > ¢,, > s > 1 (s given by Corollary 4.4), say n > q, we
have using (A.7) that

tn

1> my (F?(Xy)) > (Cer)l/)(k [(F2)'] " dmy,

Y

1,—2k e\ "
- (X
C e Pmy( k)<16)

(280) _162k(tn—1)mn(Xk)
> (28C) 7162k(s_1)mn(Xk).

Y

Hence m,, (X},) < 28Ce?*(1=%) and therefore for every n > g and M > 1

00 . o 2(1—s)k 28062(1—S)JW
mn(QM) = k;/[ mn(Xk) < 2 Ck;Ie = 1— 62(1—3) )

Since the last expression in this formula converges to zero when M — oo, we therefore conclude that the
sequence {m., }°2 ; is tight. O

Since F'(Qys) is a punctured neighbourhood of 0, the following lemma is a straightforward consequence of
Lemma 4.6. However, we provide a simple direct proof, as one formula derived in the course of the proof will be
used later.

Lemma 4.7 If m is a weak accumulation point of the sequence {my }5>,, then m({0}) = 0.
Proof. The idea of this proof is the same as the idea of the proof of Lemma 4.6. For every £ > 0 let
Ry, = {z cqQ: Re~(+1) < |z] < Re_k} .
Similarly to the proof of the previous lemma, we see from Lemma 4.5 that F|g, is at most Ce* to one with

some constant C' > 0 independent of k. Hence for all n > ¢, ¢ defined in the previous proof, using (A.4) and
Lemma 4.5, we get that

1> my(F(Ri)) = (Ce™) / |F'| dm,,
Ry
> (Ce*) T (A/4) !t (R™262) " m,, (Ry,)
t €7k kamn(Rk)
= 6(25*1)kmn(Rk).
Hence
mn(Ry) < e(17290k, (4.8)

and therefore, for every n > ¢ and every 7 > 0 we get
7] — (1-2s)k 6(1728”‘
mn( ORe Zmn Rk jZe :m
Letting now j — oo, we conclude that m(0) = 0. O
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Since, in view of Lemma 3.1, ¢,, € [s, 2], with s > 1, forall n > 1 large enough, we can choose a subsequence
{nk}72; suchthat {t,, }32 , converges. Denote its limit by & € [s, 2]. It follows from Lemma 4.6 and Prohorov’s
theorem (see [6, Theorem 5.1, Section 5, p. 59]) that passing yet to another subsequence, we may assume that
the sequence {my,, },;“;1 converges weakly, say to a Borel probability measure m. Since all the measures m,,, ,
k > 1, are supported on J(F'), so is m. Since there can be a problem with conformality of measures m,,, only
onsets {z € J(F') : Re(z) = —ny, or |z| = 1/n}, since limy_, ny = o0, and since F' : J(F') — J(F') is open
and has no singular points except for 0 (which, because of Lemma 4.7, does not matter), proceeding with obvious
modifications as in [10] (comp. [23]) and using Lemma 4.7 we obtain the following.

Theorem 4.8 The weak limit measure m (at the moment depending on the sequence {ny}%° , but see Theo-
rem 4.13 for its uniqueness) is h-conformal for F : J(F) — J(F) with some h € (1,2] and m(0) = 0.

Since, for every nonempty open set U C J(F), U,,>o F™(U) D J(F)\ {0}, we get the following immediate
consequence of Theorem 4.8.

Proposition 4.9 The h-conformal measure m is positive on nonempty open subsets of J(F).

Forevery z € Q letw(z) C Q U{—0o0} be the w-limit set of the point z with respect to the dynamical system
F:Q — QU {—o0}. We recall now the definition of the main object of our interest in this paper.

Jo(F) = {z € Q:w(2)\ {0,—0} # 0} = {z € Q: w(2) Z {0, —00}. 4.9)
We need one related definition. Let for 7" > 0

Jrr(F) ={z € Q : w(z) is not contained in W},
where, we recall,

Wr ={z€ J(F):Re(z) > —T and |z| > 1/T}.

Obviously

Theorem 4.10 There exists M > 0 such that if v is t-conformal measure for F : J(F) — J(F) with t > 1,
then v(J, v (F)) = 1. In particular v(J,(F)) = 1.

Proof. We shall prove first that there exists an integer 75 > 1 so large that
v(F(A)) > 4v(A) (4.10)

for every Borel set A C B (0, Re’TL”) N Q. And indeed, suppose for a contrary that for every integer k£ > 1
there exists a Borel set A, C B(0, Re™*) such that v(F(Ay)) < 4v(Ag). Proceeding in the same way as in
Lemma 4.7, we get for every j > k the following.

dv(Ag) > v(F(Ar)) > v(F(Ar N Ry))

> (ceﬂ‘)*l/ |F'[tdv
AkﬂR

>C e T (N4 (R 2J) V(A N R;j)

> e/ Vy(A, N Rj)
with some universal constant C; > 0. Hence, v/(Aj, N R;) < 4C; *e/(1=201( A). Therefore, summing over all
7 >k, we get

) ek(1—2t)
_ 1-2t) _
v(Ax) = 3 v(An N Ry) < 4CT 'w(Ay) Ze“ m v(Ap).

=k
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Since v(Ay) > 0, we therefore get

46(1—2t)k
1<{—.
= Tl — o)

Since the right-hand side of this inequality converges to 0 when k& — oo, we get a contradiction, and formula
(4.10) is proven. Proceeding now similarly as above and similarly as in the proof of Lemma 4.6 we shall demon-
strate that there exists an integer Tg so large that

v(F?(A)) > 4v(A) 4.11)

for every Borel set A C (Q_7,. And indeed, suppose for a contrary that for every k > T there exists a Borel
set B, C Q_j such that V(FQ(Ek)) < 4v(E}). Proceeding in the same way as in Lemma 4.6, we get for every
j > k that

4v(By) > v(F(Ey)) > v(F?(By N X))

> (Ce¥) ! / () |'dv

EkﬁXj
/1 . \!
Z 071672J <E 62j> Z/(Ek N XJ)
> C e Ny(B, N X;).
The rest of the argument is exactly the same as the corresponding part of the proof of (4.10). Now set

T7 = max{Ts, T}

and for every k > T% put

Iy = In(F) = [ F"(W})
n>0
={ze€ J(F): Re(F"(2)) < —k or |F"(z)| < 1/k for all n > 0}.
Note that F'(Ij,) C I,. We shall prove that there is M > 0 so large that for all £k > M, v(I}) = 0. Indeed, set

I =0,NQ_k I:=1NB0,1/k).
Then
Iy =I° Ul

For every A C I}, define
G(A):=F*(ANIX)UF(ANIY). (4.12)

Applying (4.10) and (4.11), we get for all £ > 1 large enough that

v(G(A) > 5 (V(F*(ANTY)) +v(F(ANTY)))

(4.13)

N = N =

v
W

v(ANL®) +4v(ANT})

I
[\
N
—~
B
~—

Since A C I, and F(I},) C I (so also F?(I};) C Ij,), it follows from (4.12) that G(A) C I. Hence G"(A) C
I, for all n > 1. We apply now (4.13) to the set A = I}, and obtain

v(G" (1)) > 2"v(Iy)

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 279, No. 13-14 (2006) 1575

for all n > 1. Since v is a probability measure, v(I};) = 0 for all £ > 1 large enough. In particular v(Ip;) = 0,
and consequently

U Fﬁj(I]yj) =0. (4.14)
Since
Je(F)\ Jrm(F) C {2 €C:3k >0 F*2) € Iy} = | F~ "),
k>0
applying (4.14), we get v(J,.(F) \ Jr m(F)) = 0. Hence v(J, a(F')) = 1 and we are done. O

Now fix T' > 0. It follows from the definition of the set J, 7 (F') that there exists an unbounded increasing
sequence {ny,(2)}2, such that y(z) := limy_ o, F™*(*)(z) exists and

PO () € Qor \ B (0, 5
for all £ > 1. We shall prove the following.
Lemma 4.11 Forevery T > 1 and every z € J, p(F')
lim [(F™®))'(2)] = +oc.

k—o0
Proof. Putng = ng(z), z € J. v (F), k > 1. Suppose on the contrary that

likminf [(F™ ) (2)] < 4o0.

Without loss of generality we may assume that 7 := limg_ |(F™)'(2)] < +oo and that F™ (z) €
B(y(2),(6T)~") for all k& > 1. Consider the family {F, " : B(y(z),(2T)""') — Q},., of holomor-
phic inverse branches of F* sending F"*(z) to z. Applying the i-Koebe’s distortion theorem, we see that
F;™ (B(y(z),(2T)~")) D B(z,(87)7') for all k& > 1 large enough. Thus F™*(B(z,(87)7')) C
B(y(z),(2T)~"), and consequently the family of maps {F™* : B(z,(87)"!) — Q},_, is normal, which
contradicts the fact that z € J(F') and finishes the proof. O

Lemma 4.12 Let m be the weak-limit measure whose h-conformality is established in Theorem 4.8. Then for
every nonempty open set U C Q, we have
limsupm(F™*(U)) = 1.

n— oo

Proof. Let U be a connected component of II-1(U). Since periodic points of f are dense in J(f), U

contains a repelling periodic point w. Denote the period of w by p. There then exists an open ball W C U
centered at w such that fP(W) D W. Since w € J(f?), U~ f*" (W) = C\ {0, A\}. Hence for every n > 1

FPUILW)) = TI(f7™ (W) > T(W)

and
U prea@ow)) = (g ov) =1 | | ) | =I(C\{0,A}) = Q. 4.15)
n>0 n>0 n>0
Thus
lim m(FPHII(W))) = m U Fre@mw)) | =m(Q) = 1.
n>0
Since II(W) C H(CNT) = U, we are done. O
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The next theorem is the (important) starting point for the developing the ergodic theory of the dynamical
system F' : J(F) — J(F') with respect to the h-conformal measure m. The first elements of its proof go back to
[26], the method matured in [27] and [28]. Its versions also can be for example found in [8], [19], [29], [31], and
[32]. The full proof of Theorem 4.13 can be carried out with obvious minor modifications similarly to the proofs
of [19, Theorem 4.23] and [31, Theorem 3.15].

Theorem 4.13 The h-conformal measure m is a unique t-conformal probability measure, with t > 1, for
F : J(F) — J(F). In addition, m is conservative and ergodic.

Combining together Theorems 4.8, 4.10, and 4.13, we can compactly collect the main results of this section
in the following single theorem.

Theorem 4.14 The Hausdorff dimension h is a unique exponentt > 1 for which a t-conformal measure exists.
There exists a unique h-conformal measure, which from now on will be denoted by m. The measure m is ergodic,
conservative and m(J, p (F)) = 1.

5 An invariant measure equivalent to the conformal measure m

In this section we show the existence and uniqueness of a Borel probability F'-invariant measure equivalent to m.
We first prove the following.

Lemma 5.1 Up to a multiplicative constant there exists a unique F'-invariant, o-finite measure p, which is
conservative, ergodic and equivalent to the h-conformal measure m.

The idea of the proof of Lemma 5.1 is to apply a general sufficient condition for the existence of o-finite
absolutely continuous invariant measure proven in [20]. In order to formulate this condition suppose that X is
a o-compact metric space, m is a Borel probability measure on X, positive on open sets, and that a measurable
map T : X — X is given with respect to which measure m is quasi-invariant, i.e., m o T—! << m. Moreover
we assume the existence of a countable partition oo = {A4,, : n > 0} of subsets of X which are all c-compact and
of positive measure m. We also assume that m(X \ Un>0 An) = 0, and if additionally for all m,n > 1 there
exists k£ > 0 such that

m (T "(An) N A,) >0, (5.1)

then the partition « is called irreducible. Martens’ result comprising [20, Proposition 2.6 and Theorem 2.9] says
the following.
Theorem 5.2 Suppose that « = {A,, : n > 0} is an irreducible partition for T : X — X. Suppose that T is

conservative and ergodic with respect to the measure m. If for every n > 1 there exists K, > 1 such that for all
k > 0 and all Borel subsets A of A,

L) m(THA)

m(An) — m(T-*(A,)) < Kn

K; (5.2)

then T' has a o-finite T-invariant measure p absolutely continuous with respect to m. Additionally p is equivalent
with m, conservative and ergodic, and unique up to a multiplicative constant.

Notice that the tempting trivial choice of « consisting of Ay = X and A,, = () for all n > 1 may make (5.2)
fail to hold. If however (5.2) is true for all Borel subsets A of X (and Ay = X), then the resulting measure y is
finite.

Proof of Lemma 5.1 (sketch). Since in the sequel we will not only need Lemma 5.1 but a bit more,
namely the way in which the invariant measure claimed in Theorem 5.2 is produced, we shall also describe
this procedure briefly. Following Martens, one considers the following sequences of measures

Skm

k—1
Sym = moT™" and m=—-————.
% Z Qr Sem(Ao)

=0

(5.3)
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It is proven in [20] that each weak limit p of the sequence Qi (m) has the properties required in Theorem 5.2,
where a sequence {vy, : k > 1} of measures on X is said to converge weakly if for all n > 1 the measures v,
converge weakly on all compact subsets of A,,. In fact it turns out that the sequence QQ;m converges and

u(F) = lim Qum(F)

n— oo

for every Borel set F' C X . Making use of (5.1) and (5.2) one proves (see [20, Lemma 2.4]) the following.

Lemma 5.3 For every n > 0 we have 0 < u(A,) < co. Furthermore, the Radon—Nikodym derivative g—r‘; is
bounded above and below on A,,.

Let us pass now to our map F' : @\ {0} — Q. The ergodicity and conservativity of the measure m is proven
in Theorem 4.13. Thus, we only need to construct an irreducible partition o with property (5.2). Indeed, set
Y = J(F)\ {0} and for every y € Y consider a ball B(y, r(y)) C @ such that r(y) > 0, m(0B(y,r(y))) =0,
and r(y) < (1/2) min{x/2, dist(y,0)}. The balls B(y, r(y)), y € Y, cover Y and since Y is a metric separable
space, one can choose a countable cover, say {fln n > O}, from them. We may additionally require that the
family {fln n > 0} is locally finite that is that each point z € Y has an open neighborhood intersecting only

finitely many balls A,,n > 0. We now define the family o = {4,, : n > 0} inductively by setting
~ ~ n —
AO = AO and An,+1 = An,+1 \ U An
k=1

(and throwing away empty sets). Obviously « is a disjoint family and

U 4w 2 J(F)\ {0} \ | 04..

n>1 n>0

Hence m ( Un>o A,) = 1. The distortion condition (5.2) follows now from Koebe’s distortion theorem with all
constants K,, = K, and irreducibility of partition « follows from openness of the sets A4,, and Lemma 4.12. O

Now we are ready to prove the main theorem of this section.

Theorem 5.4 The o-finite F-invariant measure i equivalent to the h-conformal measure m proven to exists
in Lemma 5.1 is finite.

Proof. It suffices to show that there is M > 0 such that 4(Q_) < oo and u(B(0, Re™*)) < oco. Let us
start with the inequality p(Q_ps) < oo. Forevery k > T the sets

Xp={z€ J(F): —(k+1) <Re(z) < —k} € C_p,

have the same meaning as in the proof of Lemma 4.6. Exactly the same argument as that used in the proof of
Lemma 4.6 shows that

m(Xy) < 28Ce?F0-N), (54
We may assume without loss of generality that Ay = Xr,. Fix k > T}. Let
Sk = [_(k + 2)7 _2] X [_k/2a k/2] C Co.

The set {z € C : Imz = (7/2)} is canonically embedded into C, and therefore each holomorphic inverse branch
F;7:Q\M({zeC:Imz = (7/2)}) — Qof F7, j > 1, can be treated as defined on a subset of the complex
plane C. This map restricted to X}, extends in a holomorphically univalent fashion to the set Si. It therefore
follows from Koebe’s distortion theorem that there exists a constant C; > 0 such that for every j > 1, every
x € X, = Ao and every y € Xy, we have
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Therefore, using in addition Lemma 5.4, we obtain

AT AR <2SChk3hCmA 7162(17h)k.
m(F;7 (Ao)) m(Ag) — (4o)

Hence

m(F 77 (X))

: < BOCTm(A) 1|3k e2(1=h)k
m(Foi(A)) = 2 CCrmido) ke !

and consequently, for every n > 0,

Sy m(F (X))
S m(F=i(Ay))

Thus, applying Theorem 5.2 we get

Sk m(FI(Xy))

< 25CCTm(Ag)~ k*h e R,

w(Xpi) = lim < 98CChm(Ag) Lk 20—k,
( ) —00 Zk:()m(F_] AO 1 ( 0)
Hence
mQ-1,) < Z w(Xy) < Z QSCC{lm(AO)—lkSheQ(l—h)k < .
k=T3 k=T;

Let us now prove that y(B(0,Re™™)) < oo for some M large enough. We may assume without loss of
generality that Ag = Rjs, where M will be determined later in the course of the proof and Ry, was defined at the
beginning of the proof of Lemma 4.7. Fix j > 0, assume that M is large enough, and for all [ € Z \ {0} consider
all the holomorphic inverse branches F,7: B_ (O, Re*M) — @ of FJ such that fj(F[j (B (O, Re*M)) =
B(rli, Re=M) or equivalently f7 o F 7 (z) = z + mil, which slightly informally means that constructing F
we first translate the ball B(nli, Re~) (treated as a subset of C) by the vector 7il, which brings us far away
(I # 0) from the singularity zero, and then we take any inverse branch of f/ composed at the last step with the
canonical projection II. The Koebe’s distortion theorem for all those inverse branches FI applies and we get
for every k > M that

m(F7(Ry))  m(Ry)
m(FI(Ag)) ~ 1 m(Ao)

(5.5)

Recall that K’ > 1 comes from Koebe’s distortion theorem. In exactly the same way as (4.8) we get the following
m(Ry) < Lell=2Wk (5.6)
for some constant L > 0 and all £ > 0. Combining this with (5.5), we obtain

4 LK" S(1-2h)k
Ag)) ~ m(Ao)

N

(5.7)

2
5

Let now Fo_j : B_(0,R) — @ be a holomorphic branch of F7 such that, abusing slightly notation,
f7 o Fy?(Ry)) = Ry. It follows from (A.10) (applied for f(;l) that

k
o (57 () 1)) < frea-cdenn s 2 )
s=M
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with some ¢ > 0 and every M large enough. Now, the same argument as used in the first part of this proof gives
that

M) _ o (550
m(Fy ' (Ao)) m(F7=1(Fy 7 (Ao)))

with some constant C; > 0. Using now (5.6) and (A.12) we conclude that with M large enough

—j kh
m(F,” (Ry)) < Ok e"'m(Ry) _ Cy K heMm(Ry) < LCs 3he(1—h)k.

m(Fy?(Ao)) eMhm(Ag)  eMhm(Ay) eMhm(Ap)

Combining this with (5.7), we see that for every 7 > 1 and every k > M

m(Fﬂ‘(Rk)) < CykBhe1-Mk
m(F~3(Ag))
with some universal constant C's > 0. Summing up over all £ > M, we get

m(F~3(B(0,ReM)))
m(F~7(Ap))

< (4 Z E3he(=Mk ~ o,
k=M

Thus, for every n > 0

Z?:om(F_j(B(OvRe_M))) — 3h (1—h)k
Sy m(Fi(Ay)) SCZ,;,’“ co

Hence, applying Theorem 5.2 and the construction of the measure ;. given by (5.3), we conclude that

o0
p(B(0,Re™™)) < C5 Y ke ™Mk < o0,
k=M

We are done. O

As an immediate consequence of this theorem and Lemma 5.1, we get the following.

Corollary 5.5 There exists a unique Borel probability F-invariant measure . absolutely continuous with
respect to the h-conformal measure m. In addition the invariant measure y is ergodic and equivalent to m.

6 Hausdorff and packing measures and dimensions

Let H” and P" be respectively the h-dimensional Hausdorff and packing measures (see [25], comp. [23] for
example, for its definition and some basic properties). The results of this section provide in a sense a complete
description of the geometrical structure of the sets J,.(F") and J,.( f) and also they exhibit the geometrical meaning
of the h-conformal measure m. The short proof of the first result improves on the argument from the proof of
[29, Proposition 4.9].

Proposition 6.1 We have P"(J,.(f)) = P"(J,(F)) = oc. Infact P"(G) = oo for every open nonempty subset
G of J-(f).

Proof. Since m(J-(F) N Qa) > 0 for every M € R, it follows from ergodicity and conservativity of the
measure m (see Theorem 4.13) that there exists aset £ C J,.(F') such that m(E) = 1 and lim inf,,_, .o ReF"(2) =
—oo for every z € E. Fix z € E. This formula means that there exists an unbounded increasing sequence
{nk}2 ;. depending on z, such that { F"*(2)}7° ; C Q_2 and

lim Re(F™ (z)) = —oc. (6.1)

k—oo
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Fix k > 1 and consider the ball B(z, K—![(F™*)'(z)|~!). Then
B(z, K~H(F™) (2)| ") € FZ™(B(F™(2), 1)),

where F, " : B(F"™(z),1) — C is the analytic inverse branch of F™ mapping F"(z) to z. Applying Koebe’s
distortion theorem and conformality of the measure m, we obtain

m(B(z, K~H(F™) (2)] 1)) < K" |[(F™)'(2)| " m(B(F™(2),1))
< K2 (K (F) ()71 o Qrerne (2)1)-
Since by (6.1) limg 00 M (QRrernr (z)+1) = 0, We see that

m(B(z,r))

=2 =0,

lim inf
r—0 T

Since m(G N J.(F)) > 0 for every nonempty open subset of J,.(F), this implies (see an appropriate Con-
verse Frostman’s Type Theorem in [11, Theorem E(1), p. 58], or [23]) that P"(G) = oo. Since J,.(f) =
Upez(Jr(F) 4 2mik), we are therefore done. O

Theorem 6.2 We have 0 < H"(J,.(F)) < .

Proof. Let M > 0 be given by Theorem 4.10. Fix an integer 7" > 1 and a point z € J, 7. Consider the
holomorphic inverse branches £ "*(*) : B(y(2),(2T)~') — Q sending F™+(*)(2) to z. Since, by 1-Koebe’s
distortion theorem and the standard version of Koebe’s distortion theorem,

Fz—nk(z) (B(y(z), %)) S Fz—”k(z) (B(F"k(z)(z)7 3%)) D) B(Z7 é ‘(F"k(z))/(z)rl)
and

PO (B(ote) greg)) < 2 (B(F00). gier)

C B(z, & }(F"’“(Z))/(z)rl) .

Using the conformality of the measure m along with the standard version of Koebe’s distortion theorem, and the
fact that inf {m (B (w, (12KT)™!) : w € Q° 5.} > 0, we deduce that

Brlri(2)" < v(B(2,r(2))) < Brri(2)", 6.2)

where 7(z) = (127)7! |(F"’“(z)),(z)|71 and Br is independent of z and k. It follows from (6.2) that
H" Jopy < M forevery T > 1 and that H"(J, m(F)) < oo. Since m(J,.7(F) \ Jrar(F)) < m(J.(F)\
Jr o (F)) = 0and since J,.(F) = 22, Jr 40 (F), we therefore conclude that H" (J,.(F)) = H" (J,,m (F)) <

00.
We shall prove now that H"(J,.(F)) > 0. Put

K = min {1, R, %6_2T2} .

Fix z € J.(F) and r € (0, /1(281()_1). Since, by Lemma 4.11, limsup,, . |(f")(2)| = +o0, there exists a
least n = n(z,7) > —1 such that

r|(f7) (2)] > w(28K) T (6.3)
Thus n > 0 and
(£ (2)] < m(2°K)

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 279, No. 13-14 (2006) 1581

Suppose that the holomorphic inverse branch of f™ defined on B(f™(z),32r|(f™)'(z)|) and sending f™(z) to
z does not exist. Then n > 1 and let 1 < k < n be the largest integer such that the holomorphic inverse
branch of f?~(*=1 defined on B(f"(z),32r|(f")(z)|) and sending f(z) to f*~'(z) does not exist. This
implies that 0 € f,, ™" (B(f™(2),32r |(f")(2)])), where f "% B(f"(2),32r |(f")'(2)]) — C is the
holomorphic inverse branch of f"~* sending f"(z) to f¥(z). In addition, n = k since 0 ¢ f~!(C). Hence
|7 (2)| < 32K7|(f™) ()| < k£ < R. It now follows from (A.14) that

1 1
Re(f”_l(z)) < §1og (;) + §log/f < —Th.

We therefore get by (A.2) and (A.5) that | f/(f"~1(2))| < 4Xexp (2Re(f""!(2))) < 8|f™(z)|. Consequently,
since r ‘ (f”fl)/(z)‘ < K(28K) !, we conclude that

82K |(f") ()| = 32Kr [ (") )| - | £ (/" ()]
< 32Kr [ (/") (2)] - 817 (2)]
=2°Kr| (/") )] /"2
<|f"(2)].
This contradiction shows that the holomorphic inverse branch f ™ : B(f"(z),32r|(f™)'(z)|) — C of f™ send-

ing f™(z) to z, is well-defined. Now, the map f restricted to B(f"(z), 32r|(f™)(z)|) is 1-to-1, and by Koebe’s
%-Theorem

FB(f"(2),82r [(f")(2)])) > B(f"*(2), 87 [ (f"F1)'(2)])-

Hence there exists a unique holomorphic inverse branch f; "% B+ (2), 87 |(f*) (2)]) — Cof g
mapping f"*1(z) to z. Applying Koebe’s i-Theorem again, we see that

(B @) ar [(£74) (2)]))  Bleo). (©4)

Since the ball B(f"!(z), 4r | (f"“)/(z)|) intersects at most 247 | (f"“)/(z) |[+2=<r| (f”“),(z)| horizontal
strips of the form 27ij + (R x [0,27)), j € Z, using (6.4), Koebe’s Distortion Theorem, h-conformality of the
measure m and, at the end, (6.3), we get

n+1\/ h

r M m(B(z,r)) 2K (2)] 7
<r PR ()
= K"(r|(/") @)
< K"(2°K)"".

fn+1 /

A" m(I(B(f" (), 4r [ () (2)])))

(/) (=)
() (2)])

z

We are done by applying an appropriate Converse Frostman’s Type Theorem (see e.g. [11, Theorem D(2)] or
[23]). O

We end this section with the following.
Theorem 6.3 We have HD(J,.(f)) = HD(J(F)) = h € (1,2).

Proof. The first equality sign is obvious. The second one is an immediate consequence of Theorem 6.2. The
inequality 2 > 1 has been established in Theorem 4.8. We are left to show that h < 2. And indeed, suppose on
the contrary that h = 2. Then P" = P? is a constant multiple of the two-dimensional Lebesgue measure on C
and we have a contradiction with Theorem 6.1. O
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A Appendix: Useful formulas

It follows from (1.1) that

f(z) = % (A.1)
By (A.1) there exists an integer 77 > 0 so large that

ARG < | f(2)] < 4re®Re) (A2)
for all z € C_p,. Since lim,_,o e ’Ze_z = 2, it follows from (A.1) that there exists R > 0 so small that if
|z| < R, then

ﬁ <|f(2)| < % (A-3)
and

2 <17 )] < Ael (Ad
It immediately follows from the formula defining f that there exists an integer 75 > 77 such that

2R < [f(2)] < AP (A5)

for all z € C_p,. It in turn immediately follows from this formula that there exists an integer 73 > 7% such that
f(C-m,) C B(0, R). (A.6)

Using the Chain Rule and combining (A.2) along with (A.4)—(A.6), we see that for all z € C_p,

2 2
i €—2Re(z) — /\Z eQRe(z)(z)\)—Qe—4Re(z) < /\Z eQRe(z) |f(Z)|_2 < ‘(fQ)/(Z)|

16 (A7)
< 4A2€2Re(z) |f(Z)|_2 < 4)\24)\—262Re(z)e—4Re(z) — 166—2Re(z).
It follows from this and (A.4) that
li 2)(2)| = A8
Re(z)lg—oo |(f ) (Z)| > ( )
and
lim |f/(z)] = oc. (A.9)

Re(z)—0

Notice that f~(Cy) C Cq and Cy contains no asymptotic values (0 and \). So, all the holomorphic inverse
branches of f are well-defined on Cy and given by the formulas:

1 1
fk_l(z):—Elog’l—%‘— <§Arg(1—%)+k7r) i (A.10)

k € Z, where Arg w is the principal value of the argumenti.e., Argw € [—m, 7). Equivalently

_ 1 A
I ' (2) = = logy (1—;), (A.11)
where the branch of logarithm log, is determined by the requirement that log,, (1) = 2mik. Hence

B —A
C22(z— N\

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com

(£ (2) (A.12)
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For R > 0 sufficiently small and all z € B_(0, R), we have

2\ A A A A
et NI R4 I RS [ i R Ay
lz| — z| z| 7|z ~ 2|z
So
log2 4+ log A — log |z| > log‘l — 2‘ > log A — log 2 — log |z|. (A.13)

Thus, if R > 0 and z € B_(0, R) then for every k € Z

B 1 N 1 1 1
Re(f(2)) = —§log’1 _ ;’ < 5log2— SlogA+ 5 loglz| <c1 + 5 logR (A.14)
and

Re(fi '(2)) = c2 + %log 2|, (A.15)

where ¢; = % log2 — % log A and ¢ = —% (log 2 + log A\). Therefore,

oM B_(0,R)) C Py 1 1og = {z €C: Re(z) <1+ %logR, —2 <Im(z) < g} (A.16)
It follows from (A.15) and (A.16) thatif 0 < » < R then
f(;l(A—(OaraR)) - Pq-i—%logR\P(:Q-i-%logr' (A17)
It follows from (A.11) that
A 1 A
— < |fy < = A.18

for some Ty > T3 and all z with |z| > T4. Recall that the dynamics of F is closely related to the dynamics of f,
since F'"(z) = II(f™(z)) for all n > 0. Notice that

J(f) CCoU{nki:keZ}, J(F)=T(J(f), F(J(F)) CJF)U{x}) (A.19)

dist(J(F),II({z € C:Imz = 7/2})) > 0 (A.20)
and

J(F)NIL(C_q,) C {z € I(C_p,) : JImz| < g}

with T > T} sufficiently large.
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